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Abstract

In this paper we obtain a common fixed point theorem for four self mappings under Chatterjea
contractive conditions in cone pentagonal metric space. We present an example in support of the
main result. Some Corollaries conclude the paper.

1 Introduction and Preliminaries

Definition 1.1. [I] Let E be a real Banach space and P be a subset of E. Then P is called a cone if
and only if

(a) P is closed, nonempty, and P # {0}

(b) a,beR, a,b>0andx,y € P = ax+bye P

(¢ zePand —xr € P = 2z =0.

Notation 1.2. [2] Given a cone P C E we define a partial ordering < with respect to P by x < y if
and only if y —x € P. We shall write x < y to indicate that x <y but x # y, while x < y will stand for
y — x € int(P), where int(P) denotes the interior of P.

Remark 1.3. In this paper, we always suppose that E is a real Banach space and P is a cone in E with

int(P) # 0 and < is a partial ordering with respect to P.

Definition 1.4. [/] Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies

(a) 0 <d(z,y) for all z,y € X and d(z,y) =0 if and only if v =y
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(b) d(z,y) = d(y,x) for all xz,y € X

(c¢) d(z,y) < d(x,z)+d(z,y) for all x,y,z € X.

Then d is called a cone metric on X, and (X,d) is called a cone metric space.

Remark 1.5. The concept of a cone metric space is more general than that of a metric space, because

each metric space is a cone metric space where E =R and P = [0,00) (e.g. see [1]).

Definition 1.6. [9] Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies

(a) 0 <d(x,y) for all z,y € X and d(z,y) =0 if and only if x =y
(b) d(z,y) = d(y,z) for all z,y € X
(¢) d(z,y) < d(z,w) + d(w,z) + d(z,y) for all x,y € X and for all distinct points w,z € X — {z,y}
[Rectangular property].
Then d is called a cone rectangular metric on X and (X,d) is called a cone rectangular metric space.

Remark 1.7. Fvery cone metric space is a cone rectangular metric space. The converse is not necessarily
true (e.g. see [7]).

Definition 1.8. [/] Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies

(a) 0 <d(x,y) for all z,y € X and d(z,y) =0 if and only if x =y
(1) d(x,y) = d(y,) for all 2,y € X
(¢) d(z,y) < d(z,z) + d(z,w) + d(w,u) + d(u,y) for all z,y,z,w,u € X and for all distinct points
z,w,u € X —{x,y} [Pentagonal property].
Then d is called a cone pentagonal metric on X and (X,d) is called a cone pentagonal metric space.

Remark 1.9. Fvery cone metric space and cone rectangular metric space is a cone pentagonal metric

space. The converse is not necessarily true (e.g. see [/]]).

Definition 1.10. [2] Let (X,d) be a cone pentagonal metric space. Let {xy,} be a sequence in (X, d) and
reX.

(a) If for every c € E with 0 < ¢ there exists ng € N such that for all n > ng, d(zp,x) < c, then {x,}
is said to be convergent and {x,} converges to x. We denote this by lim, o , =z or T, — T as

n — o0.
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(b) If for every ¢ € E with 0 < ¢ there exists ng € N such that for all n,m > ng, d(xp, xm) < ¢, then
{zp} is called a Cauchy sequence in (X,d).

(¢) If every Cauchy sequence is convergent in (X, d), then X is called a complete cone pentagonal metric

space.

Definition 1.11. [2] Let T and S be self-maps of a nonempty set X.

(a) If w =Tz = Sx for some v € X, then x is called a coincidence point of T and S and w is called a

point of coincidence of T and S.

(b) T and S are said to be weakly compatible if they commute at their coincidence points, that is,
Tx = Sx implies that TSz = STx.

Lemma 1.12. [5] Let T and S be weakly compatible self mappings of a nonempty set X. If T and S

have a unique point of coincidence w = Tx = Sz, then w is the unique common fixed point of T and S.

Lemma 1.13. [0] Let (X,d) be a cone metric space with cone P not necessarily to be normal. Then for

a,c,u,v,w € E, we have

(a) If a < ha and h € [0,1), then a = 0.

(b) If 0 < u < ¢ for each 0 < ¢, then u = 0.

(c¢) Ifu<vandv < w, then u < w.

(d) If c € int(P) and an, — 0, then 3ng € N 3 Vn > ng, a, < c.

Lemma 1.14. [2] Let (X, d) be a complete cone pentagonal metric space. Let {x,} be a Cauchy sequence
m X and suppose there is a natural number N such that

(@) xy # X for alln,m > N.
(b) zp,x are distinct points in X for alln > N.
(¢) xn,y are distinct points in X for alln > N.

(d) xp = x, Ty =y as n — o0.

Then © = y.
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2 Main Result

In this section, we prove Chatterjea-type theorem for four self mappings in cone pentagonal metric space.

Theorem 2.1. Let (X,d) be a cone pentagonal metric space. Suppose the mappings f,g, U,V : X — X

satisfy the following contractive conditions

(a) d(fz,gy) < Ald(Uz, gy) +d(Vy, fz)]
(b) d(fz, fy) < A[d(Uz, fy) +dUy, fx)]

(c) dgz,gy) < Ad(Vz,gy) +d(Vy,gz)]

for all z,y € X, where A\ € [0,1). Suppose that f(X) C V(X), g(X) C U(X), and one of
f(X),9(X),U(X),V(X) is a complete subspace of X, then the pairs (f,U) and (g,V) have a unique
point of coincidence in X. Moreover, if (f,U) and (g,V') are weakly compatible pairs then f,g,U,V have

a unique common fized point in X.

Proof. Let zp € X. Since f(X) C V(X) and g(X) C U(X), starting with xo we define a sequence {y,}
in X such that

Yon = f:Egn = V$2n+1 and Yon+1 = gTon+1 = Uﬂ?gn+2 for all n = O, 1, 2, cee

Suppose that y; = yg+1 for some k € N. If k = 2m, then ya,, = y2m+1 for some m € N, then from (a) we

obtain

d(yam+2: Yam+1) = d(fTam+2, 9T2m+1)
< Md(Uzzm+2, 9%2m+1) + d(VEomi1, fr2m+2))
< Md(Y2m+15Y2m+1) + d(Y2m, Y2m+2))
= Ad(Y2m; Yam-+2)
< Md(y2m: yam+1) + d(Yomt1, Yom+2))
< Md(Y2m+1, Y2m+2)-

From the above we have d(y2m+1,Y2m+2) = 0. That is yam+1 = Y2m+2. In a similar way we can deduce

that yom+2 = Yom+3 = Yam+4 = - - -. Hence y, = yg, for all n > k. Therefore, {y,} is a Cauchy sequence
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in (X,d). Now assume that y, # yn+1 for all n € N. Then from (a) we have

d(Y2m, Y2m+1) = d(fTam, 9Tam+1)

(
(
(

IN

(Uzam, 9Tam+1) + d(Vxomi1, from))

IN

d
d(y2m717 y2m+1) + d(mea y2m))

IN

d(Yom—1, Y2m+1)

A
A
A
A(d(y2m—1,Y2m) + d(y2m, Y2m+1))-

IN

From the above we have
A

d(y2m, Yom+1) < 7 d(Y2m—1,Y2m) = ad(y2m-1,Y2m) (1)

where o = ﬁ €[0,1). Also

d(Y2m+1, Yom+2) = d(fTam+1, 9T2m+2)
< Md(Uzam+1, 9Tam+2) + d(Vromia, from+1))
< Ad(y2m, Y2m+2) + d(Y2m+1, Y2m+1))
< Ad(Y2m, Y2m+2)
< Ad(y2m, Y2m+1) + d(y2m+1, Yam+2))-
From the above we obtain
d(Y2m+1, Yam+2) < %d(yzm,ymﬂ) = ad(Y2m; Yom+1)- (2)

From (2) and (3) it follows that

d(y2m7 y2m+1) < ad(yZm—la me)

< o®d(yam—2, Yom—1)

< ®™d(yo, y1) Ym > 1
and

d(Yam+1, Yom+2) < ad(Yam, Y2m+1)
< a?d(yYam—1, Yom)

< o®™ L d(yg, y1) Ym > 1.

Hence, from (4) and (5) we deduce that

d(Yn, Yn+1) < a"d(yo,y1) Vn > 1. (5)
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From (b), (c), (6) and the fact that 0 < A < a < 1, we obtain

and

d(Yom, Yam+2) = d(from, from+2)

d(Y2m+1, Yoam+3) =

d(Umom, fromi2) + d(Uzamia, from))
d(y2m—1, Y2m+2) + d(Y2m+1, Y2m))
d(Y2m—1,Y2m) + d(Y2m: Yom+1) + A(Y2m+1, Yom+2) + d(Y2m+1, Y2m))
d(Y2m—1,Y2m) + 2d(Y2m, Y2m+1) + d(Y2m+1, Y2m+2))
o d(yo, y1) + 20" d(yo, y1) + " d(yo, y1))
< o®™d(yo, y1) + 20”7 d(yo, y1) + o*"d(yo, 1)
Yo, y1)(1 + 2a + a?)
Yo,y1)(1 +2+ )
< a®d(yo,y1)(3+ @) ¥Ym > 1

(
(
(
(
(
(

< a2md

< a2md

(
(
(
(

d(9T2m+1, 9T2m+3)

< ANd(Vzomet, 922m+3) + d(Vxom3, 9T2m+1))

>/

d(Yom, Yom+3) + d(Yom+2, Y2m+1))

>/>4

(
(
(d(y2m, Y2m+1) + d(Y2m+1, Yam+2) + d(Y2m+2, Yom+3) + d(Y2m+2, Yam+1))
(d(Y2m y2m+1) + 2d(Y2m+1, Yom+2) + d(Y2m+2, Y2m+3))

(a

>/

M d(yo, y1) + 207 d(yo, v1) + * 2 d(yo, 1))
a2m“d(yo, Y1) + 202" 2 d(yo, 1) + " P d(yo, 1)
a2m+1d(y0, y1)(1 4 2+ a2)

@™ d(yo,y1)(1 + 2 + )
< a”™d(yo, y1)(3 + ).

N

IN

IN

Hence from (7) and (8) we have

A(Yny Ynt2) < (3 + a)a"d(yo,y1) Yn > 1. (8)

For the sequence {y,} we consider d(yn,Yn+p) in two cases as follows: If p is odd say p = 2k + 1 where
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k > 1, then by the pentagonal property and (6), we have

d(yn, yn+2k+1) d(ym Ynt1) + d(yn—i-b yn+2) + d(yn+27 Ynt3) + d(yn+37 yn+2k+1)
d(ynv yn-‘rl) + d(yn—I—h yn+2) + d(yn+27 yn-‘rS) + e

IN

A(Yn+2k—15 Yn+2k) + A(Ynt2k> Ynt2k+1)
a"d(yo,y1) + an+1d(yo, Y1) + Oén+2d(y07 y1) + -
+a" 2 d(yo, y1) + "R d(yo, y1)

n

IN +

Q

A

< d(yo,y1) Vn > 1.
1l -«

If p is even say p = 2k where k > 1, then by the pentagonal property, (6) and (9), we have

d(yna yn+2k) d(ynv yn+2) + d(yn—i—?’ yn+3) + d(yn+37 yn+4) + d(yn+4’ yn+2k)
d(yna yn+2) + d(yn+27 yn+3) + d(yn+Sa yn+4) + -

IN +

A(Yn+2k—25 Yn+2k—1) + A(Ynt2k—1, Ynt2k)
(3 + @)a™d(yo, 1) + " 2d(yo, y1) + " Bd(yo, y1) + - - -
an+2k72d(y0’ yl) + an+2k71d(y0’ yl)

an

1—

IN +

d(@/O»?Jl) vn > 1.
[0

Therefore, combining the above two cases, we get

n

(6%
— ad(y()a yl) vn7p S N.

d(ynayn+p) < 1

Since « € [0,1), we get, as n — oo, % — 0. Hence, for every ¢ € F with ¢ > 0 Ing € N such that
A(Yn, Yn+p) <K ¢ Vn > ny.

Therefore, {y,} is a Cauchy sequence in (X,d). Suppose U(X) is a complete subspace of X, then there

exists points p,q € U(X) such that limy, oo Yon+1 = limy 00 Uzonta = ¢ = Up. Now we show that

Up = fp. Given ¢ > 0, we choose natural numbers 71, Ts, T3, Ty, T5 such that d(q, y2,) <

C(l A) Vn > Ti,

d(q, 1) < 52 Vn > T, dyanrr,yon) < U V0 > Ty, d(yang, yanse) < By Vn > Ty,
c(1=X)
d(Yan+2,q) < =5

Vn > Ts. Since y,, # ym for n # m, by pentagonal property and (b) we have

d(fp,q) < d(fp,y2n) + d(Yan, Y2n+1) + d(Y2n+1, Y2n+2) + d(Y2n+2, q)

d(f
Ad(Up, fron) + d(Uzon, ) + d(y2n, Y2nt1) + d(Y2n+1, Y2nt2) + d(Yons2, q)
< AA(q, yan) + Ad(y2n—1, [P) + d(Y2n, Yon+1) + d(Yon+1, Yont2) + d(Y2n+2, Q)
>\ (Q7 an) + )‘(d(yanla Q) + d(qv fp)) + d(y2n7 y2n+1) + d(y2n+17 y2n+2) + d(y2n+2a Q)
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From the above we have

1
d(fp,q) < 7 (Ad(q, y2n) + Ad(y2n—1, ) + d(y2n, Y2n+1) + d(Y2n+1, Yont2) + d(Y2n+2, 9))

<fypcpc e,
5 5 5 b5 5

=cVn> 1,4

where Ly = max{Ty,T5,T3,Ty,T5}. Since c is arbitrary we have d(fp,q) < %, Vm € N. Since & — 0
as m — oo, we conclude < — d(fp,q) — —d(fp,q) as m — oo. Since P is closed, —d(fp,q) € P. Hence

m

d(fp,q) € PN —P. By definition of cone we get that d(fp,q) = 0, and so Up = fp = ¢q. Hence ¢ is a
point of coincidence of f and U. Since ¢ = fp € f(X) and f(X) C V(X), there exists r € X such that

g = Vr. Now, we show that Vr = gr. Given ¢ > 0, we can choose natural numbers Tg, 17, Tg, Ty, T1g

such that d(q,yon-1) < L5 ¥ > Tg, dg,y2n) < S5 Y > Tr, d(yani1,y20) < U v > T,

d(Yan+1, Yont2) <K @ Vn > Ty, d(yan+2,q) < 6(157_’\) Vn > Tyg. Since y,, # Y for n # m, by pentagonal

property and (a) we have that

d(gr,q) < d(gr,y2n) + d(Y2n, Yon+1) + d(Yon+1, Yon+2) + d(Yon+2, q)

d
< d(gr, fran) + d(Y2n, Yon+1) + d(Y2n+1, Yont2) + d(Y2n+2, Q)
< MNd(Uzan, gr) + d(Vr, fron)) + d(yon, Yon+1) + d(Yon+t1, Yon+2) + d(Y2n+2,9)
< M(Y2n—1,97) + Ad(q, Y2n) + d(Y2n, Y2n+1) + Ad(Y2n+1, Yon+2) + d(Y2n+2, q)

A

(d(yan—1,q) + d(q, g7)) + Ad(q, y2n) + d(Yon, Y2n+1) + Ad(Y2n+1, Yo2n+2) + d(Yon+2, q).

From the above we have
1
d(gr,q) < 37— (Ad(yan-1,9) + Ad(q, y2n) + d(Y2n, Y2n+1) + d(Y2n+1, Y2n+2) + d(y2n+2,9))
cCycLe e ¢
5 5 5 5 5
=cVn > Lo

where Ly = max{Ts,T7, T3, Ty, T10}. Since c is arbitrary we have d(gr,q) < =, ¥m € N. Since = — 0
as m — oo, we conclude = — d(gr,q) — —d(gr,q) as m — oo. Since P is closed, —d(gr,q) € P. Hence
d(gr,q) € PN —P. By definition of cone we get that d(gr,q) = 0, and so Vr = gr = q. Hence ¢ is a point
of coincidence of g and V. Thus, the pairs (f,U) and (g, V) have common point of coincidence ¢ in X.

Now, suppose the pairs (f,U) and (g, V) are weakly compatible mappings. Then
fa=fUp=Ufp=Uq=q for some q € X

and

gq=gVr =Vgr=Vq= g for some ¢ € X.
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Hence, from (a) we have

d(q1,q2) = d(fq, 9q)

< XNd(Ug,9q) +d(Vq, fq))
Ad(q1, g2) + d(g2, 1))

= 2XMd(q1, q2)

which implies d(q1, g2) = 0. Hence, ¢; = ¢a2. Therefore

fae=g99=Uq=Vq.

Also

d(q,9q9) = d(fp.9q)
< Md(Up, 9q9) +d(Vq, fp))
(d(g,99) + d(9q, 9))
Ad(gq,99)

d
d

A
A
2

which implies d(q, gq) = 0. Hence gqg = q or fq = gq=Uq = Vq = q. Thus, ¢ is the common fixed point

of f,g,U,V. Next we show that ¢ is unique. For suppose ¢’ be another common fixed point of f, g, U, V.

That is,

I
Q
Q

Il

-
)Q\
Il
<
)Q\

Il

Q

fd

for some ¢’ € X. Then from (a) we have

d(q,q') = d(fq,99)

< Md(Uq,g9¢") +d(Vd, fq))
Md(q,q) +d(d,q))
= 2Xd(q,q")

which implies d(q,q") = 0. Hence, ¢ = ¢’. Therefore the mappings f, g, U.V have a unique common fixed

point in X. Similarly if f(X), g(X), or V(X) is a complete subspace of X, then we can easily prove that

f,9,U,V have unique common fixed point in X. This completes the proof of the theorem.

O]

Example 2.2. Let X = {1,2,3,4,5}, E = R? and P = {(z,y) : 2,y > 0} is a cone in E. Define

d: X xX — FE as follows:
d(z,z) =0Vzr e X

d(1,2) = d(2,1) = (4,16)

d(1,3) = d(3,1) = d(3,4) = d(4,3) = d(2,3) = d(3,2) = d(2,4) = d(4,2) = d(1,4) = d(4,1) = (1,4)

Earthline J. Math. Sci. Vol. 15 No. 2 (2025), 169-180
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d(1,5) = d(5,1) = d(2,5) = d(5,2) = d(3,5) = d(5,3) = d(4,5) = d(5,4) = (5,20).

Then (X,d) is a complete cone pentagonal metric space, but (X,d) is not a complete cone rectangular

metric space because it lacks the rectangular property:

(4,16) = d(1,2)
> d(1,3) + d(3,4) + d(4,2)
= (1,4) + (1,4) + (1,4)
= (3,12) as (4,16) — (3,12) = (1,4) € P.

Define mappings f,qg,U.V : X — X as follows:

flx)=4Vzxe X

4 ifx#5
g(z) = ‘

2 ifx=5

3 ifx=1

1 ife=2
Ul)=42 ifr=3

4 ifx=4

5 ifx=>5

V(z)=xVxre X.

Clearly f(X) C V(X), g(X) C U(X), and the pairs (f,U) and (9,V) are weakly compatible mappings.
The condition of the above theorem holds for all x,y € X, where A = +, and 4 is the unique common fized

57
point of the mappings f,qg,U, V.

3 Consequences of the Main Result

If V = U in the above theorem, then we have the following

Corollary 3.1. Let (X,d) be a cone pentagonal metric space. Suppose the mappings f,g,U : X — X
satisfy the following contractive conditions
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(a) d(fz,gy) < ANd(Uw,gy) +d(Uy, fr)]
(b) d(fz, fy) < Ald(Uz, fy) +dUy, fz)]

(c) d(gz,gy) < Md(Uz, gy) + d(Uy, gz)]
for all z,y € X, where X € [0,3). Suppose that f(X)U g(X) C U(X), and if U(X) or f(X)U g(X)
is a complete subspace of X, then the pairs (f,U) and (g,U) have a unique point of coincidence in X.

Moreover, if (f,U) and (g,U) are weakly compatible pairs then f,g,U have a unique common fixed point
in X.

If g= f and V = U in the above theorem, then we have the following

Corollary 3.2. Let (X, d) be a cone pentagonal metric space. Suppose the mappings f,U : X — X satisfy

the condition:

d(fz, fy) < Ad(Uz, fy) +d(Uy, fz))
for all z,y € X, where A € [0,3). Suppose that f(X) C U(X), and, if U(X) or f(X) is a complete
subspace of X, then the pair (f,U) have a unique point of coincidence in X. Moreover, if f and U are

weakly compatible pairs, then f and U have a unique common fixed point in X.

If g=f,V =U = I (identity mapping), and P is a normal cone in the above theorem, then we have the

following

Corollary 3.3. Let (X,d) be a complete cone pentagonal metric space and P be a normal cone with

normal constant k. Suppose the mapping f : X — X satisfies the contractive condition:

d(fz, fy) < Ad(z, fy) + d(y, fz))

for all z,y € X where X € 0,3). Then

(a) f has a unique fized point in X

(b) For any x € X, the iterative sequence {f"x} converges to the fixed point.
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