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Abstract

The purpose of the present paper is to introduce the new class of topological spaces,
namely pretopological vector spaces. We study some of the basic properties of
pretopological vector spaces and investigate their relationships with certain existing
spaces. Along with other results, it is proved that translation of an open (resp. closed) set
in a pretopological vector space is pre-open (resp. pre-closed), that translations

(x = a + x) and dilations (x — Ax) on pretopological vector spaces are precontinuous.

1. Introduction

The display between algebraic and topological structures was first introduced and
studied by Kolmogroff in 1934 when he introduced the notion of topological vector
spaces. Afterward, many researchers and mathematicians have been given innovations
galore on topological vector spaces. Because of nice properties, topological vector
spaces are now a prominent and fundamental notion in operator theory, fixed point
theory, variational inequalities, vector equilibrium problems, etc. The researchers not
only make use of topological vector spaces in other fields to develop new concepts but
also stretch and extend this notion every possible way to make this field of study a more
convenient and understandable. Recently, Khan et al. [8] defined s-topological vector
spaces as a generalization of topological vector spaces. Khan and Igbal [9], in 2016, put
forth the concept of irresolute topological vector spaces which is independent of

topological vector spaces but is included in s-topological vector spaces. Ibrahim [5]
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initiated the study of a-topological vector spaces. In 2018, the authors [18] introduced
and studied another class of spaces, namely almost pretopological vector spaces. In [16,
17], we introduced the [3-topological vector spaces and almost s-topological vector
spaces as generalizations of s-topological vector spaces. In this paper, we introduce and
study the pretopological vector spaces. Some examples of pretopological vector spaces
are given. The relationship of pretopological vector spaces with certain other types of

spaces are investigated.
2. Preliminaries

Throughout the present paper, X means a topological space unless stated explicitly.
For a subset S of X, CI(S) and Int(S) denote the closure and the interior of §

respectively. By f : X - Y, we denote a mapping f from a topological space X to a

topological space Y. As usual, we represent the set of real numbers by R and the set of
complex numbers by C. The notations € and & denote negligibly small positive real

numbers.

In 1982, the authors [12] introduced the notion of pre-open sets in topological
spaces. They defined a subset S of a topological space X is said to be pre-open if

S O Int(CI(S)). The complement of a pre-open set in X is called pre-closed; or
equivalently, a subset S of X is pre-closed [3] if CI(Int(S)) O S. The family of all pre-
open (resp. pre-closed) sets of X is denoted by PO(X) (resp. PC(X)). A point x 0 X

is called pre-interior point of a subset S of X [6] if there exists a pre-open set U in X such
that x U O S. The set of all pre-interior points of S, denoted by pInt(S), is called the

pre-interior of S. In other words, the pre-interior of S is the largest pre-open subset of S.

It is known that a subset S of X is pre-open if and only if S = pInt(S). The intersection

all pre-closed sets in X containing S is called the pre-closure of S [3] and is denoted by
pCI(S). In other words, the pre-closure of a subset S of X is the smallest pre-closed set
in X containing S. It is proved in [6] that a subset S of X is pre-closed if and only if
S = pCI(S). Also, it is known that a point x [0 pCI(S) if and only if SN U # U, for
every pre-open set U containing x. It is easy to check that pCI(S) = S U CI(Int(S)). A
subset S of X is called pre-neighborhood of a point x 0 X if there exists a pre-open set
U in X containing x such that U OS. If AOPO(X) and BOPO(Y), then
Ax B[O PO(X xY), where X and Y are topological spaces.
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Using the concept of pre-open sets, Mashhour et al. [12] introduced a generalized

form of continuous mappings, known as precontinuous mappings. They defined a
mapping f : X - Y is called precontinuous if for every open set Vin Y, f _1(V) is
pre-open set in X. Equivalently, fis precontinuous if for each x J X and each open set V
in Y containing f(x), there exists a pre-open set U in X containing x such that

fw)ov.

Recall that a point x 00 X is called a pre-interior point of A 0 X if there exists a
pre-open set U in X such that x U O A.

Definition 2.1. A subset A of X is said to be

(1) B-open [1]if A O Cl(Int(CI(A))).

(2) semi-open [11]if A O Cl(Int(A)).

The following implications always hold but none of these implications is reversible:

open set — semi-open set
N

pre-open set — [-open sets

For example, let X = R with standard topology. Consider A =[0,1) and B =
(0, 1) N Q, where Q denotes the set of rational numbers, and C = [0, 1) U Q. Then A is

semi-open which is not open, C is 3-open which is not pre-open and B is pre-open which

is not open. Also, observe that semi-openness and pre-openness are independent notions.

Definition 2.2. Let L be a vector space over the field F (R or C). Let T be a
topology on L such that:

(1) For each x, y L and each open neighborhood W of x + y in L, there exist
open neighborhoods U and V of x and y respectively, in L such that U +V O W and

(2) For each A F, x[O L and each open neighborhood W of Ax in L, there exist
open neighborhoods U of A in F and V of x in L such that U.V O W.

Then the pair (L( F)s 1) is called topological vector space.

Definition 2.3. [8] Let L be a vector space over the field F (R or C) and let T be a
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topology on L such that:

(1) For each x, y 0 L and each open set W in L containing x + y, there exist semi-

open sets U and V in L containing x and y respectively such that U + V 00 W and

(2) Foreach A O F, x 0 L and each open set Win L containing Ax, there exist semi-

open sets U in F containing A and V in L containing x such that U.V O W.
Then the pair (L( F)> 1) is called s-topological vector space.

Definition 2.4. [9] Let L be a vector space over the field F (R or C) and T be a
topology on L such that:

(1) For each x, y [0 L and each semi-open set W in L containing x + y, there exist

semi-open sets U and V in L containing x and y respectively such that U +V [0 W and

(2) For each A O F, x 0 L and each semi-open set W in L containing Ax, there exist

semi-open sets U in F containing A and V in L containing x such that U.V 0O W.
Then the pair (L(f), T) is called irresolute topological vector space.
Definition 2.5. [17] Let L be a vector space over the field F (R or C with standard

topology) and let T be a topology on L such that:

(1) For each x, y [0 L and each open set W in L containing x + y, there exist B-open

sets U and V in L containing x and y respectively, such that U +V O W and

(2) For each x O L, A F and each open set W in L containing Ax, there exist

[B-open sets U in F containing A and V in L containing x such that U.V O W.

Then the pair (L( F)> T) is called B-topological vector space.

3. Pretopological Vector Spaces

In this section, we introduce the concept of pretopological vector spaces and present
some examples of them. We briefly mention relations of pretopological vector spaces
with some existing spaces. Later, we investigate some basic properties of pretopological

vector spaces.
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Definition 3.1. Let L be a vector space over the field F, where F =R or C with
standard topology. Let T be a topology on L such that the following conditions are

satisfied:

(1) For each x, y JL and each open set W in L containing x + y, there exist pre-

open sets U and Vin L containing x and y respectively such that U + V OO W and

(2) For each A 0 F, x 0 L and each open set W in L containing Ax, there exist pre-

open sets U in F containing A and V in L containing x such that U.V O W.

Then the pair (L), 1) is called a pretopological vector space (written in short,
PTVS).
Examples of pretopological vector spaces

Example 1. Let L = R be the vector space of real numbers over the field F = R,
where L =F =R is endowed with standard topology. Then (L( F)» 1) is a
pretopological vector space.

Obviously, every topological vector space is a pretopological vector space and every
pretopological vector space is a [B-topological vector space but the converses are not
always true. The following is an example of pretopological vector spaces which is not a

topological vector space:

Example 2. Consider the field F = R with standard topology. Let L =R be
endowed with the topology T ={0, D, R}, where D denotes the set of irrational

numbers. We show that (L(R), 1) is a PTVS. For this purpose, we have to prove the

following:

(1) Let x, y O L. If x + y is rational, then the only open set in L containing x + y

is R. So, there is nothing to prove.

If x + y is irrational, then for open neighborhood W = D of x + y in L. We have

following cases:

Case (i). If both x and y are irrational, we can choose pre-open sets U ={x} and

V ={y} inLsuchthat U +V O W.

Case (i1). If one of x or y is rational, say y. Then, for the selection of pre-open sets
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U={x} and V ={p, y} in L, where pOD such that p+xOD, we have
u+v IOow.

This proves the first condition of the definition of pretopological vector spaces.

(2) Let A\OR and x[OL. If Ax is rational, then it is straightforward to prove.
Suppose Ax is irrational. Let W = D be an open neighborhood of Ax. The following

cases arise:

Case (i). If both A and x are irrational, then, choose pre-open sets
U=[A-eA+&)NQJU{A} in R and V ={x} in L, we have U.V O W.

Case (ii). If A is rational and x is irrational, then for the selection of pre-open sets
U=MA-eA+&)NQin R and V ={x} in L, we have U.V O W.

Case (iii). Finally, suppose A is irrational and x is rational. Then, for the choice of
pre-opensets U =(A =€, A +€)N1 D in R and V ={x, p} in L (where the selection of
p U D is in this way that pq is irrational for each ¢ U ), we find U.V OO W.

Hence (L(g), T) is pretopological vector space.

Remark 3.1. Definition 3.1 reflects that pretopological vector spaces are
independent of irresolute topological vector spaces as well as s-topological vector
spaces. For example, Example 2 is neither an irresolute topological vector space nor an
s-topological vector space. Also, an example of s-topological vector spaces is stated in

[8] which is not a pretopological vector space.

Henceforth, a pretopological vector space L means a pretopological vector space

(L(F), 1) and by a scalar, we mean an element of F. We discuss now some basic

properties of pretopological vector spaces.

Theorem 3.1. Let U be any open set in a pretopological vector space L. The

following statements are true:

(i) x +U O PO(L), for each x O L.
(ii) AU O PO(L), for each scalar \ # 0.

Proof. (i) Let yOx+U. Then y =x+u for some u JU. By definition of

pretopological vector spaces, there exist pre-open sets V and W in L containing — x and
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y respectively such that V +W OU. This gives yOW O x+U and hence
y O plnt(x +U) = x +U O pInt(x + U). Consequently, x +U = pInt(x + U). That
is, x + U O PO(L).

(ii) Let x OAU. Then x = Au for some u U implies %x U U. By definition of
pretopological vector spaces, there exist pre-open sets W in the topological field F and V
in L such that % OW, xOV and W.V O U. Whence we find that x OV O AU. This

shows that x is pre-interior point of AU. Since x AU was arbitrary, it follows that
pInt(AU) = AU. Hence AU O PO(L). O

Corollary 3.1.1. If U is any non-empty open set and B is any set in a pretopological
vector space L, then B +U 0O PO(X). That is, sums of open sets in a pretopological

vector space are pre-open.

Theorem 3.2. For any open set U in a pretopological vector space L, the following
hold:

(i) x+U O Int(Cl(x + U)) for each x O L.
(i) AU O Int(CI(AU)) for each non-zero scalar \ .

Proof. Follows immediately from Theorem 3.1. [

Theorem 3.3. Let A be any closed subset of a pretopological vector space L. The

following statements are valid:
(i) x+ A0 PC(L), for each x O L.
(i) AMA O PC(L), for each scalar N with \ # 0.

Proof. (i) Let y O pCI(x + A). Consider z = —x + y and let W be an open set in L
containing z. By Definition 3.1, there exist pre-open sets U and V in L containing — x
and y respectively, such that U +V O W. Since y O pCl(x+ A), VN (x+A) 20 =
there is fOVN(x+A)=-x+f0Fx+x+AN0U+V)=FNU +V)O
ANW showing that AW # 0. Therefore, z 0 CI(A) = A; thatis y O x + A. Thus,
pCl(x + A) O x + A = pCl(x + A) = x + A. This proves that x + A is pre-closed in L.
Thatis, x + A O PC(L).
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(ii) Let x O pCI(AA). Let W be an open set in L containing %x. By Definition 3.1,
there exist pre-open sets U in F containing % and V in L containing x such that
U.V OW. Since x O pCI(AA), there is f OV 1 (NA). This implies that %f a

1 1 .
(X.)\AJD(U.V) DANW = ANW 20 = Lr0CA)= A That is, x0M
Therefore, pCI(AA) = AMA proving that AA is pre-closed in L. Hence the assertion
follows. [

Theorem 3.4. For any closed set A in a pretopological vector space L, the following

hold:

(i) Cl(Int(x + A)) O x + A for each x O L.
(ii) CI(Int(NA)) O AA for each non-zero scalar \ .

Proof. Follows immediately from Theorem 3.3. U

Theorem 3.5. Let A and B be any subsets of a pretopological vector space L. Then
pCI(A) + pCI(B) O CI(A + B).

Proof. Let z O pCI(A) + pCI(B). Then z =x+y for some x[ pCI(A) and
y O pCI(B). Let W be any open neighborhood of z in L. By definition of pretopological

vector spaces, there exist pre-open sets U and V in L containing x and y respectively,
such that U +V O W. Since x O pCI(A) and y O pCI(B), there are f JANU and

¢g0OBNV= f+g0(A+B)NU+V)O(A+B)NW = (A+B)NW #0 and
hence z O CI(A + B). Thereby the assertion follows. O

Theorem 3.6. Let A and B be any subsets of a pretopological vector space L. Then
A+ Int(B) O pInt(A + B).

Proof. Let z A+ Int(B) be arbitrary. Then z =x+y for some x[A and
y O Int(B). This results in — x + z 0 Int(B) and consequently, by Definition 3.1, there

exist pre-open sets U and V in L containing —x and z respectively, such that
U+V OInt(B). In particular, -x+V Ont(B)=>V Ox+BUOA+B= z0
pInt(A + B). Hence the proof. O
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Corollary 3.6.1. Under the same assumptions of Theorem 3.6, A+ Int(B) O
pInt(A + B).

Presenting properties of some special functions on pretopological vector spaces.

Theorem 3.7. Let L be a pretopological vector space. Then

(1) the translation mapping J, : L — L defined by J.(y)=x+y, OyOL, is
precontinuous.

(2) the multiplication mapping My : L — L defined by M (x)=Ax, OxOL
(A # 0 is a fixed scalar), is precontinuous.

Proof. (1) Let y 0 L be an arbitrary. Let W be an open neighborhood of x + y in L.
Then there exist U, V 0 PO(L) such that x DU, y OV satisfying U +V 0O W. This
results in x+V OW = J (V) OW. Since V is pre-open set in L containing y, it

follows that J, is precontinuous at y and hence J, is precontinuous.

(2) Let xOL and W be any open neighborhood of M, (x). By definition of

pretopological vector spaces, there exist pre-open sets U in the topological field F
containing A and V in L containing x such that UV OW. This gives

AV OW = M, (V) OW = M, is precontinuous at x. Since x [J L was arbitrary, it

follows that M is precontinuous. U

Theorem 3.8. For a pretopological vector space L, the mapping ¢: LxL - L
defined by @(x, y) = x + y, forall x, y U L, is precontinuous.

Proof. Let x, y O L and let W be any open neighborhood of x + y. Then there exist

pre-open sets U and Vin L such that xJU, y OV and U +V O W. This implies that
QU xV)=U +V OW. Since U xV is pre-open in L x L (with respect to product
topology), it follows that ¢ is precontinuous at (x, y). Since x, y [0 L were arbitrary, ¢
is precontinuous. O

Theorem 3.9. For a pretopological vector space L, the mapping P : F XL - L
defined by W(\, x) = Ax, forall N O F, x O L, is precontinuous.

Proof. Let A 00 F, x 0 L be arbitrary. In order to show that ) is precontinuous, it
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suffices to show that ) is precontinuous at (A, x). Let W be any open neighborhood of
W(A, x) = Ax. By definition of pretopological vector spaces, there exist pre-open sets U
in the topological field F and Vin L such that A U, x OV and U.V O W. This means
YU xV)=UV OW. Since U XV is pre-open in F x L, it follows that ¢ is

precontinuous at (A, x). This completes the proof. O

4. Characterizations

In this section, we offer some useful characterizations of pretopological vector
spaces.

Theorem 4.1. For any subset A of a pretopological vector space L, the following

assertions are true:
(i) pCI(x + A) O x + CI(A) for each x O L.
(i) x + pCI(A) O CI(x + A) for each x O L.
(iii) x + Int(A) O pInt(x + A) for each x O L.
(iv) Int(x + A) O x + pInt(A) for each x O L.

Proof. (i) Let y 0 pCI(x + A) and consider z = —x + y in L. Let W be an open set

in L containing z. Since L is pretopological vector space, there exist pre-open sets U and

Vin L containing — x and y respectively, such that U +V O W. Since y O pCI(x + A),
there is g O(x+ A)NV. Consequently, —x+gO(-x+x+A)NU+V)=AN
(U+V)OANW showing that ANW #0 and hence z[OCI(A). That is,
y O x + CI(A). Therefore, pCI(x + A) O x + CI(A).

(ii) Consider z 0 x + pCI(A). Then z = x + y for some y [0 pCI(A). Let W be an
open neighborhood of x + y in L. Since L is pretopological vector space, there exist pre-
open sets U and V in L containing x and y respectively, such that U +V O W. Since
y O pCI(A), ANV # 0. So, there is g JANV and thereby x+ g O(x+ A)N
(U+V)0O (x+ A)NW. Therefore, (x+ A)N\W # 0. This implies z O Cl(x + A).

This proves the assertion.
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(iii) Let y O x + Int(A). Then y = x + u for some u [ Int(A) and hence there exist

pre-open sets U and V in L containing —x and y respectively, such that
U+V 0OImnt(A). Now, —x+V OU+V OInt(A) 0 A implies that V O x + A.

Since V is pre-open in L containing y, we must have y [ pInt(x + A). Thus,

x + Int(A) O plnt(x + A).

(iv) Let z O Int(x + A). Then z = x + y for some y [ A. Since L is pretopological
vector space, there exist pre-open sets U and V in L containing x and y respectively, such
that U +V O Int(x + A). Now, x+V OU +V OInt(x+ A) 0 x+ A implies that

x+V O x+ plnt(A). Since z=x+y0x+V, we have z O x+ pInt(A). Hence
Int(x + A) O x + pInt(A). O

Theorem 4.2. Let A be a subset of a pretopological vector space L. Then
pCl(x + CI(A)) O x + CI(A) for each x O L.

Proof. Assume y O pCI(x + CI(A)). Consider z = -x+y and let W be an open

neighborhood of z in L. Then there exist pre-open neighborhoods U and V of — x and y
respectively, in L such that U +V OW. This implies that V O x+W. Since

y O pCl(x + CI(A)), we have VN (x+CI(A) 20 = (x +W)N (x + Cl(A) # 0 =
WNCI(A)# 0. Since W is open, W A#0O. Hence z0OCI(A), that is
y O x + CI(A), Consequently, the assertion follows. O

If we compare Theorem 4.2 with part (i) of Theorem 4.1, we find that the former is
an improvement of the later.

Furthermore, the following result is an improvement of part (iii) of Theorem 4:1.

Theorem 4.3. For any subset A of a pretopological vector space L,
x + Int(A) O plnt(x + pInt(A)) for each x O L.

Proof. Let y O x + Int(A). Then y = x +u for some u O Int(A). As a result of
this, we get pre-open sets U and V in L containing — x and y respectively, such that
U+V OInt(A). Now, —-x+V OU+V OInt(A) O pInt(A) implies that V O
x + pInt(A). Since V is pre-open in L such that y [V, we have that
y O pInt(x + pInt(A)) proving that x + Int(A) O pInt(x + pInt(A)). This completes
the proof. O
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The analog of Theorem 4.1 is the following:
Theorem 4.4. Let A and L be as in Theorem 4.1. Then
(i) pCI(ANA) O NCI(A) for each non-zero scalar \.
(ii) ApCI(A) O CI(AA) for each non-zero scalar \.
(iii) AMnt(A) O pInt(ANA) for each non-zero scalar .
(iv) Int(AA) O ApInt(A) for each non-zero scalar \.
Definition 4.1. Let B be a subset of X. A collection ¢ ={U; :i I} of pre-open

sets of X is called a pre-open cover of Bif B 0 U{U; : i O I}. A topological space X is

said to be strongly compact [13] if every pre-open cover of X has a finite subcover.

A subset B of X is said to be strongly compact relative to X if every cover of K by

pre-open sets of X has a finite subcover.
In consequence of Theorem 3.1, we obtain the following results:

Theorem 4.5. Let K be any strongly compact set in a pretopological vector space L.
Then x + K is compact, for each x [ L.

Proof. Let {U;:i0I} be any open cover of x+K. Then x+K O
U{U;:i01} => K OUW-x+U, :i01I}. By Theorem 3.1, — x + U; is pre-open in L.
Consequently, {-x +U; :i 01} is pre-open cover of K. Since K is strongly compact,
there exists a finite subset I of I such that K 0 U{— x + U; : i O Iy}. This implies that
x+ K OUU; :i 01} This proves that x + K is compact. O

Theorem 4.6. Let L be a pretopological vector space. Then scalar multiple of any

strongly compact subset of L is compact.

Proof. Suppose that K is a strongly compact set in L. Let A be any scalar. If A =0,
we are done. Assume A # 0. We have to show that AK is compact. Let {Uj : jO1} be

any open cover of AK. Then )\KDLJ{Uj:jDI}:KD%.U{Uj:jDI}

= K[ U{% u;:ju I}. Since U is open in L, by Theorem 3.1, %Uj is pre-open
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set in L. Consequently, {% u;:joir } is pre-open cover of K. But K is strongly

1
compact, there exists a finite subset I of I such that K [ U{X Uu;:ju Io}- It gives

AK OWUU; : j O1Iy}. This proves that AK is compact. O
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