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Univalent Functions Defined by a Generalized Multiplier Differential 

Operator 

Adnan Ghazy Alamoush
 

Faculty of Science, Taibah University, Saudi Arabia  

Abstract 

In this paper, we investigate a new subclass of univalent functions defined by a 

generalized differential operator, and obtain some interesting properties of functions 

belonging to the class ( ).,,,,, ϖϑγβαµλ
mR  

1. Introduction 

Let A denote the class of the functions f of the form 

 ( ) ∑
∞

=
+=

2k

k
k zazzf  (1) 

which are analytic in the open unit disc { }.1: <∈= zz CU  Let ( )UH  be the space 

of holomorphic functions in .U  By S and K we denote the subclasses of functions in A 

which are univalent and convex in ,U  respectively. Let P be the well-known 

Carathéodory class of normalized functions with positive real part in .U  

The Hadamard product or convolution of the functions 

( ) ∑
∞

=
+=

2k

k
k zazzf     and    ( ) ∑

∞

=
+=

2k

k
k zbzzg  
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is given by 

( ) ( ) ( ).,

2

U∈+=∗ ∑
∞

=
zzbazzgf

k

k
kk  

We now define a new generalized multiplier differential operator. 

Definition 1.1. Let { },00 ∪NN =∈m  ,0,,,, ≥ρµλβα  ,0 λ≤γ≤  ,10 ≤ϕ<  

.0>β+α  Then for ,Af ∈  we define a new generalized multiplier operator 

( )ϑγβαµλ ,,,,
m

D  by 

( ) ( ) ( ),,,,0
, zfzfD =ϑγβαµλ  

( ) ( )zfD ϑγβαµλ ,,,1
,  

( ) ( )[ ] ( ) ( ) ( )[ ] ( ) ( )
,

1212 2

β+α
′′γλ+′γ−µ+λ−ϑ+µ+λ−ϑ−γ+β+α= zfzzfzzf

 

…, 

( ) ( ) ( ) ( ( )).,,,,,,,,, 1
,,, ϑγβαϑγβα=ϑγβα −
µλµλµλ

mm
DDzfD  

Remark 1. If ( )zf  is given by (1), then from Definition 1.1, we obtain 

 ( ) ( ) ( ) ,,,,,,,

2

,, ∑
∞

=
µλµλ ϑγβαΩ+=ϑγβα

k

k
k

mm
zazzfD  (2) 

where 

 ( ) ( ) ( ) ( )[ ]( )
.

1112
,,,,

m
m kk










β+α
β+−−λγ+µ+λ−ϑ+α=ϑγβαΩ µλ  (3) 

From (2) it follows that ( ) ( )zfD
m ϑγβαµλ ,,,,  can be written in terms of 

convolution as 

 ( ) ( ) ( ) ( ),,,,, zgfzfD
m ∗=ϑγβαµλ  (4) 
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where 

 ( ) ( ) .,,,

2

,∑
∞

=
µλ ϑγβαΩ+=

k

k
k

m
zazzg  (5) 

The differential operator ( )ϑγβαµλ ,,,,
m

D  includes many earlier differential 

operators (see also [2]), which are mentioned below: 

• ( ) ( ),:1,0,1,00,1 zfDD
mm =  has been studied by Sălăgean [24]. 

• ( ) ( ),:1,0,1,10,1 zfLD
mm =  has been studied by Uralegaddi and Somanatha [26]. 

• ( ) ,:1,0,1,0,1
mm

LD β=α  has been studied by Cho and Srivastava [9]. 

• ( ) ( ),:1,0,1,00, zfDD
ρ
λ

ρ
λ =  has been studied by Acu and Owa [1]. 

• ( ) ( ),:1,0,1,00, zfDD
mm
λλ =  has been studied by Al-Oboudi [4]. 

• ( ) ( ) ( ),,,:1,,,1 10, zfLD βλρ=γβρ
λ  has been studied by Cătaş et al. [8]. 

• ( ) ( ),:1,0,0,0, α=α λλ
mm

DD  has been studied by Aouf et al. [5]. 

• ( ),:
2

,0,1,0 ,0,,0, zfDD
mm

λβαλ =






 β+α
 has been studied Alamoush and Darus 

[3]. 

• ( ) ( ),:1,,1,0 ,0, zfDD
mm

γλλ =γ  has been studied by Răducanu and Orhan [23] (see 

also [20]). 

• ( ) ( ),,,:1,0,,, µβα=βα λµλ
mm

DD  has been studied by Darus and Faisal [11]. 

• ( ) ( ),,:1,0,0,, µα=α λµλ
mm

DD  has been studied by Darus and Faisal [10]. 

Definition 1.2. Let { },00 ∪NN =∈m  [ ),1,0∈ϖ  ,0,,, ≥µλβα  ,0 λ≤γ≤  

,10 ≤ϕ<  .0>β+α  Then a function Af ∈  is said to be in the class 

( ),,,,,, ϖϑγβαµλ
m

R  if it satisfies the condition 
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[ ( )] .,,,,, U∈ϖ>′ϑγβαℜ µλ zD
m  

Remark 2. It is clear that the following classes 

1. ( ) ( ) ( ) ( )ϖ≡ϖ≡ϖ≡ϖ λλ
m

RRRR 0
00

1,0,1,0,0,  and that ( ) ( ),
1 ϖ≡ϖ λλ RR  the class of 

functions Af ∈  satisfying ( ) ( )[ ] U∈ϖ>′′λ+′ℜ zzfzzf ,  studied by Ponnusamy [22] 

and other. 

2. ( ) ( ) ( ),1,0,1,0,0,1 ϖ≡ϖ≡ϖ m
mm

MRR  the class of functions Af ∈  satisfying 

[ ( )] U∈ϖ>′ℜ zzfD
m ,  studied by Oros [21]. 

3. ( ) ( ),1,0,1,0,0, ϖ≡ϖ λλ
mm

RR  the class of functions Af ∈  satisfying [ ( )]′ℜ λ zfD
m  

U∈ϖ> z,  studied by Al-Oboudi [4]. 

4. ( ) ( ),,1,,1,0,0, ϖ≡ϖ γλγλ
mm

RR  the class of functions Af ∈  satisfying [ ( )]′ℜ γλ zfD
m
,   

U∈ϖ> z,  studied by Zhou and Xu [17]. 

The main object of this paper is to present a systematic investigation for the class 

( ).,,,,, ϖϑγβαµλ
m

R  In particular, for this function class, we derive an inclusion result, 

structural formula, extreme points, coefficient bound, convolution property and other 

interesting properties. 

2. Preliminaries 

In order to prove our results, we will make use of the following lemmas. 

Lemma 2.1. [18] Let ,Kh ∈  and let .0≥A  Suppose that ( )zB  and ( )zD  are 

analytic in ,U  with ( ) 00 =D  and 

( )( ) ( )
( )

.,
0

4 U∈
′

+≥ℜ z
h

zD
AzB  

If an analytic function p with ( ) ( )00 hp =  satisfies 

( ) ( ) ( ) ( ) ( ) ( ) ,,
2

U∈++′+′′ zzhzDzpzpzzBzpAz ≺  
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then 

( ) ( ) ., U∈zzhzp ≺  

Lemma 2.2. [19] Let q be a convex function in U  and let 

( ) ( ) ( ),zqzzqzh ′ϖ+=  

where .0>ϖ  If ( )UHp ∈  with 

( ) ( ) ⋯+++= 2
210 zpzpqzp     and    ( ) ( ) ( ) ,, U∈′ϖ+ zzhzpzzp ≺  

then 

( ) ( ) ,, U∈zzqzp ≺  

and this result is sharp. 

Lemma 2.3. [25] If ( )zp  is analytic in ,U  ( ) 10 =p  and, ( )( ) ,,
2

1
U∈>ℜ zzP  

then for any function F analytic in ,U  the function FP ∗  takes values in the convex hull 

of the image of U  under F. 

Note that the symbol “≺ ” stands for subordination throughout this paper. 

3. Coefficient Bounds for the Function Class ( )φγλδβα
∑ ,

,,,,k
B  

Theorem 3.1. Let { },00 ∪NN =∈m  [ ),1,0∈ϖ  ,0,,, ≥µλβα  ,0 λ≤γ≤  

,10 ≤ϕ<  .0>β+α  Then ( ) ( ).,,,,,
1

,,,,, ϖ⊂ϖ ϑγβαµλ
+

ϑγβαµλ
mm

RR  

Proof. Let ( ).1
,,,,, ϖ∈ +
ϑγβαµλ

m
Rf  By using the properties of the operator 

( ),,,,,, ϖϑγβαµλ
m

R  we get 

( ) ( )zfD
m ϑγβα+

µλ ,,,1
,  

( ) ( )[ ] ( ) ( )

( ) ( )[ ] ( ( ) ( ))
β+α

′ϑγβαγ−µ+λ−ϑ+

ϑγβαµ+λ−ϑ−γ+β+α

= µλ

µλ

zfDz

zfD

m

m

,,,12

,,,12

,

,
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( ( ) ( ))
.

,,,,
2

β+α

″ϑγβαγλ
+ µλ zfDz

m

  (6) 

Differentiating (6) with respect to z, we obtain 

( ( ) ( )) ( ) ( ) ( ) ( ) ( ),
212

,,,1
, zpzpzpzfD

m ′′








β+α
γλ+′









β+α
λγ+µ+λ−ϑ+=′ϑγβα+

µλ   (7) 

where 

( ) ( ( ) ( ))′ϑγβα= µλ zfDzp
m ,,,,  

Since ( ),1
,,,,, ϖ∈ +
ϑγβαµλ

m
Rf  by using Definition 1.2 and (7), we have 

( ) ( ) ( ) ( ) ( ) ,,
212

U∈ϖ>






 ′′









β+α
γλ+′









β+α
λγ+µ+λ−ϑ+ℜ zzpzpzp  

which is equivalent to 

( ) ( ) ( ) ( ) ( ) ( ) ( ).
1

121212
zh

z

z
zpzpzp ≡

−
−ϖ+







 ′′









β+α
γλ+′









β+α
λγ+µ+λ−ϑ+ ≺  

From Lemma 2.1, with ( ) ( ) ( )
,

212
,

β+α
λγ+µ+λ−ϑ=

β+α
γλ= zBA  and ( ) ,0=zD  

we have ( ) ( ),zhzp ≺  which implies that {( ( ) ( )) } .,,,,, U∈ϖ>′ϑγβαℜ µλ zzfD
m  

Hence ( )ϖ∈ ϑγβαµλ
m

Rf ,,,,,  and the proof of the theorem is complete. 

Clearly ( ) ( ) ( ) SRRR
mm ⊂ϖ⊂⊂ϖ⊂ϖ ϑγβαµλ

−
ϑγβαµλϑγβαµλ

0
,,,,,

1
,,,,,,,,,, ⋯  (see 

[12, 14]). 

Now, we will show that the set ( )ϖϑγβαµλ
m

R ,,,,,  is convex (see [17]). 

Theorem 3.2. The set ( )ϖϑγβαµλ
m

R ,,,,,  is convex. 

Proof. Let the functions 

( ) ( )2,1
2

=+= ∑
∞

=
izazzf

k

k
ii  
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be in the class ( ).,,,,, ϖϑγβαµλ
m

R  It is sufficient to show that the function ( ) =zh  

( ) ( ),2211 zfzf χ+χ  with 1χ  and 2χ  nonnegative and ,121 =χ+χ  is in the class 

( ).,,,,, ϖϑγβαµλ
m

R  

Since 

( ) ( ) ,
2 21 21∑

∞
=

χ+χ+=
k

k
kk zaazzh  

then we have 

[ ( ) ( )] ( )[ ( )]∑
∞

=
−

µλµλ ϑγβαϖχ+χ+=′ϑγβα
2

1
,21, ,,,,1,,,

21k

km
kk

m
zaakzhD  

hence 

( ( ) ( ))′ϑγβαℜ µλ zhD
m ,,,,  

[ ( )] 




 ϑγβαϖχ+ℜ= ∑

∞
=

−
µλ2

1
,1 1

,,,1
k

k
k

m
zak  

[ ( )] .1,,,1
2

1
,2 2

−




 ϑγβαϖχ+ℜ+ ∑

∞
=

−
µλk

k
k

m zak   (8) 

Since ( ) ,, ,,,,,21 ϖ∈ ϑγβαµλ
m

Rff  this implies that 

 [ ( )] ( ) .11,,,1
2

1
, −ϖχ+>





 ϑγβαϖχ+ℜ ∑

∞
=

−
µλ ik

k
k

m
i zak

i
 (9) 

Using (9) in (8), we obtain 

( ( ) ( )) ( ) ( )2121, 1,,, χ+χ−χ+χϖ+>′ϑγβαℜ µλ zhD
m  

and since ,121 =χ+χ  the theorem is proved. 

Theorem 3.3. Let q be convex function with ( ) 10 =q  and let h be a function of the 

form ( ) ( ) ( ) ., U∈′+= zzqzzqzh  If Af ∈  satisfies the differential subordination 

( ( )) ( ) ,,,,,, U∈′ϑγβαµλ zzhD
m

≺  then ( ) ( )zqzDm
≺ϑγβαµλ ,,,,  and the result is 

sharp. 
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Proof. If we let ( ) ( ) ,,,,,, U∈ϑγβα= µλ zzDzp m  then we get ( ( ))′ϑγβαµλ ,,,,
mD  

( ) ( ).zpzzp ′+=  So the subordination ( ( )) ( ) ,,,,,, U∈′ϑγβαµλ zzhD
m

≺  becomes 

( ) ( ) ( ) ( ) ., U∈′+=′+ zzqzzqzpzzp  Hence from Lemma 2.2, we have 

( ( )) ( ).,,,, zqzD
m

≺ϑγβαµλ  The result is sharp. 

4. Structural Formula 

In this section, a structural formula, extreme points and coefficient bounds for 

functions in ( )ϖϑγβαµλ
m

R ,,,,,  are obtained. 

Theorem 4.1. A function Af ∈  is in the class ( )ϖϑγβαµλ
m

R ,,,,,  if and only if it can 

be expressed as 

( )
( )

( ) ( ) ( ) ,12
,,,

1

1
22 ,

ζσ










 ζζϖ−+∗














ϑγβαΩ
+= ∫ ∑∑ =ζ

∞

=

∞

= µλ
d

k

z
zzzzf

k

k

k

k

m
   (10) 

where ( )ϑγβαΩ µλ ,,,,
m  is given by (3) and σ  is a positive probability measure defined 

on the unit circle { }.1: <ζ∈ζ= CT  

Proof. From (4) it follows that, ( )ϖ∈ ϑγβαµλ
m

Rf ,,,,,  if and only if 

( ( ) ( ))
.

1

,,,,
P

zfD
m

∈
ϖ−

ϖ−′ϑγβαµλ
 

Using Herglotz integral representation of functions in Carathéodory class P (see [13] 

and [15]), there exists a positive Borel probability measure σ  such that 

( ( ) ( ))
( ) U∈ζσ

ζ−
ζ+=

ϖ−
ϖ−′ϑγβα
∫ =ζ

µλ
zd

z

zzfD
m

,
1

1

1

,,,

1

,
 

which is equivalent to 

 ( ( ) ( )) ( ) ( ) .,
1

211
,,,

1
, U∈ζσ

ζ−
ζϖ−+=′ϑγβα ∫ =ζµλ zd

z

z
zfD

m   (11) 
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Integrating (11), we obtain 

( ) ( ) ( ) ( ) dud
u

u
zfD

z
m

∫ ∫ 






 ζσ
ζ−

ζϖ−+=ϑγβα
=ζµλ

0 1
,

1

211
,,,  

( ) ( )ζσ








ζ−
ζϖ−+= ∫ ∫=ζ

ddu
u

uz

1 0 1

211
 

that is 

 ( ) ( ) ( ) ( ).12,,,
1

2

, ζσ










 ζζϖ−+=ϑγβα ∫ ∑=ζ

∞

=
µλ d

k

z
zD

k

k
m   (12) 

Equality (10) follows now, from (4), (5) and (12). Since the converse of this deductive 

process is also true, we have proved our theorem. 

Corollary 4.2. The extreme points of the class ( )ϖϑγβαµλ
m

R ,,,,,  are 

 ( ) ( ) ( )
( )

.1,,
,,,

12

2 ,

=ζ∈
ϑγβαΩ

ζζϖ−+= ∑
∞

= µλ
ζ Uz

k

z
zzf

k
m

k

  (13) 

Proof. Consider the functions 

( ) ( ) ( )
∑
∞

=
ζ

ζζϖ−+=
2

12

k

k

k

z
zzg     and    ( ) ( ) ( ).

1∫ =ζ ζσ ζσ= dzgzg  

Since the map ζ→σ g  is one-to-one, making use of (5), (6) and (12), the assertion 

follows from (10) (see [7]). 

From Corollary 4.3, we can obtain coefficient bounds for the functions in the class 

( )ϖϑγβαµλ
m

R ,,,,, . 

Corollary 4.3. If ( )ϖ∈ ϑγβαµλ
m

Rf ,,,,,  is given by (1), then 

( )
( )

.2,
,,,

12

,

≥
ϑγβαΩ

ϖ−≤
µλ

k
k

a
mk  

The result is sharp. 
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The coefficient bounds are maximized at an extreme point. Therefore, the result 

follows from (13). 

Corollary 4.4. If ( ),,,,,, ϖ∈ ϑγβαµλ
m

Rf  then, for 1<= rz  

( )
( )

( ) ( )
( )

,
,,,

1
12

,,,

1
12

2 ,

2

2 ,

2 ∑∑
∞

= µλ

∞

= µλ ϑγβαΩ
ϖ−+≤≤

ϑγβαΩ
ϖ−−

k
m

k
m

k
rrzf

k
rr  

and 

( )
( )

( ) ( )
( )

.
,,,

1
121

,,,

1
121

2 ,2 ,
∑∑
∞

= µλ

∞

= µλ ϑγβαΩ
ϖ−+≤≤

ϑγβαΩ
ϖ−−

k
m

k
m

k
rzf

k
r  

5. Convolution Property 

In this part, we prove the analogue of the Pólya-Schoenberg conjecture for the class 

( ).,,,,, ϖϑγβαµλ
m

R  

Theorem 5.1. The class ( )ϖϑγβαµλ
m

R ,,,,,  is closed under the convolution with a 

convex function. That is, if ( )ϖ∈ ϑγβαµλ
m

Rf ,,,,,  and ,Cg ∈  then ∈∗ gf  

( ).,,,,, ϖϑγβαµλ
m

R  

It is known that if g is convex univalent in U, then (see [18]) 

( )
.

2

1>






ℜ

z

zg
 

Using convolution properties, we have 

 ( ( ) ( ) ( )) [ ( ) ( )] ( )







 ∗′ϑγβαℜ=′∗ϑγβαℜ µλµλ
z

zg
fDzgfD

mm ,,,,,, ,,  (14) 

and the result follows by application of Lemma 2.3. 

Corollary 5.2. The class ( )ϖϑγβαµλ
m

R ,,,,,  is invariant under Bernardi integral 

operator. 

Proof. Let ( )ϖϑγβαµλ
m

R ,,,,, . The Bernardi integral operator is defined as (see [6]): 
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( ) ( ) ( ) ( ).1,,
1

0

1 −>∈+= ∫ −
cAcdttft

z

c
zfF

z
c

kc  

It is easy to check that ( ) ( ) ( ) ( )zgfzfFc ∗= , where 

( ) ( ) ( ).1,,
1

11

01
−>∈

−
+=

+
+= ∫∑

∞
=

czdttf
t

t

z

c
z

ck

c
zg

z c

kk

k
U  

Since the function ( ) U∈
−

=φ z
z

z
z ,

1
 is convex, it follows (see [16]) that the function 

g is also convex. From Theorem 5.1, we obtain ( ) ( ).,,,,, ϖ∈ ϑγβαµλ
m

c RfF  Therefore, 

[ ( )] ( ).,,,,,,,,,, ϖ⊂ϖ ϑγβαµλϑγβαµλ
mm

c RRF  

6. Conclusion 

In this article, by using the Hadamard product or convolution, we define a new 

generalized multiplier operator. Also, we have presented new subclass of univalent 

functions and we have investigated some geometric properties like inclusion result, 

structural formula, extreme points, coefficient bound and convolution property. By 

Varying the parameter in results, several well-known results have been obtained by 

Ponnusamy [22], Oros [21], Al-Oboudi [4], and Zhou and Xu [17] as shown in above 

Remark 2. 
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