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Abstract

In this paper, we establish some applications of first order differential subordination and
superordination results involving Hadamard product for a certain class of analytic
functions with differential operator defined in the open unit disk. These results are applied

to obtain sandwich results.

1. Introduction and Preliminaries

Let H indicate the family of analytic functions in the open unit disk

U ={z0C:|z| <1} and let H[a, p] be the subclass of H consisting of functions of

the form:

fl@)=a+a,e? +a,z’™ +, (a0C, pON={1,2,.}).

Also, let A denote the subclass of H consisting of functions of the form:

FR) =2+ a2, (1.1)
n=2
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Let f, g UH. The function f is said to be subordinate to g, or g is said to be
superordinate to f, if there exists a Schwarz function w analytic in U with w(0) = 0 and
|w(z)| <1(zOU) such that f(z) = g(w(z)). This subordination is denoted by f < g
or f(z) < g(z) (zOU). It is well known that, if the function g is univalent in U, we

have the following equivalence (see [12]):
f=g(z0U) = f(0)=¢(0), f(U)D ).

Let k, hOH and Q(r, s, t; z): C> xU — C. If k and P(k(z), zk'(z), 22k"(z); z)
are univalent functions in U and if k satisfies the second-order differential

superordination:

h(z) < W(k(z), z&'(2), 22k"(z); z). (1.2)

then k is called a solution of the differential superordination (1.2). (If f is subordinate to
g, then g is superordinate to f). An analytic function ¢ is called a subordinant of (1.2), if
q < k for all k satisfying (1.2). A univalent subordinant g that satisfies g < g for all

the subordinants g of (1.2) is called the best subordinant.

For the functions f J.A given by (1.1) and g [1 A defined by

g(z)=z+ anz",
n=2

we define the Hadamard product (or convolution) f [ g of the functions f and g (as

usual) by

(f Do) e i = (¢ 01)(2)

For mONg =NU{0}, p,A=20, wv,3>0 and p#v, we consider the
differential operator Aﬁ" v, )\(p, d): A - A, introduced by Amourah and Darus [2],

where

Al AP, B) f(z) =2+ i[l LDV -p)3+ ")\]} a,z". (1.3)
n=2

h+v
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It is readily verified from (1.3) that

L+v

AP B E) = 2 g T AP 87 ()

(1 A s, 0

Would like to point out here that some of the special cases of the operator defined by
(1.3) can be found in [1, 4, 11, 13].

Recently several authors, Goyal et al. [5], Murugusundaramoorthy and Magesh [9,
10], Magesh et al. [7], Ibrahim and Darus [6], Wanas [14, 15], Wanas and Joudah [16]
and Wanas and Majeed [17] have obtained sandwich results for certain classes of

analytic functions.

The main object of the present investigation is to find sufficient condition for certain
normalized analytic functions fin U such that (f OW)(z) # 0 and f to satisfy

AT (P, 8) (F 00) (2) )
AT (e, 8)(f TW)(2)

where ¢; and ¢, are given univalent functions in U with ¢;(0) = ¢,(0) =1 and

< q2(2),

q1(z) <

- © n _ o) n . . . .
®(z) =z + anz r,2", W(z)=z+ anz e,z" are analytic functions in U with
r, 20, ¢, 20.

To establish our main results, we need the following definition and lemmas.

Definition 1.1 [8]. Denote by Q the set of all functions f that are analytic and
injective on U \ E(f), where

E(f)= {Z DU : lim f(z) = oo}

and are such that f'(¢) # 0 for L 00U \ E(f).

Lemma 1.1 [8]. Let g be univalent in the unit disk U and let 8 and ¢ be analytic in
a domain D containing q(U) with @(w) # 0 when w0 q(U). Set O(z) = zq4'(z) ®(q(z))
and h(z) = 8(q(z)) + O(z). Suppose that
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(1) Q(z) is starlike univalent in U,

@) Re{%(;))} >0 for z OU.

If k is analytic in U, with k(0) = ¢(0), k(U) O D and

B(k(z)) + zk'(z) @k (2)) < 8(q(2)) + z¢'(z) ¥g(2)),

then k < g and q is the best dominant of (1.5).

(1.5)

Lemma 1.2 [3]. Let g be convex univalent in the unit disk U and let 8 and ¢ be

analytic in a domain D containing q(U). Suppose that

SO S o for
<1>R{¢(q(z»} 0 for 20U,

(2) 0(z) = zq'(z2) ¥(q(z)) is starlike univalent in U.

If k O H[q(0), 11N Q, with k(U) O D, 8(k(z)) + zk'(z) (k(z)) is univalent in U and

6(q(2)) + 24'(z) ¥q(z)) < B(k(2)) + zk'(z) Pk (2)).
then q < k and q is the best subordinant of (1.6).

2. Main Results

(1.6)

Theorem 2.1. Let ®, WO A, a,B, T0C, n, yOC\{0} and let q be convex

univalent in U with q(0) = 1 and assume that q satisfies:

Re{l + 90 Blr+1) q(z) + (1 -1) 2 (2) + zq"(z)} > 0.

n n q(z)  4'(z)

2.1)

Suppose that z(q(z))T_lq'(z) is starlike univalent in U. If fUOA, satisfies the

differential subordination:
o (f, @, W, a,B TNV, PO WV, A m; 2)

< (& +Bg(2)) (a()" + nz(q(2) " ¢'(2),

(2.2)
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where
O1(f, @, W, a, BTNV, P8 WV, A, m; 2)
_ G[Amp 3)(s %) (Z)J“ . B{Ammp &)(/ 09) (Z)JW !
Allua(p. 8)(f OW)(2) Al (p, 8)(f OW)(2)
L (u+v) { A (0. 8) (f D‘D)(Z)J {Aﬁ’ﬁ( 3)(f O®)(z)
(V=p)B+an{ Aty 5\ (p. 8)(F OW)(z) ) (AR A(P. 8)(F DP)(2)
A ) mw)(z)}, @3)
Allva(p. 8)(f OW)(2)
then
{A{I’CIA( 3)(f m)(z)Jy
< q(2)
v (P 8)(f OW)(2)
and q is the best dominant of (2.2).
Proof. Let the function & be defined by
AV (. 8) (f qu)(Z)J
k v AP . (zOU). 2.4)
= {AM o) Y

Then the function k is analytic in U and k(0) = 1.

A simple computation using (2.4) gives

#(: v{(mu( 3)(f 09)(2) z(Aafv,A(p,a)(fw)(z))'}
o ALLE (09 Alval (7 O¥)()

In view of (1.4), we obtain

*'(z) _ Y +V) {Aﬁf\*;?x(p, 8)(f 0®)(z) ARV &) (f D‘P)(Z)}
k() (v =p)8+ A AT (P 8)(F D) (2) ATy a(P 8)(F OW)(2))
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Also, we find that
(a + B (2)) (k(=))" + nz(k(2)) " ¥'(z)
=0,(f. @ W a, BTN, Y 0.8 VA s 2), (2.5)

where ¢(f, ©, W, o, B, T, N, ¥, P, O, W, V, A, m; z) is given by (2.3).

By using (2.5) in (2.2), we have

(a +Bk(2)) (k(2))" + nz(k(2)) ™k (2) < (a +Ba(2)) (9(2))" +nelg(2))' ™' q'(2)-
By setting

B(w) = (a + Bw)w" and g(w) =nw'™, w#0,

it can be easily observed that 8(w) is analytic inC, @(w) is analytic in C \{0} and that
@(w) #0, wC\{0}. Also, we get

0(z) = 2¢'(z) ¥g(z)) = nz(q(2))" " ¢'(z)
and

h(z) = 8(q(z)) + 0(2) = (@ + Bq(2)) (a(2))" + nz(q(z) " ¢'(2).

In light of the hypothesis of Theorem 2.1, we see that Q(z) is starlike univalent in U and
Re{zh—(z)} = Re{l PO B )+ ) 20 ) (Z)} >0,
0(z) n n q(z)  4'(2)

Hence the result now follows by an application of Lemma 1.1.

1+ Az
1+ Bz

By taking ¢(z) = (-1 B<A<1) in Theorem 2.1, we obtain the
following corollary:

Corollary 2.1. Let ®, WO A, a,B,1OC, n,yOC\{0}, ~1<B<A<1 and

assume that

Re E+B(T+1)(1+Az)+1+T(A_B)Z_ABZ2 -
n ﬂ(l + BZ) (1 + AZ) (1 + BZ) s
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If f O A satisfies the differential subordination:

Oi(f, @, W, a,B, 1,1, Y, P 8 1V, A, m; 7)

{(G +B(1+AZ))(1+AZ)T . n(A—B)(1+Az)T_1z’ 26)

1+Bz))\1+Bz 1+ B7)'"!

where ¢;(f, @, W, o, B, T, N, Y, P, O, U, V, \, m; z) is given by (2.3), then
Yy

{Amﬂ)\(P 5)(f DcD)(Z)J Lltaz
Allva(p, 3)(f OW)(2) 1+ Bz

and ¢(z) = AZ i the best dominant of (2.6).
<

By fixing ®(z) = W(z) = in Theorem 2.1, we obtain the following corollary:

-z
Corollary 2.2. Let o, B, TOC, n, yOC\{0} and let q be convex univalent in U

with q(0) =1 and assume that (2.1) holds true. Suppose that z(q(z))" " q'(z) is starlike

univalent in U. If f O A satisfies the differential subordination:

O2(f. o BT N Y. P 8 WV, A ms 2) < (o + Bg(2) (g(2))" + nz(g(2) g (2), 2.7)

where
O (f, 0B TN Y, P, 8 WV, A, m; 2)

{A{Ftl NG )f(Z)] {A{f’tl A0, 8) f (z)]y(‘”)
Auv)\( fZ Auv)\( ) (Z)

(L +v) {Apv)\ Z)] {Aﬁ"\tz( 8)f(z) AP 8) /(2)
P)d + nA pv)\ (z) A{Jn:r)l)\( 3) f(2) Aﬁfv,}\(p’ 3) f(z)

then

AL (0, 8) £(2))
< q(2)
u,v,)\(p’ d) f(z

and q is the best dominant of (2.7).
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Theorem 2.2. Let ®, WO A, ao,B, T0OC, n,ydC \{0} and let g be convex

univalent in U with q(0) = 1 and assume that q satisfies:

R%%¢@+ﬂ%ﬁaaﬂ4>a 2.9)

Suppose that z(q(z))r_lq'(z) is starlike univalent in U. Let f O A satisfy

A (. 8) (F D0) (2) )
[Aﬁfv,x(p, 8)(f D‘“)(z)} 0 H[4(0). 11N Q

and O;(f, ®, W, o, B, T, N, Y, P, O, U, V, N\, m; z) as defined by (2.3) be univalent in U.
If
(a +Bg(2)) (9(2))" + nz(g(2)) ' ¢'(2)
<o (f, ® W0, BTN Y, P, 0 WV, A m; 2), (2.10)
then

[ Ah(e. 8 09)() )

= 6. 90 %) ()

and q is the best subordinant of (2.10).
Proof. Let the function k be defined by (2.4).

In view of (1.4), the superordination (2.10) becomes
(o +Bg(2)) (9(2))" +nzlg(2) ' q'(2) < (a + Bk(2)) (k(2))" + nz(k(2))" k().

By setting 8(w) = (a +Bw)w" and @(w) =nw", w#0, it is easily observed that
B(w) is analytic in C, @w) is analytic in C\{0} and that @(w) # 0, wOC\{0}.

Also, we get

0(z) = 2¢'(z) Pq(z)) = nz(q())" ' ¢'(2)-

It is clear that Q(z) is starlike univalent in U and
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BN = o[0Ty B ]
R{qmm} R{nqw - q“”&% 0

Now Theorem 2.2 follows by applying Lemma 1.2.

By fixing ®(z) = W(z) = in Theorem 2.2, we obtain the following corollary:

-z
Corollary 2.3. Let o, 3, TOC, n, yOC\{0} and let q be convex univalent in U

with q(0) =1 and assume that (2.9) holds true. Suppose that z(q(z))T_lq'(z) is starlike
univalent in U. Let f O A satisfy

{%ﬁﬂa&ﬂz

) Y
0 H[4(0), 1] N
Y f’z)} [4(0). 11N Q

and O,(f, o, B, T, N, ¥, P, O, W, V, \, m; z) as defined by (2.8) be univalent in U. If

(o + Bg(2)) (g(2)" +nz(g(2))" "¢ (z) < ¢2(f. oL B T ML Y, . B0 WV, A, 5 2), (2.11)

then

Y
AT (0. 8) £(2)
q(z) < | =
1V, A (p. 0) f(2)
and q is the best subordinant of (2.11).

Concluding the results of differential subordination and superordination, we arrive at

the following "sandwich results".

Theorem 2.3. Let gq; and q, be convex univalent in U with q,(0) = g,(0) =1,
a,B, t0C, n, yOC\{0}. Suppose q, satisfies (2.1) and q satisfies (2.9) such that

z(q(z))T_lq'(z) is starlike univalent in U. For f, ®, W O A, let

AT (0, 8) (f 00) (2)))
(e 8)(F 0W) (2)

OH[L1]NQ

and ¢o1(f, @, W, 0a,B, T, N, Y, P, O W, V, A\, m; z) as defined by (2.3) be univalent in U.

Earthline J. Math. Sci. Vol. 1 No. 2 (2019), 209-220
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If
(o +Bay (2)) (@1 (2)" +nz(qr (2)) g (2)
=< ¢1(f’ CD, LIJ’ a, B’ T, n’ Y, p’ 6’ M, Vv, )\’ m Z)
=< (@ + B2 (2)) (g2(2)" + N292(2) " g5 (2).
then
m+1 Y
0(2) < Al 9(F 09 () | ()

Al (e 8)(f OW)(2)

and qy, q, are respectively the best subordinant and the best dominant.

By making use of Corollaries 2.2 and 2.3, we obtain the following corollary:

Corollary 2.4. Let gq; and g, be convex univalent in U with ¢(0) = ¢,(0) =1,
a,B, TOC, n, yOC\{0}. Suppose q, satisfies (2.1) and q satisfies (2.9) such that

2(q(2))" " ¢'(2) is starlike univalent in U. For f O A, let

[Am}x(p, 5)f(Z)Jy OH[L1NQ
Arva (P, ) f(2) |

and O5(f, a, B, T, N, Y, P, O, W, V, N, m; z) as defined by (2.8) be univalent in U. If
(o + B (2)) (a1 ()" + nz(en (2)) g (2)
< ¢'2(f’ a, B’ LNY.P 6’ M, vV, )\, m; Z)
< (o +Bg2(2)) (42(2)) +nel2(2))" " g2(2),

then

A e, 5)f(Z)Jy <D
AT AP0 1(R)

q1(z) < {

and qy, q, are respectively the best subordinant and the best dominant.
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