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Abstract

In this article, we use the (M,N)-Lucas Polynomials to determinate upper bounds for the
Taylor-Maclaurin coefficients |as| and |ag| for functions belongs to a certain family of holomorphic and
bi-univalent functions associating A-pseudo-starlike functions with Sakaguchi type functions defined in

the open unit disk . Also, we discuss Fekete-Szegd problem for functions belongs to this family.

1 Introduction

The Lucas Polynomials plays an important role in a diversity of disciplines in the mathematical, statistical,

,31])

Let A stand for the collection of functions f that are holomorphic in the unit disk D = {z € C: |z| < 1}
that have the form:

physical and engineering sciences (see, for example [,

fR) =2+ an2" (1.1)
n=2
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Further, let S indicate the sub-collection of the set A containing of functions in I satisfying (1.1)

which are univalent in D. It is known that (see [7]), every function f € S has an inverse f~! defined by

FHf(2) = z,(2 € D) and f(f~!(w)) = w, (Jw| <7ro(f),ro(f) > ), where

FHw) = w — agw? + (243 — a3) w® — (5a3 — Sasaz + as) wh+ - - . (1.2)

A function f € A is called bi-univalent in D if both f and f~! are univalent in DD, let we name
by the notation ¥ the set of bi-univalent functions in I satisfying (1.1). In fact, Srivastava et al. [21]
have actually revived the study of holomorphic and bi-univalent functions in recent years, it was followed
by such works as those by Caglar et al. [6], Orhan et al. [13], Altinkaya and Yalgin [1], Srivastava and

Wanas [22] and others (see, for example [2,3,5, 10, 16-20,23-30]).
Recently, Frasin [9] introduced and studied the family S(v, m,n) consisting of functions f € A which

for some 0 < v < 1, m,n € C with m # n, |n| <1 and for all z € D. We note that the family S(v,1,n)
was given by Owa et al. [11] while the family S(v, 1, —1) = Ss(y) was considered by Sakaguchi [15] and

satisfy the condition

is called Sakaguchi function of order . Also, S(0,1,—1) = Sy is the family of starlike functions with
respect to symmetrical points in D and S(v, 1,0) = S*(y) which is the family of starlike functions of order
y(0<y <),

In [1] Babalola defined the family £ (7) of A-pseudo-starlike functions of order v which are the function

f € A such that
2(f'(2)
Re{ ) } > 7,

where 0 <~y < 1, A > 1, and z € D. In particular, Babalola [1] showed that all A-pseudo-starlike functions
are Bazilevic of type 1 — % and order 7§ and are univalent in . It is observed that for A = 1, we have

the family of starlike functions.

With a view to recalling the principle of subordination between holomorphic functions, let the functions
f and g be holomorphic in D, we say that the function f is subordinate to g, if there exists a Schwarz
function w holomorphic in D with w(0) = 0 and |w(z)] < 1 (¢ € D) such that f(z) = g(w(z)). This
subordination is indicated by f < g or f(2) < g(2) (z € D).

For the polynomials M (x) and N(x) with real coefficients, the (M,N)-Lucas Polynomials Ly v k()

are defined by the following recurrence relation (see [11]):

LM,N,k(x) = M(m)LM,N,kfl(i') + N(x)LM’N7k72(:U) (k: > 2),
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with
Lyno(r) =2, Lyni(z)=M(z) and Lynao(z)=M?*(z)+2N(z). (1.3)
The generating function of the (M,N)-Lucas Polynomial Ly nx(x) (see [11]) is given by

s 2— M(x)z
T{LM,N,k(aC)}(Z) = kzzz LM,N,k(I')Zk — T M(x)z — N(:p)z2 .

2 Main Results

We begin this section by defining the family Gx(d, A\, m,n; z) as follows:

Definition 2.1. A function f € ¥ is named in the family Gs(5, \, m,n;x) if it fulfills the conditions:

(m —n)z (f'(2) 5(m—n) ((zF'(2)))

f(mz) — f(nz) " (f(mz) — f(nz)) STy} (2) =1

(1-9)

and
A

(m —nyw (g'(w))* | (m—n) ((wg'(w))')
g(mw) — g(nw) (9(mw) — g(nw))’
where 0 <5 <1, A>1,mne€C,m#n, n| <1, z,weD and g = f~! is given by(1.2).

(1-9) —1,

{LM,N,k(I)}(w)

In particular, if we choose § = 0, m = 1 and n = —1 in Definition 2.1, the family Gx (9, A, m,n; z)
reduces to the family £5%(A; z) of Ad-pseudo bi-starlike functions with respect to symmetrical points which

satisfying the following subordinations:

and

9@ — o)~ Traw@} @) =1

And if we choose 6 = 1, m = 1 and n = —1 in Definition 2.1, the family Gs(d, A, m,n;z) reduces to
the family LCx(\;x) of A-pseudo bi-convex functions with respect to symmetrical points which satisfying

the following subordinations:

2((£(2))"
(f(2) = f(=2)) B T{LM,N,k(x)}(Z) -1

and
A

2 ((wg'(w))')
(o(w) — g(—w)y ~ Hlamna@}

(w) — 1.
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Theorem 2.1. For 0 < § <1, A > 1 and myn € C, m # n, |n| < 1, let f € A belong to the family
G (6, \,m,n;x). Then

il < ()| /M ()]

\/](9(5, A, m,n) —mn)M2(z) — (6 +1)% (2A — m — n)* (M2(z) + 2N (z))

and

las| < M*(z) N M (2)]
3_(5+1)2(2)\7m7n)2 (26 + 1)(BX — m? — n? —mn)’
where
Q(6, A\, m,n) =6 [(m? +n? +4mn) —6A(m+n—N)] + A (1 —2(m +n—N)). (2.1)

Proof. Suppose that f € Gx(0, \,m,n;x). Then there exists two holomorphic functions ¢,¢ : D — D
given by
$(z) =riz+r2® +r32° +--- (2€D) (22)
and
Y(w) = syw + sow® 4+ s3w + .-+ (w €D), (2.3)

with ¢(0) = (0) =0, |¢(2)] < 1, [¥(w)] < 1, z,w € D such that
s menz () | (m—n) ((2f(2))
(1-9) f(mz) — f(nz) +o (f(mz) — f(nz))
= —1+4 Lyno(x) + Lyna (2)9(2) + Ly a(z)¢?(2) + - - (2.4)

A

and

(e ne(@@) | (m—n) (wg @)
0= 0 gty = gtmw) 0 (glmuw) — g(mw))
= —1+ Luno(x) + Luna (@)(w) + Lun 2 (@) (w) + -+ (2.5)

Combining (2.2), (2.3), (2.4) and (2.5), yield
amem ()t =) ()
(1-9) f(mz) — f(nz) 0 (f(mz) — f(nz))
=1+ Lyni(z)riz+ [Lana(@)rz + Ly o(z)ri] 2% + - - (2.6)

and
L m—nw (g ) (m = n) ((wg(w)))’
(1-9) g(mw) — g(nw) +9 (g(mw) — g(nw))’
=1+ Lyni(z)siw+ [LM,NJ(:U)SQ + LM,NQ(x)sﬂ w24 (2.7)
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It is quite well-known that if |¢(2)| < 1 and |[¢(w)| < 1, z,w € D, we get
7] <1 and |sj| <1(jeN). (2.8)
In the light of (2.6) and (2.7), after simplifying, we find that
(6 4+ 1)(2A —=m —n)ag = Ly,n(z)r1, (2.9)
(26 + 1)(3A — m2 — n2 — mn)as + (36 + 1) |(m +n)2 — 2A(m +n — A + 1)] a2
= Ly ni(z)re + LM7N’2(.’L')7'%, (2.10)
— 0+ 12X —m —n)ag = Lyni(z)s1 (2.11)
and
(6N —m2 —n?) —2X(m+n—A+1) —5(6A(m+n—x—1)+(m—n)2)} a2
— (26 +1)(3\ —m? —n? —mn)ag = Lyrn1(z)s2 + Ly na(2)st. (2.12)
It follows from (2.9) and (2.11) that
Ty = —S81 (2.13)
and
2(64+1)>2A—m —n)*d? = L?\LN,l(x)(r%—i—s%). (2.14)
If we add (2.10) to (2.12), we obtain
2 {5 [(m* 4+ n*+4dmn) —6A(m +n—X)] + A(1L —2(m+n — X)) —mn} a3
= Ly na(z)(ra + s2) + Larna(z)(r? + 57). (2.15)
Substituting the value of 72 + s7 from (2.14) in the right hand side of (2.15), we deduce that
2 1Q(8, \, m,n) —mn — M (64+1)> 2\ —m —n)?| a3 = Lyna(z)(ra + s2), (2.16)
LM,N,1($)
where Q(d, A\, m,n) is given by (2.2).
Moreover computations using (1.3), (2.8) and (2.16), we find that
ol < M(a)| VT |
\/‘(ma, A, m,n) —mn)M2(z) — (6 +1)% (2X — m — n)* (M2(z) + 2N (z))
Next, if we subtract (2.12) from (2.10), we can easily see that
2(26 + 1)(3\ —m? — n? —mn)(az — a3) = Ly na(z)(ra — s2) + Larna(2)(r? — s3). (2.17)
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In view of (2.13) and (2.14), we get from (2.17)

Ly na(x)

L?\/[,N,l(x) ( 2
226+ 1)(BA—m?2 —n? —mn

= i+ 1) +
2(6 +1)% (2A —m — n)? 1)

)(’I“Q — S9).

Thus applying (1.3), we conclude that

las| < M?(z) + | M ()|
T+ =m—n)* (204 1)(BX—m? —n? —mn)

Putting § =0, m =1 and n = —1 in Theorem 2.1, we conclude the following result:

Corollary 2.1. If f belongs to the family LS5 (X\;x), then

()| V|M(z)]

a
la2] < V-1 M2 ) — 2X2 (M2(z) + 4N (x))|
" 2a) | M)
M=(x M (x
< .
sl < =5+ e
Putting 6 =1, m =1 and n = —1 in Theorem 2.1, we conclude the following result:

Corollary 2.2. If f belongs to the family LCx(\;x), then

()| VIM(z)]

~ V=3 M2( ) — 8\ (M?2(x) +4N(x))|

lag| <

and
MAx) | M)
162 330 —1)°

las| <

In the next theorem, we discuss the Fekete-Szeg6 problem for the family Gx (0, A, m,n; x).

Theorem 2.2. For0 <6 <1, A>1,mneC,m#n,|n|<1andn€eR, let f € A belong to the family
Gs(0, \,m,n;x). Then

|M ()| .
(20+1)(3A—m2—n2—mn)"’

2 2 2N (x)
‘(Q(é,/\,m,n)—mn)—((s—i—l) (2A—m—n) (1+W) ’

for |77 B 1‘ < (26+1)(3A—m2Z—n2—mn) ’

ag — naj| <
|M () [*|n—1] .
[(Q(8,\,m,n)—mn) M2 (z)—(3+1) (2A—m—n)* (M2 (z)+2N(z))|’ .
2 x
‘(Q 8\, m,n)—mn)—(641)2(2A—m—n)> (1+M2(T))‘
(26+1)(3A\—m2—n2—mn)

for In—1]>

http://www. earthlinepublishers.com
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Proof. By making use of (2.16) and (2.17), we conclude that
L3y (@) (r2 + s2)
2 [(9(5, Amyn) —mn) L3y v (x) = (5 + 1) (20 — m — )’ LM,N,Z(;C)}

ag —na3 = (1—n)

Ly na(z)(r2 — s2)
(20 +1)(3X —m?2 —n? —mn)

*3
1
= Ly (2) K%O(’?? Dt e )EA—mE — m”)) "

* (9”(’7; S TO e —1m2 2 - mn)> 82} ’

Ly, (2)(1 =) '
2 [(Q(é, A,m,n) —mn) L?W’N’l(m) —(0+1)* 2N —m —n)? Ly n2(z)

where

p(n;z) =

According to (1.3), we find that

|M ()] . 1
(20+1)(3BA—m2—n2—mn)"’ 0< |90(777 $)| < 2(26+1)(3A\—m2—n2—mn)’
‘ag — na%‘ <
2|M(z)| |le(n; )], lp(n; )| > 2(25+1)(3,\_1,n2_n2_mn)~
After some computations, we have
|M ()] .
(26+1)(BA—m2—n2—mn)’ ’ ( o ) ‘
(Q(5,\,m,n)—mn)—(6+1)2(2A—m—n)? (1+ jjg(z)
for ’77 o 1| < (26+1)(BA—m2—n2—mn) ?
ag — 7761%‘ <
| M (2)[*n—1] .
’(Q(ﬁ,/\,m,n)—mn)MQ(:v)—(5+1)2(2)\—m—n)2(M2(z)+2N(z))‘ ’
’(Q(zS,A,m,n)7mn)7(6+1)2(2/\7m7n)2 (1+ ;’VQ((?) ) (
f07“ ’77 B 1’ 2 (26+1)(3A—m2—n2—mn) :
Putting 6 =1, m =1 and n = —1 in Theorem 2.2, we conclude the following result:

Corollary 2.3. If f belongs to the family LS5 (\;x), then

[M ()]
31
4N (z)
for 81| < P (),
|a3 - 5@%‘ S
|M (2)[*|5—1] -
|(Ail)MQ(x)72)\2(M2(w)+4]\‘7(36))\’ 2( AN ( ))‘
(A=1)—22% (1455
for |6 —1] > T

\
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Putting 6 =0, m =1 and n = —1 in Theorem 2.2, we conclude the following result:

Corollary 2.4. If f belongs to the family LCx(\;x), then

|M ()| .
3(BA—1)’

‘()\73)78)\2 (1+ e ) (

3(B3A—1) J

for |60 —1| <
|a3 - 5a%| <

|M (x)|*5—1] )
[(A=3)M?(2)—8X2(M?(z)+4N (x))[’

_3)_ AN(z)
for 18— 1) > 1072 a)|

Putting n = 1 in Theorem 2.2, we conclude the following result:

Corollary 2.5. If f belongs to the family Gs (5, \,m,n;x), then

| M ()]
(26 4+ 1)(BX — m? —n2 —mn)’

ja — a3] <
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