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Abstract

In this paper, we introduce applications of fractional calculus techniques for a family of multivalent analytic
functions defined by the Borel distribution on Hilbert space. We derive several interesting properties, including

coefficient estimates, extreme points, and convex combinations.

1. Introduction

Let H be a complex Hilbert space. Let T be a linear operator on H. For a complex analytic function f on the
open unit disk U = {z € C:|z| < 1}, we denoted f(T), the operator on H defined by the usual Riesz-Dunford
integral [2]

1
f(M) = %f f@)(zl —T)""dz,

where [ is the identity operator on H, c is a positively oriented simple closed rectifiable contour lying in U and
containing the spectrum o(T) of T in its interior domain [3]. Also f(T) can be defined by the series

(o0}

m
rny=y O,

n=0
which converges in the norm topology [4].

Denote by W( p, m) the family of functions of the form:

f(z)y=2" + Z anz" (pme N={1,2,..}), (1.1)

n=p+m

which are analytic and multivalent in the open unit disk U.
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Let J(p , m) denote the subfamily of W(p, m) consisting of functions of the form:

(o]

f(z)=2F — Z a,z" (a,=20pme N={1,2,...}), (1.2)

n=p+m

A function f € W (p,m) is said to be multivalent starlike of order a(0 < a < p) if it satisfies the condition:

Re {Zf (Z)} >a (zel),

f(2)

and is said to be multivalent convex of order a(0 < a < p) if it satisfies the condition :

2f (2)
f@

Denote by S, (p,a) and Cp,(p,a) the classes of multivalent starlike and multivalent convex functions of

Re{1+ }>a (ze€ U).

order a, respectively, which were introduced and studied by Owa [9]. It is known that (see [6] and [9])

f € Cp, (p,) if and only if

i}@ €S, (p,a).

The classes Sy, = S™(p,a) and C;1 (p,@) = C(p,a) were studied by Own [8].

A discrete random variable x 1s said to have a Borel distribution if it takes the values 1,2,3,... with the

qe.. e 920e20 99230
probabilities T T

respectively, where 8 is called the parameter.

Very recently, Wanas and Khuttar [12] introduced the Borel distribution (BD) whose probability mass
function is
(Qr)r—l e or

Plr=r)=—"———, r=123...

Wanas and Khuttar [12] introduced a series whose coefficients are probabilities of the Borel distribution
(BD)

- @(n — p))r—P—le—0(n—p) -
Np(0;z) =zP + Z O pgr)l—p)!e "=z + Z ®,,,(0) 2",

n=p+m n=p+m
where 0 < 8 <1 and

O(n—p))" P le 0P
(n—p)!

P p(0) =

We consider a linear operator M (p,0)f: J(p, m) — J(p, m) defined by the convolution or Hadamard

’ 14 6!2 } Z Z ( )! n 4 1'3

where a, =2 0,0<6<1landz€U.
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If f(T) is defined by (1.2), we also have

[oe]

(6(n—p))" P e 0P

M@P,0)f(T) =Np(6:;T) * f(T)=TP — (n—p)!

n=p+m

a,T", (1.4

Definition 1.1 [10]. The fractional integral operator of order A (1 > 0) is defined by
1
T f(tT)
DF* F(T) =
IO ] a oo

dt,

where f is analytic function in a simple connected region of z-plane containing the origin.

Definition 1.2 [10].The fractional derivative for operator of order A(0 < A < 1) is defined by

1
1 d [ TYA@T)
D7 f(T) = r(1—,1)ﬁ0 (1—0)

dt,

where f is analytic in a simply connected region of the z-plane containing the origin.

For f € J(p,m), from Definitions 1.1 and 1.2 by applying a simple calculation, we get

[P+1) ., i (n+1)

-~ 7 n+A
Fp+i+1) an T (1.5)

DA f(T) = :p+mm n

and

F'p+1) — Z [(n+1) — (1.6)

PHO=Tp %1 -1+ D%

n=p+m
The operator on Hilbert space were considered recently by several researcher, can refer, for example, to

[1,5,7,10,11,12,13,14,15,16,17,18].

2. Coefficient Estimates

In this section, we introduce the family E}'(6,y,u,n,T) and obtain coefficient estimates for the function f in

this family.

Definition 2.1. A function f € J(p,m) is said to be in the family E}'(8,y,un,T) if and only if satisfies the

inequality:
T2 ,6)f (1)) — p(T(M(P.0)F(T)) — M p.O)F(T))|
<7l -2y (T M @OFT)) —M@OFD)) + 2y — VT2 M@OFM) [, (21)

where % <y<1,0<u< %, 0<n<1,0<6 <1 and for all operator T with ||[T|| <1and T # 0 (@ denote the

zero operator on H).
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Theorem 2.1. Let f € ] (p,m) be defined by (1.2). Then f € E;'(0,y,un,T) for all T # @ if and only if

[oe]

Z (n—1D(On—p)" P e PP 2yn(n—p) + (p —)(1 + )]
(n—p)!

a, <2yn(p — D —w,

n=p+m
where3<y<1,0<p<50<n<1,0<0<1.
The result is sharp for the function f given by

_ 2yn(p— D (p — ) (n—p)! o
(n—D(OMm—p))Ple- 0P [2yn(n— ) + (p —n)(1 +n)]

Proof. Suppose that the inequality (2.1) holds. Then, we have

f(z) = n>2. (2.2)

T2 @,0)f (1)), — p(T(M @) F(T)) — M@.O)F(D))

1l — 2y (T @O F(T)), — M(p.O)F(T)) + 2y — DT (M (p.O)F(T)) |l

O (= DE-nEO—p) e
n=p+m
e (n — 1) (e(n p))n P— 16_9(71 p) [Zy(n /-’l') + (p n)] i
—n|2y(p — D) (p — TP - n;m — -

S (n—D)(p — n)(6(n — p)yrP—lenp)
(n—p)!

" n(n—1)(p —n)(O(n — p))Ple o)
+ 2, n—p)!

anlIT|? = 2yn(p — D — wIIT||

n=p+m

anIT|I"
n=p+m

< Z (n—1)(0(n— p))"""‘le‘(’z’r‘l‘?g!yn(n —WH @A+ 1y — ) <o,

n=p+m

Hence f € E;'(6,y,un,T)-

To show the converse, let f € E m(@,y,u,n,T). Then

T2, H)f(T)f —p(TM@OF(T)) — MpO) (D)
<nllto — 2y (T(M@.O)f(T)) —MDOFT)) + Ry — VT2 M @,O)FT) |

gives

B i (n—= D@ =W (O = p)" Pl 0P

2
(n—p)! anl

n=p+m

- — 1) (O npl—@(np)z +
2y(p — 1)(p — WTP - z (n—1)(O0(n—p)) (:’l = y(n—w) + (p—n)] .|

n=p+m

<n
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Setting T = rl (0 <r < 1) in the above inequality, we get

go  (=D@=m@n=p)rletep
n=p+m (Tl — p)!

2y(p— 1)(p — 1P — Z:’:p_'_m (mn—1D(@On— p))n_p—l(fl—j(;;’) 2y(n—p + (p—n)] anr™

<. (2.3)

a,r"

Upon clearing denominator in (2.3) and letting 7—1, we obtain

i (n= D)(p = n)(B(n — p))"—P—le=00D)
(n—p)! ¢

n
n=p+m

DO —p) P le P 2y(n—p) + (p — n)]
(n—p)!

<2mp-DE - - i -

n=p+m

an

or

i (n— 1)(8(n — p))"P~1e= 0D [2yn(n — 1) + (p — W) (1 +1)]

(n—p)! an < 2yn(p — D(p — W),

n=p+m
which completes the proof .

Corollary 2.1. If f € E}'(6,y,un.T), then

2yn(p — 1) —w)(n —p)!
fn = (n — 1)(8(n — p))—p—Le=0=—p)[2yn(n — p) + (p —n)(1 + )]’ nz2. (2.4)

3. Applications of the Fractional Calculus

Theorem 3.1. If f € E}'(6,y,un,T), then

ID7* F(DII
Fp+1) 2y — D@ —pmlp+m+Hrp+i+1) m
- mllﬂl”“[l + +m—-1DEm)ymle—tm2yn(p+m—pw) —mA+I'+ DI(p+m+1+1) I} G-n
and
ID7* F(DII
e+ . P+A[1 2y —DE—wWmTeE+m+HIE+1+1) | 3o
2t DI = G m—D@mm e m2ymp +m—m —mA+ DIT@ + DI +m+ A+ DILIT] G2

The result is sharp for the function f given by

B 2yn(@ — D —pm!
(p + m—1)(@m)ym=te=6m[2yn(p + m — u) —m(1 +n)]

f(2)=2F zPtm (pmeN). (3.3)

Proof. Let f € E}'(6,y,un,T)- By (1.5), we have

rp+1+1)_ . B rn+Vrp+41+1)
rorD [ PPN =1"— Z o+ DI+ i+ Do

n=p+m
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Setting
A_I“(n+1)l“(p+/1+1) >4 cN
YO = r T Dy A (=Pt mpmeEN).
We get
rp+A+1) ., o i n
o+ 1) T=*D7*f(T) =TP — Yy(nAD)a,T" .

n=p+m
Since for n = p + m, Y is a decreasing function of n, then we have

Tp+m+DI'(p+1+1)

< = . .
0<YmD) <Y +mA) = Fopre T (34)
Now, by the application of Theorem 2.1 and (3.4), we obtain
Fp+1+1)
—A p=2
s oo
<7 + 2 PAaTI
n=p+m
<ITIP + 9@ +mAITIP™ ) a,
n=p+m
<ITIP + 2y - D@ —wpmlp+m+ DI +i+1) (T[Pm
- (P +m-—1Em)y"le=m2yn(p+ m—pw) —mA+MIIp+ DI(p+m+1+1) '
which gives (3.1), we also have
Tp+ 1+ 1)
—Ap=A
Fran o
> TP - Z Y(AB)alIT|"
n=p+m
> ITIP - + mAITIP™ ) a,
n=p+m
> 7| — 2yn(p — D —pmITp+m+ DI(p+i+1) (T|P
- p+m—-DOEm)mle—tm2ymp+m—pw) —mA+nIp+ DIp+m+1+1) ’
which gives (3.2).
By taking A = 1 in Theorem 3.1, we obtain the following Corollary:
Corollary 3.1. If f € E}'(6,y,un,T), then
[ 7 rerac ] 2ynlp? ~ (e — o i
0 T ptl (( +m)2 —1)(om)ym—te=6m[2yn(p + m — ) —m(1 + )]

http.://www.earthlinepublishers.com
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and

||T||P+1[ 2yn(p? — 1) (p —ym! -

p+1 | ((p+m)2—1)(Om)m—le=m[2yn(p +m—p) —m(1 +n)]

1
f T(tT)dt|| >
0

Proof. By Definition 1.1 and Theorem 3.1 for A = 1, we have D7* f(T) = | 01 f(tT)dt, the result is true.
Theorem 3.2. If f € E}'(0,y,un,T), then

IDF F(DII

Gp+1) ol 2y(p = D — WM+ m+ DI —A+ 1) -
“Tp—21+1) Il p+m—1DO@m)m"le=0m2ynp+m—pw)—mA+nTp+ DIl(p+m—21+1) 7l

(3.5)

and

IDF F(DII

F'p+1)
“Tp—1+1)

2ymlp—D@—wmTp+m+DI(p—1+1) i
@ +m— D(@m)meom2yn(p + m—pm) —mA+ )IT@ + DI +m—a+ DI

=+t - . (36)

The result is sharp for the function f given by (3.3).

Proof. Let f € E}'(6,y,un,T)- By (1.6), we have

Fp—21+1)
I'(p+1)

i F(n+ DI(p—A+1)
Fp+DI(n—1+1)

n=p+m

TADAF(T) = TP — a,T"

> pmbar,
n=p+m
where
Im+DI(p—21+1)
PO = F G Di =2+ 1)’

(n=p+m,pmeN).

Since for n = p + m, ¢ is a decreasing function of n, thus we have

Tp+m+DI(p—21+1)

0<omD=¢@+mA) = Drp+m—A+ D)

Also, by using Theorem 2.1, we get

i . 2yn(p — D —wm!
et "=+ m— D@ le=m[2yn(p + m—w) —m(L + D]

Thus

rp—21+1)
H rprn DS (T)”

[oe]

<IITIP + oo+ m DITIP™ Y a
n=p+m
2ym@—-D@—-—wmTp+m+DIp-1+1)

<|ITII” + .
(@ +m—1(Em)ym=te=bm2yn(p + m—pw) —mA +MI'p+ DI (p+m—1+1)

TP+
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Then
D7 F(DI|
e+ - H[1 N 2y — D@ —pmilp+m+ HIp—-1+1) Fim
“to—1+ il @+ m—1D)(@m)y"Tetm2yn(p + m—p) —mA+ PITp + DI +m—A+ DI |

And by the same way, we obtain

D% F(DII
I'p+1) —l P 2ymp—D—wmTp+m+ DI(p—1+1) im
“Tp—21+1) Il T ptm—=1D@m)mle—tm2ymp+m—pw) —mA+IT+DIp+m—21+1) ITI™}-

4. Extreme Points

We obtain here the extreme points of the class E Zl(e,y,y,n,T).
Theorem 4.1. Let f,,(z) = zP and

2yn(p — (@ —w(n—p)!
(n— 1D (@ —p))yrPle 00D [2yn(n—w) + (p —n)(1 + n)]

Then f € E}'(8,y,un,T) if and only it can be expressed in the form:

Y, n=2p+m.

fn(2) = 2" —

F@D=8,2+ ) Sufal®), (1)

n=p+m

where (6, 20, 6, = 0, n=p +m) and
6, + z 6p=1.
n=p+m

Proof. Suppose that f is expressed in the form (4.1). Then, we have

N 2ynp — D -—wn —p)! "
F@ =82+ ) ol - (1= D)(8(n— p))P—le—daP2yn(n—w + (p — WL + M)]° ]

n=p+m

2yn(p — (@ —w(n —p)!

= 7P n
’ n;m (n—1) (O —p)r-r-te C=p2yn(n— ) + (p —n)(1 + n)] o
Hence
i (n—1)(8(n—p)" P Le =P [2yn(n — ) + (p —n)(1 + n)] o
notm 2yn(e — D —w (1 —p)!
y 2yn(p— V(@ —w(n—p)! 5
(n— 1O —p)rr-lebC-n2ynn—p) + (p-—n) (1 +n)] "
- 2 §p =1—6, <1
n=p+m
Then f € E;"(H,y,,u,n,T).

http.://www.earthlinepublishers.com
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Conversely, suppose that f € E;,”(H,y,u,n,T), we may set

(n—1DOm—p)" P e P 2yn(n—p) + (p —n)(1 + )]
2yn(p— D@ —w(n—p)!

On = a,,

where a, is given by (2.4). Then

[e'e)
z)=2zP — a,z"
n
n=p+m

_ i 2yn(p — 1D —w)(n—p)! 5o gm
- (n—1D(OMm—p)r—r-lefm-2yn(n—w + (- +m] "

n=p+m

== Y (= fa(@) )

n=p+m
=|1- Z 8 |27 + z 8 fn(2)
n=p+m n=p+m

=6,2P + Z Onfn(2).

n=p+m

This completes the proof of the theorem.

5. Convex Combination
Theorem 5.1. The class E ;,"(H,y,‘u,r),T) is closed under convex combinations.

Proof. For j = 1,2,..,, let f; € E;'(8,y,u,n,T), where f; is given by

[ee]

fj(z)=2P- Z an;z" .

n=p+m
Then by (2.1), we have
Z (=1 (O —p)" P~ le P R2yn(n— 1) + (p — (1 +m]an,
n=p+m
<2yn(e - D@ —-whn—p. .1
For Z}’il aj=10<q;< 1, the convex combination of f; maybe written as

[oe] [oe] [o¢]

Zajfj(z)=zp— Z Zaja"'f z".

j=1 n=p+m \j=1

Earthline J. Math. Sci. Vol. 15 No. 1 (2025), 11-21
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Thus, by (5.1), we get

> (= DEn—p) et P2y =) + () + ]| )y an,
n=p+m j=1
=Y g D m=DEm-p) e P 2y — ) + (p— 1)L+ M)]an,
j=1 n=p+m
<D & @mp - DE - -Pp)Y
=1

=2ymp—-D@—-wnh—p)!.

Therefore

[ee]

. af) (@) € Ef@yunT).

j=1

Corollary 5.1. The family E;'(6,y,un,T) is a convex set.
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