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Abstract 

In the present work, we submit and study a new class ��,�,��,�,�	
, �, �, 
� containing 

analytic univalent functions defined by new differential operator ��,��,�,�
 in the open 

unit disk � = �� ∈ ℂ: |�| < 1�. We get some geometric properties, such as, coefficient 

estimate, growth and distortion theorems, convex set, radii of convexity and 

starlikeness, weighted mean, arithmetic mean and partial sums for functions 

belonging to the class ��,�,��,�,�	
, �, �, 
�. 

1. Introduction 

Let � be the class of functions � that are analytic in the open unit disk � = �� ∶ � ∈ ℂ , |�| < 1� of the form 

�	�� = � + ! "#�#$
#%& ,                                                       	1.1� 

Let ℳ be denote the function subclass of � consisting of functions of the form: 

�	�� = � − ! "#�#$
#%&     	"# ≥ 0�.                                    	1.2� 
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If  �	��, ,	�� ∈ ℳ, then their Hadamard product is  

�	�� ∗ ,	�� = � − ! "#.#�#$
#%& = ,	�� ∗  �	��                              	1.3� 

for 

�	�� = � − ! "#�#$
#%& ,     ,	�� = � − ! .#�#$

#%& . 
We say that �	�� is starlike in domain � if � ∶ � → ℂ is univalent and �	�� is a 

starlike domain with respect to origin. Then �	�� ∈ �, is said to be starlike of order 1 if it satisfies 

23 4��5	���	�� 6 > 1 

for some 1 	0 ≤ 1 < 1� and for all � ∈ �. 
Also, a univalent function �	�� ∈ � is said to be convex of order 1 if and only if ��5	�� is starlike of order 1. In other words, if 

23 41 + ��9	���5	�� 6 > 1 

for some 1 	0 ≤ 1 < 1� and for all � ∈ �. 
Furthermore, a univalent function �	�� ∈ � is said to be close-to-convex of 

order 1 if 23	��5	��� > 1 

for some 1 	0 ≤ 1 < 1� and for all � ∈ �. 
Symbolize by :⋆	1� and <∗	1� the classes of univalent starlike and univalent 

convex function of order 1, respectively. 

Now, by making use of the binomial series 

	1 − =�� = ! > ?@A�
�%B 	−1��=�,        	? ∈ ℕ = �1,2, ⋯ �,   @ ∈ ℕB = ℕ ∪ �0��, 

for � ∈ �,  0 < F < 1,  0 < = < 1,  @ ∈ ℕ = �1,2, ⋯ �,  G ∈ ℂ\IBJ,  K ∈ ℂ,  ? ∈ ℕB and 

motivated by [13] and [3],  Rossdy et al. [8]  introduced the following generalized 
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operator ��,��,�,��	�� 

��,��,�,��	�� = � + ! >1 + GL + GA� M1 + F	L − 1�	1 − =��N�"#�#$
#%& .                 	1.4� 

The operator ��,��,�,��	�� generalized other earlier established operators. For 

example: 

1) For @ = 1, the operator ��,��,P,� = Q�,�#,R
 was introduced and studied by [13]. 

2) For ? = 0, the operator ��,��,�,B = SR,�  was introduced and studied by [11]. 

3) For K = 0, = = 0 and K = 0, @ = 0, the operator ��,BB,�,� = ��,�B,B,� = ��# was 

introduced and studied by [1]. 

4) For K = 0, = = 0, F = 1, and K = 0, @ = 0, F = 1 the operator �P,BB,�,� = �P,�B,B,� =�# was introduced and studied by [9]. 

The generalized operator is easily reduced to the following relations: 

��,�B,�,B�	�� = �	��, 
��,�B,�,P�	�� = 	1 − F	1 − =��� �	�� + F	1 − =����5	�� = ��,�� �	��,           	1.5� 

⋮ 
��,��,�,��	�� = ��,�� V��,��,�,�JP�	��W.                                     	1.6� 

To show (1.6), let �	�� be given by (1.1). Then, from (1.5), we have ��,�� �	�� = 	1 − F	1 − =��� �	�� + F	1 − =����5	��,                  	1.7� 

Then, we obtain 

��,��,�,��	�� = 	1 − F	1 − =��� V��,��,�,�JP�	��W + F	1 − =��� V��,��,�,�JP�	��W5
 

= ��,�� V��,��,�,�JP�	��W. 
Definition 1.1. A function �	�� in ℳ is in the class ��,�,��,�,�	
, �, �, 
� if and only if 

it satisfies the condition:  
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\\
�& V��,��,�,��	��W9 + � 4� V��,��,�,��	��W5 − ��,��,�,��	��6
�� V��,��,�,��	��W5 + 	1 − ����,��,�,��	�� \\ < 
, 

where � ∈ �, 0 ≤ � < 1, 0 ≤ � < 1, 0 < 
 < 1 and 0 ≤ 
 ≤ 1. 

Remark 1.1. If  K = 0, ? = 0 and 
 = 0, the class ��,�,��,�,�	
, �, �, 
� shortens to the 

class :	�, =, 
� which is introduced by Atshan and Ghawi [2].  

Some of the following properties studied for other classes in [2,4,5,6,7,12]. 

2. Coefficient Estimate 

In the following theorem, we obtain a necessary and sufficient condition for 

function to be in the class ��,�,��,�,�	
, �, �, 
�. 
Theorem 2.1. Let the function � be defined by (1.2). Then �	�� ∈ ��,�,��,�,�	
, �, �, 
� 

if and only if   

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"#
$

#%& ≤ 
	� + 1 − ��, 	2.1� 

where _#�,�,�	F, =, G� = VP`�#`�W� M1 + F	L − 1�	1 − =��N�,  � ∈ �,  0 ≤ � < 1,  0 ≤ � <1,  0 < 
 < 1 aL" 0 ≤ 
 ≤ 1. The result (2.1) is sharp for the function 

�	�� = � − 
	� + 1 − ��M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G� �#.            	2.2� 

Proof. Suppose that the inequality (2.1) holds true and |�| = 1. Then we obtain  

b
�& V��,��,�,��	��W9 + � 4� V��,��,�,��	��W5 − ��,��,�,��	��6b
− 
 c�� V��,��,�,��	��W5 + 	1 − ����,��,�,��	��c 

= d− !	L − 1�	
L + ��$
#%& _#�,�,�	F, =, G�"#�#d 
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−
 de� + 	1 − ��f� − !	L� + 1 − ��$
#%& _#�,�,�	F, =, G�"#�#d 

≤ !M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"# − 
	� + 1 − �� ≤ 0$
#%& . 

Hence, by maximum modules principle, � ∈ ��,�,��,�,�	
, �, �, 
�. Now, assume that � ∈ ��,�,��,�,�	
, �, �, 
� so that  

\\
�& V��,��,�,��	��W9 + � 4� V��,��,�,��	��W5 − ��,��,�,��	��6
�� V��,��,�,��	��W5 + 	1 − ����,��,�,��	�� \\ < 
,       � ∈ �. 

Hence 

b
�& V��,��,�,��	��W9 + � 4� V��,��,�,��	��W5 − ��,��,�,��	��6b 
< 
 c�� V��,��,�,��	��W5 + 	1 − ����,��,�,��	��c. 

Therefore, we get 

d! −	
L + ��	L − 1�$
#%& _#�,�,�	F, =, G�"#�#d

< 
 de� + 	1 − ��f� − !	L� + 1 − ��$
#%& _#�,�,�	F, =, G�"#�#d. 

Thus  

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"# ≤ 
	� + 1 − ��$
#%&  

and this proof is complete. 

Corollary 2.1. If �	�� ∈ ��,�,��,�,�	
, �, �, 
�, then we have  

"# ≤ 
	� + 1 − ��M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�.                         	2.3� 
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3. Growth and Distortion Theorems 

Next, we prove the growth and distortion bounds for the class ��,�,��,�,�	
, �, �, 
�. 

Theorem 3.1. If � an analytic function given by (1.2) is in the class ��,�,��,�,�	
, �, �, 
�, then for 0 < |�| = g < 1 

g − 
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g& ≤ |�	��| 
≤ g + 
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g&. 

The bounds are sharp, since the equality are attained by the function 

�	�� = � − 
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� �&.                  	3.1� 

Proof. In view of Theorem 2.1, we have 

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"# ≤ 
	� + 1 − ��$
#%& , 

and 

e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� ! "#
$

#%&  

≤ !M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"#
$

#%&  

≤ 
	� + 1 − ��. 
Therefore, we have 

! "#
$

#%& ≤ 
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� 

Thus, for � ∈ ��,�,��,�,�	
, �, �, 
�, we obtain 
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|�	��| = d� − ! "#
$

#%& �#d ≤ |�| + |�|& ! "#
$

#%&  

≤ g + 
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g&. 
The other assertion can be proved as follows 

|�	��| = d� − ! "#
$

#%& �#d ≥ |�| − |�|& ! "#
$

#%&  

≥ g − 
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g&. 
This completes the proof. 

Similarly, following the same method in Theorem 3.1, we can prove the 

following 

Theorem 3.2. If � an analytic function given by (1.2) is in the class ��,�,��,�,�	
, �, �, 
�, then for 0 < |�| = g < 1 

1 − 2
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g ≤ |�	��5| 
≤ 1 + 2
	� + 1 − ��e2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g. 

The result is sharp for the function �	�� is given by (3.1). 

Proof. For � ∈ ��,�,��,�,�	
, �, �, 
�, we have 

|�	��5| = d1 − ! L"#
$

#%& �#JPd ≤ 1 + |�| ! L"#
$

#%&  

≤ 1 + 2
e� + 	1 − ��fe2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g. 
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On the other hand 

|�	��5| = d1 − ! L"#
$

#%& �#JPd 
≥ 1 − |�| ! L"#

$
#%&  

≥ 1 − 2
e� + 	1 − ��fe2
 + � + 
	2� + 1 − ��f_&�,�,�	F, =, G� g. 
This completes the proof. 

4. Convex Set 

Theorem 4.1. The class ��,�,��,�,�	
, �, �, 
� is convex set. 

Proof. Let functions � and , be in the class ��,�,��,�,�	
, �, �, 
�. Then for every 0 ≤ Q ≤ 1, we must show that  	1 − Q��	�� + Q,	�� ∈ ��,�,��,�,�	
, �, �, 
�.                                 	4.1� 

We have  

	1 − Q��	�� + Q,	�� = � − !M	1 − Q�"# + Q.#N$
#%& �#. 

So by Theorem 2.1, we get  

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�$
#%& M	1 − Q�"# + Q.#N 

= 	1 − Q� !M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�$
#%& "# 

+Q !M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�.#
$

#%&  

≤ 	1 − Q�
	� + 1 − �� + Q
	� + 1 − �� = 
	� + 1 − ��. 
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5. Radii of Convexity and Starlikeness 

In the next Theorems, we will find the radii of convexity and starlikeness for the 

functions in the class ��,�,��,�,�	
, �, �, 
�.  

Theorem 5.1. Let �	�� ∈ ��,�,��,�,�	
, �, �, 
�. Then the function �	�� is univalent 

convex of order 1 	0 ≤ 1 < 1� in the disk |�| < 2P, where 

2P = hLi# j	1 − 1�M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�L
	L − 1�	� + 1 − �� k lmnl ,     	L ≥ 2�. 
The outcome is sharp for the function �	�� given by (2.2). 

Proof. It is enough to show that  

b��9	���5	�� b ≤ 1 − 1          	0 ≤ 1 < 1�, 
for |�| < 2P, we get  

b��9	���5	�� b ≤ ∑ L	L − 1�"#|�|#JP$#%&1 − ∑ L"#|�|#JP$#%& . 
Thus  

b��9	���5	�� b ≤ 1 − 1, 
if 

! L	L − 1�1 − 1 "#|�|#JP$
#%& ≤ 1.                                              	5.1� 

Therefore, by using Theorem 2.1, (5.1) will be true if  L	L − 1�1 − 1 |�|#JP ≤ M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�
	� + 1 − �� , 
and hence  

|�| ≤ j	1 − 1�M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�L
	L − 1�	� + 1 − �� k lmnl  ,    	L ≥ 2�. 
Setting |�| = 2P, we get the desired result. 
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Theorem 5.2. Let �	�� ∈ ��,�,��,�,�	
, �, �, 
�. Then the function �	�� is univalent 

starlike of order 1 	0 ≤ 1 < 1� in the disk |�| < 2&, where 

2& = hLi# j	1 − 1�M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�
	L − 1�	� + 1 − �� k lmnl , 	L ≥ 2�. 
The outcome is sharp for the function �	�� given by (2.2). 

Proof. It is enough to show that  

b��5	���	�� − 1b ≤ 1 − 1        	0 ≤ 1 < 1�, 
for |�| < 2&, we get  

b��5	���	�� − 1b ≤ ∑ 	L − 1�"#|�|#JP$#%&1 − ∑ "#|�|#JP$#%& . 
Thus  

b��5	���	�� − 1b ≤ 1 − 1, 
if  

! 	L − 1�	1 − 1� "#|�|#JP$
#%& ≤ 1.                                              	5.2� 

Therefore, by using Theorem 2.1, (5.2) will be true if  

	L − 1�	1 − 1� |�|#JP ≤ M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�
	� + 1 − �� , 
and hence  

|�| ≤ j	1 − 1�M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�
	L − 1�	� + 1 − �� k lmnl  ,      	L ≥ 2�. 
Setting |�| = 2&, we get the desired result. 
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6. Weighted Mean and Arithmetic Mean 

 Definition 1.2. The weighted mean �p	�� of  �	�� and ,	�� defined by  

�p	�� = 12 M	1 − q��	�� + 	1 + q�,	��N,           0 < q < 1. 
The next theorem shows the weighted mean with relation to this class. 

 Theorem 6.1. Let �	�� aL" ,	�� be in the class ��,�,��,�,�	
, �, �, 
�. Then the 

weighted mean of �	�� aL" ,	�� is also in the class ��,�,��,�,�	
, �, �, 
�. 
Proof. By Definition of the weighted mean, we have 

�p	�� = 12 M	1 − q��	�� + 	1 + q�,	��N 

= 12 r	1 − q� s� − ! "#
$

#%& �#t + 	1 + q� s� − ! .#
$

#%& �#tu 

= � − ! 12 M	1 − q�"# + 	1 + q�.#N$
#%& �#. 

Since �	�� and ,	�� are in the class ��,�,��,�,�	
, �, �, 
�, so by Theorem 2.1, we get   

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"# ≤ 
	� + 1 − ��$
#%&  

and  

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�.# ≤ 
	� + 1 − ��$
#%& . 

Hence,   

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�$
#%& v12 	1 − q�"# + 12 	1 + q�.#w 

= 12 	1 − q� !M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�"#
$

#%&  
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+ 12 	1 + q� !M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�.#
$

#%&  

≤ 12 
	1 − q�	� + 1 − �� + 12 
	1 + q�	� + 1 − �� = 
	� + 1 − ��. 
This shows that �p	�� ∈ ��,�,��,�,�	
, �, �, 
�. 

In the following theorem, we will show that the class ��,�,��,�,�	
, �, �, 
� is closed 

under arithmetic mean. 

Theorem 6.2. Let �P	��, �&	��, �x	��, ⋯ , �y	�� that defined by  

�ℓ	�� = � − ! "#,ℓ�#$
#%& ,        e"#,ℓ ≥ 0, ℓ = 1,2, … , Q, L ≥ 2f,                 	6.1� 

be a member of the class ��,�,��,�,�	
, �, �, 
�. Then the arithmetic mean of  �ℓ	��	ℓ =1,2, … , Q� that defined by 

ℎ	�� = 1Q ! �ℓ	��y
ℓ%P                                                        	6.2� 

is also in the class ��,�,��,�,�	
, �, �, 
�. 
Proof. By (6.1) and (6.2), we can write  

ℎ	�� = 1Q ! s� − ! "#,ℓ�#$
#%& ty

ℓ%P = � − ! }1Q ! "#,ℓ
y

ℓ%P ~ �#$
#%& . 

Since �ℓ	�� ∈ ��,�,��,�,�	
, �, �, 
� for every 	ℓ = 1,2, … , Q�, so by Theorem 2.1, we have 

!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�$
#%& }1Q ! "#,ℓ

y
ℓ%P ~ 

= 1Q ! s!M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�$
#%& "#,ℓty

ℓ%P  
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≤ 1Q ! 
	� + 1 − ��y
ℓ%P = 
	� + 1 − ��. 

The proof is complete. 

7. Partial Sums 

This section will be examined the ratio of a function of the form (1.2) to its 

sequence of partial sums defined by �P	�� = � and ��	�� = � − ∑ "#$#%& �# , when the 

coefficients of � are sufficiently small to satisfy the condition (2.1). We will establish 

sharp lower bounds for 

23 4 �	����	��6 , 23 4��	���	�� 6 , 23 4�5	����5 	��6  and  23 4��5 	���5	��6. 
In what follows, we will use the well know outcome that 

23 41 − �	��1 + �	��6 > 0             	� ∈ ��, 
if and only if  

�	�� = ! .#�#$
#%P , 

satisfies the inequality |�	��| ≤ |�|. 
Theorem 7.1. If �	�� ∈ ��,�,��,�,�	
, �, �, 
�, then  

23 4 �	����	��6 ≥ 1 − 1.�`P         	� ∈ �, � ∈ ℕ�                           	7.1� 

and 

23 4��	���	�� 6 ≥ .�`P1 + .�`P         	� ∈ �, � ∈ ℕ�,                         	7.2� 

where   

.# = M	L − 1�	
L + �� + 
	L� + 1 − ��N_#�,�,�	F, =, G�
	� + 1 − �� . 
The estimations in (7.1) and (7.2) are sharp. 
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Proof. We utilize the same method used by Silverman [10]. The function �	�� ∈ ��,�,��,�,�	
, �, �, 
� if and only if  

! .#"#
�

#%& ≤ 1. 
It is easy to verify that .�`P > .� > 1. Thus  

! "# + .�`P ! "#
$

#%�`P ≤ ! .#"#
$

#%& ≤ 1�
#%& .                           	7.3� 

We may write  

.�`P � �	����	�� − 41 − 1.�`P6� = 1 − ∑ "#�#%& �#JP − .�`P ∑ "#$#%�`P �#JP1 − ∑ "#�#%& �#JP = 1 + �	��1 + �	��. 
Set  1 + �	��1 + �	�� = 1 − �	��1 + �	��, 
so that  

�	�� = �	�� − �	��2 + �	�� + �	��. 
Then  

�	�� = .�`P ∑ "#$#%�`P �#JP2 − 2 ∑ "#�#%& �#JP − .�`P ∑ "#$#%�`P �#JP 

and  

|�	��| ≤ .�`P ∑ "#$#%�`P2 − 2 ∑ "#�#%& − .�`P ∑ "#$#%�`P . 
Now |�	��| ≤ 1 if and only if 

! "# + .�`P ! "#
$

#%�`P ≤ 1�
#%& , 

this is supported by (7.3). Assertion (7.1) of  Theorem (7.1) is easily produced by 

this. To see that 
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�	�� = � − ��`P.�`P ,                                                      	7.4� 

gives sharp results, we observe that �	����	�� = 1 − ��.�`P. 
Lettering � → 1J, we have  �	����	�� = 1 − 1.�`P, 
which shows that the bounds in (7.1) are the best possible for each � ∈ ℕ. 
Similarly, we take 

e1 + .�`Pf 4��	���	�� − .�`P1 + .�`P6 

= 1 − ∑ "#�#%& �#JP + .�`P ∑ "#$#%�`P �#JP1 − ∑ "#�#%& �#JP  

= 1 − �	��1 + �	��, 
where 

|�	��| ≤ e1 + .�`Pf ∑ "#$#%�`P2 − 2 ∑ "#�#%& + e1 − .�`Pf ∑ "#$#%�`P . 
Now |�	��| ≤ 1 if and only if 

! "# + .�`P ! "#
$

#%�`P ≤ 1�
#%& , 

which is supported by (7.3). This instantly leads to the assertion (7.2) of Theorem 

(7.1). The estimate in (7.2) is sharp with the extremal function �	�� given by (7.4). 

Proof of Theorem 7.1 is now complete. 

Theorem 7.2. If �	�� ∈ ��,�,��,�,�	
, �, �, 
�, then  

23 4�5	����5 	��6 ≥ 1 − � + 1.�`P             	� ∈ �, � ∈ ℕ�,                     	7.5� 
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and 23 4��5 	���5	��6 ≥ .�`P� + 1 + .�`P        	� ∈ �, � ∈ ℕ�.                   	7.6� 

The estimates in (7.5) and (7.6) are sharp with the extremal function given by (7.4). 
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