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Abstract

In the present work, we submit and study a new class sf_g;;t(ﬁ, ¥, w, i) containing

analytic univalent functions defined by new differential operator Df";”'t in the open

unit disk E = {s € C: |s| < 1}. We get some geometric properties, such as, coefficient
estimate, growth and distortion theorems, convex set, radii of convexity and

starlikeness, weighted mean, arithmetic mean and partial sums for functions

belonging to the class S/f;’fl;t By, w, Ww).

1. Introduction

Let A be the class of functions k that are analytic in the open unit disk
E ={s:s€C,|s| <1} of the form

k(s) = s + Z d,s™, (L.1)
n=2
Let M be denote the function subclass of A consisting of functions of the form:

k(s) = s — Z d,s" (d, > 0). (12)
n=2
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If k(s), g(s) € M, then their Hadamard product is

k() +9(8) =5 = ) dufus™ = g(s) * k(s) (1.3)
n=2

for

k(s) =s— i dps™, g(s)=s-— i Fns™
n=2 n=2

We say that k(s) is starlike in domain E if k : E — C is univalent and k(E) is a

starlike domain with respect to origin. Then k(s) € A, is said to be starlike of order

sk'(s)
(s > >$

forsomeé (0 < ¢ <1)andforalls € E.

¢ if it satisfies

Also, a univalent function k(s) € A is said to be convex of order ¢ if and only if
sk'(s) is starlike of order €. In other words, if

sk”(s)
Re <1 + k'_(S)> > ¢

forsomeé (0 <¢é <1)andforalls € E.

Furthermore, a univalent function k(s) € A is said to be close-to-convex of
order ¢ if

Re(sk'(s)) > ¢
forsomeé (0 < ¢ < 1) andforalls € E.

Symbolize by S$*(¢) and C*(¢) the classes of univalent starlike and univalent
convex function of order ¢, respectively.

Now, by making use of the binomial series

t
t
1-a) = z ( )(—1)mam, (teN={12,}, meN,=NuU{0}),
=0
for keA 0<1<1,0<a<1l,meN={12,-},beC\Z,,zeC teN, and
motivated by [13] and [3], Rossdy et al. [8] introduced the following generalized
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operator DAZ”;”'tk(s)
ot 1+ by
DEMk(s) = s + Z (m) [14+A(n— D)(1 — @)™]td, s™. (1.4)
n=2

The operator Dj'&”’tk(s) generalized other earlier established operators. For

example:

1) Form = 1, the operator D/f';’t = ¥, was introduced and studied by [13].

2) Fort = 0, the operator Df";”'o = Js,p was introduced and studied by [11].

3) For z=0, a=0 and z=0, m =0, the operator D%n't = Df'g’t = D/{l was

introduced and studied by [1].
4) Forz=0,a=0,A4=1,and z=0, m =0, 1 =1 the operator Df_’(r,n’t = Df_'g’t =

D™ was introduced and studied by [9].
The generalized operator is easily reduced to the following relations:

DYk (s) = k(s),

Dy tk(s) = (1 —A(1 — @)™) k(s) + A(1 — @)™sk’(s) = D’ k(s), (1.5)
D k(s) = Dy (DL e(s)). (16)

To show (1.6), let k(s) be given by (1.1). Then, from (1.5), we have
Dyuk(s) = (1 =21 —a)™) k(s) + A(1 — a)™sk'(s), (1.7)

Then, we obtain
DI k(s) = (1 = A1 = ™) (D7 7'k(s)) + A1 = @)™s (Df"k(s))

= DJ", (D77 k(s)).

zm,t

Definition 1.1. A function k(s) in M is in the class S, ;" (B, v, w, p) if and only if

it satisfies the condition:
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Iﬂsz (Df_'é"’tk(s)) +y (s (Dj';n’tk(s)) — D/lz_’;n'tk(s)>l

7 <
ws (D;_;;"'fk(s)) + (1 = Y)DEI k(s)
wheres € F,0<y<1,0<w<1,0<pu<land0<f <1

Remark 1.1.If z=0,t = 0 and § = 0, the class S/lz_’:_ll’f (B,y, w, 1) shortens to the
class S(y, @, u) which is introduced by Atshan and Ghawi [2].

Some of the following properties studied for other classes in [2,4,5,6,7,12].

2. Coefficient Estimate

In the following theorem, we obtain a necessary and sufficient condition for

function to be in the class 5,12,'07,1; By, w, ).

Theorem 2.1. Let the function k be defined by (1.2). Then k(s) € S/-lz";'};t(ﬁ, Y, w, 1)
if and only if

Z[(n —DBn+y) +umo+1-Pler™ A a,b)d, < plo+1-y),  (2.1)
n=2

A
where @Z™' (1, a,b) = (%) [lT+A(n-1DA-a)™]}, sEE, 0<y<1,0<w<

1, 0<pu<land0 < < 1. Theresult (2.1) is sharp for the function

pow+1-y) o
[(n—D(Bn+y) +pmo+1-Y]es™ A ab)

Proof. Suppose that the inequality (2.1) holds true and |s| = 1. Then we obtain

k(s) =s—

(2.2)

Bs? (Dﬂnik(s)) +vy (s (Dfén.tk(s)) - Dﬂn.tk(s)>

— u|ws (DZ(s)) + (1 — PDEK(s)]

=) (= DEn+y) o7 a,b)dys”

n=2
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—u

(a) +(1- y))s - Z(nw +1—7) 2™ (A, a,b)d,s™
n=2

< ) (= D@+ ) + w0 + 1= PIPE™ 4,0, b)dy — (@ +1-7) <O,
n=2

Hence, by maximum modules principle, k € S/f’;'};t(ﬁ,y, w, ). Now, assume that

k€ SZ;ZLJ (8,7, w, 1) so that

Bs? (Dj'[T’tk(s)) +y <s (D/f';”'tk(s)) - D,ff’%(s))

. - . <u SEE.
ws (D,{;”' k(s)) + (1 = V)DL k(s)

Hence

fs? (ngn'fk(s)) +y <s (Djé".tk(s)) - ngl",tk(s)>

<u |a)s (D/lz_’;"'tk(s)), + (- y)DAZ_’gl'tk(s)l.

Therefore, we get

D =B+ NO-D eI O a,b)dys"
n=2

<u

(w+(@1—p))s— Z(nw +1—9) 2™ (A, a, b)d,s™|.
n=2
Thus

D 1= D@ +7) + e + 1= DI0E™ A0, bdy < pw +1-7)
n=2

and this proof is complete.
Corollary 2.1.If k(s) € ;2% (B, v, , 1), then we have

4 < ulw+1-y)
"Tn-1DBn+y) +pno + 1 - P]e™ (A, a,b)’

(23)
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3. Growth and Distortion Theorems

Sz,m,t

Next, we prove the growth and distortion bounds for the class 8, ;; (8, v, ®, ).

Theorem 3.1. If k an analytic function given by (1.2) is in the class

S/lz_’gll;t(ﬁ,y, w, ), then for0 < |s| =r <1

. ww+1—y)
(28 +v +pQRw +1-7)ps™ (A, a,b)

r? < |k(s)|

< plw+1-y) 5
<r+ L re.
(2B +y +uQw+1-7))ps™ (A a,b)

The bounds are sharp, since the equality are attained by the function

plw+1-y) )
zm,t S”.
(28 +y +pQRw +1—7)ps™ (A, a,b)

k(s)=s—

Proof. In view of Theorem 2.1, we have

> 1= D@ +7) + o + 1= PIPE™ (A, 0, bd < pw +1-7),
n=2

and

(2B +y +pQRw +1—7)ps™ (A, a,b) z dn
n=2

< ) 1= D@ +1) + k(0w + 1= PlgE™ (0, bdy
n=2

Sulw+1-y).

Therefore, we have

N plw+1-y)
Z dn < Zmt
LT (2B +y +pQw +1-1)ps™ (L a, b)

Thus, for k € S/-f';fll;t (8,7, w, 1), we obtain

(3.1)

http:/fwww.earthlinepublishers.com
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S —

|k(s)| =

<|s|+|s|22d

plw+1-7y) 2
(2/3 +y+puQw+1-7))pZ™ (4, a,b)

||M8

The other assertion can be proved as follows

> |s| - |s|22d

wlw+1-y) 2
(2/? +y+pQow+1-7))e™ (4, a,b)

lk(s)| =

||M8

This completes the proof.

Similarly, following the same method in Theorem 3.1, we can prove the

following

Theorem 3.2. If k an analytic function given by (1.2) is in the class
Sf;nbt(ﬁr% w, W), thenfor0 < |s|=r<1

2w+ 1-v) ,
(Zﬁ +y+pQRw+1-7))es™ a,b)r < kGl
2w+ 1-y)

+ r.
(2B +y +uCw+1-1))p;™ (A, a,b)
The result is sharp for the function k(s) is given by (3.1).

Proof. For k € §77% (B, v, @, i), we have

[e0) [00]
— Z nd, s" 1 <1+ |s| Z nd,
n=2 n=2

Z,u(a) +(1- y)) .
(2/3 +y+uQw+1-— y))(pzmt(/'l, ab)

lk(s)'I =1
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1148 Igbal Ali Hasoon and Najah Ali Jiben Al-Ziadi

On the other hand

k()| =

1-— Z nd, s 1
n=2
1—|s| Z nd,
n=2

1 2,u(w +(1- y))
= - T.
(2B +y +pQw+1-7))p7™ (4, a, b)

v

This completes the proof.

4. Convex Set

Theorem 4.1. The class Sjg’l’f (B,y,w, 1) is convex set.

Proof. Let functions k and g be in the class Sfﬁf(ﬁ, ¥, w, ). Then for every

0 <9 <1, we must show that

(1 —9)k(s) +9g(s) € S774 (B, ¥, @, ). (4.1)

We have

(0]

(1 — O)k(s) +9g(s) = s — Z[u —9)d,, + 04,] s™

n=2

So by Theorem 2.1, we get

D 16— D@ +7) + o + 1= PIpE™ (0, b) [ = 0)dy + 04,
n=2
= (1=9) ) (1= D(Br+7) + uw + 1= PIgE™ (ha,b) d
n=2

9 ) (1= DB+ 1) + k0w + 1= PIgE™ @,y
n=2

SA-Nulw+1-y)+9u(w+1-y)

=p(w+1-y).

http:/fwww.earthlinepublishers.com
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5. Radii of Convexity and Starlikeness

In the next Theorems, we will find the radii of convexity and starlikeness for the

functions in the class Sf;"bt B,y,w, 1.

Theorem 5.1. Let k(s) € Sffbt(ﬁ, y,w, w). Then the function k(s) is univalent
convex of order & (0 < & < 1) in the disk |s| < Ry, where

1

[(1 Ol = DBn+y) +p(w + 1 = P]ep™ (4, a, b
nu(n —&(w +1-y)

, (n=2).

The outcome is sharp for the function k(s) given by (2.2).
Proof. It is enough to show that

sk"(s)
k'(s)

<1-¢ (0<&<1),

for |s| < R, we get

sk"(s)

_ ZRon(n = Ddyls|"!
ol

1-Yaondyls/™™t -

Thus
sk”(s)

Ol

if

P

n=2
Therefore, by using Theorem 2.1, (5.1) will be true if
nn=8 . [(=1DBn+y)+uno+1-y]e;™ 4 ab)
——IsI"t < :
1-¢ plw+1-y)

and hence

1

(1=l = DBn+y) +pw +1-Ple™ A a,b)|*?

s| <
numn -8 (w+1-y)

, (n=2).

Setting |s| = R;, we get the desired result.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1141-1157
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Theorem 5.2. Let k(s) € ng’}f(ﬁ, y,w, 1). Then the function k(s) is univalent
starlike of order & (0 < é < 1) in the disk |s| < R,, where

1

Hln—DPn+y) + unw + 1 = y)]pi™ (4, a,b)]**
,(n=2).
un—=8(w+1-vy)

=
R, =inf
n
The outcome is sharp for the function k(s) given by (2.2).

Proof. It is enough to show that

sk'(s)
‘ k(s)

—1l<1-¢ (0<E<),

for |s| < R,, we get

‘sk'(s) . ‘ _ T (n - Ddyls|?
K T I dals

Thus

sk'(s)
k(s)

—1‘S1—§’,
if

o (n— )
La-9

d,|s|™ 1 < 1. (5.2)

Therefore, by using Theorem 2.1, (5.2) will be true if

n—9%) s < [(n—D(Bn+7y) +unw+1-Y]er™ (4, a,b)
1-28) = p(w+1-y) '

and hence

1

(1=l = DBn+y) +u(w +1-Plp7™ @A a,b)]**

Isl = W -1y :

(n=2).

Setting |s| = R,, we get the desired result.

http:/fwww.earthlinepublishers.com
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6. Weighted Mean and Arithmetic Mean
Definition 1.2. The weighted mean D, (s) of k(s) and g(s) defined by
1
Dy(s) = 3 [A=0)k(s)+ (1A +0d)g(s)], 0<d<1.

The next theorem shows the weighted mean with relation to this class.

Theorem 6.1. Let k(s) and g(s) be in the class ng'}f(ﬁ,y, w, ). Then the

weighted mean of k(s) and g(s) is also in the class Sf_gf(ﬁ, Y, W, ).

Proof. By Definition of the weighted mean, we have

1
Da(s) = 51(1 = D)k(s) + (1 + 9)g(s)]

:%[(1_a)<5_idn5n>+(1+6)(S—ansn>]

Since k(s) and g(s) are in the class Sf_g’}f(ﬁ, ¥, w, 1), so by Theorem 2.1, we get

[1-3)d, + (1 +d)f,]s™

N| -

NgE

[(n—D(Bn+7y) +pnw+1-P]e™ A a,b)d, < plw +1—7v)

n=2

and
D= DB+ 1)+ uo + 1= DIOF™ R, < p(w +1-7).
n=2

Hence,

S 1 1
Y= DB+ + o + 1= DIoF™ (A a,b) |5 (1 = 0)dy +5 1+ 0)fa|
n=2

1 N zm,t
=3 =0) ) (1= DB +7) + k0w + 1= PIgE™ (@, b)dy
n=2

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1141-1157
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1 (0]
+3(1+0) Y [(n=D(n+7) + uno + 1= DIoZ™ A, @ b,

n=2

1
< u(l—a)(w+1—y)+§y(1+0)(a)+1—y)=u(w+1—y).

N| -

This shows that Dy (s) € Sf”;’l’f(ﬁ, Y, w, lW).

In the following theorem, we will show that the class ng_ll’f (B,y, w, u) is closed

under arithmetic mean.

Theorem 6.2. Let k{(s), k,(s), k3(s), +, kg(s) that defined by
kp(s) = s — Z dpos™,  (dne=0,6=12,..,9,1n>2), (6.1)
n=2

zm,t

be a member of the class S, ;" (B, v, w, ). Then the arithmetic mean of k,(s)(¥ =
1,2, ...,9) that defined by

h(s) =5 ) ke(s) (6.2)

is also in the class S,f;f[fif By, w, 1.

Proof. By (6.1) and (6.2), we can write

9 ) ©
1 . 1
0-35 (o Sus)5- 5
£=1 n=2 n=2 £

Since k,(s) € ng'}f B,v,w, u) for every (¢ = 1,2, ...,9), so by Theorem 2.1, we have

9
dn,g s™.
1

0 9
N 1= D@n+ 1)+ +1 - Pl G b | 5 d
n=2 o o g =1 "

9 ©
1
= 52 (Z [(m—1DBn+y) +punw + 1 —pY)]eZ™ A, a,b) dn,{,>
£=1 \n=2

http:/fwww.earthlinepublishers.com
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Zu(w+1—y)—u(w+1—y)

¢o|H

The proofis complete.

7. Partial Sums

This section will be examined the ratio of a function of the form (1.2) to its
sequence of partial sums defined by k;(s) = s and k,(s) = s — ¥;_, d,, s™, when the
coefficients of k are sufficiently small to satisfy the condition (2.1). We will establish

sharp lower bounds for
k(s) ) (k (S)) (k’(5)> (k (S)>
Re ,Re Re | — and Re
(kq(s> k@) )" k() k()
In what follows, we will use the well know outcome that

1-2(s)
Re(TZ(S‘)>>O (SEE),

if and only if

Z(s) = i Fas™
n=1

satisfies the inequality |Z(s)| < |s|.

Theorem 7.1. Ifk(s) € Sf;"bt (B,v, w, 1), then

R<k(s)>>1— ! GseEgen (7.1)
®) = fm 0 '
and
kq(s) Fa+1
Re (k(s) ) T+ fors (s€E,q EN), (7.2)
where

[((n—D(Bn+y) +utnw+1-y)]er™ (4, a,b)
plw+1-y) '

The estimations in (7.1) and (7.2) are sharp.

Fn =

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1141-1157
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Proof. We utilize the same method used by Silverman [10]. The function
k(s) € Sf_;’ff (8,7, w, p) if and only if

q
z fudy < 1.
n=2

Itis easy to verify that £, > #; > 1. Thus

q oo co
Z dy + Fy41 Z d, < Z $.d, <1. (7.3)
n=2 n=q+1 n=2

We may write

{k(s) ( 1 >} 1 _Zg;z dn sm1 _’fq+1 Z:{)=q+1 dn smt 1 +D(5)
’ﬁq+1 = =

ko(s) " Fg 1-%0_ d, st REYIO)
Set
1+D(s) 1-2(s)
1+F(s) 1+2(s)
so that
F(s)—D(s
2y = FO=DE)
24+ D(s)+ F(s)
Then
Z(S) — ’ﬁq+1 Z?Lo=q+1 dn sn—l
2-2 231:2 dn st — ’fq+1 Z;.Lo=q+1 dn sn1
and
o g1 d
|Z(S)| < ’ﬁq+1 Zn—q+1 n

2-2 ZZ:Z dn - ’ﬁq+1 Z:Lo=q+1 dn.
Now |Z(s)| < 1 if and only if
q 0
zdn+’ﬁq+1 z dnSL
n=2 n=q+1

this is supported by (7.3). Assertion (7.1) of Theorem (7.1) is easily produced by
this. To see that

http:/fwww.earthlinepublishers.com
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ga+1
k(s) =s— , (7.4)
q+1

gives sharp results, we observe that

k(s) 1 s

ko(s)  fae1
Lettering s —» 17, we have

k(s) 1

=1- :
kq(s) Fa+1
which shows that the bounds in (7.1) are the best possible for each k € N.

Similarly, we take

ke(s)  Fon
(1 Fg1) ( k(s) 1+ ﬁq+1>

_ 1- th=2 dn smh 4+ ’ﬁq+1 Z:f=q+1 dn snt
1-— Z=2 d, s 1

_1-2(s)
1+ 2(s)

where

(14 Fg41) Zmge1dn
2- 2221=2 dn + (1 - ’ﬁq+1) Z?f:q+1 dy

Now |Z(s)| < 1 if and only if

Zd o Z dn

n=q+1

1Z2(s)| <

which is supported by (7.3). This instantly leads to the assertion (7.2) of Theorem
(7.1). The estimate in (7.2) is sharp with the extremal function k(s) given by (7.4).
Proof of Theorem 7.1 is now complete.

Theorem 7.2. Ifk(s) € Sjjﬁf (B,y,w, 1), then

k'(s) qg+1
Re (k s )> 1 Forn (s€Eq€eN), (7.5)

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1141-1157
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and

kq(s) Fq+1
Re(k’(s)>2q+1+#q+1 (s€E,q EN). (7.6)

The estimates in (7.5) and (7.6) are sharp with the extremal function given by (7.4).

References

[1] AI-Oboudi, F. M. (2004). On univalent functions defined by a generalized Salagean
operator. International Journal of Mathematics and Mathematical Sciences, 27, 1429-
1436. https://doi.org/10.1155/S0161171204108090

[2] Atshan, W. G., & Ghawi, H. Y. (2012). On a new class of univalent functions with
negative coefficients. European Journal of Scientific Research, 74(4), 601-608.

[3] Frasin, B. (2020). A new differential operator of analytic functions involving binomial
series. Boletim da Sociedade Paranaense de Matemdtica, 38(5), 205-213.
https://doi.org/10.5269/bspm.v38i5.40188

[4] Hassan, L. H., & Al-Ziadi, N. A. J. (2023). New class of p-valent functions defined by
multiplier transformations. Utilitas Mathematica, 120, 182-200.

[5] Liu, D., Araci, S., & Khan, B. (2022). A subclass of Janowski starlike functions
involving Mathieu-type series. Symmetry, 14(2), 1-15.
https://doi.org/10.3390/sym14010002

[6] Magesh, N., & Prameela, V. (2013). Certain subclasses of uniformly convex functions
and corresponding class of starlike functions. Malaya Journal of Matematik, 1(1), 18-26.
https://doi.org/10.26637/mjm101/003

[71 Ramadhan, A. M., & Al-Ziadi, N. A. J. (2022). New class of holomorphic univalent
functions defined by linear operator. Journal of Advances in Mathematics, 21, 116-125.
https://doi.org/10.24297/jam.v21i.9258

[8] Rossdy, M., Omar, R., & Soh, S. C. (2024). New differential operator for analytic
univalent functions associated with binomial series. AIP Conference Proceedings, 2905,
070001. https://doi.org/10.1063/5.0171850

[9] Salagean, G. S. (1983). Subclasses of univalent functions. In Complex Analysis — Fifth
Romanian-Finnish Seminar (pp. 362-372). Springer, Berlin-Heidelberg.
https://doi.org/10.1007/BFb0066543

[10] Silverman, H. (1997). Partial sums of starlike and convex functions. Journal of
Mathematical Analysis and Applications, 209, 221-2217.
https://doi.org/10.1006/jmaa.1997.5361

http:/fwww.earthlinepublishers.com



A New Class of Univalent Functions Defined by Differential Operator 1157

[11] Srivastava, H. M., & Attiya, A. A. (2007). Integral operator associated with the Hurwitz-
Lerch Zeta function and differential subordination. Integral Transforms and Special
Functions, 18, 207-216. https://doi.org/10.1080/10652460701208577

[12] Wanas, A. K., & Ahsoni, H. M. (2022). Some geometric properties for a class of analytic
functions defined by beta negative binomial distribution series. Earthline Journal of
Mathematical Sciences, 9(1), 105-116. https://doi.org/10.34198/ejms.9122.105116

[13] Yunus, Y., Akbarally, A. B., & Halim, S. A. (2017). Strongly starlike functions
associated with a new operator. In AIP Conference Proceedings, 1870(1), 040001.
https://doi.org/10.1063/1.4995833

This is an open access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted, use, distribution and reproduction

in any medium, or format for any purpose, even commercially provided the work is properly cited.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1141-1157



