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Abstract 

In this paper, it is shown that a number of properties of permanent of both square and 

non-square matrices present under fuzzy environment. We establish the basic formulas of 

determinant and permanent of matrices which contains the new properties to compare the 

both notions. We investigate the permanent of square L-R hexagonal fuzzy matrix (L-R 

HFM) using in different ways from partial derivatives. The notions of permanent of non-

square L-R hexagonal fuzzy matrix are defined. Moreover, we derive some of the 

standard properties and constant matrix with the aid of above notion. 

1. Introduction 

The permanent has a rich structure when restricted to certain class of matrices, 

particularly, matrices of zeros and ones (entrywise) non-negative matrices and positive 

semi defined matrices. Furthermore, there is a certain similarity of its properties over the 

class of non-negative matrices and class of positive semi defined matrices. Romanwicz 

and Grabowski [6] used permanent of square matrix. Permanent is also used in graph-

theoretic interpretations. One is, as the sum of the weights of cycle covers of a directed 

graph, yet another one is as the sum of weights of perfect matching in a bipartite graph. 
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The concept of fuzzy matrix (FM) is one of the recent developments for dealing with 

uncertainties present in engineering, agriculture, science, social science and also in most 

of our real life situations. Thomason [13] presented the article entitled convergence of 

power of fuzzy matrix. Ryser and Brualdi [7] studied different form of permanent of 

matrix. Moreover, some important results of the permanent of fuzzy matrix are 

established by Glynn [3]. Some of the interesting arithmetic works on fuzzy number can 

be found in [2]. For the first time the notion of a triangular matrix was proposed by 

Shyamal and Pal [8]. Recently, Das et al. [1] introduces the concept of permanent of 

interval valued and triangular fuzzy matrices. Stephen Dinagar and Latha [9] presented 

the constant type-2 TFMs. Most of our real life problems in medical sciences, 

engineering, management, environment and social science often involve data which are 

not necessarily crisp, precise, lucid and deterministic in character due to various 

uncertainties associated with these problems. Such uncertainties are usually being 

handled with the help of the topics like probability, fuzzy sets, intuitionistic fuzzy sets of 

fuzziness by membership function, the fuzzy number can be classified in different forms, 

such as triangular fuzzy number (TFN), trapezoidal fuzzy number (TrFN). At present, we 

introduce the proposed number in the article of L-R hexagonal fuzzy number (L-R HFN). 

Recently, Stephen Dinagar and Rajesh Kannan [10] presented the article entitled as on 

inventory model with allowable shortage using L-R type hexagonal fuzzy number. 

Recently [11, 12], we develop the concept of permanent of hexagonal fuzzy matrices. 

In this article, we introduce the notion of L-R hexagonal fuzzy number (L-R HFN) in 

a well defined manner by conditions applied with other type of fuzzy numbers and 

studied in the case of permanent in both square and non-square domain of fuzzy 

matrices. In Section 2, we introduce L-R hexagonal fuzzy number to motivate by using of 

this distinct fuzzy number in real life situation. In Section 3, we have defined new L-R 

hexagonal fuzzy matrix (L-R HFM) and its operations. In Section 4, the definition 

determinant and permanent with crisp matrix and followed by the example to justify the 

difference of both the matrices and also have been found out a new results to compare 

with two matrices have been established. In Section 5, we define the permanent of square 

L-R hexagonal fuzzy number using in different form of partial derivatives. In Section 6, 

we define the permanent of non square L-R HFM and the notion of non-square constant 

matrix. We have also presented some of their standard properties and their proofs. In 

Section 7, conclusion is also included. 
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2. Hexagonal Fuzzy Number [11] 

Sometimes it may happen that some data or numbers cannot be specified precisely or 

accurately due to the error of the measuring technique or instruments etc. In general, the 

human life span can be classified by different stages. One such interesting classification 

is given as follows: 

* Young (around (0-20)) 

* Early Adulthood (around (21-29)) 

* Middle Adulthood (around (30-40)) 

* Later Adulthood (around (41-60)) 

* Old (around (60+)) 

Such problems would be solved with the aid of fuzzy theory. The problem of the study of 

human beings whose economic and energy status are maximum, with their human life 

span is purely fuzzy in nature. It can be clearly noted that human beings to middle 

adulthood be more suit for the above said problem. This situation is clearly in nature and 

it can be represented by a fuzzy number called Hexagonal Fuzzy Number which is the 

generalization of trapezoidal fuzzy number. The advantage of this number is more than 

any number like Trapezoidal or Triangular. The hexagonal fuzzy number is more opt 

than any fuzzy numbers because of this number features do satisfies for human life span 

problem. 

Throughout this paper, we study with the aid of L-R hexagonal fuzzy number in left 

and right spreads. The mathematical definition of L-R hexagonal fuzzy number is given 

below. 

Definition 2.1. (L-R Hexagonal Fuzzy Number) [10] 

An L-R hexagonal fuzzy number denoted by ( )LRhLR nmA 2121 ,,,,,
~ ββαα=  is a 

fuzzy number, where ( )LRnm 2121 ,,,,, ββαα  are real numbers satisfying ,nm ≤  

21 α≥α  and 21 β≥β  and its membership function ( )x
hLRA

~µ  is given by 
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Here the points of m and n, with membership value of 1, is called the flat region of mean 

value and  ,1α  ,2α  ,1β  2β  are the four distinct left and right spreads of ,
~

hLRA  

respectively. 

An L-R hexagonal fuzzy number is said to be symmetric, if the sum of both its 

spreads are equal, i.e., if 2121 β+β=α+α  and it is denoted by =hLRA
~

 

( ) .,,, 21 LRnm αα  

2.1. Arithmetic operations on L-R hexagonal fuzzy numbers (HFNs) 

Here we introduce the definition of arithmetic operations between two L-R 

hexagonal fuzzy numbers (L-R HFNs) are given below. 

Let ( )LRhLR nmA 2121 ,,,,,
~ ββαα=  and ( )LRhLR qpB 2121 ,,,,,

~ γγµµ=  be two 

L-R hexagonal fuzzy numbers. Then 

(i) Addition: 

( ) ( ) .,,,,,
~~

22112211 LRhLRhLR qnpmBA γ+βγ+βµ+αµ+α++=+  

(ii) Subtraction: 

( ) ( ) .,,,,,
~~

22112211 LRhLRhLR qnpmBA γ+βγ+βµ+αµ+α−−=−  

(iii) Multiplication: 

( ) ,
6

,
6

,
6

,
6

,
6

,
6

~~ 2121

LR
bbbbbbhLRhLR

nm
BA 







 σβσβσασασσ=×  

where ( ).33 2121 γ+γ+µ−µ−+=σ qpb   
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(iv) Division: 

( ) ,
6

,
6

,
6

,
6

,
6

,
6~~ 2121

LRbbbbbb
hLRhLR

nm
BA 









σ
β

σ
β

σ
α

σ
α

σσ
=÷  

if ,0≠σb  where ( ).33 2121 γ+γ+µ−µ−+=σ qpb  

(v) Scalar Multiplication: 

If 0≠k  is scalar, then hLRAk
~

 is defined as 

( )
( )



<β−β−α−α−
≥ββαα

=
.0if,,,,,

0if,,,,,~

2121

2121

kkkkkkmkn

kkkkkknkm
Ak hLR  

Definition 2.2. (Ranking Function) 

We define a ranking function ( ) RRFR →:
⌣

 which maps each fuzzy numbers to 

real line ( )RF  represented the set of all hexagonal fuzzy numbers. If R be any linear 

ranking functions, then 

( ) .
6

33~ 2121







 β+β+α−α−+= nm
AR hLR

⌣

 

Definition 2.3. (Zero L-R Hexagonal Fuzzy Number) 

If ( ),0,0,0,0,0,0
~ =hLRA  then hLRA

~
 is said to be zero L-R hexagonal fuzzy 

number. It is denoted by .0LR  

Definition 2.4. (Zero-Equivalent L-R Hexagonal Fuzzy Number) 

An L-R hexagonal fuzzy number hLRA
~

 is said to be zero-equivalent L-R hexagonal 

fuzzy number if ( ) .0
~ =hLRAR
⌣

 It is denoted by .0
~

LR  

Definition 2.5. (Unit L-R Hexagonal Fuzzy Number) 

If ( ),0,0,0,0,1,1
~ =hLRA  then hLRA

~
 is said to be unit L-R hexagonal fuzzy 

number. It is denoted by .1LR  

Definition 2.6. (Unit-Equivalent L-R Hexagonal Fuzzy Number) 

An L-R hexagonal fuzzy number hLRA
~

 is said to be unit-equivalent L-R hexagonal 

fuzzy number if ( ) .1
~ =hLRAR
⌣

 It is denoted by .1
~
LR  
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3. L-R Hexagonal Fuzzy Matrices (L-R HFMs) 

In this section, we propose new definitions of L-R hexagonal fuzzy number matrix 

and its corresponding matrix operations. 

Definition 3.1. An L-R hexagonal fuzzy matrix of order nm ×  is defined as 

( ) ,~ˆ
nmhLRijLR aA ×=  where ( ) ( )LRijijijijijijhLRij nma 2121 ,,,,,~ ββαα=  is the ij-th 

element of ,ˆ
LRA  then ijm  and ijn  are the mean value of hLRija~  and ijijijij 2121 ,,, ββαα  

are the left and right spreads of ,~
hLRija  respectively. 

3.1. Operations on hexagonal fuzzy matrices (HFMs) 

Let ( ) nmhLRijaA ×= ~ˆ  and ( ) nmhLRijbB ×= ~ˆ  be two L-R HFMs of same order. Then 

we have the following: 

1. ( ),
~~ˆˆ
hLRijhLRijLRLR baBA +=+  

2. ( ),
~~ˆˆ
hLRijhLRijLRLR baBA −=−  

3. For ( ) nmhLRijLR aA ×= ~ˆ  and ( ) ,
~ˆ

knhLRijbB ×=  then ( ) ,~ˆˆ
kmhLRijcBA ×=  where 

( ) ∑ =× == n

p hLRpjhLRipkmhLRij mibac
1

...,,2,1,
~~~  and ,...,,2,1 kj =  

4. T
LRÂ  or ( ),~ˆ

hLRjiLR aA =′  

5. ( ),~ˆ
hLRijLR akAk =  where k is scalar. 

We now define some special types of L-R HFMs corresponding to special classical 

matrices.   

Definition 3.2. (Zero L-R Hexagonal Fuzzy Matrix) 

An L-R hexagonal fuzzy matrix (L-R HFM) is said to be a zero L-R HFM if all its 

entries are LR0  and it is denoted by .ˆ
LRO  

Definition 3.3. (Unit L-R Hexagonal Fuzzy Matrix) 

The square L-R HFM is said to be a unit L-R HFM if the diagonal elements are LR1  

and the rest of elements are ,0LR  i.e., if ( )LRhLRija 0,0,0,0,1,1~ =  and =hLRija~  

( ) ,0,0,0,0,0,0 LR  ji ≠  for all ., ji  It is denoted by .ˆ
LRI  
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Definition 3.4. A square L-R HFM ( )hLRijLR aA ~ˆ =  is said to be symmetric if 

,ˆˆ
LRLR AA ′=  i.e., if ( ) ( )hLRjihLRij aa ~~ =  for all ., ji  

Definition 3.5. A square L-R HFM ( ) ,0~ˆ
LRhLRijLR aA ==  i.e., if ( ) =hLRija~  

( )hLRija~−  for all ji,  and ( ) .0~
LRhLRiia =  

4. A Comparison between Permanent and Determinant of Matrices 

In this section, we have to compare both the permanent and determinant of matrices 

using crisp matrix and find out the new results are justified. 

Definition 4.1. (Determinant) 

Let ( ) nnijaA ×=  be a crisp matrix of order .nn ×  Then the determinant of A is 

denoted by ( )Adet  or A  and defined as 

( )∑ ∏
∈σ =

σσ=
ns

n

i

i iaA

1

,sgn  

where ns  denotes the symmetric group of all permutations of the indices { }n...,,2,1  

and σsgn  is +1 for even permutations and −1 for odd permutations. 

Definition 4.2. (Permanent)  

If ( ) nnijaA ×=  is a crisp matrix of order ,nn ×  then the permanent of A is denoted 

by ( )Aper  and defined as 

( ) ( )∑ ∏
∈σ =

σ=
ns

n

i

i iaAper

1

,  

where ns  denotes the symmetric group of order n. 

The definition of permanent [4] is similar to the definition of determinant except the 

sign of each term in summation. The number of terms over summation are both cases but 

the sign associated in each term are all positive in case of permanent. The permanent 

cannot compete with determinant, in terms of the depth of theory and breadth of 

applications, but it is safe to say that the permanent also exhibits both these characteristic 

in ample measure, a fact that has not receive enough attention. 
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Here three ways to calculate ( )Aper  for general 33 ×  matrix for .
















=
ifc

heb

gda

A  

The classical formula using all the permutation in 3S  is 

( ) cegbdiafhcdhbfgaeiAPer +++++=  

Ryser’s [7] method gives 

( ) ( ) ( ) ( ) ( ( ) ( )hgedbaihgfedcbaAPer ++⋅+−++++++=  

( ) ( ) ( ) ( ) ( ) ( ) .cfibefadgihfecbigfdca ++++++−+++−  

Glynn [3] method gives 

( ) ( ) ( ) ( ) ( ) ( ) ( )ihgfedcbaihgfedcbaAPer +−+−+−−++++++=2
2  

( ) ( ) ( ) ( ) ( ) ( ).ihgfedcbaihgfedcba −−−−−−+−+−+−+−  

Compare with all the three formulas, we take the first formula to apply all problems 

throughout this paper and following an example is, 

Let us consider an example to illustrate both the determinant and permanent of crisp 

matrix. 

Example 4.3. Let .

612

753

421

















=A  Then 

2.5.41.3.47.2.26.3.21.7.16.5.1 −++−−=A  

13−=A  

and 

( ) 2.5.41.3.47.2.26.3.21.7.16.5.1 +++++=Aper  

( ) .153=Aper  

4.1. Special properties of permanent 

Properties of permanent are also presented below. 
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1. For a crisp matrix ( ) nnijaA ×=  is the positive square matrix of order n, then 

( ) ( ).det AAper ≥  

2. For a crisp matrix ( ) ,nnijaA ×−=  then 

• If ( ) nnijaA ×−=  is even square matrix of order n, then ( ) ( ).det AAper ≥  

• If ( ) nnijbB ×−=  is odd square matrix of order n, then ( ) ( ).det BBper ≤  

3. If any one of the row (or) column of a crisp matrix ( ) nnijaA ×=  of order n is 

negative, then the permanent of a matrix is negative. 

4. If any one of the row (or) column of a crisp matrix ( ) nnijaA ×=  of order n is 

negative, then ( ) ( ).det AAper ≤  

Verifications: 

The above said special properties of permanent have been verified by the counter 

examples. 

Example 4.4. Let .
43

21







=A  Then 

 ( ) ,10=Aper  (4.1) 

 ( ) .2det −=A  (4.2) 

From (4.1) and (4.2), 

( ) ( ).det AAper >  

In particular, ( ) ( )AAper det=  whenever zero matrix and triangular matrix perform.  

Therefore, ( ) ( ).det AAper ≥  

Example 4.5. (i) Let .
43

21

22×









−−
−−

=A  Then 

 ( ) ,10=Aper  (4.3) 

 ( ) .2det −=A   (4.4) 



D. Stephen Dinagar and U. Hari Narayanan  

http://www.earthlinepublishers.com 

48 

From (4.3) and (4.4), 

( ) ( ).det AAper >  

In particular, matrix will become zero matrix and triangular matrix, then 

( ) ( ).det AAper =   

Therefore, ( ) ( ).det AAper ≥  

(ii) Let .

235

230

121

33×















−−−
−−
−−−

=B  Then 

 ( ) ,47−=Aper   (4.5) 

 ( ) .5det −=A   (4.6) 

From (4.5) and (4.6), 

( ) ( ).det AAper <  

In particular, matrix will become zero matrix and triangular matrix, then 

( ) ( ).det BBper =  

Therefore, ( ) ( ).det BBper ≤  

Example 4.6. Let .

235

230

121















 −−−
=A  Then 

( ) .3.5.13.0.12.5.22.0.22.3.12.3.1 −+−+−+−+−+−=Aper  

( ) .15020066 −+−+−−=Aper  

( ) .47−=Aper  

Therefore, the permanent of a matrix is negative. 

Example 4.7. Let .
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121



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







 −−−
=A  Then 
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 ( ) ,47−=Aper   (4.7) 

 ( ) .5det −=A   (4.8) 

From (4.7) and (4.8), 

( ) ( ).det AAper <  

In particular, matrix will become zero matrix and triangular matrix, then 

( ) ( ).det AAper =  

Therefore, ( ) ( ).det AAper ≤  

5. Permanent of Square L-R Hexagonal Fuzzy Matrices 

In this section, we investigate the permanent of L-R hexagonal fuzzy matrix 

involving partial derivatives of homogeneous polynomial of degree n and characteristic p 

over a fuzzy field .F  

5.1. Permanent with partial derivatives 

Let LRÂ  be an nn ×  L-R hexagonal fuzzy matrix defined as 

∏ =
=

n

i
iLRhLR AA

1
,ˆ~
 

where ( )∑ = =⋅= n

j LRhjhijiLR nixaA
1

....,,2,1,~~ˆ  

Since LRÂ  is an homogeneous polynomial L-R hexagonal fuzzy number of degree n 

in ( ),~...,,~
1 hnh xx  we can write 

 ( ) ,
!

~

!

~

!

~
~~
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1
2

2

1

1∑
αα

ααα

αα αα
⋅

α
=

n

n

n
n

hLRnhLRhLR
LRhhLR

xxx
xA

⋯

⋯
⋯  (5.1) 

where the summation is over all sequence ( )nαα ⋯1  of non-negative integer satisfying 

.1 nn =α++α ⋯  The coefficient ( )LRh n
x αα ⋯1
~  is equal to the partial derivatives form, 

i.e., 

,~~

~

1 nhLRjhLRj

hLR
n

xx

A

∂∂
⋅∂
⋯

   ( ) ( ) .
~

...,,,
121 LRhn n

Sjjj αα=
⋯
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Then the derivative is 

n

n

n hLRnhLR

hLR

hLRjhLRj

hLR
n
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Now, we compute ,~

~

ihLRj

hLR
n

x

A

∂
∂

 ( ) ....,,2,1
~

niSj LRhi i
=∀= α  

Now the result is 

( ) ( ) ....,,2,1
~~

1
niSSj LRhLRhi i

=∀== αα  

Since iLRA
~

 is a linear function of ,~ sx
ihLRj′  then we have 

 0~~

ˆ2

=
∂⋅∂

∂

hLRkhLRk

iLR

xx

A
  (5.2) 

for any k and l are defined by differentiation 

=
∂∂

⋅∂

nhLRjhLRj

hLR
n
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A
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1
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n
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( )∑∏
∈σ =

σ

∂
∂

=
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n

i ihLR
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x

A

1

~
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∈σ =
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1

,~  
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( ) ( ( ) ) ( ).ˆ~

~
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x

A
==

∂
∂

σ
σ

 Therefore, 

 ( ).ˆ
~~

~

1

LR
hLRjhLRj

hLR
n

Aper
xx

A

n

=
∂∂

⋅∂
⋯

  (5.3) 

Let now ( ) ( ) .
~

...,,,
121 LRhn n

Sjjj αα=
⋯

 Again by differentiation and recalling 

equation (5.2), we have 

( )∑ ∏
∈σ =

σ

∂
∂

=
∂∂

⋅∂

n in s

n

i hLRj

ihLR

hLRjhLRj

hLR
n

x

A

xx

A

1

~

~

~~

~

1
⋯

 

( ( ) )∑∏
∈σ =

σ=
n

i

s

n

i

LRjiha

1

~  

( ( )).ˆ
~~

~

1

1

nLR
hLRjhLRj

hLR
n

Aper
xx

A

n

αα=
∂∂

⋅∂
⋯

⋯

 

5.2. Permanent of L-R hexagonal fuzzy number from partial derivatives 

Definition 5.1. Let ( )LRhijLR aA ~ˆ =  be an nn ×  L-R HFM over a fuzzy field F  of 

characteristic p. Then it is defined as 

( ) ( ) ( ) .ˆdet~~1ˆ 1

2

11

−
−












∂∂
∂−= p

LR

p

hLRnnhLR

n
n

LR A
aa

Aper
⋯

 

Theorem 5.2. Let ( )LRhijLR aA ~ˆ =  be an nn ×  L-R HFM over a fuzzy field of 

characteristic p. Then  
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( ) ( ) ( ) .ˆdet~~1ˆ 1

2

11

−
−












∂∂
∂−= p

LR

p

hLRnnhLR

n
n

LR A
aa

Aper
⋯

 

Proof. The polynomial ( ) 1~
det:

−p
LRAf  is homogeneous of degree ( )1−pn  in the 

2
n  variables ( ).~

hLRija  To obtain a non-zero monomial in these variables from the 

operator 

∏ = −

−−















∂
∂=











∂∂
∂ n

i p
hLRii

pp

hLRnnhLR

n

aaa 1 2

22

11
~~~

⋯

 

that acts upon f. Now, we consider the monomial in f are of the form 

∏ =
− ⋅=

n

i

p
hLRiiLR kaZ

1

2
,~ˆ  

where k is a homogeneous polynomial of degree n. Since ( )LRA
~

det  is the sum of the 

products of the form 

( )∏ =

n

i
ihLRiqa

1
.~  

It is clear that k must be a similar form corresponding to the unique permutation .nsq ∈  

Let q have r even cycle of size ( ),21 ≥ir aaa ⋯  s odd cycle of size ( )31 ≥ir bbb ⋯  and 

c cycle of size is fixed point of one. Then we note that ( ),2modcsn +≡  since the even 

cycles can be neglected when we calculate the length of permutation mod 2. Also, q is an 

even permutation if and only if r is even. When k is produced by the above partial 

differentiation from ,ˆ
LRZ  there is a factor of ( )( ) ( )( ) ( )ccsr

pp 1!1!2 −≡−⋅− +
 in 

general function of p. This is because a cycle of size one in q corresponds to an 
2~ −p

hLRii
a  in 

LRẐ  and differentiates 2−p  times to ( ) ,~!1 hLRiiap −  otherwise hLRjk
p

hLRii
aa ~~ 2 ⋅−

 

differentiates to ( ) hLRjkap ~!2−  and ( ) 1!2 ≡−p  while ( ) ( ).mod1!1 pp −≡−  Next, 

each function from { } { }1...,,2,1...,,2,1 −→+ psr  corresponds to a way that LRẐ  

can appear as a polynomial in the product of ( ),ˆdet LRA  ( )1−p  times. This is because 

the non-diagonal sjLRiah ′~  of k in each non-trivial cycle must be assigned to one of the 
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1−p  permutation of the .ˆ sRAL ′  The number of these function is ( ) ( ) srr
p

++ −≡− 11
1

 

in general function of p. In addition each of these ways of producing k gives the same 

sign as q, since the 1−p  permutations from the determinants have a product that is q 

and so the signs multiply to give ( ) ( ) .1sgn
r

q −=  

Hence the total coefficient of k in the partial derivative of LRÂ  and hence of 

( ) 1ˆdet
−p

LRA  is ( ) ( ) ( ) ( ) ( ) ( ).mod11111 p
ncssrcr −≡−≡−⋅−⋅− ++  Thus the formula 

in the theorem is true. 

Corollary 5.3. Let ( )LRhijLR aA ~ˆ =  be an nn ×  L-R HFM over a fuzzy field F  

characteristic three. Then 

( ) ( ) ( ) .ˆdet~~1ˆ 2

11
LR

hLRnnhLR

n
n

LR A
aa

Aper 










∂∂
∂−=
⋯

 

Example 5.4. Let .~~

~~
ˆ









=

hLRhLR

hLRhLR
LR

dc

ba
A  Then 

( ) 







=

hLRhLR

hLRhLR
LR

dc

ba
Aper ~~

~~
ˆ  

( )
22

2
~~

~~
det~~

1 


























∂⋅∂
∂−=

hLRhLR

hLRhLR

hLRhLR dc

ba

da
 

( )hLRhLRhLRhLR
hLRhLR

cbda
da

~~~~
~~

2

⋅−⋅










∂⋅∂
∂=  

[ ( ) ]hLRhLRhLRhLRhLR
hLR

acbda
a

~~~~~2~ ⋅⋅−⋅








∂
∂=  

( ) hLRhLRhLRhLRhLRhLR dacbda
~~2~~~~2 ⋅+⋅−⋅=  

( )3mod~~~~
hLRhLRhLRhLR cbda ⋅+⋅=   (by Theorem 5.2) 

( ) .~~~~ˆ
hLRhLRhLRhLRLR cbdaAper ⋅+⋅=  
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Theorem 5.5. Let ( )LRhijLR aA ~ˆ =  be an nn ×  L-R HFM over a fuzzy field F  

characteristic three. Then 

( ) ( ) ( ) ( )
{ }∑ ⊂

−−=
nX xLRLRx

n
LR AAAper

...,,2

1
,ˆdetˆdet1ˆ  

where LRxÂ  is the principal submatrix of LRÂ  induced by the rows and columns of LRÂ  

indexed by x and x  is the complement of x in { }....,,2,1 n  

Proof. For { }nkji ...,,2,1,, ∈  defined LRÂ  where kji ,,  is said to be principal 

submartix of LRÂ  induced by removing the rows and columns indexed by kji ,, . 

From the corollary, 

( ) ( ) ( )2

1

ˆdet~1ˆ
LR

n

i hLRii

n
LR A

a
Aper















∂
∂−= ∏

=

 

( ) ( )LR
hLR

n

i hLRii

n
A

aa
ˆdet~~1

112
∂

∂











∂
∂−= ∏

=
 

( ) ( )1

2

ˆˆ2~1 LRLR

n

i hLRii

n
AA

a
⋅















∂
∂−= ∏

=

 

( ) ( )1
223

ˆˆ
~~1 LRLR

hLR

n

i hLRii

n
AA

aa
⋅

∂
∂















∂
∂−= ∏

=

 

( ) 2,112

3

ˆˆˆˆ
~1 LRLRLRLR

n

i hLRii

n
AAAA

a
⋅+⋅















∂
∂−= ∏

=

 

( ) ( )2,112
334

ˆˆˆˆ
~~1 LRLRLRLR

hLR

n

i hLRii

n
AAAA

aa
⋅+⋅

∂
∂















∂
∂−= ∏

=

 

( ) 23,113,24
ˆˆˆˆ

~1 LRLRLRLR

n

i
hLRii

n
AAAA

a
⋅+⋅









∂
∂−= ∏ =

 

3,2,132,1
ˆˆˆˆ
LRLRLRLR AAAA ⋅+⋅+  
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( ) ( ) { } .ˆˆ1ˆ
...,,2,1∑ ⊂ ⋅−=

mX xLRLRx
n

LR AAAper  

Hence the proof. 

6. Permanent of Non-Square L-R Hexagonal Fuzzy Matrices 

In this section, we introduce the notion of permanent of L-R HFM to define the order 

nm × . Also, we define the notion of constant L-R HFM in the same order and its 

relevant properties are discussed. 

Definition 6.1. Let ( ) nmhLRijLR aA ×= ~ˆ  be a non-square L-R HFM of order nm ×  

where ( )LRijijijijijijhLRij nma 2121 ,,,,,~ ββαα=  be an L-R hexagonal fuzzy number. 

Then the permanent of LRÂ  is denoted by ( )LRAper ˆ  and is defined by 

( ) ( )∑∏
∈ =

=
sq

m

i

ihLRiqLR aAper

1

~ˆ  for nm ≤  

[where s is the set of all one-to-one mapping 

from { }m...,,2,1  to { }n...,,2,1 ] 

( )∑∏
∈ =

=
sq

m

j

jjhLRqa

1

~  for nm >  

[where s is the set of all one-to-one mapping 

from { }n...,,2,1  to { }m...,,2,1 ] 

Two expressions are written for the permanent of matrix, because for ,nm >  there 

are one-to-one mapping { }n...,,2,1  to { }....,,2,1 m  In this case, no one-to-one is 

possible from { }m...,,2,1  to { }....,,2,1 n  But for nm ≤  the one-to-one mapping are 

possible from { }m...,,2,1  to { }....,,2,1 n  

6.1. Properties of non-square permanent of HFMs 

Property 6.2. Fundamental Properties of Permanent of Non-Square L-R HFMs 

For any two non-square L-R HFMs LRÂ  and LRB̂  of order ,nm ×  then 
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  (i) ( ) ( ) ( ).ˆˆˆˆ
LRLRLRLR BperAperBAper +≥+  

 (ii) ( ) ( ) ( ).ˆˆˆˆ
LRLRLRLR BperAperBAper −≤−  

(iii) ( ) ( ) ( ).ˆˆˆˆ T
LRLR

T
LRLR BperAperBAper ⋅≥  

Proof. The proof of (i), (ii), and (iii) are obvious from the fundamental theorem. 

Property 6.3. For any two non-square L-R HFMs LRÂ  and LRB̂  of same order such 

that ( ) ( ).ˆˆˆˆ
LRLRLRLR BperAperBA ≤⇒≤  

Proof. Let ( ) nmhLRijLR aA ×= ~ˆ  and ( ) nmhLRijLR aB ×= ~ˆ  be two non-square L-R 

HFMs, where ( )LRijijijijijijhLRij nma 2121 ,,,,,~ ββαα=  and ( ,,,
~

1ijijijhLRij qpb µ=  

) .,, 212 LRijijij γγµ  Then, hLRijhLRijLRLR baBA
~~ˆˆ ≤⇒≤ ( ,,,,, 121 ijijijijij nm βαα⇒  

)LRij2β ( ) .,,,,, 2121 LRijijijijijij qp γγµµ≤  

When ,nm ≤  

 ( ) ( )∑∏
∈ =

=
Sq

m

i

ihLRiqLR aAper

1

~ˆ  

( ( ) ( ) ( ) ( ) ( ) ( ) )∑∏
∈ =

ββαα=
Sq

m

i

LRiiqiiqiiqiiqiiqiiq nm

1

2121 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )∑∏
∈ =

γγµµ≤
sq

m

i

LRiiqiiqiiqiiqiiqiiq qp

1

2121 ,,,,,  

( )∑∏
∈ =

≤
sq

m

i

ihLRiqb

1

~
 

( ),ˆ
LRBper≤  

i.e., ( ) ( ).ˆˆ
LRLR BperAper ≤  
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When ,nm >  

( ) ( )∑∏
∈ =

=
Sq

m

j

jjhLRqaAper

1

~ˆ  

( ( ) ( ) ( ) ( ) ( ) ( ) )∑∏
∈ =

ββαα=
Sq

m

j

LRjjqjjiqjjqjjqjjqjjq nm

1

221 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )∑∏
∈ =

γγµµ≤
sq

m

j

LRjjqjjqjjqjjqjjqjjq qp

1

2121 ,,,,,  

( )∑∏
∈ =

≤
sq

m

j

jjhLRqb

1

~
 

( ),ˆ
LRBper≤  

i.e., ( ) ( ).ˆˆ
LRLR BperAper ≤  

Hence ( ) ( ).ˆˆˆˆ
LRLRLRLR BperAperBA ≤⇒≤  

Property 6.4. If any two rows (or columns) of a non-square L-R HFM LRÂ  are 

interchanged, then the permanent value remains unchanged. 

Proof. Let ( ) nmhLRijLR aA ×= ~ˆ  be a non-square L-R HFM of order nm ×  and 

( ) nmhLRijLR bB ×= ~ˆ  be the non-square L-R HFM obtain from LRÂ  by interchanging the 

rth and sth rows ( )sr <  of .ˆ
LRA  Then, sjriab hLRijhLRij ≠≠= ,,~~

 and =hLRrjb
~

 

hLRsja~  and .~~
hLRrjhLRsj ab =  

When ,nm ≤  

( ) ( )∑∏
∈ =

=
Sq

m

i

ihLRiqLR bBper

1

~ˆ  

( ) ( ) ( ) ( ) ( )∑
∈

⋅=
Sq

mhLRmqshLRsqrhLRrqqhLRqhLR bbbbb
~~~~~

2211 ⋯⋯⋯  
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( ) ( ) ( ) ( ) ( )∑
∈

⋅=
Sq

mhLRmqrhLRrqshLRsqqhLRqhLR aaaaa ~~~~~
2211 ⋯⋯⋯  

[( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

ββαα=
Sq

qqqqqq nm 1211111211111111 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )ssqssqssqssqssqssq nm 21211 ,,,,, ββαα⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) )rrqrrqrrqrrqrrqrrq nm 2121 ,,,,, ββαα⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) )]mmqmmqmmqmmqmmqmmq nm 2121 ,,,,, ββαα⋯  

( )∑∏
∈ =

=
Sq

m

i

ihLRiqa

1

~  

( ).ˆ
LRAper=  

For ,nm >  the proof is similar as before. 

Hence, ( ) ( ).ˆˆ
LRLR AperBper =  

Property 6.5. Let LRÂ  be a non-square L-R HFM of order .nm ×  If a row is 

multiplied by scalar k, then the permanent value is k ( ).ˆ
LRAper  

Proof. Let ( ) nmhLRijLR aA ×= ~ˆ  be non-square L-R HFM of order nm ×  and 

( ) nmhLRijLR bB ×= ~ˆ  be another non-square L-R HFM obtained by multiplying k to a row 

of .ˆ
LRA  

Case (i): If ,0=k  then the result is obviously true, since ( ) ,0ˆ
LRLRAper =  when 

LRÂ  has a zero row 

Case (ii): Let ( ) ,
~ˆ

mnhLRijLR bB =  where ( )LRijijijijijijhLRij qpb 2121 ,,,,,
~ γγµµ=  is 

obtained from L-R HFM ( )hLRijLR aA ~ˆ =  by multiplying its rth row by scalar .0≠k  

Obviously ( ) ( )LRijijijijijijLRijijijijijij nmqp 21212121 ,,,,,,,,,, ββαα=γγµµ  for 

all .0≠i   
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When ,0>k  we have 

( ) ( )LRijijijijijijLRijijijijijij kkkkknkmqp 21212121 ,,,,,,,,,, ββαα=γγµµ  

When ,0<k  we have 

( ) ( ) .,,,,,,,,,, 12122121 LRijijijijijijLRijijijijijij kkkkkmknqp ββαα=γγµµ  

Then by the definition:  

When ,nm ≤  then 

( ) ( ( ) )∑∏
∈ =

=
sq

m

i

ihLRiqLR bBper

1

~ˆ  

( ) ( ) ( )∑∏
∈ =

⋅=
sq

m

i

mhLRmqqhLRqhLR bbb

1

2211
~~~

⋯  

[( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

γγµµ=
sq

LRqqqqqq qp 1211111211111111 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )LRrrqrrqrrqrrqrrqrrq qp 2121 ,,,,, γγµµ⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) ) ]LRmmqmmqmmqmmqmmqmmq qp 2121 ,,,,, γγµµ⋯  

When ,0>k  

( ) [( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

γγµµ=
sq

LRqqqqqqLR qpBper 1211111211111111 ,,,,,ˆ  

( ( ) ( ) ( ) ( ) ( ) ( ) )LRrrqrrqrrqrrqrrqrrq qp 2121 ,,,,, γγµµ⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) ) ]LRmmqmmqmmqmmqmmqmmq qp 2121 ,,,,, γγµµ⋯  

[( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

ββαα=
sq

LRqqqqqq nmk 1211111211111111 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )LRrrqrrqrrqrrqrrqrrq nm 2121 ,,,,, ββαα⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) ) ]LRmmqmmqmmqmmqmmqmmq nm 2121 ,,,,, ββαα⋯  
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( ( ) )∑∏
∈ =

=
sq

m

i

ihLRiqak

1

~  

( ).ˆ
LRAkper=  

When ,0<k  

( ) [( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

γγµµ=
sq

LRqqqqqqLR qpBper 1211111211111111 ,,,,,ˆ  

( ( ) ( ) ( ) ( ) ( ) ( ) )LRrrqrrqrrqrrqrrqrrq qp 2121 ,,,,, γγµµ⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) ) ]LRmmqmmqmmqmmqmmqmmq qp 2121 ,,,,, γγµµ⋯  

[( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

ββαα=
sq

LRqqqqqq nm 1211111211111111 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )LRrrqrrqrrqrrqrrqrrq kkkkkmkn 1212 ,,,,, ββαα⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) ) ]LRmmqmmqmmqmmqmmqmmq nm 2121 ,,,,, ββαα⋯  

[( ( ) ( ) ( ) ( ) ( ) ( ) )∑
∈

ββαα=
sq

LRqqqqqq nmk 1211111211111111 ,,,,,  

( ( ) ( ) ( ) ( ) ( ) ( ) )LRrrqrrqrrqrrqrrqrrq nm 2121 ,,,,, ββαα⋯  

( ( ) ( ) ( ) ( ) ( ) ( ) ) ]LRmmqmmqmmqmmqmmqmmq nm 2121 ,,,,, ββαα⋯  

( ( ) )∑ ∏∈ =
=

sq

m

i
ihLRiqak

1

~  

( ).ˆ
LRAkper=  

i.e., ( ) ( ).ˆˆ
LRLR AkperAper =  

For ,nm >  the proof is similar as before. 

Hence ( ) ( ).ˆˆ
LRLR AkperAper =  

Property 6.6. For any non-square hexagonal fuzzy matrix (HFM) ( )hLRijLR aA ~ˆ =  

of order ,nm ×  ( ) ( ).ˆˆ T
LRLR AperAper =  
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Proof. Let ( ) nmhLRijLR aA ×= ~ˆ  and ( ) .,,,,,~
2121 LRijijijijijijhLRij nma ββαα=  

When ,nm ≤  

( ) ( ( ) )∑ ∏∈ =
=

Sq

m

i
ihLRiqLR aAper

1
.~ˆ  

Let ( ) .,
~ˆˆ mnbBA mnhLRijLR

T
LR ≥==  Then, ,~~

hLRijhLRij ab =  

( ) ( )LR
T
LR BperAper ˆˆ =  

( ( ) )∑∏
∈ =

=
Sq

m

j

jjhLRqb

1

~
 

( ( ) )∑∏
∈ =

=
Sq

m

j

jjhLRqa

1

~  

( ( ) )∑∏
∈ =

=
Sq

m

i

ihLRiqa

1

~  

( )LRAper ˆ=  

( ) ( ).ˆˆ
LR

T
LR AperAper =  

For ,nm >  

( ) ( )LR
T
LR BperAper ˆˆ =  

( ( ) )∑∏
∈ =

=
Sq

n

i

ihLRiqb

1

~
 

( ( ) )∑∏
∈ =

=
Sq

n

i

iihLRqa

1

~  

( ( ) )∑∏
∈ =

=
Sq

m

j

ihLRiqa

1

~  
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( )LRAper ˆ=  

( ) ( ).ˆˆ
LR

T
LR AperAper =  

Hence ( ) ( ).ˆˆ
LR

T
LR AperAper =  � 

6.2. Non-square constant L-R HFM 

In this section, we have to define the notion of non-square constant L-R HFM. Some 

important properties are proved by the permanent notion with suitable examples. 

Definition 6.7. Non-Square R-Constant L-R HFM 

An L-R HFM ( )hLRijLR aA ~ˆ =  of order nm ×  is called a non-square R-constant L-R 

HFM if all its rows are equal to each other. That is, hLRrjhLRij aa ~~ =  for all 

mri ...,,2,1, =  and ....,,2,1 nj =  

Definition 6.8. Non-Square C-Constant L-R HFM 

An L-R HFM ( )hLRijLR aA ~ˆ =  of order nm ×  is called a non-square C-constant L-R 

HFM if all its columns are equal to each other. That is, hLRirhLRij aa ~~ =  for all 

mi ...,,2,1=  and ....,,2,1, njr =  

Definition 6.9. Non-Square Constant L-R HFM 

An L-R HFM ( )hLRijaA ~ˆ =  of order nm ×  is called a non-square constant L-R 

HFM if it is either non-square R-Constant L-R HFM or non-square C-Constant L-R 

HFM. 

For Example: Let 

( ) ( ) ( )
( ) ( ) ( )





=
1,1,1,1,5,32,2,2,2,8,61,1,1,1,2,1

1,1,1,1,5,32,2,2,2,8,62,2,1,1,2,1ˆ
LRA  

be non-square R-constant LR HFM and let  

( ) ( )
( ) ( )
( ) ( ) 
















=
1,1,1,1,5,31,1,1,1,5,3

2,2,2,2,8,62,2,2,2,8,6

2,2,1,1,2,12,2,1,1,2,1

ˆ
LRB  

be non-square C-constant L-R HFM. 



A Study on Permanent of L-R Hexagonal Fuzzy Number Matrices 

Earthline J. Math. Sci. Vol. 2 No. 1 (2019), 39-67 

63 

6.3. Properties of non-square constant L-R HFM 

Property 6.10. Let LRÂ  and LRB̂  be two non-square constant L-R HFMs of same 

order. Then 

( ) ( ).ˆˆˆˆˆˆˆˆ
LRLRLRLRLRLRLRLR ABperBAperABBA +=+⇒+=+  

Proof. Let ( ) nmhLRijLR aA ×= ~ˆ  and ( ) ,
~ˆ

nmhLRijLR bB ×=  where ( ,,~
ijijhLRij nma =  

)LRijijijij 2121 ,,, ββαα  and ( )LRijijijijijijhLRij qpb 2121 ,,,,,
~ γγµµ=  are two non-

square constant L-R HFMs of order .nm ×  Then hLRrjhLRij aa ~~ =  and .
~~
hLRrjhLRij bb =  

Let ( ) ( ) ( ) ,~~~~~~ˆ
hLRrjhLRrjhLRrjhLRijhLRijhLRijLR cbabacC =+=+==  for all =ri,  

m...,,2,1  and ....,,2,1 nj =  

Let ( ) ( ) ( ) ,
~~~~~~ˆ

hLRrjhLRrjhLRrjhLRijhLRijhLRijLR dababdD =+=+==  for all =ri,  

m...,,2,1  and ....,,2,1 nj =  

When ,nm ≤  

( ) ( )LRLRLR CperBAper ˆˆˆ =+  

( )∑∏
∈ =

=
Sq

m

i

ihLRiqc

1

~  

( ( ) ) ( ( ) ) ( ( ) )∑
∈

⋅=
Sq

mhLRmqqhLRqhLR ccc ~~~
2211 ⋯  

( ( ) ( ) ) ( ( ) ( ) )∑
∈

+⋅+=
Sq

qhLRqhLRqhLRqhLR baba 22221111
~~~~  

( ( ) ( ) )mhLRmqmhLRmq ba
~~ +⋯  

( ( ) ( ) ) ( ( ) ( ) )∑
∈

+⋅+=
Sq

rhLRrqrhLRrqrhLRrqrhLRrq baba
~~~~  

( ( ) ( ) )rhLRrqrhLRrq ba
~~ +⋯  
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( ( ) ( ) ) ( ( ) ( ) )∑
∈

+⋅+=
Sq

rhLRrqrhLRrqrhLRrqrhLRrq abab ~~~~
 

( ( ) ( ) )rhLRrqrhLRrq ab ~~ +⋯  

( ( ) ( ) )∑∏
∈ =

+=
Sq

m

r

rhLRrqrhLRrq ab

1

~~
 

( )∑∏
∈ =

=
Sq

m

r

ihLRiqd

1

~
 

( )LRDper ˆ=  

( ),ˆˆ
LRLR ABper +=  

i.e., ( ) ( ).ˆˆˆˆ
LRLRLRLR ABperBAper +=+  

For ,nm >  the proof is similar as before. 

Hence ( ) ( ).ˆˆˆˆ
LRLRLRLR ABperBAper +=+  

Property 6.11. Let LRÂ  and LRB̂  be two non-square constant L-R HFMs of same 

order. Then 

( ) ( ).ˆˆˆˆˆˆˆˆ T
LRLR

T
LRLR

T
LRLR

T
LRLR ABperBAperABBA ⋅=⋅⇒⋅=⋅  

Proof. Let ( ) nmhLRijLR aA ×= ~ˆ  and ( ) .~ˆ
nmhLRijLR aA ×=  Then == LR

T
LR CA ˆˆ  

( ) nmhLRijc ×
~  and ( ) .

~ˆˆ
nmhLRijLR

T
LR dDB ×==  That is, all the non-square constant L-R 

HFMs are 

hLRrjhLRijhLRrjhLRij bbaa
~~

;~~ ==  for all mri ...,,2,1, =  and ,...,,2,1 nj =  

hLRirhLRijhLRirhLRij ddcc
~~

;~~ ==  for all mi ...,,2,1=  and ....,,2,1, njr =  

Let  

hLRijLR
T
LRLR xXBA ~ˆˆˆ ==⋅  
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∑
=

⋅=
n

p

hLRpjhLRip da

1

~~  

,
~~

1

∑
=

⋅=
n

p

hLRprhLRrp da  njpri ...,,2,1,,, =  

hLRijLR
T
LRLR yYAB ~ˆˆˆ ==⋅  

∑
=

⋅=
n

p

hLRpjhLRip cb

1

~~
 

,~~

1

∑
=

⋅=
n

p

hLRprhLRrp cb   ....,,2,1,,, njpri =  

Let  

( )hLRijLR
T
LRLR xXBA ~ˆˆˆ ==⋅  

( )∑ =
⋅=

n

p hLRpjhLRip da
1

~~  

( )∑ =
⋅=

n

p hLRrjhLRir da
1

,
~~  ....,,2,1,,, njpri =  

( )hLRijLR
T
LRLR yYAB ~ˆˆˆ ==⋅  

( )∑ =
⋅=

n

p hLRpjhLRip cb
1

~~
 

( )∑ =
⋅=

n

p hLRrjhLRir cb
1

,~~
  ....,,2,1,,, njpri =  

When ,nm ≤  

( ) ( )LR
T
LRLR XperBAper ˆˆˆ =⋅  

( )∑∏
∈ =

=
sq

m

i

ihLRiqx

1

~  
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∑∏∑
∈ = =

⋅=
sq

m

i

n

p

hLRpjhLRip da

1 1

~~  

∑∏∑
∈ = =

⋅=
sq

m

i

n

p

hLRprhLRrp da

1 1

~~  

∑∏∑
∈ = =

⋅=
sq

m

i

n

p

hLRprhLRrp cb

1 1

~~
 

( )∑∏
∈ =

=
sq

m

i

ihLRiqy

1

~  

( )LRYper ˆ=  

( ).ˆˆ T
LRLR ABper ⋅=  

i.e., ( ) ( ).ˆˆˆˆ T
LRLR

T
LRLR ABperBAper ⋅=⋅  

For ,nm >  the proof is similar as before. 

Hence ( ) ( ).ˆˆˆˆ T
LRLR

T
LRLR ABperBAper ⋅=⋅  

7. Conclusion 

In this work, it is a notion which is ambiguously related to a determinant so, we 

follow closely the approach and introduce for the determinant. We have also studied the 

notion called the permanent of both square and non-square L-R HFM, which contains 

some of the theorems and standard properties which are verified. The fuzzy permanent 

matrices can be developed using eigenvalue properties in future. 
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