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Abstract

The paper mainly investigates the initial coefficients for the subclasses of
starlike functions defined by using the Cosine function involving a (0 < o <
1), we obtain upper bounds for initial order of Hankel determinants and
symmetric Toeplitz determinants whose elements are the initial coefficients.
Also, we obtain initial coefficient estimation of logarithmic coefficients for
the subclass.
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1 Introduction

1.1 A subclass of starlike functions involving Cosine functions

Let & denote the class of analytic functions f which in the open unit disk I =
{z : |z| < 1} of the form

f(2)=z+4a2® +azz> +--- (z2€D) (1.1)
and let S be the subclass of 7 such that functions are univalent.

Let &7 denotes the Carathéodory class of analytic functions p normalized by
p(z) =1+cz+cz” + 32’ + - (1.2)

and meeting the condition R(p(z)) > 0 (2 € D). Let f and g be analytic functions
in D. Then, we say that the function g is subordinate to the function f, and we

write
9(z) < f(z) (2 €D),

if there exists a Schwarz function w(z) with w(0) = 0 and |w(z)| < 1, such that
(see [, Chap. 6, p. 190])

9(z) = f(w(z)) (2 €D).
In a recent paper, Wang et al. [28] considered following definition of S7.(«)
of starlike functions of order o (0 < a < 1), which belongs S.

Definition 1. Let f € A. Then f € ST («a) if it satisfies the following condition

a7

—a) < 1+ cosz.

Equivalently, let the functions ¥%(z) = a + (1 — «)(1 4 z cos z), that is

Y3(c) =14 (1 —a)zcosz,
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then the subclasses ST .(«) can be defined as

2f'(2)
f(2)

st = {rea: LE <y

As an immediate inference, we can see that

Another subclasses of starlike functions defined by using the Sine function

involving o (0 < v < 1), we see [7,23,28].

1.2 The logarithmic coefficients

The logarithmic coefficients -, for certain subclasses of analytic univalent function
have been widely studied. Recently, the sharpness of third logarithmic coefficient
for some analytic close-to-convex functions is studied by Ali and Vasudevarao 3]
and Thomas [24], also see [0]. the logarithmic coefficients of convex and starlike
functions studied by [11, 12], strongly starlike and strongly convex functions
studied by [13], close-to-convex functions studied by [9]. Inverse functions
in certain classes of univalent functions considered by [, 29]. Other sharp
inequalities for logarithmic coefficients problems and applications we can see

recent paper by Obradovié et al. [15,1%], Ponnusamy and Sugawa [19].

The logarithmic coefficients of univalent functions is important in solving
Bieberbach conjecture and Milin conjecture, see [3, p. 151]. Let v, = v.(f),
the logarithmic coefficients of f € S are defined by

log (féz)) = 2i%zn. (1.3)
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For a function f given by (1.3), the logarithmic coefficients are as below

1
1
1 2
5 a4 — asasz + a2 (16)
1 1 1
Y4 = 3 <a5 — asay + a2a3 5@% — 4a§) (1.7)

In part of this paper, we will consider the bounds of v to v4 for f € ST ().

1.3 The Hankel determinants and symmetric Toeplitz
determinants

We first introduce two kinds of determinants whose elements are coefficients of

subclasses of univalent functions.

The first one is Hankel determinant, which the elements are coefficients of the
function f € S. We let the Hankel determinant H) ,,(f) with n,A e N={1,2,...}

an, an4+1  --- G/n+q71
An+1 an+2 ... Gn4q
Holg)()=| T ] (18)
an4q—1 Qn+q -.- Qn42¢—2

Some specific determinants composed of elements with initial coefficients we call

first-, second-and third-order Hankel determinants, respectively, are as following.

1 as

HQ(l) = i :a3_a%>
a2 as
a a

Ha(2) = > i = asas — a3,
az aq

http://www. earthlinepublishers.com
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and
ai ay as
H3(1)=| a2 a3 a4
az as as (1.9)

= a3 (azas — a3) — a4 (a4 — azas) + as (a3 — a3)

= a3H2(2) + a4(a2a3 — a4) + a5H2(1).

Hankel matrices play important roles in Markov process theory, non-stationary
signals, Hamburger moment problems and other purely mathematical and
technical application problems. In univalent functions, the earliest research to
study the upper bound of H,(q)(f) began from Pommerenke [1(]. In recent years
there has been a great deal of attention devoted to finding bounds for the modulus
of the second Hankel determinant In recent years, people have paid great attention
to finding the bound of the sharp Hankel determinant. For example, Srivastava
et al. [22] studied the subclass of close-to-convex functions. Srivastava et al. [21],
Raza et al. [20], Wanas et al. [25,20] studied the inverse coefficients for the subclass
of univalent functions. The logarithmic coefficients of inverse functions in certain

classes of univalent functions for Hankel determinant was considered by [5, 14].

The second kind of determinant we call the Toeplitz determinant T, (n), which
the elements are arrange diagonally symmetrically. Ali et al. [2] defined the

symmetric Toeplitz determinant T, (n) as follows:

Qn Ap+1 ©rr Qngg—1
An+1 a N Aptq—2
T =| e N N ) (1.10)
an+qg—1 Qntq—2 " QA

As a special case, the second order of T,(n) is

T2(2) = (1.11)

as a3|

az ag
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The third order is

1 a as
T31)=|as 1 as |=1-2d3+ 2d3a3 — a? (1.12)
a3 ag 1

and the forth order

air a2 agz a4
as a1 a2 ag

Ta(1) = (a1 =1,n=149=4)

az az ayp az

a a3 as a (1.13)
= (a%+2a2a3—a2a4—a2+a§—a4—1) X
(a% — 2asa3 — az2a4 + ao + a% + a4 — 1) .
Ali et al. [2] obtained the sharp estimates for the Toeplitz determinants whose

elements are subclasses of univalent function, such as starlike functions, convex
functions and close-to-convex functions, etc. About Toeplitz determinants for

subclasses of univalent functions, we see recent research [1,,10,27].

In this paper, we will consider the Hankel determinants and symmetric
Toeplitz determinants whose elements are subclasses of starlike functions of order
a (0<a<1l),thatis f € ST ().

2 Preliminary Results

To prove the desired result, we need the following lemmas.

Lemma 1. (Carathéodory’s Lemma, see [, p. 41]) If p € & and is given by
(1.2) with ¢; > 0, then

leal <2 (n>1). (2.1)

This inequality is sharp for each n.

http://www. earthlinepublishers.com
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Lemma 2. (see [17, p. 166]) Let p(z) € &, then
2 2
‘@ |1
_ Al <o AL
Y 2
3 Main Results
Theorem 1. Let f € ST.(a), then
las] <1 — q, (3.1)
1
Jas| < 5(1 - a)?, (3.2)
1
jad] < (1 - a)(2— @) (3.3)
1
las| < (1 — @) (11 — 7Ta + 3a® — o). (3.4)

24

Proof. Because f € ST.(«), by the definition of subordination, so there exists a

Schwarz function w(z) with w(0) = 0 and |w(z)| < 1, such that

Zf/(Z) = — )z COS(w|z
P 11— s eostua)
Let
p(Z):ii_:Ez;:1+clz+0222+”"

It is obvious that p(z) € & and

p(z) -1
p(z) +1
c1z 42 +ez2d 4

:2+Clz+022’2+632’3+"'
1

w(z) =

c 1
=1y —(2c3 — )22 + 3 (c‘i’ — 4eyeg + 4es) 23

2 4

1
+ = (—Céll + 6cicy — 8cies — 4cs + 804) A

16

(3.5)
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Thus, the right hand side of (3.5) is

1+ (1—a)zcos(w(z))

:1+(1—a)z+;(a—1)clz +(1—-«a) (ZCE;{’+C3—2C102>Z3
(- <c4—201c3+561%662_f_£> A (3.7)
The left hand side of (3.5) is
Zf/ <1+Znaz > (1 —asz + (a3 — a3) 2* — (a3 — 2asas + as) 2° + -+ )
(2 n 2 3 2 203 + a4

—1+a22+(2a3—a)z + (a3 — 3azas + 3as) 2°
+ (4a5 — a3 + 4a3a3 — dazay — 2a§) A (3.8)

By combining (3.7) and (3.8), comparing the initial coefficients at both sides of

the formula (3.5), we have

ar=1—a, (3.9)
@ %(1 -~ (3.10)
"= 214(0“ — 1) (cd — 4@ =1)%), (3.11)
@5 = 916 (= 1) (4 = 1)> = 3¢} — 4(a — 1)cf + 6eica) - (3.12)

By applying Lemma 1, we obtain

las| < ! —(1—-a) ‘01—4(a—1) |

— 24
1
< ﬂ(l —a) (4—4(1 - @)?)
= é(l —a)a(2 — a). (3.13)

http://www. earthlinepublishers.com
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By applying Lemmas 1 and 2, we obtain

a5l = o (1 - 0) (601 <cQ - Cj) +4(1— a)® — 4(a— 1)0%) ‘
< 9176(1 —a) ( 6c1 (Cz - Cj) ‘ +4(1— )’ + |[4(a - 1)0%0
< i(l—a) (11 = 7o+ 30* — 0®) . (3.14)

O

Remark 1. Let us talk about the sharpness of the coefficients. As it mentioned
in [25], we see that the extremal function f&(z) € STe(«) for as,as, a4, as is given

by

9(2) = zexp </O th)_l) it

1 1
=24+ (1—-a)2? + 5(1 —a)?2 + 6(1 —a)(-2+a)az?

+i(1fa)2<1+a>(f3+a)z5+--~- (3.15)

We find that the coefficients except as,as and aq are sharp while as not sharp in

Theorem 1.

Next, we will give the upper bounds of the Toeplitz determinant 75(2) and
T3(1), Hermitian determinant Hy(1), H2(2) and Hs(1) for the function class

S7:(«), which are connected with the cosine function and a.

Theorem 2. Let f € ST.(«), then

L)) < 51— o),

()] < 55 (1 - )? ((1-a) +2).

1
[H()(F)] < 151 - @)? (75 — 158a + 1380 — 68a” + 17a?) .
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Proof. According to equation (3.9) and (3.10), we obtain

1
2

According to equation (3.9),(3.10), (3.11) and Lemma 1, we obtain

[Ho(1)(f)] = a3 — 3| = 5 (1 — ).

[H2(2)(f)| = |azas — af]

- 2714(1 C ) (21— ) + )
1
<0 —a)? (1-a)?+2).

For H3(1)(f), from equation (3.9) to (3.12), we have

|H3(1)| = |agH2(2) + as(azaz — asg) + asHa(1)|
= ’agHQ(Q)’ + ]a4(a2a3 — CL4)‘ + ’a5HQ<1)’
< las|[H2(2)| + |aa| |a2az — as| + |as| [H2(1)].

By Lemma 1, we see that

i(1 —a)(8(1-a)? +¢})

|(aza3 — a4)| = 5

1
<s(1-a) (21— a)*+1).
Combining (3.16), (3.17), (3.3), (3.4) and (3.18), we have that

1
—— (1 — a)? (75 — 158a + 138a* — 68a” + 17a%) .

|H3(1)[ < i

Theorem 3. Let f € ST.(a), then

—_

|72(2 Z(lfoz) (3+20zfoz2),
SBl-a)t+20-a)?-1, 0<a<i(3-V0)
73(1
l-a)'—201-a)+1, $@B-V6)<ac<l,

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

http://www. earthlinepublishers.com
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Fi(@) 0<a<0.0711457 and 0.193836 < a < 1,
Ta(1)] <

—Fi(a) 0.0711457 < o < 0.193836,

1
= (9 1760+ 7040” — 72a° — 646a* 4 3760° — 4408 — 8a” + o).
(3.21)

Proof. According to equation (3.9) and (3.10), directly calculation, we have

T(2)] = 3(1 — ) (34 20— a?)

and
S1-a)t+201-a)-1 0<a<i(3-6),
[T3(1)| =
1-a)—20-a)?+1 L(3-V6)<a<l

|

For |T4(1)|, from equation (3.9) to (3.11), by Lemma 1, we obtain
1

Ta()] = o= |4 (a® — 8a” — 48a® + 400a” — 710a* + 240° + 616a* — 128 — 3)
+(a—2)(a—1)%act +4(a — 1)* (0 — 20+ 3) cf|

< L
— 976
+16a(2 — a)(a — 1)* + 16(a — 1)* (o® — 2a + 3))

(4|a® — 8a™ — 48a° + 4000° — 7100 4 240” + 6160 — 128 — 3|

Fi(a) 0 < a <0.0711457 and 0.193836 < o < 1,

—Fi(a) 0.0711457 < o < 0.193836,

where Fj(a) given by (3.21). We complete the proof. O

Next, we will consider the initial coefficient estimations of logarithmic

functions.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 1081-1046
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Theorem 4. Let f € ST.(«), then
il < 21— a)
RIS B «@),
|72| =0,
1
sl < 5(1 - )(1+ 3a),

1
vl < 51— a)(7 - 100 + 902 — 3a®).

(3.22)
(3.23)

(3.24)

(3.25)

Proof. Let f € S§T.(a), combining (1.4) to (1.7) and combining (3.9) to (3.12),

we have
Y1 = 7(]— - Oé),
2=,
1 2
1= 45(1-a) (8- Da+),
1
Yy = @(1 —a)(2(5-8a+9a* —3a%) + (1 — a)c}) .

By using Lemma 1, we obtain

1
3| < ﬁ(l + 20 — 20%)

and .
|ya] < ﬂ(l —a)(7 - 10a + 9a? — 30?),

respectively.

(3.26)
(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
O

Remark 2. We see that |y1| and |y2| are sharp for the extremal function f&(z)

given by (3.15), while |y3| and |y4| are not. We can also studied the bounds

of Hankel determinants and Toeplitz determinants of the logarithmic coefficients

f e S8T.(a), we omit here.
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