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Abstract

In this paper we introduce the notion of Reich type cyclic weakly contraction
and prove a fixed point theorem. Some Corollaries are consequences of the

main result.

1 Introduction and Preliminaries

Theorem 1.1 ( [1,2]). If T : X — X, where (X,d) is a complete metric space,

satisfies
d(Tz,Ty) < kld(z, Tz) + d(y, Ty)]

where 0 < k < % and x,y € X, then T has a unique fixed point.
Definition 1.2 ( [3]). Let X be a nonempty set and T : X — X be an operator.
By definition, X = J"; X; is a cyclic representation of X with respect to T if
(a) X;,i=1,---,m are nonempty sets,
(b) T(Xl) - X27 e 7T(Xm—1) - XmaT(Xm) - Xl'

Notations 1.3 ( [!]). ® will denote all monotone increasing continuous functions
w2 [0,00) [0, 00) with u(t) =0 if and only if t = 0.
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Notations 1.4 ( [1]). ¥ will denote all lower semi-continuous functions 1 :
[0,00)% = [0, 00) with ¥ (z1,22) > 0 for z1,22 € (0,00) and 1(0,0) = 0.

Definition 1.5 ( [1]). Let (X,d) be a metric space, m € N, Ay, Aa,--- , Ay, be
nonempty subsets of X, and Y = \J"| A;. An operator T :'Y — Y is called a

Kannan type cyclic weakly contraction if

(a) UL, Ai is a cyclic representation of Y with respect to T,

(b) wd(Tz,Ty)) < p(3ld(z,Tx) +d(y,Ty)]) — Y(d(z,Tx),d(y,Ty)) for any
re A, ye Ai,i=1,2,--- .m, where Appr1 = A1, p € P, and Y € V.

Theorem 1.6 ( [!]). Let (X,d) be a complete metric space, m € N, Ay, Ay, -+, Ap,
be nonempty closed subsets of X and Y = |Ji~, A;. Suppose that T is a Kannan
type cyclic weakly contraction. Then, T has a fized point z € (-, A;.

Theorem 1.7 ( [5]). If (X, d) is a complete metric space and T : X — X satisfies
d(Tz,Ty) < kld(z, Ty) + d(y, Tz)]
where 0 < k < % and x,y € X, then T has a unique fixed point.

Definition 1.8 ( [0]). Let (X,d) be a metric space, m € N, Ay, Ag,--+ , Ay, be
nonempty subsets of X, and Y = |J;2, Ai. An operator T : Y — Y is called a
Chatterjea type cyclic weakly contraction if

(a) UL, Ai is a cyclic representation of Y with respect to T,

(b) p(d(Tz,Ty)) < p(3ld(z,Ty) +d(y, Tx)]) — Y(d(x, Ty),d(y,Tx)) for any
x €A, ye€ A1, i =1,2,--- ,m, where Appy1 = A1, p € ®, and ¢ € V.

Theorem 1.9 ( [5]). Let (X, d) be a complete metric space, m € N, Ay, Ay, -+, Ap,
be nonempty closed subsets of X andY = J;*| Ai. Suppose that T is a Chatterjea
type cyclic weakly contraction. Then, T has a fized point z € (i, A;.
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2 Main Result

Notations 2.1. Q will denote all lower semi-continuous functions v : [0,00)3 —
[0,00) with ¥ (x1,x2,23) > 0 for x1,z2,23 € (0,00) and 1(0,0,0) = 0.

Definition 2.2. Let (X, d) be a metric space, m € N, Ay, Ag, -+ | Ay, be nonempty
subsets of X, and Y = |J;~, Ai. An operator T :'Y Y is called a Reich type

cyclic weakly contraction if

(a) UM, A; is a cyclic representation of Y with respect to T,

(b) w(d(Tz, Ty)) < p(3[d(x, Tx) + d(y, Ty) + d(z,y)]) — ¥ (d(z, Tx),d(y, Ty),
d(xvy)) fOT any T € Ai7 Yy € Ai+17 i = 1727"' , M, where Am—l—l = A17
uwe P, and 1y € Q.

Theorem 2.3. Let (X,d) be a complete metric space, m € N, Ay, Ag,--- | Ay, be
nonempty closed subsets of X and'Y = J"; A;. Suppose that T is a Reich type
cyclic weakly contraction. Then, T has a fized point z € (i, A;.

Proof. Let zg € X. We can construct a sequence x,4+1 = Txp,n =0,1,2,---. If
there exists ng € N such that x,9)4+1 = Zy(0), hence the result. Indeed, we have
Ty (0) = Tp(0)+1 = Tn(0)- S0 We assume that z,11 # z;, forany n =0,1,2,---. As
X = ULy A; for any n > 0 there exists i, € {1,2,3,--- ,m} such that x,, 1 € A;()
and z, € Aj(41)-

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1067-1075



1070 Clement Boateng Ampadu

Since T is a Reich type cyclic weakly contraction, we have
p(d (@ny1,2n)) = p(d(Ten, Trn-1))

<1 (31000 Ton) + (01, T ) + d .01
— Y (d(xn, Txy) ,d(zy—1,TTn-1),d(Tn, Tn-1))

— 1 ([0 0) + dnor,20) + d on001)])
— ¢ (d(xn, Tnt1) , d (Tn-1,2n) , d (Tn, Tn-1))

<13 B s

= p(d(zn-1,20)).

Since p is a non-decreasing function, for all n = 1,2, --- we have

d(xn+17 xn)) < d(xn—la xn) .

Thus {d(xn+t1,7n)} is a monotone decreasing sequence of non-negative real
numbers and hence is convergent. Hence there exists r > 0 such that

d(Tp41,2n) — T as n — oo. Since

M (d ($n+1u xn)) < <; [d (‘rrm In—&—l) +d (ivn—lv xn) +d ($na xn—l)])

- d} (d (xna anrl) ,d (ﬂjnflv xn) d (xna $n,1)) .

If we let n — oo in the above inequality, using the continuity of u and lower
semi-continuity of ¥, we obtain u(r) < u(r) —(r,r,r). This implies u(r,r,r) <0
by the continuity of 1, which is a contradiction unless » = 0. Thus we proved
that d (zp41,2,) — 0. Now we show that {z,} is a Cauchy sequence. For this,

we prove the following claim first

(A) For every € > 0, there exists n € N such that if r,¢ > n with r — ¢ = 1(m)
then d(z,,zq) < €.

Assume the contrary of (A). Thus, there exists € > 0 such that for any n € N,
we can find r, > ¢, > n with r, — ¢, = 1(m) satisfying d (xr(n), xq(n)) > ¢. Now,
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we take n > 2m. Then corresponding to ¢, > n, we can choose r, in such a
way that it is the smallest integer with r, > ¢, satisfying r, — ¢, = 1(m) and
d (:cr(n),:cq(n)) > €. Therefore d (:cr(n,m),xq(n)) < €. By using the triangular
inequality we have

€ < d (24(n): Tr(m))

m

<d (l‘q(n)a xr(nfm)) + Z d (ir(nfi)vxr(nfzﬁrl))
=1

< 6+Zd Lr(n—i)s Lr(n— z+1))

Letting n — oo and using d(xn+1,2,) — 0, we have limd(xq(n),xT(n)) = e
Again, by the triangular inequality we have

€ < d (T4(n)s Tr(n))

< d (2g(n) Tg(nt1)) + & (Tg(ni1)s Trint1)) + 4 (Tr(nin)s Tr(n))
< d( Lg(n)s Tq(n+1) ) +d (xq (n+1)» T (n))
+d (24(n), Tr(n)) + 4 (Tr(n), Tr(nsn)) +  (Zrmir), Tr(n))

Letting n — oo and using d (zp+1,2,) — 0, we have limd (xq(n+1),xT(n+1) =€
As a:q(n)
1 < i < m, using the fact that T is a Reich type cyclic weakly contraction, we

and z,(,) lie in different adjacently labeled sets A; and A;4; for certain

have

— ¥ (d (24(n)> Tg(nt1)) + & (To(n)s Tr(nt1)) » 4 (Tg(m)s Toimy)) -

On letting n — oo, using continuity of u, and lower semi-continuity of v we get

that e = 0, which is a contradiction with ¢ > 0. Hence (A) is proved. Using
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(A), we shall show that {x,} is a Cauchy sequence in Y. Fix ¢ > 0. By (A) we
can find n(0) € N such that r,q > n(0) with » — ¢ = 1(m) and d (z,,74) < 3.
Since limd (2, Tn41) = 0, we can also find ny € N such that d (2, zn41) < 55
for any n > ny. Assume that r,s > max{ng,n1} and s > r. Then there exists
ke {1,2,---,m} such that s—r = k(m). Hence s—r+t = 1(m) fort = m—k+1.

So we have
d(ﬂfraxs) < d(mr)xs—‘rj) + d(IS+j7xS+j—l) + -+ d(ﬂjs—l—la 135) .

From which it follows that

d(zy, 1) < <+ x —

Hence {z,} is a Cauchy sequence in Y. Since Y is closed in X, then Y is also
complete and there exists x € Y such that limxz, = x. Now, we will prove that
x is a fixed point of T. As Y = |J;Z, 4; is a cyclic representation of Y with
respect to T', the sequence {z,} has infinite terms in each 4; fori € {1,2,--- ,m}.
Suppose that x € A;, Tx € A;11, and we take a subsequence {:Cn(k)} of {z,,} with

Tpk) € Ai. By using the contractive condition we obtain

i (d (a1, Tx)) = p (d (T, Tx))
<u (; [d (2> Ttnge) + d(a Tz) + d (o, x)])
= ¥ (d (@nge), Tongry) » d@, Ta), d (), 7))
— (; [d (g, Tugesn)) + (@, T) + d (g0, @})
= (d (Tn(r), Tager)) » (2, T), d (208), 7)) -

Letting n — 0o and using the continuity of p and lower semi-continuity of ¢, we

have

(2, T2)) < (;[d(:c,Tx)o — (0, d(x, Tx),0)

http: //www. earthlinepublishers.com
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which is a contradiction unless d(x, Tx) = 0. Hence, x is a fixed point of T. Now
we will prove the uniqueness of the fixed point. Suppose that x1 and x5 (z1 # z2)
are two fixed points of T'. Using the contractive condition and continuity of p and

lower semi-continuity of ¢, we have
p(d(z1,22)) = p(d (Tx1, Tz))
<u (; (d (1, Tay) + d (w2, Taa) + d (ml,xg)])
o (d (w1, Tar) , d (w2, Tava) ,d (a1, 29))
. @ (d (21, 21) + d (22, 25) + d (xl,@)]>
o (d (@1, a) (w9, 22) d (21, 2))
—u @ [O+0+d(x1,:c2)]>

— 1/) (0, 0, d (1'1, l’g))

which is a contradiction unless d (z1,22) = 0. Hence the result, and the proof is
finished. O

If u(a) = a, then we have the following result

Corollary 2.4. Let (X,d) be a complete metric space, m € N, Ay, Ag,--- , Ay, be
nonempty closed subsets of X, and Y = J"| A;. Suppose that T : Y — Y is an

operator such that
(a) UL, Ai is a cyclic representation of Y with respect to T,
(b) d(Tz,Ty) < gld(z, Tz) +d(y, Ty) + d(z,y)] - ¥(d(z, Tz), d(y, Ty), d(z,y))

foranyx € A;, y € Ajyq, i =1,2,--+ ,m, where A1 = Ay, and ¢ € V. Then
T has a fized point z € ()" A;.

fp(z,y,2) = (% — k:) (x+y+z), where k € [O, %), then we have the following

result
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Corollary 2.5. Let (X,d) be a complete metric space, m € N, Ay, Ag,--- , Ay, be
nonempty closed subsets of X, and Y = J;~, A;. Suppose that T : Y — Y is an

operator such that

(a) UL, Ai is a cyclic representation of Y with respect to T,

(b) there exists k € [0, %) such that d(Tz,Ty) < k[d(z,Tz) +d(y, Ty) + d(z, y)]
foranyx € A;, y € Ajy1,i=1,2,--- ,m, where A1 = A1. Then T has a fized
point z € (it A;.

Notations 2.6. I" will denote the set of functions p : [0,00) — [0,00) satisfying
the following hypotheses

(a) wu is Lebesgue-integrable mapping on each compact of [0, 00),

(b) for any € >0, we have [ pu(t) > 0.

The following result is immediate from the above Corollary.

Corollary 2.7. Let (X,d) be a complete metric space, m € N, Ay, Ag,--- , Ay, be

nonempty closed subsets of X, and Y = J"| A;. Suppose that T : Y — Y is an
operator such that

(a) UM A; is a cyclic representation of Y with respect to T,

(b) there exists k € [0, %) such that

d(Tz,Ty) d(z,Tx)+d(y,Ty)+d(x,y)
/ a(s)ds < k/ a(s)ds
0 0

foranyx € Aj, y € Aiqq, i =1,2,--- ,m, where Appy1 = A1 and o € I'. Then T
has a fized point z € (i~ A;.

If we take A; = X,i=1,2,--- ,m, then we have the following result.

http: //www. earthlinepublishers.com
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Corollary 2.8. Let (X,d) be a complete metric space and T : X — X be a
mapping such that

d(Tz,Ty) d(z,Tx)+d(y,Ty)+d(z,y)
/ a(s)ds < k/ a(s)ds
0 0

for any x,y € X,k € [O, %) and o € I'. Then T has a fized point z € X.
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