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Abstract

Making use of the generalized (p, q)-Bernardi integral operator, we introduce and

study a new class FJ;,(«,§,4,y) of multivalent analytic functions with negative

coefficients in the open unit disk E. Several geometric characteristics are obtained,
like, coefficient estimate, radii of convexity, close-to-convexity and starlikeness,
closure theorems, extreme points, integral means inequalities, neighborhood
property and convolution properties for functions belonging to the class
Flpg(a,8,4,7).

1. Introduction

Let A, represent the function class that has been normalised by

k(s) = sP + Z ds" (s€EEn=p+LpeN={1,2-}), (L1

n=p+1
which in the open unitdisk E = {s : s € Cand |s| < 1} are analytic and p-valent.

Let M, represent the function subclass of A, made up of the following

functions:
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k(s) =sP — Z d,s™ (SEE;d,=20;n=p+1,peN={12,---}). (1.2)
n=p+1

For the function k(s) € M, given by (1.2), and g(s) € M,, given by

g(s) =sP — Z fus" (SEE; $#,20, n=p+1; p€EN), (1.3)

n=p+1

The definition of the convolution between k(s) and g(s) is the convolution of
k(s) and g(s) is defined by

(k@) =P = ) dufas™ = (g + k). (14)

n=p+1

If the function k(s) € A, meets the following criteria, it is referred to as
p-valent starlike of order & (0 < ¢ < p).

k(s)

If the function k(s) € A, meets the following criteria, it is referred to as

sk'(s)
Re( >>f (seE;0<¢&<p;p€EN). (1.5)

p-valent convex of order £ (0 < & < p).

Re(1 SK() E;0< ; N 1.6
e( +k’—(s)>>f (SE ) _f<p,p€ ) ()

Denote the class of p-valent starlikes of order ¢ by S, (p, §) and represent the
class of p-valent convex of order ¢ by C,(p, &), which Owa [15] investigated.
Observations show that

sk'(s)

k(s) € Cr(p,$) © € Sp(.$).

If the function k(s) € A, meets the following criteria, it is referred to as p-valent

close to convex of order ¢ (0 < & < p).

K (s)
Re(sp_1>>f (SEE;0<¢&<p; peN). (1.7)

More recently, Srivastava et al. [21] studied the generalized (p,q)-Bernardi
integral operator of multivalent functions as follows:
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Definition 1.1. For k(s) € A, the generalized (p, q)-Bernardi integral operator

of multivalent functions B%_q: Ap = A,y is defined by
2
Bfn,qk(s) — {81, ( m- 1qk(5)) (m € N) (1.8)
k(s), (m = 0),

where féf'qk(s) is given by
[p+wlg (°,,-
RY k(s) = s—w"fo t9 e(t)d,t

=sP + l]qd s" (w>-p;s €E), (1.9)
+ w], n

Thus, in the particular instance when p = 1, results in the well-known g-Bernardi
integral operator indicated by (see to [14]).

1+w S
Bigk(s) = [s—w]qf t k(D) dgt
0
—s+ z q dns (0> —1;5 €E). (1.10)
Tl=2

From Bf_qk(s), we conclude that

k(s) k(s) =sP+ ( ) d,s", (w>-p)
o (% 2
and
mqk(s) =sP + ( ) d,s™ (meN,w > —p). (111D

Definition 1.2. We say that class FJ;,(a, §,4,y) contain function k(s) € M, if

and only if satisfies the condition:

. 5 (RD,qk(s)) + 852 (RD, 4k(s))
(1= )P + (1~ 8)ARD, o k(s) + 6 (BE, 4k(s))

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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RP. k(s)) + 652 (RP, k(s))
>a 5 (Bak(©) +65% (Egk(s) —p| 4y, (112)
(1= )sP + (1 — 5)ARD, k(s) + 625 (f&fn’qk(s))

wherever s€E, ,q =20, 0<y<p, 0<1<1,0<6<1, meNn=2p+1;pe€
N ={1,23,}

Remark 1.1. The following different subclasses as studied by various authors
whenm = 0.

1) When p =1, the class F7;,(a,6,4,y) abbreviates to the class NA(S,4,y, a)
that Ajil [1] presented and discussed.

2) When a =0andA =1, the class FJy,(a,6,4,y) abbreviates to the class
T, (p, a, 1) that Altintas et al. [4] presented and discussed.

3) Whena =0, 1 =1andp = 1, the class 7, (a, 6, 4, y) abbreviates to the class
P(n, a, A) that Altintas [3] presented and discussed.

4) Whena =0, A =1andd§ = 1, the class Tﬂ{,’?q (a, 8,1, y) abbreviates to the class
C,(p, @) that Owa [15] presented and discussed.

5) When a =0, A=1,6 =1andp =1, the class FJ;,(a,,4,y) abbreviates to

the class C(a) that Silverman [20] presented and discussed.

6) When A1=1andé =0, the class Tﬂ{,’fq (a,6,1,y) abbreviates to the class
UST(a, B, p) that Khaimar and More [12] presented and discussed.

7) When a =0, A=1,6§ =0andp = 1, the class FJj,(a,,4,y) abbreviates to

the class 7" (@) that Silverman [20] presented and discussed.

8) When p =1ands =1, the class FIJ%(a,8,4,y) abbreviates to the class

G,(y, @) thatJanani and Murugusundaramoorthy [11] presented and discussed.

9) Whenp =1,6 =1and A = 1, the class FI;,(a, 5, 4,y) abbreviates to the class
UCT(a, B) that Bharati et al. [6] presented and discussed.

10) Whenp =1,6 = 1,4 =1andy = 0, the class FI7} (a, 5, 4,y) abbreviates to the
class UCV (a) that Subramanian et al. [23] presented and discussed.

11) When p=1andé =0, the class FJ,,(a,5,4,y) abbreviates to the class

Ja(y, @) thatJanani and Murugusundaramoorthy [11] presented and discussed.
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12)

13)

14)

15)

16)

17)

18)

Whenp = 1,8 = 0and 4 = 1, the class Iy, (a, §,4,y) abbreviates to the class
TSy (y, ) that Bharati et al. [6] presented and discussed.

When § =0, A=1,y=0andp =1, the class FJ,,(a,d,4,y) abbreviates to

the class TS, (a) that Subramanian et al. [24] presented and discussed.

When p = 1,6 = 0 andA = 0, the class 7, (a, d,4,y) abbreviates to the class
TR(y,a) that Rosy [17] and Stephen and Subramanian [22] presented and
discussed.

Whenp =1,5§ = 0,14 =0and a = 0, the class Tﬂ{,f‘q (a, 8,1, y) abbreviates to the
class p(y) that Al-Amiri [2], Sarangi and Uralegaddi [19] and Gupta and Jain [8]

presented and discussed.

When § =1andA =1, the class FJ;,(a,6,4,y) abbreviates to the class
UCV (p, a, B) that Khaimar and More [12] presented and discussed.
When o = 0,6 = 0 and A = 1, the class Tﬂ{,’_‘q

S*(p, ) that Owa [15] presented and discussed.

(a, 8, A,y) abbreviates to the class

When a = 0,6 = 1and A = 1, the class FI;,(a, 5, 4,y) abbreviates to the class

C(p, a) that Owa [15] presented and discussed.
Following lemmas are required to be able to demonstrate our major results.

Lemma 1.1 [5]. Let y=v+iu, is complex number and a,p € R. Then

Re(y) = Bif andonlyif l[y— (p+B)| < |y + (p — B)|, where 8 = 0.

Lemma 1.2 [5]. Let y=v+iu, is complex number and «, € R Then

Re(y) = aly — p| + B if and only if Re(y(1 + ae'®) — pae'®) > B.

Lemma 1.3 [13]. If k and g are analytic in E with k < g, then

21 21

[ lkGre®)| a0 < [ 1g(re)|as,
0

0

wherep > 0,s =re'? (0 <r < 1).

The following characteristics were investigated for another classes in

[9,10,16,21,25].
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2. Coefficient Estimate

In the following Theorem, we are going to present the fundamental and

necessary condition regarding the function inside the class FI7% (a, 8, 4, 7).

Theorem 2.1. The class FJ,,(a, 8, 4,y) contains a function k(s) defined by (1.2)
if and only if

> A=5+8m(n(l+ ) - A + ap) <%> o
n=p+1 q
< (1+a)(p+6p% — 6p) — (v + ap)(1 — 61 + pdi), (2.1)

wherevers €E, q,a 20, 0<y<p, 0<1<1,0<d§<lL,o>-pn=2p+1;peE
N.
The outcome is sharp to function k(s) specified by
A+ + §p? —6p) — (y + ap)(1 — 61 + pbA)
(1-8+6n)(n(1+a)— Ay + ap)) <[p+w]q)m

[n+wlq

k(s) = s? s, (n=p+1;p €N).(2.2)

Proof. Let k(s) € FIy,(a, 6,4,v). After then, the inequality (1.12) is satisfied by
k(s).
By using Lemma 1.2, the inequality (1.12) which is equivalent

S (Bfnqu(s))’ + 852 (f&fn,qk(s))” (1+ae')

;= paeie >y
(1= 2)sP + (1 — 5)ARY, k(s) + 625 (fgfn_qk(s))

Re

(ga=00<y<p0<6<1,0s1<l,w>-pn=p+land—mw <0 <m).

Or equivalently,

re S (f&fnqu(s)), + §s? (f&fn_qk(s))" (1+ ae'®)

(1= )P + (1~ 8YARD, g k(s) + 6s (BB, 4k(s))

_ pae'?(1=D)s” + (1= AR, k(s) + 5s (f&fnqu(s))

(1= A)sP + (1~ 6)ARD, o k(s) + 6 (8L, 1k(s))

=Y. (2.3)

http:/fwww.earthlinepublishers.com




New Class of Multivalent Functions Defined by Generalized (p, q)-Bernard ...

1097

Let
M(s) = [s (fifn_qk(s))’ + 652 (B%_qk(s))”] (1+ ae®)

—pae® [(1 = D)s? + (1~ $)ARY, gk (s) + 625 (Rh, ok (s)) |
N(s) = (1= D)sP + (1~ §)ABE, gk(s) + 625 (RD, gk (5))
Then by Lemma 1.1, (2.3) is equivalent to

|M(s) + (p = VIN(S)| = [M(s) = (p + )N (s)I.

Now

[M(s) + (p = VIN(s)I

() ETERR 15 R e

n=p+1 n=p+1

— | —pae® ((1 —D)sP + (1= 8)AsP —

n=p+1 n=p+1

o ([p+wl\" N N
Z (m) (1 = 6)Ad,s™ + 52psP — Z

n=p+1 n=p+1

+@-v) <(1 —D)sP + (1 —8)AsP —

(psp_ Z <—{Z:Z}Z> ndns"+5p(P—1)sp— Z ({::Zt) 5n(n—1)dn5">(1 +aei9)

n=p+1 n=p+1
+
= (p —pae’® —v)
< ([p+wl\" o ([p+ 0l \"
—_ P —_ P _ q _ n P _ w ' "lq n
<(1 Ds? + (1= 8)s Z <[n Tol) (1= Odas" + 8ips Z el
n=p+1 n=p+1

(p + 6p% — 5p)(1 + aeie)sp + (p ) paeig)(l + 6Ap — SA)sP
= +wl\" .
- Z (M) (n+6n? —6n)(1 + ae'®)d,s™

n+w
n=p+1 [ lq

- Z (M> Ap —y —pae?)(1 -5 + on)d,s™
q

WS [n+ w]

o ([p+ 0l \" . o ([p+ol\" .
Z (M) (1= 8)Ad,s™ + 52psP — Z <[n+w]z> Sind, s ) .

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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>(p+6p*-6p)A+a)+ (p—y—pa)(l+8ip —8)Is|P

-2 P+ 01a)" | w2 — sm)(1 4 )+ Ap — y — pa)L— 5 + o)l
[n+ w] pTreR T

n=p+1 q

Similarly,

[M(s) — (p +VIN(s)I

c +wlg\" C + 0l \" _

n=p+1

_ —(paei® +p +vy)

<(1 DA Y GZ : Z}q> (1= 0)adys™ +6ps” = ) GZ I ﬂ") Mndns">
q q

n=p+1 n=p+1

<(+y+pa)d+68ip—3581)—(p+6p?—6p)(1+a)ls|P +

Z G::ﬂq) ((n+8n% =6n)(1 + @) = Alp +y + pa)(1 — & + 6n)) dyls|™.
n=p+1 q

Therefore

IM(s) + (p = YIN(S)| = [M(s) = (p + Y)N(s)|

>(p+op?—-6p)(1+a)— (y+ap)(1+ 6Ap — 64)

[ee]

- Gi_i Zt) (1 =8 +5m)(n(1 + @) = Ay +pa)) dn 2 0.

n=p+1

Hence

oo

P+ 0l \"
2, (%) (=8 +8m)(n(1+a) ~ Ay +pa)) dy

n=p+1

<A +a)p+dp?—6p)— (¥ +ap)(1 + 6Ap — 52).

http:/fwww.earthlinepublishers.com
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Conversely, by considering (2.1), we must show

s (B%_qk(s))’ + 8s? (fé%_qk(s))” (1+ ae®®)
(1= 2)s? + (1 = )ABE, k() + 61 (8D, k(s))

Re

) (pae'® +7)(1 — D)s? + (1 — 8)ABY, Jk(s) + 62 (fgfn_qk(s))'

(1= D)s? + (1 — AR, k(s) + 62 (fgfn_qk(s))'

> 0. (2.4)

After determining that 0 <s =7 <1 on the positive real axis, Re(—eie) =
—|ei9| = —1 and allowing r —- 17, we deduce to (2.4) based on using (2.1) in left

hand of (2.4).

Corollary 2.1. Suppose the function k(s) defined by (1.2) be in the class
Fipq(a,8,2,y). Then

1+ a)(p+6p?—56p) — (y +ap)(1 + 6Ap — 61)
(1-6+6n)(n(1+a) — A(y + pa ))(”*“’ )m '

Tl+(1)

d, < (2.5)

wherever (s €E, q,a=20,0<y<p0<6§<1,0<1<1,,0>-pn=2p+1;pe
N).

3. Radii of Convexity, Starlikeness and Close-to-Convexity

The radii of convexity, starlikeness, and close-to-convexity for the functions in
the class 75, (a, 8, 4,y) will be found in the following Theorems.

Theorem 3.1. Let k(s) € FIy,(a,6,4,v). Then the function k(s) is p-valent
convex of order ¢ (0 < ¢ < p) in the disk |s| < Ry, where

1

p(p— &)1+ a)(n+6én?—6n) — Ay + pa)(1— & + 6n)) ([p:w] ) n=p

n(n—&)((1+a)(p+ 6p? — 6p) — (y + ap)(1 + 6Ap — 62))

)

R1 = lnf
n

where (n =2 p + 1;p € N).

For the function k(s) provided by (2.2), the outcome is sharp.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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Proof. It is enough to demonstrate that

LN 0<¢<p)
Kis) P|=P § (0§ <p),
for |s| < R;, we have
‘1 N Sk’"(S) _ ‘ < Z:{;pﬂz(n - p)dnlsl_n_p.
k (S) p _Zn=p+1ndnlsln p
Thus
sk"(s)
‘1+ k() —p‘ p—5,
if
n(n —
anls‘l"_p <1 (3.1)
L p(p—%¢)
n=p+1

Therefore, by using Theorem 2.1, equation (3.1) shall hold if

n(n—¢§) (1-38+6n)(n(1+a) — Aly + pa)) <[Z:Z]q)
nn—=¢) np ;
=€) STt a)p+op?—6p) — (7 + ap)(L+ 64p — 64)

and hence
p(p— &)1 =68+ 6n)(n(l+a) — Ay +pa)) < ok ) =
n(n—&)((1+a)(p + 6p? —6p) — (¥ + ap)(1 + 62p — 62))

,(n=p+1, peEN).

Is| <

Putting |s| = R;, we achieve the intended outcome.

Theorem 3.2. Let k(s) € F17%(a,6,A,v). Then the function k(s) is p-valent
starlike of order & (0 < & < p) in the disk |s| < R,, where

1

p-80-6+ 6n)(n(1 +a)— Ay + pa)) ([n+w] )m n-p
(n—=8((1+a)(p+6p*—6p) — (v + ap)(1 + 6Ap — 62))

, m=p+1;p€eN).

R, =1 f

For the function k(s) provided by (2.2), the outcome is sharp.

http:/fwww.earthlinepublishers.com
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Proof. It is enough to demonstrate that

sk'(s)
k(s)

—p‘Sp—f 0=<¢<p),

for |s| < R,, we get

sk'(s) ‘ < Znzpr1(n — p)dnls[*P

k(S) 1_2:10=p+1dn|5|n_p .
Thus
sk'(s)
() —p‘ p—5,
if
=8
2 - f)d sl <1. (3.2)
n=p+1

Therefore, by using Theorem 2.1, equation (3.2) shall hold if

(n—©) (1-6+6n)(n(1 + @) — A(y + pa)) ([p+w]q)
|s[*7P <

-9 T A+ a)p+6pr—-6p)— (v +ap)(1 + 8Ap — 5A)
and hence

1

(p—8A-6+m)(n(1+a)— Ay +pa)) ( P+‘°]q) n-p

n+w q

n—8(1+a)(p+6p*—6p) — (y + ap)(1 + 6Ap — 62))

Is| <

,(n=p+1;p€eN).

Putting |s| = R,, we achieve the intended outcome.

Theorem 3.3. Let k(s) € FI,,(a, 8, A,v). Then the function k(s) is p-valent close
to convex of order & (0 < & < p) in the disk |s| < Rz, where
.
p+w]q n-p
p-5A-6+ Sn)(n(l +a)— Ay + pa)) < — )
q

R, = inf
n | n((1+a)(p+ 8p% —8p) — (v + ap)(1 + 6Ap — 61))

,(n=p+1;,p€eN).

For the function k(s) provided by (2.2), the outcome is sharp.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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Proof. It is enough to demonstrate that

k'(s)
1 P <sp—-¢ (0<s¢<p)
for |s| < R3, we have
k'(s) _
-1 P < Z nd,|s|"P.
n=p+1
Thus
k' (s)
—pl <
o p|sp—¢%
if
nd,|s|™P
n=p+1 p

Therefore, by using Theorem 2.1, equation (3.3) shall hold if

[p+o]
R (1 -8+ 6n)(n(1 +a) — A(y + pat D(fmq)

p—¢ T A+ a)(p+6p?—6p)— (v +ap)(d +6p —6A)

and hence

1
p+w]q) n-p

@ -8 -6+ (nl+a) — Ay + pa)) (

n((1+a)(p+6p2—6p) — (y +ap)(1 +6p —61) | (n=p+1Lp€eEN).

Is| <
Putting |s| = R3, we achieve the intended outcome.

4. Extreme Points

The extreme points of the class FJ7, (a, §, A, y) are obtained here.
Theorem 4.1. Let k,,(s) = s? and
1+ a)(p+6p*—8p) — (v + ap)(1 + 6Ap — 61)

m S
(1-6+6n)(n(1 +a) — Ay + pa ))(“"*“’ )

[n+w]
http:/fwww.earthlinepublishers.com
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where s€E, qqa>200<y<p0<§d<1,0<A<l,w>-pn=p+1and p€
N.

Then the function k(s) € FIy,(a,8,4,v) if and only if it may be stated as follows:

[ee)

K = 0ps?+ ) ukn(s), “2)

n=p+1
where (9, 20, ¢, 20,n=p+1) and ¢, + Yiops1 Pn = 1.
Proof. Assume that the expression for k(s) takes the form (4.2). Then

[o0]

K =0ps? + ) gu| 57 -

1+ a)(p + 6p* —6p) — (¥ + ap)(1 + 5Ap — 82) o

n=p+1 1-6+ Sn)(n(l +a)— Ay + pa)) <%)
. 1+ a)(p+ 6p? = 6p) — (y + ap)(1 + 8Ap — 51)
—5 )
]
w5t (168 +6n)(n(l + @) — Ay + pa)) ({Z:Z :)
Hence

» (1-6+ 6n)(n(1 +a)—- Ay + pa)) (n+w] )
(1 +a)(p+6p2—6p)— (y+ ap)(1 + 6Ap — 6/1)

((1+ a)(p + 6p* = 6p) — (y + ap)(1 + 62p — 61)) py,
(1-6+6n)(n(1+a)— Ay +pa)) ([p w]q>

[n+w]
Z pp=1-¢, <1

n=p+1

Then k(s) € FIpy(a,6,4,7).

Conversely, assume that k(s) € FIy,(, 5, 4,y). We could decide to

(1-38+6n)(n(1+a) — Ay + pa)) ( P w]q)

[ntwlg

1+ a)(p+6p?—36p)— (¥ +ap)(1 + 8Ap — 6A)

(pn = dn;

where d,, is specified based on (2.5). Then

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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k(s) =sP — Z d,s™
n=p+1

A+a)@p+6p*=p) -y +ap)(1+8Ap—864)

— Sp TlS
St (1— 6+ (n(1+a) — Ay + pa)) ([p+w]q)
n+wlg
=gsP — Z (Sp - kn(s))§0n =|1- z On |SP + Z Onkn(s)
n=p+1 n=p+1 n=p+1

z(ppsp + Z Onkn(s).

n=p+1

With this, Theorem 4.1 is fully proved.

5. Closure Theorems

Theorem 5.1. Let the function k. specified by
k.(s) =sP — Z dpcs" (dnc >0n=p+L;peN,c= 12,...,t), (5.1)
n=p+1
be in the class FI7', (a, §,4,v) foreachc = 1,2,.
Then the function f; (s) specified by
fi(s) =sP — Z ens” (e, =20,n=p+1;p€EN),
n=p+1

also belongs to the class F13 (a, 6, A, v), wherever

H-»—x

t
=_Z nc (n=zp+1;p EN).

Proof. Since k. € FI7, (a, 6, 4,y) it follows from Theorem 2.1 that

Z 1-6+ 6n)(n(1 +a)- Ay + poc)) ( } > dnc
q

n=p+1
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<A +a)p+d6p?—6p)— (¥ +ap)(1 + 6Ap — 52),

foreveryc = 1,2, ..., t. Hence

[ee]

Z (1=8+6n)(n(1+a) — Ay + pa)) <%> o
q

n=p+1

o) m t
1
= Z 1-6+ 6n)(n(1 +a)—- Ay + poc)) (%) (;Z dn,c)
q

n=p+1 c=1
t o] m
1 [p + wlg
= ?; n;1(1 -5+ 6n)(n(1+a) — Ay + pa)) (—[n n w]q> dn,c

<(A+a)p+6p?—96p)— (y+ap)(d + 6ip — 5A).

Then, f;(s) € FIy,(a, 5, 4,v) by Theorem 2.1.

Theorem 5.2. Let the function k. specified based on (5.1) be in the class

Fipq(a,8,4,y) foreach c = 1,2, ..., t. Then the function f(s) specified based on

t

JACEDENAS

c=1

is also in the class FI,,(a, 8, 4,v), wherever

t
Zvc =1, (v,>0).
c=1

Proof. According to the definition of f,(s), it can be written as for every

c=1,2,..,t,we have

fz(s)=ivckc<s>=ivc P~ i e s™ | = 5P~ i (Zvd

c=1 c=1 n=p+1 n=p+1 \c=1

Furthermore, since the functions k.(s) (c =1,2,..,t) are in the class

Fipq(a,6,,7), then
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[ee)

[p+wlg\"
n;1(1 -6+ 5n)(n(1 +a)—-Aly + pa)) (ﬁ) dnc

<A +a)p+dp?—6p)— (¥ + ap)(1 + 6Ap — 52).

Hence
m st
Z (1-6+ 5n)(n(1 +a)—-Aly + pa)) ( ]q> (z Vcdn,c>
n=p+1 +olg c=1

[ee)

t m
; v, Z aQ-6+ 6n)(n(1 +a)—Aly + poc)) (%) dn ¢

n=p+1

v [L+ a)(p + 6p* — 6p) — (v + ap)(1 + 8Ap — 62)]

M-

<

1l
_

Cc
=1 +a)(p+6p®—8p) — (y + ap)(1 + 62p — 62),
which implies that f,(s) be in the class F7,; (a, 6, 4,7).

Corollary 5.1. The class FJ;,(a, 8, A,y) is close under convex linear combination.

6. Integral Means Inequalities

We demonstrate the following theorems using Lemma 1.3 and Theorem 2.1.
Theorem 6.1. Let & > 0. If k(s) € FI54,(a,6,A,v) and assume that k.(s) is
specified by
(1+a)(p +6p* —8p) — (v + ap)(1 + 62p — 62)
s

(1=8+68c)(c(1+a)— Ay +pa ))(p+w )m ’

c+w]

k.(s) =sP — (czp+1;p€eN).

If there is an analytic function Y(s) defined by

(1— 8 +80)(c(1 +a) — Ay + pa)) (“"*“’ )

C+(1)

d,s™P.
(1+a)(p+6p —0p) — (y + ap)(1 + 6Ap — 64) Zp:ﬂ s

(Y) " =

Then, fors = re'® and (0 <r < 1),
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2m 21
f|k(s)|8d9 gf lk.(s)|EdB, (e >0). (6.1)
0 0

Proof. We have to demonstrate that

1- Z d,s"P

n=p+1

2

J

0

&
do

21
1+ +6p? —6p)—(y + 1+ 6Ap — 62
Sf 1_( a)(p + 6p p) — (¥ + ap)( p— )SC_,, 6

; (1- 8 +80)(c(1 +a) — Ay + pa)) ( ”*‘“];1)

By using Lemma 1.3, it is sufficient to demonstrate that

= 1+ a)(p + 8p2 — 8p) — (v + ap)(1 + 82p — 67
1—Zdn5"‘p<1—( a)(p + 8p° — 8p) — (¥ + ap)( P )Sc_p

n=pi1 (1-8+6c)(c(1+a)— Ay + pa)) (5::2)
Put
1-— d,s™ P
an-i-l
_,_ A+ 0@ +8p* —8p) — (v +ap)(1 +62p - 5/1)( ).
(1—=6+68c)(c(1+a)— Ay +pa)) ([i:z} )
We find that
.~ (1-8+6c)(c(1+a)— Ay + pa)) [ICJ:Z,) "
(y( )) p (1+a)( — — ( ) Z d Sn p;
p +6p? = 8p) = (y + ap)(1 + 64p — 64)

n=p+1

that yield easily Y(0) = 0.

In addition by using (2.1), we get

1-6+ 6c)(c(1 +a)—- Ay + poc)) ( prolg )

[ctwlq

dps™P
1+ a)(p+6p%2—56p) — (y +ap)(1 + 6ip — 64) n_;l n®

1Y()IP =

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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©  (1-6+6n)(n(1+a) — Ay + pa) ( pm]q)

Tl+0) q

A+a)(p+6p2—6p)— @y +ap)(1+8Ap—61) "

n=p+1

< |s|

<|s| <1
Afterwards, the first derivative’s proof.
Theorem 6.2. Let ¢ > 0. If k(s) € FI,(a,5,4,v) and
A+ a)(p+6p*—6p) — (v +ap)(1 + 62p — 5/’1)

k.(s) =sP — , c=Zp+1;pEN).
(1- 6+ 80)(c(1 +a) — Ay + pa)) ( ”*“’]‘1)
q

c+a)

Then, for s = re®and (0 <r < 1),

2w 2w
f Ik'(s)|£do < f IkL(s)|€ d6, (e > 0). (6.2)
0 0

Proof. It is enough to prove that

o

1 Z Edns"‘p “1- c((1+a)(p + 6p? — 6p) — (v + ap)(1 + 62p — 6/1))
nSpta P p(1—6+6c)(c(1+a) — Ay +pa)) ( p+w]q)

[c+w]

This follows because

p(1 =36 +68c)(c(1+a)— Ay +pa)) (Ei:zl]q) N

Edns"‘p
((1 +a)(p + 6p?2—6p) — (y+ ap)(1 + 6Ap — 5/1))

YSIP =

n= p+1

© (1-6+ 6n)(n(1 +a) - Ay + Pa)) <[p:Z] )
d

W +1(1+a)(p+c3‘p —p)—(y+ap)(1+8p—-61) "

<|s]|

<|s| <1
Theorem 6.3. Let g(s) =sP — Y, 1 s, (SEE;f 20;n=p+1L,p EN)
and k(s) € FIy,(a, 8, A,v) be of the shape (1.2) and let for some ¢ € N,
Q . On

— = min ——
fo  nmepiify
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where

(1-6+ 6n)(n(1 +a)— Ay + poc)) ( i w]q>

[n+wlq

1+ a)(p + 6p%2—6p) — (v + ap)(1 + 5Ap — 61)

Qn =

Also, let for such ¢ € N, the functions k. and g. be specified based on
1+ a)(p+6p*—6p) — (v +ap)(1 + 8Ap — 62)
s

1-8+6c)(c(1+a)— Ay +pa ))<p+w )m '

[ctwlq

ke(s) = s —

gc(s) = sP — fcs-. (6.3)

If there is an analytic function Y(s) specified based on

1-6+ 6c)(c(1 +a)— Ay + pa )) ( p+0)]q>

[c+w]

A+ )@ +6p?—6p) — (v + ap) (A + 82p — 6Df Z dnfns™",

(Y) " =

then, fore >0, s = re® and (0 <r < 1),

2T 2T
f|(k*g)(s)|fdesf (ke * g)(S)EdB,  (e>0).
0 0

Proof. The definition of the convolution between k(s) and g(s) is

[ee)

(k*@)() =57 = > dufs™

n=p+1

Likewise, from (6.3), we obtain

1+ a)(p +6p* —6p) — (v + ap)(1 + 8Ap — 5M)F.
1-6+ 6c)(c(1 +a)—Aly + pa)) ( il )m

[ctw]lq

(ke * gc)(s) = sP —

To prove the theorem, we must show that fore > 0, s = re® and (0 < r < 1),

21 [o'e) €
f 1- Z d,$.s"?| do
0 n=p+1

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1091-1118
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&€

21 2 _ B
< f | (At 0@ +8p* ~p) — (v +ap) + 62p — D) .,
d (1= 6 +60)(c(1 +a) — A(y + pa)) ( ”*‘"]q)

[c+w]

do.

By using Lemma 1.3, it is sufficient to show that

1- Z d,f 5P

n=p+1

((1+a)(p + 6p* = 8p) — (v + ap)(1 + 5Ap — 61) ) f. -
(1-64+60)(c(1+a) — Aly + pa)) ([p+w]q>

C+(1) q

<1- (6.4)

If the subordination (6.4) is valid, then there is an analytic function Y(s) with
[Y(s)| < 1and Y(0) = 0 such that

[ee]

1- Z d, f,s"P
n=p+1

(1 +a)(p+6p*—6p) — (y + ap)(1 + 62p — 61))$.
(16 +60)(c(1+a) — Ay + pa) ( ptely )

[c+wlq

=1-

(Y) ™.

According to the assumption of the theorem, there is an analytic function Y(s) given
by

(1-6+60)(c(1 +a) — Ay + pa)) ( ”*“’]q) o

[n+wlg

(A +a)p+8p? = 6p) — (v + ap)(1 + 52p — 6)) .

(Y©) " =

n—
dn#hs p’
n=p+1

which readily yield Y (0) = 0. So for such function Y(s), using the assumption in the
coefficient inequality for the class FI7, (, 5, 4,y), we have

[Y(s)|cP
(1-6+60)(c(1 +a) — Ay + pa)) ( p+w]q) o

[ct+w]

(@ + )+ 6p2— 6p) — (v + ap)(1 + 84p — 61) ).

dnfpns"™ P

n=p+1
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1-6+ 60)(0(1 +a) — Ay + pa )) ( p+w]q)

C+0)

((1+ a)(p + 8p% — 6p) — (v + ap)(1 + 82p — 61))§.

<Is| Z dofn| <15 < 1.

n=p+1

Therefore, the subordination (6.4) holds true.
7. Neighbourhoods Property
We now define the (n — §)-neighborhoods for the function k(s) € M, by

Ny ¢ (k) = {g € M,:g(s) = sP — Z Fns™ and Z nld, —f,| <&,0<&< 1}. (7.1)

n=p+1 n=p+1

For identity function I(s) = s?,(p € N)

n=p+1 n=p+1

Npe(D) = {g € M,:g(s) =sP — Z Fns™and Z nlfl <&,0<é< 1}. (7.2)

Goodman [7] established the idea of neighborhoods originally, and Ruscheweyh
[18] later generalized it.

Definition 7.1. A function k(s) € M, is said to be in the class FI7 (a, 6, 4,v), if
there exist a function g(s) € FI;,(a,d,4,y), such that

@_1 -9 (seE0<9<1)
P16 B I CETS

Theorem 7.1. If g(s) € FI5,(a,8,4,v) and

EA1+p)[p+ DA +a)— Ay +pa)] (M)m

[p+1+twlg

9=p- (7.3)

[p+1+tw]g

—[(1+a)(p + 6p* — 6p) — (v + ap)(1 + 62p — 62)]
Then N, ¢(g) © FI74(a, 6,4, 7).

P+1)

Proof. Let k(s) € Ny ¢(g). Then, from (7.1), we have

[00]

> nldy =l <,

n=p+1
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it obviously indicates the coefficient inequality below

0 f

d, — < —
> ldn—al < g
n=p+1

Next, because g(s) € FI,(a, 6, 4,v), we get from Theorem 2.1

Z 4 < 1+ a)(p+6p?—6p) — (¥ +ap)(1 + 8Ap — 64)

nopt1 (1+60)[(p+ DA+ a) — Ay + pa)] (ﬁ)m
So that
§A+p)l+ DA +a) - Ay +pa)] (H)m

<

®+1) 1+ 6p)[(p+ 1D +a) — Ay + pa)] (%)

—(1+a)(p+6p?—6p)— (y +ap)(1 + 6Ap — 61)
=p-—-29.

Then based on Definition 7.1, k(s) € F17%(a, 6,4,y) for each 9 specified by (7.3).

8. Convolution Properties

Theorems showing the convolution characteristics for functions belonging to the

class IFI]{,”

7 (a, 8, 4,v) are given below.

Theorem 8.1. Let the functions k;(j = 1,2) defined by

ki(s) = sP — Z dnjs™,  (dn; =0, j=12), (8.1)

n=p+1

be in the class FIy,(a, 8, 4,v). Then we have (kq * k;)(s) € Fiy,(a, 8, B,v), where

http:/fwww.earthlinepublishers.com
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(A +a)(p + 6p* = 6p) — (v + ap)) (L + 6n — 8)[n(1 + @) — Ay + ap)]? ( p::}q)
—n(1+ a)[(1 + a)(p + 8p* — 6p) — (¥ + ap)(1 + §Ap — SA)]?

S(p— D +ap)(1 +6n—8)[n(l+a)— Ay + ap)]? ( ptwlq )m

[n+wlq

—+ap)(p+6p? —p)(1+a)— (¥ + ap)(1 + 6Ap — 61)]?

B <

Proof. We need to find the largest § such that

© (14 6n—8)(n(l+a)— By +ap)) (“’*“’ )m

[ntwlg

1+a)(p+6p>—8p)—(y +ap)(1+B(p - 1))

dpqdp, < 1.

n=p+1

Since the functions k; € FIy,(a,6,4,v7), (j = 1,2), then from Theorem 2.1, we have

©  (14+6n-8)n1+a)— Ay +pa)) ( p+w]")m

[ntwlq

1+ a)(p+6p2—8p)— (¥ +ap)(1+62(p — 1))

dnj <1, (j=12). (82)

n=p+1

By the Cauchy-Schwarz inequality, we have

©  (1+6n-8)(n1l+a)— Ay +pa ))<p+w )m

[n+wlq

(1+a)(p+8p%2—8p) — (¥ + ap)(1 + 6A(p — 1))

Jdnidn, <1.  (83)

n=p+1

Thus, it is sufficient to show that

[n+w]

(1+a)(p+6p>—6p)— (¥ +ap)(1+6B(p— 1))

1+6n—38)[n1+a)— By +pa)] ( p w]q>

n,1%n,2

(1 +6n— & + @) — A + pa)] (M)m

[n+w]

(1 +a)(p+8p2—6p) — (¥ + ap)(1 + 6A(p — 1))

vV nlan

That is

(”(1 0() - A(V Pa))[(l Of)(p 5P2 523) (}’ ap)(l 5ﬁP 5ﬁ)]
1/d d <
n,1%n,2

. (84
(n(1+a) — By +pa))((1 + a)(p + 6p* — 6p) — (¥ + ap)(1 + 6Ap — 62)) (84)

But from (8.3), we get
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[T < (1+ a)(p + 6p* — 6p) — (¥ + ap)(1 + 6A(p — 1))
n,1%n,2 =
(1+dén— 6)(n(1 +a)—Aly + pa)) ( p+w]q>

[n+w]
Consequently, we need only to prove that

1+ a)(p+6p*—6p) — (v +ap)(1+6A(p — 1))
(1+6n—- 5)(n(1 +a)—Aly + pa)) (

[n+w] )

(n(1+ a) — Ay + pa))[(1 + @) (p + 8p? — 6p) — (y + ap)(1 + 6B(p — 1))]

< ,(85
(n(1+ @) = By + pa))[(1 + a)(p + 6p2 — 6p) — (¥ + ap) (1 + A(p — 1))] ®5)

or equivalently, that

(A+ )+ 6p*—6p) — (¥ + ap))(1 + 6n — &)[n(1 + a) — A(y + ap)]? < nw}q)m
—n(1+ [ +a)(p +8p* — 8p) — (v + ap)(1 + 6Ap — 6V ]?
(- D +ap)A+6n—-8)[n1+a) - Ay + ap)] (::Z}Z)

- +tap)[(1+a)(p + 6p? — 0p) — (¥ + ap)(1 + 6Ap — 6A)]?

B =<

The proofis complete.

Theorem 8.2. Let the functions k;(j = 1,2) defined by (8.1) be in the class
FIpq(a,8,A,y). Then the function

h(s) = sP — Z (d2, +d2,)s™, (8.6)

n=p+1
is in the class FI3,(a, 8, €,v), where

p+w]q)

[ntwlq

(A + &)+ 6p* — 6p) — (v + ap))[(1 + 6n — &) (n(1 + @) — A(y + ap))]* <
—2n(1+ )1+ 6n—8)[(1 + a)(p + 6p* — 6p) — (¥ + ap)(1 + 26(p — 1))]2
(6(}7 -Diy+ ap))[(l + én — 5)(77_(1 +a)— Ay + ap))]Z Gp+w]q)

n+wlg

2@ +ap)A+n—-8)[1+a)p+p>—3p)— (¥ +ap)(1 +25(p — 1))]2

Proof. From Theorem 2.1, we are seeking the largest € so that
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© (1+d6n— 6)(n(1 +a)—c(y+ pa)) <[n+w]q)
A+a)(p+6p2—6p)—(y+ap)(1+e5(p — 1)

) (d2,+d2,) <1
n=p+1

Since k;(j = 1,2) belong to the class 7%, (a, 6, 4,v), we have

o 1+ 6n— 5)(n(1 +a)- Ay + pa)) <[n+w q) ,
Z (1+a)(p+6p?—6p) —(y +ap)(1 + A6 - 1) | ™

n=p+1

© (1+6n-— 5)(71(1 +a)— Ay + pa)) ([p w]q)

Z ol g0 ] <1,687)
WLt \ A+ @)@+ 6p? —6p) — (v +ap)(1+A85(p — 1))
and
w] 2
o (1+6n—8)(n(1+a) — Ay + pa)) <[p+w]Z) ,
S \U+a@+op?-6p) - +ap)(1+28(p-1) | ™
[+l 2
© (1 +5n—6)(n(1 +a) — /1()/+pa))(p wq)
< Z Jq dn, | <1.(88)
A+a)p+6p2-6p)— Gy +ap)(1+26(—-1) ™

n=p+1

Hence, we have

@ 4 @A+dn- §(n(1+a) — Ay +pa)) ( prolg )m

TL+(1) q

Z 2\ 1+ a)(p+6p? —8p) — (v + ap)(1 + A8(p — 1))

n=p+1

(d2,+d2,)<1. (89)

k(s) € Fi54(a,d,4,y) ifand only if

Tl+0)

A+a)(p+6p*—6p)—(y +ap)(1+ed(p — 1))

©  (1+6én-— 6)(n(1 +a)—cly+ poc)) ([p+w]q)

(d2,+d3;) < 1. (8.10)

n=p+1

Therefore, we need to find the largest ¢ such that
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(1+6n- 6)(n(1 +a)—e(y+ ocp)) <[p+w )

[n+w]

(1+a)(p+6p>—6p) — (¥ +ap)(1+ed(p— 1))

1 1+ 6n - 6)(n(1 +a)—- Ay + ap)) ( )m
<= n+ol . (811)
2\ 1+ a)(p+6p>—68p)— (¥ +ap)(1+28(p — 1))

From (8.11), we get

(A + @) + 6p? — 8p) — (v + ap))[(1 + 60 = 6) (n(1 + @) = A(y + ap))]’ (_{pwh)m

n+w]q

-2n(1+a)A +6n—8)[(1+ a)(p + 6p* — 6p) — (v + ap)(1 + A8(p — 1))]2
(5(p — D +ap))[(A + 6n = 5)(n(1 + @) — A(y + ap))]’ <”+_“’)

[n+w]

2@y +ap)(1 + 6n — 6)[(1 +a)(p+6p>—6p)—(y+ ap)(l +A6(p — 1))]2

The proof is complete.
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