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Abstract

In this expository paper, we provide an account of fundamental aspects of
mixed variational inequalities with major emphasis on the computational
properties, various generalizations, dynamical systems, nonexpansive
mappings, sensitivity analysis and their applications. Mixed variational
inequalities can be viewed as novel extensions and generalizations of
variational principles. A wide class of unrelated problems, which arise
in various branches of pure and applied sciences are being investigated in
the unified framework of mixed variational inequalities. It is well known
that variational inequalities are equivalent to the fixed point problems.
This equivalent fixed point formulation has played not only a crucial
part in studying the qualitative behavior of complicated problems, but
also provide us numerical techniques for finding the approximate solution
of these problems. Our main focus is to suggest some new iterative
methods for solving mixed variational inequalities and related optimization
problems using resolvent methods, resolvent equations, splitting methods,
auxiliary principle technique, self-adaptive method and dynamical systems
coupled with finite difference technique. Convergence analysis of these
methods is investigated under suitable conditions. Sensitivity analysis of

the mixed variational inequalities is studied using the resolvent equations
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method. Iterative methods for solving some new classes of mixed variational
inequalities are proposed and investigated. Our methods of discussing the
results are simple ones as compared with other methods and techniques.
Results proved in this paper can be viewed as significant and innovative

refinement of the known results.

1 Introduction

Variational inequality theory, which was introduced and considered in early
sixties by Stampacchia [106], can be viewed as a natural extension and novel
generalization of the variational principles. It is amazing that a wide class of
unrelated problems, which arise in various different branches of pure and applied
sciences, can be studied in the general and unified framework of variational
inequalities. Variational inequality theory contains a wealth of new ideas and
techniques. For the applications, motivation, numerical results and other aspects
of variational inequalities, see [2—5, 17, 18,20, 21,25-34,39, 41, 43,48 49,5255, 58,

,61,63,65,66,68,69,71,73,81-85,88,89,92,94,96,97,100,104-111,113,114] and

the references therein.

In recent years, variational inequalities have been extended and generalized in
various directions by using novel and innovative ideas and techniques, both for
their own sake and for their applications. An important and useful generalization
is called the mixed variational inequality or the variational inequality of the second
kind. For the applications, formulations, motivation and numerical methods,
see [27-30, 38,39, 41,48, 53, 54,56, 57,61, 83, 84,96, 97, 100] and the references
therein. It is well known the projection method and its variant forms including the
Wiener-Hopf equations cannot be used to suggest numerical methods for solving
the mixed variational inequalities. These facts motivated us to use the technique
of the resolvent operator, the origin of which can be traced back to Martinet [12]
and Brezis [21]. In this technique, the given operator is decomposed into the
sum of two maximal monotone operators, whose resolvent are easier to evaluate

than the resolvent of the original operator. Such a method is known as operator

http://www. earthlinepublishers.com



Mixed Variational Inequalities 875

splitting method. This can lead to every efficient methods, since one can treat each
part of the original operator independently. The operator splitting methods and

related techniques have been analyzed and studied by many researchers including

Glowinski and Le Tallec [30], and Tseng [108]. For an excellent account of the
alternating direction implicit (splitting) methods, see Ames [6]. In the context of
the mixed variational inequalities, Noor [53,61] has used the resolvent operator

technique to suggest several multi step splitting type methods. A useful feature
of the forward-backward splitting method is that the resolvent step involves
the subdifferential of the proper, convex and lower-semicontinuous only and the
other part facilitates the problem decomposition. In passing, we point out that
the tree-step iterative methods are also known Noor iterations, which contain
Mann (one step)iteration, Ishikawa (two-step) iterations as special cases. It have
shown the Noor orbit demonstrates that the boundary of the fixed point region
is similar to natural features such as bird nests and certain types of peacock
wing structures. This is demonstrated by geometrical and numerical analysis of
composite Julia sets and composite Mandelbrot sets for the Noor iteration, see
Chugh et al. [21] and Negi et al. [15]. In recent years, Noor iterations [58, (3]
have been generalized and extended in various directions using innovative ideas
to study various complicated and complex problems arising in fractal geometry,
information sciences, data analysis, solar energy optimizations. For more details,

see [12—14,22-24 44-16,95,101,103,112] and the references therein.

Equally important is the area of mathematical sciences known as the resolvent
equations, which was introduced by Noor [53]. Noor [53] has established the
equivalence between the mixed variational inequalities and the resolvent equations
using essentially the resolvent operator technique. The resolvent equations are
being used to develop powerful and efficient numerical methods for solving the

mixed variational inequalities and related optimization problems.

In particular, if the nonlinear term in the mixed variational inequality is the
indicator function of a closed convex set in the Hilbert space, then these splitting
(forward-backward) methods reduce to the projection and extragradient methods

for solving the standard variational inequalities. If the nonlinear term ¢(.) in the
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mixed variational inequality is nonlinear, then the resolvent method, resolvent
equations technique and splitting method can not be used to propose and suggest
iterative methods for solving mixed variational inequalities. It is well known
that to implement such type of the methods, one has to evaluate the projection,
which is itself a difficult problems. Secondly, one can’t extend the technique
of resolvent method for solving some classes of mixed variational inequalities.
These facts motivated to consider other methods. Omne of these techniques is
known as the auxiliary principle. This technique is basically due to Lions and
Stampacchia [11] and Noor [1&] used this technique to discuss the existence of the
solution of mildly nonlinear variational inequalities. See also Glowinski, Lions and
Tremolieres [29]. Noor [19,52-55,58,61,63,065,60,71] has used this technique to
develop some predictor-corrector methods for solving variational inequalities. It
can be shown [17,21,27,29,30,49,52-55,58,61,63,65,66,71,83,84,90-92,94,108,114]
that various classes of methods including resolvent methods, resolvent equations,

decomposition and descent can be obtained from this technique as special cases.

We consider some forward-backward splitting method for solving the mixed
variational inequalities by modifying the extraresolvent method. Our suggested
methods are in the spirit of the extraresolvent method performing an additional
step forward and resolvent step at each iteration. The new method is easy to
implement and versatile. As special cases, we obtain new methods for solving
monotone mixed variational inequalities. The convergence criteria of the proposed
implicit method is discussed under some mild conditions. Some numerical

examples are given to illustrate the efficiency of the proposed methods.

Related to the mixed variational inequalities, is the problem of finding the fixed
points of the nonexpansive mappings, which is the subject of current interest in
functional analysis. It is natural to study these different problems in a unified
framework. Motivated by the research going on these fields, we suggest and
analyze three-step iterative methods for finding the common solution of these
problems. The convergence criteria of these new iterative schemes under some

mild conditions is considered.
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The alternative equivalent fixed point technique is used to consider dynamical
systems, in which the right-hand side of the ordinary differential equation is a
resolvent operator. The novel feature of the resolvent dynamical systems is that
the set of the stationary points of the dynamical system correspond to the set of
the solution of the variational inequalities. Consequently, equilibrium problems
which can be formulated in the setting of mixed variational inequalities can now
be studied in the frame work of the dynamical systems. We prove that these
resolvent dynamical systems have the global asymptotic stability properties for the
pseudomonotone operator, which is a weaker condition than monotonicity. Using
the forward-backward finite difference technique is used to suggest several new
iterative methods for solving mixed variational inequalities along with convergence

criteria.

In Section 9, we suggest and analyze a new self-adaptive three step iterative
methods for solving mixed variational inequalities. The proposed method consists
of three steps and the new iterate is obtained by using a descent direction. We
prove that the new method is globally convergent under suitable mild conditions.
An example is given to illustrate the efficiency and the implementation of the
proposed method. Results are very encouraging and further efforts are required

to improve these methods.

In Section 10, we study the sensitivity analysis of the mixed variational
inequalities. It is worth mentioning that sensitivity analysis is important for
several reasons. First, estimating problem data often introduces measurement
errors, sensitivity analysis helps in identifying sensitive parameters that should
be obtained with relatively high accuracy.  Secondly, sensitivity analysis
provides useful information for designing or planning various equilibrium systems.
Furthermore, from mathematical and engineering point of view, sensitivity

analysis can provide new insight regarding problems being studied.

Convexity theory contains a wealth of novel ideas and techniques, which have
played the significant role in the development of almost all the branches of pure

and applied sciences. Several new generalizations and extensions of the convex
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functions and convex sets have been introduced and studied to tackle unrelated
complicated and complex problems in a unified manner. In several situations, the
underlying the sets and functions may not be convex sets and convex functions.
Theses facts and observations, motivated to introduce and consider several kind
of nonconvex sets and nonconvex function with respect to arbitrary functions
and bifunctions. Noor et al. [85, 88,89, 92] introduced and studied the some
new concepts of biconvex sets and biconvex functions involving an arbitrary
bifunction. Optimality conditions of a sum of differentiable biconvex and non
differentiable biconvex functions are characterized by a class of variational
inequalities, which are called the mixed bivariational inequalities. Some new
iterative methods for solving the mixed bivariational inequalities are proposed
and analyzed using the auxiliary techniques. Several special cases are discussed

as applications of the main results. These results are discussed in Section 11.

Harmonic functions and harmonic convex sets are important generalizations
of the convex functions and convex sets. The harmonic means have novel
applications in electrical circuits theory. It is known that the total resistance of a
set of parallel resistors is obtained by adding up the reciprocals of the individual
resistance values, and then taking the reciprocal of their total. More precisely, if
u and v are the resistances of two parallel resistors, then the total resistance is

computed by the formula:
1 1 uv

U v u—+v

which is half the harmonic means. Al-Azemi et al. [2] studied the Asian options
with harmonic average, which is a new direction in the study of the risk analysis
and financial mathematics. Noor and Noor [71] have proved that the minimum
of the differentiable harmonic convex functions on the harmonic convex can also
be characterized via the harmonic variational inequalities. For the applications,
motivations and numerical results for harmonic variational inequalities, see [3, 4,

, 75]. In Section 12, mixed harmonic inequalities involving two two operators
are investigated. Several important special cases are obtained as applications.

Due to nature of the harmonic variational inequalities, we apply the auxiliary
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principle approach. Hybrid inertial iterative methods are proposed and analyzed

for solving the mixed harmonic variational inequalities.

As indicated in Section 11 and Section 12, the concepts of biconvex sets and
harmonic convex sets are distinctly two different classes of convex sets. It is
natural to unify these concepts. Motivated by these facts and observations, we
introduce the concepts of biharmonic convex sets and biharmonic functions with
respect to an arbitrary bifunction , which is the subject of Section 13. Mixed
biharmonic variational inequalities are analyzed applying the auxiliary principle
technique. A wide class of iterative methods are suggested and investigated for

solving the mixed biharmonic variational inequalities.

Exponentially mixed variational inequalities are introduced and studied in
Section 14 associated with exponentially convex functions, which has important
and interesting applications in artificial intelligence, data analysis, risk analysis,
machine learning and medical images. For the recent developments in the
exponentially convex functions and related optimizations, see [1, 7,9, 15, 86-88,

| and the references therein. If the nonlinear in the exponentially mixed
variational inequalities is just continuous, then, we use the auxiliary principle
technique for solving exponentially mixed variational inequalities. For the lower
semi-continuous nonlinear, the exponentially mixed variational inequalities to the
fixed point problems. This equivalent formulation is used to study the existence
of the solution as well as to propose some multi step hybrid iterative methods.

Several special cases of the obtained results are pointed out.

in Section 15, we have also discussed the change of variable technique
for solving the variational inequalities, which is mainly due to Noor [51].
Applying this technique, one can establish the equivalence between the variational
inequalities and fixed point method. This technique can be extended for solving
the mixed variational inequalities, which need further research efforts. This
technique have been used to develop modulus based methods for solving the

system of absolute value equations.

Mixed variational inequalities theory is quite broad, so we shall content
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ourselves here to give the flavour of the ideas and techniques involved. The
techniques used to analysis the iterative methods and other results for general
variational inequalities are a beautiful blend of ideas of pure and applied
mathematical sciences. In this paper, we have presented the main results regarding
the development of various algorithms, their convergence analysis, dynamical
systems and the sensitivity analysis of the mixed variational inequalities.
Although this paper is expository in nature, our choice has been rather to consider
a number of familiar and to us some interesting aspects of mixed variational
inequalities. We also include some new results which we and our coworkers have
recently obtained. The framework chosen should be seen as a model setting for
more general results for other classes of variational inequalities and variational
inclusions. It is true that each of these areas of applications require special
consideration of peculiarities of the physical problem at hand and the inequalities
that model it. However, many of the concepts and techniques, we have discussed
are fundamental to all of these applications. One of the main purposes of this
expository paper is to demonstrate the close connection among various classes of
algorithms for the solution of the mixed variational inequalities. We would like to
emphasize that the results obtained and discussed in this report may motivate and
bring a large number of novel, innovate and potential applications, extensions and
interesting topics in these areas. We have given a brief introduction of this fast
growing field only. The interested reader is advised to explore this field further and
discover novel and fascinating applications of this theory in other mathematical

and engineering sciences.

2 Formulations and Basic Facts

Let H be a real Hilbert space, whose norm and inner product are denoted by || - ||

and (-, -), respectively.

Let T': H — H be a nonlinear operator and let ¢ : H — H be a continuous
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function. We consider the problem of finding v € H, such that
(Tu,v—u) + ¢p(v) — p(u) >0, VveH, (2.1)

which is called the mixed variational inequalities, introduced and studied by Lions
and Stampacchia [11]. A wide class of problems arising in pure and applied
sciences can be studied via variational inequalities (2.1), see [27-30, 38,39, 41,48,

,04,61,69,83,84,96,97,100, 1 11] and the references therein.

It has been shown that a large class of obstacle, unilateral, contact, free,
moving, and equilibrium problems arising in regional, physical, mathematical,
engineering and applied sciences can be studied in the unifying and general
framework of (2.1). For example, the mixed variational inequality (2.1)
characterizes the Signorini problem with non-local friction. If S is an open
bounded domain in R"™ with regular boundary 95, representing the interior of
an elastic body subject to external forces and if a part of the boundary may come
into contact with a rigid foundation, then (2.1) is simply a statement of the virtual
work for an elastic body restrained by friction forces, assuming that a non-local
law of friction holds. The strain energy of the body corresponding to an admissible
displacement v is (Tw,v). Thus (T'u,v — u),Vu,v € H is the work produced
by the stresses through strains caused by the virtual displacement v — u. The
friction forces are represented by the function ¢(.). Similar problems arise in the
study of the fluid flow through porous media. For the physical and mathematical

formulation of the mixed variational inequalities of type (2.1), see [38].

We now discuss some important special cases of the mixed variational

inequalities 2.1
Special Cases

(I). Let F : H — R be a differentiable convex function and ¢ be a
lower semi-continuous convex function. If 7" = VF, then problem (2.1) is

equivalent to finding v € H such that
0 € VF(u) + 0¢(u). (2.2)

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029



882 M. A. Noor and K. I. Noor

Problem (2.2) is nothing else than the convex optimization optimization problem:
in{.J
min{J(u) + ¢(u)},
which were studied in [21,26,29].

(IT). If the function ¢(.) is the indicator function of a closed convex set K, then
(2.1) reduces to the problem of finding v € K such that

(Tu,v—u) >0, YveK, (2.3)

which is called the variational inequality, introduced and studied by Stampacchia

[106] and Lions and Stampacchia [41].

(III). If K* = {u € H : (u,v) > 0,Yv € K} is a polar(dual) cone, then
problem(2.3) is equivalent to finding

veK, TueK*, (Tu,u)=0, (2.4)

which is known as the nonlinear complementarity problem, introduced by
Karamaridain [35]. For the applications and other aspects of the complementarity
problems in engineering and applied sciences, see [31,35,03,82-84,100] and the

references therein.
(IV). If K = H, then problem (2.3) is equivalent to finding u € H, such that
(Tu,v) =0, YveH, (2.5)

which is known as weak formulation of the boundary value problems, see [?,27,

) ]'

(V). If the operator T is linear, positive, symmetric and the function ¢(.) is a

convex function, then minimum of the energy function /v defined as
Iv] = (Tv,v) +2¢(v), Yve H

can be characterized by the mixed variational inequality (2.1).

http://www. earthlinepublishers.com
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Definition 2.1. An operator T : H — H is said to be:

1. Strongly monotone, if there exist a constant o > 0, such that

(Tu —Tv,u—v) > alu—2v|? Vu,veH.

2. Lipschitz continuous, if there exist a constant 8 > 0, such that
|Tu —Tv| < Bllu—2|, Vu,veH.
3. Monotone, if
(Tu —Tv,u —v) >0, VYu,ve€ H.
4. Pseudo monotone, if
(Tu,v —u)y >0 = (Tv,v—u)>0, YuveEH.

Remark 2.1. Fvery strongly monotone operator is a monotone and monotone

operator is a pseudo monotone, but the converse is not true.

Definition 2.2. If T is a mazximal monotone operator on H, then, for a constant

p > 0, the resolvent operator associated with T is defined by
Jr(u) = (I +pT) " (u), Vu€H,

where I is the identity operator. It is known that a monotone operator T is
mazximal monotone, if and only if, its resolvent operator Jr is defined everywhere.

Furthermore, the resolvent operator Jr is nonexpansive, that is,
[Jr(u) = Jr()[| < llu—ol, Vu,ve M.

Remark 2.2. Since the subdifferential 0¢ of a proper, convexr and
lower-semicontinuous ¢ : H — R U {+o0} is a mazimal monotone operator,

we define by
J‘P = (I+ p8¢)_1a

the resolvent operator associated with O¢ and p > 0 is a constant.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029
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We also need the following result, known as the resolvent Lemma(best
approximation) Lemma, which plays a crucial part in establishing the equivalence
between the mixed variational inequalities and the fixed point problem. This
result can be used in the analysing the convergence analysis of the resolvent
implicit and explicit methods for solving the mixed variational inequalities and

related optimization problems..

Lemma 2.1. [2/] For a given z € H, u € H satisfies the inequality
<’U, — %0 = U) + ngS(U) - pd)('LL) > 07 Vo € Ha (26)

if and only if
u = Jy(z2),

where Jy is the resolvent operator.

It is well known that the resolvent operator Jy is nonexpansive, that is,
1o (w) = Jp ()| < [lu = vl|, Vu,v € H.

This property of the resolvent operator plays an important part in the derivation

of our main results.

3 Resolvent Method

In this section, we use the fixed point formulation to suggest and analyze some

new implicit methods for solving the mixed variational inequalities.

Using Lemma 2.1, one can show that the mixed variational inequalities are

equivalent to the fixed point problems.

Lemma 3.1. The function uw € H 1is a solution of the mized wvariational

inequalities (2.1), if and only if, w € H satisfies the relation
u = Jylu — pTul, (3.1)

where Jy is the resolvent operator and p > 0 is a constant.

http://www. earthlinepublishers.com
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Lemma 3.1 implies that the mixed variational inequality (2.1) is equivalent
to the fixed point problem (3.1). This equivalent fixed point formulation was
used to suggest some implicit iterative methods for solving the mixed variational
inequalities. One uses (3.1) to suggest the following iterative methods for solving

the mixed variational inequalities.
Algorithm 3.1. For a given ug € H, compute un+1 by the iterative scheme
Unt1 = Jglun — pTuy], n=0,1,2,.. (3.2)
which is known as the resolvent method and has been studied extensively.
Algorithm 3.2. For a given ug € H, compute u,+1 by the iterative scheme
Unt1 = Jglun — pTupt1], n=0,1,2,.. (3.3)

which is known as the extra-resolvent method.

Noor [(1] has proved that the convergence of the extra-resolvent method for

monotone operators.

Using the alternative equivalent fixed point formation (3.1), one can suggest

and analyse the following method for solving mixed variational inequalities (2.1).

Algorithm 3.3. For a given ug € H, compute un+1 by the iterative scheme
Unt1 = Jglunt1 — pTUunt1], n=0,1,2, ... (3.4)

which is known as the modified implicit double resolvent method.

We can rewrite the equation (3.1) as:

u = Jy| — pTul. (3.5)

2

This fixed point formulation was used to suggest the following implicit method.

Algorithm 3.4. For a given ug € H, compute un+1 by the iterative scheme

Up, + Un+1

5 — pTup+1], n=0,1,2,.. (3.6)

Unp+1 = J¢[

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029
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For the implementation and numerical performance of Algorithm 14.18,

one can use the predictor-corrector technique to suggest the following two-step
iterative method for solving mixed variational inequalities.

Algorithm 3.5. For a given ug € H, compute un+1 by the iterative scheme

Un = Jglun — pTup)
Yn T U
Un+1 J¢[% *pTynL n=01,2,..

which is an implicit method:

From equation (3.1), we have

w=Jylu— pT(u—;u)}.

(3.7)

This fixed point formulation is used to suggest the implicit method for solving the
mixed variational inequalities as

Algorithm 3.6. For a given uy € H, compute un+1 by the iterative scheme

Unt1 = Jgltn — PT(%)L n=0,1,2,...
which is another implicit method, see Noor et al. [25].

(3.8)

To implement this implicit method, one can use the predictor-corrector

technique to rewrite Algorithm 3.6 as equivalent two-step iterative method:

Algorithm 3.7. For a given ug € H, compute un+1 by the iterative scheme

Yn JQS[UTL - PTUnL
Un +
Un+1 J¢>[un - pT(niyn)]?

5 n=0,12, ...

which is known as the mid-point implicit method for solving mized variational
mnequalities.
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It is obvious that Algorithm 3.6 and Algorithm 14.21 have been suggested
using different variant of the fixed point formulations of the equation (3.1). It
is natural to combine these fixed point formulation to suggest a hybrid implicit
method for solving the mixed variational inequalities and related optimization

problems, which is the main motivation of this paper.

One can rewrite the (3.1) as

— () (3.9)

This equivalent fixed point formulation enables to suggest the following method
for solving the mixed variational inequalities.
Algorithm 3.8. For a given uy € H, compute un+1 by the iterative scheme

Up + Unt1
2

Up + Unt1

— T
pT( 5

Uni1 = Jg )], n=0,1,2,... (3.10)

which is an implicit method.

We would like to emphasize that Algorithm 3.8 is an implicit method.

To implement the implicit method, one uses the predictor-corrector technique.
We use Algorithm 14.14 as the predictor and Algorithm 3.8 as corrector. Thus,

we obtain a new two-step method for solving the mixed variational inequalities.

Algorithm 3.9. For a given uy € H, compute un+1 by the iterative scheme

Yn = Jglun — pTup)

Unp1 = J¢[<%;W)—ﬂ<w>} n=0,1,2,..

which is two step method ad appears to be new one.

From the above discussion, it is clear that Algorithm 3.8 and Algorithm 14.22
are equivalent. It is enough to prove the convergence of Algorithm 3.8, which is

the main motivation of our next result.
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Theorem 3.1. Let the operator T be strongly monotone with constant o > 0 and
Lipschitz continuous with constant 8 > 0, respectively. Let u € H be solution of
(2.1) and up4+1 be an approximate solution obtained from Algorithm 3.8. If there

exists a constant p > 0, such that
2c
@7

then the approrimate solution uny1 converge to the exact solution u € H.

0<p< (3.11)

Proof. Let u € H be a solution of (2.1) and w41 be the approximate solution
obtained from Algorithm 3.8. Then, from (14.49) and (14.30), we have

)]

Up + Up+1
— ) = pT
5 ) AL

U+ u U—+u
—Jol—5—) = rT(—;

Up+1 + Un u+u
| - 22
U+ u
)= T(5))I?

_p(T(Un—l-l + un

2
< (1-2pa+ g2
- 2 2

Up, + Un+1
2

2

s = ull® =4[

IN

, (3.12)

where we have used the fact that the operator T is the strongly monotone with

constant o > 0 and Lipschitz continuous constant 5 > 0, respectively.

Thus, from (3.12), we have

Un+1 —
V1200 + p?2B{ | + || 5 =[1}

= V1= %0t PP un —uu

IN

[uns1 = ull

1
+5 V1 = 2p0 + p2 2 |un 1 — ull, (3.13)

which implies that

5 V1 —2pa+ p?f?
V1 —2pa + p232
= 9Hun— ull, (3.14)

[unt1 —ul] < [, = ]
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where

3V 1 —2pa + p25?
— 3V/1 = 2pa + p2 32
From (8.32), it follows that 8 < 1. This shows that the approximate solution w1

0=

obtained from Algorithm 3.8 converges to the exact solution v € H satisfying the

mixed variational inequality (2.1).
Using (3.1), for a constant &, we have
u=Jplu—&u—u)— pTul.
This fixed point formulation is used to suggest the following iterative method
Algorithm 3.10. For given ug,u1 € H, compute un41 by the iterative scheme
Ung1 = Jplun — E(un —upn—1) — pTuy), n=0,1,2,..
which can be written in the following equivalent form

Algorithm 3.11. For given ug,u; € H, compute u,11 by the iterative scheme

Yn = Jglun — pTup)
Up+1 = ‘]¢[yn - pTUn]7 n= 07 ]-7 27
which is the inertial iterative method for solving the mized variational inequalities,

studied and analyzed by Noor et al. [51].

It is worth mentioning that Polyak [102] introduced the idea of inertial type

method for speeding up the convergence of iterative methods.

For the applications of inertial methods, see [63,81,90,91] and the references

therein.
From equation (3.1), for a constant &, we have
u=Jplu—&(u—u)—pT(u—E(u—mu)).

This fixed point equivalent formulation is used to suggest iterative method for

solving the variational inequalities.
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Algorithm 3.12. For given ug,u; € H, compute u,11 by the iterative scheme

Ung1 = Jglun — E(un — un—1) — pT (up — §(Un — un—1))], n=0,1,2,...

Algorithm 14.25 is known as the inertial projection iterative method. For
different and suitable choice of the parameter £, one can obtain various known
and new known inertial resolvent type methods for solving variational inequalities
and related optimization problems, see [$1].

Algorithm 14.25 can be written in the following two step method:

Algorithm 3.13. For a given ug,u1 € H, compute uyy1 by the iterative schemes

Yn = Un_g(un_unfl)

Un+1 = J¢[yn_pTyn]a n:O71727"'7

which is the subject of recent investigation and have been extended for other classes
of mixzed variational inequalities. It is worth mentioning that to implement the
wnertial-type methods, one has to choose two initial values, which is the main

draw back of these inertial methods. ]

4 Resolvent Equations Technique

We now consider the problem of solving the resolvent equations related to the
mixed variational inequalities (2.1). Let 7" be an operator and Ry = I — Jy,
where I is the identity operator and Jy is the resolvent operator. We consider the
problem of finding z € H such that

TJyz+p 'Ryz = 0. (4.1)

The equations of the type (4.1) are called the resolvent equations. It have been
shown that the resolvent equations play an important part in the developments of
iterative methods, sensitivity analysis and other aspects of the mixed variational

inequalities, see [21,53,51] and references therein.
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Lemma 4.1. The element u € H is a solution of the mixed variational inequality
(2.1), if and only if, z € H satisfies the resolvent equation (4.1), where

where p > 0 is a constant.

From Lemma 4.1, it follows that the mixed variational inequalities (2.1)
and the resolvent equations (4.1) are equivalent. This alternative equivalent
formulation has been used to suggest and analyze a wide class of efficient and
robust iterative methods for solving the mixed variational inequalities and related

optimization problems, see [21,53,54,61,89,111] and the references therein.

We use the resolvent equations (4.1) to suggest some new iterative methods

for solving the mixed variational inequalities. From (4.2) and (4.3),

2 = Jyz—pTJyz
= Jylu — pTu] — pTJgu — pT'u].

Thus, we have

u=pTu+ [Jslu— pTu] — pT Jy[u — pTu).

Consequently, for a constant «;, > 0, we have

v = (1 —oan)u+ an{Jglu—pTu] + pTu — pT'Jy[u — pTul}
= (I—an)utan{y — pTy + pTu}, (4.4)

where
y = Jglu — pTu. (4.5)

Using (14.49) and (14.30), we can suggest the following new predictor-corrector

method for solving the mixed variational inequalities.
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Algorithm 4.1. For a given ug € H, compute un+1 by the iterative scheme
Yn = Jglun — pTup] (4.6)

Unr1r = (1 —ap)up + an{yn — pTy, + pTun}. (4.7)

Algorithm 4.1 can be rewritten in the following equivalent form:
Algorithm 4.2. For a given ug € H, compute un+1 by the iterative scheme
Un+1 = (1 - an)un
+  ap{Jglun — pTup] — pTJglun — pTun| + pTuy]},

which is an explicit iterative method and appears to be a new one.

If a,, = 1, then Algorithm 4.1 reduces to
Algorithm 4.3. For a given ug € H, compute upy1 by the iterative scheme
Yn = Jplun — pTuy]
Unt1 = Yn = PTYn + pTup,

which appears to be a new one.

In a similar way, one can suggest the following inertial type iterative method

for solving the mixed variational inequalities (2.1).

Algorithm 4.4. For a given ug € H, compute un+1 by the iterative scheme

Wn = Unp — §(Un - un—l)
g = Jolwn— pTun]
Un+1 = Yn — PLYn + pTup,

which 1s three-step inertial iterative method.

Remark 4.1. One can suggest several new iterative methods for solving mized
variational inequalities for appropriate suitable choice of operators and spaces.
The convergence criteria and implementation of the these methods require further
efforts.
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5 Splitting Methods

In this Section, we use the technique of updating the solution to suggest a class of
three-step forward-backward projection-splitting methods for solving the mixed

variational inequalities (2.1).

Using this technique, we again rewrite the equation (3.1) in the form:

u = JylJglu— pTu] — pTJy[u — pTul]
= Jy[I — pT|Jy[I — pTu
= (I pT) [T — PTGl — o) + T} (5.1)
= Jylu— pTul (5.2)
u = Jyly—pTy (53)

Using this fixed-point formulation, one can suggest and analyze the following

iterative methods.

Algorithm 5.1. For a given ug € H, calculate the approximate solution uny1 by

the iterative schemes

uny1 = Jo[Jolun — pTun] = pTJglun — pTuy]

or
Un = Jylun — pTuy]
Un+1 = JQS[yn_pTyn]u 77’2051527"'
or
Un+1 = J¢[I — pT]J¢[I — pT]’LLn,

= (I+pT) HIgI — pT)Jy[I — pT] + pT}up, n=0,1,2,...

which are known as the two-step forward-backward splitting methods and are

different from the forward-backward splitting methods of Tseng [105].
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Using the technique of Tseng [10%], one can derive a number of iterative
methods for solving mathematical programming problems. For the convergence

analysis of Algorithm 5.1, see Section 6.

For a positive constant «, one can rewrite the equation (3.1) as:

u = Jylu—o{n(u— Jslu—pTul)+ pT'(u—nR(u))}
= Pylu— a{nR) + pT(u — nR(u))}]
= Pglu— ads(u)] (5.4)

where
dz(u) = nR(u) + pT'(u — nR(u)).
Note that for « = 1 and n = 1 equation (5.4) is equivalent to equations (5.1).

This equivalent formulation is flexible and is used to suggest and analyze the

following iterative method for solving the mixed variational inequalities (2.1).

Algorithm 5.2. For a given uy € H, compute u,11 by the following iterative

schemes

Predictor step.
g(wn) = (1 =1n)g(un) + M Jolg(un) — pnTun] = g(un) — nnR(un),
where 1, satisfies
M (Tttn — Twn, R(un)) < ol| R(ua)[I?, o € (0,1).
Corrector step.

9(unt1) = Jylg(un) — anda(uy)], n=0,1,2,...

where
do(un) = nuR(un) + ppTwy
M (R(un), R(un) — pnTun + pTwy)
fo 5 ,
([ da(un)||

which is called the self-adaptive projection method.
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Some variant forms of Algorithm 5.2 have been studied by Noor [63] and
Noor et al. [61]. It is interesting to note that for 1, = 1 and «,, = 1, Algorithm
5.2 is exactly Algorithm 5.1, which was suggested by Noor [63]. One can study

the convergence analysis of Algorithm 5.2 using the technique of Noor [63].

In a similar way, one can rewrite equation (3.1) as:
u = Jyl[JplJplu — pTu] — pT'Jg[u — pTul]
—pTJg[Jplu — pTu] — pT'Jy[u — pTul]]
= JlJsly — pTyl — pT Jyly — pTy]]

= Jyglw — pTw] (5.5)

where
y = Jglu—pTul (5.6)
w = Jyly—pTy] (5.7)

We use the fixed-point formulation (5.5) to suggest the following three-step
forward-backward splitting method:

Algorithm 5.3. For a given ug € H, compute the approzimate solution u,11 by

the iterative schemes

Yn = Jglun — pTup)
wy, = Jylyn — pTYy]
Unt1 = Jplun —pTuy], n=0,1,2,...

We now write the equation (5.5) in the form:
u = Jy[I — pT]Jy[I — pT]Jy[I — pT]u
= (I + pT) "{JylI — pT\Px[I = pT)Jy[I — pT] + pT }u.

This fixed-point formulation can be used to suggest and analyze the following

iterative method.

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029



896 M. A. Noor and K. I. Noor

Algorithm 5.4. For a given ug € H, compute the approzimate solution by the

iterative schemes:

Uny1 = JolI = pT]J[I — pT]Jy[I — pTlup
= L+ 1) Il — pTIIGIL — pTV [l — ]
+pT}u,, n=0,1,2,...

Algorithm 5.4 is a three-step forward-backward projection splitting methods,
which is different from the splitting method of Glowinski and Le Tallec [30] for
solving the variational inequalities and can be viewed as a generalization of the
modified forward-backward splitting method of Tseng [10%]. Using the technique
of Tseng [108] and Noor [63], one can develop various splitting-type methods for

solving optimization and mathematical programming problems.

We now consider a self-adaptive projection-splitting method using the
fixed-point formulation (5.1). For this purpose, we define the modified residue

vector Ri(u) by

Ri(u) = v—w=u—Jyly— pTy]
= u— JylJplu— pTu] — pTJy[u — pTu]]

From Lemma 3.1, it follows that u € H is a solution of (2.1), if and only if, u € H

is a zero of the equation

Rl (U) =0.

We remark that
= (1-=nu+ndyly — pTy] =u— Ri(u) € H.

Based on the above discussions and observations, we can rewrite equation (3.1)

in the form:

u = Jy[u — ads(u)],
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where
d3(u) = nRi(u)+plz
= nRi(u) + pT'(u—nki(u))

and « is a positive constant. This fixed-point has been used to suggest and analyze

the following iterative method.

Algorithm 5.5. For a given ug € H, compute uyy1 by the iterative schemes:
Predictor step.

yn = Jg [t — pnTun]
wn = Jp[yn — pnTYn]
Tp = Up — 77an (Un)7

where 1, satisfies
Mnpn{Tun — T (un — MR (un)), Ri(un)) < ol|Ri(un)|®, o €(0,1).
Corrector step.
Unt1 = Jglun — ands(uy)], n=0,1,2,...
ds(un) = npRi(un) + ppTxy,
Mn (R (un), D1 (un))

13 (un) |2
Dy (un) = Iy (Un) — pnTup + pTxy,.

Qn

Here «, is called the corrector step size which depends upon the modified
resolvent equation. For o, = 1 and 7, = 1, Algorithm 5.5 coincides with the
projection-splitting Algorithm 5.3 and Algorithm 5.4. Note that Algorithm 5.5 is
quite different from the Algorithm 5.2 and other methods. For the convergence
analysis of Algorithm 5.5, see Noor [03], where it has been shown that the
convergence of Algorithm 5.5 requires only monotonicity. Using essentially the
technique of updating the solution, one can develop several one-step, two-step,
three-step and four-step forward-backward projection splitting methods for

solving the mixed variational inequalities and related optimization problems..
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6 Auxiliary Principle Technique

In the previous sections, we have considered and analyzed several resolvent-type
methods for solving mixed variational inequalities. If the function ¢(.) in the
mixed variational inequality (2.1) is not lower-semicontinuous, then one cannot
show that the mixed variational inequality (2.1) is not equivalent the fixed point
problem. Consequently, one can’t extend the technique of resolvent methods
for solving mixed variational inequality. It is well known that to implement
such type of the methods, one has to evaluate the resolvent, which is itself a
difficult problems. These facts motivated us to consider other methods. One of

these techniques is known as the auxiliary principle. This technique is basically

due to Lions and Stampacchia [11]. See also Noor [03,65]. Glowinski, Lions
and Tremolieres [29] used this technique to study the existence of a solution of
mixed variational inequalities. Noor [63,65] has used this technique to develop

some predictor-corrector methods for solving mixed variational inequalities. It
can be shown [(3, 83, 84, 84, ] that various classes of methods including
resolvent, resolvent ,equations, decomposition and descent can be obtained from

this technique as special cases.

For a given u € H satisfying (2.1), consider the problem of finding w € H,
such that

(pTu~+w —u,v —w) + pp(v) — pp(w) >0, V veH, (6.1)

where p > 0 is a constant.

Note that, if w = wu, then w is clearly a solution of the mixed variational
inequality (2.1). This simple observation enables us to suggest and analyze the

following predictor-corrector method.

Algorithm 6.1. For a given ug € H, compute the approximate solution u,11 by

http://www. earthlinepublishers.com



Mixed Variational Inequalities 899

the iterative schemes

(T un + yn — U, v = yn) + pd(v) — po(yn) >0, Yo € H, (6.2)
(BTyn + Wy, — Yn, v — wy) + BP(v) — Bp(wy,) >0, Yve H, (6.3)
(PTwy, + Unt1 — Wy v — Unt1) + pP(v) — p(Unt1) >0, Vv € H, (6.4)

where p > 0,8 >0 and p > 0 are constants

Algorithm 6.1 can be considered as a three-step predictor-corrector method,
which was suggested and studied by Noor [104]. If g4 = 0, then Algorithm 6.1

reduces to:

Algorithm 6.2. For a given ug € H, compute the approximate solution u,4+1 by

the iterative schemes;

<5Tun+wn—un,v—wn>+5¢(?)) _6¢(wn) 207 V’UGH,
<PT’LUn + Upy1 — Wp, U — un+1> + P¢(U) - P¢(Un+1) >0, VeH,

which is known as the two-step predictor-corrector method, see [104].

If 4w =0,8 =0, then Algorithm 6.1 becomes:

Algorithm 6.3. For a given ug € H, compute u,y1 by the iterative scheme

<pTun + Un+1 — Up, U — Un+1> + pqﬁ(v) - p¢(un+1) >0, YweH.

We note that, if the function ¢(.) is proper, lower-semicontinuous and convex

function, then Algorithm 6.1 can be written as

Algorithm 6.4. For a given ug € H, compute uny1 by the iterative schemes

Yn = Jglun — pTup)
Wn = Jqﬁ[yn - ﬁTyn]
Unt1 = Jplwn — pTwy], n=0,1,2,...
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or
or
Uns1 = (L4 pT) Il = pT)Jy[I — pT)Jy[I — pT)
+pT}un, n=0,1,2,...,

which is three-step forward-backward resolvent method and coincides with
Algorithm 5.8 and Algorithm 5.4 for p = = p.

Algorithm 6.1 is compatible with three-step splitting method of Glowinski
and Le Tallec [39] and also can be considered as a generalization of a two-step
forward-backward splitting method of Tseng [103].

For the analysis of Algorithm 6.1, we need the following concepts.

Lemma 6.1. For all u,v € H, we have
2(u,0) = Jlu+ol® = [lul? — [lv]? (6.5)
—1
(P < o) + .

We now study the convergence criteria of Algorithm 6.1.

Theorem 6.1. Let u € K be a solution of (2.1) and T : H — H be a partially
relaxed strongly monotone operator. If un,11 is the approximate solution obtained
from Algorithm 6.1, then

lumer —al® < fwn —all® = (1 - 200) g1 — wal? (6.6)
lwon —al> < fun —all® — (1 - 208)[w, — yu? (6.7)
lyn =l < g — al® = (1 = 20p0) [y — ] (6.8)

Proof. Let u € H be a solution of (2.1). Then

p(Tu,v —u) + pp(v) —p(u) >0, Yve H (6.9)
B{Tu,v —u) + po(v) — Bo(u) >0, Vve H (6.10)
w(Tu,v —u) + pup(v) — pep(u) >0, Vv e H. (6.11)
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Taking v = @ in (6.2), v = up4+1 in (6.9) and adding the resultant, we have

<un+1 — Wp, U — un+1>> > P<Twn —Tu,upy1 — ﬂ)

Y

—par||un1 — wn”27 (6.12)
since T is partially relaxed strongly monotone with constant a.
Taking v = @& — up4+1 and u = up41 — wy, in (6.5), we have

2 st — W= Unst = [ — 2 = |7 — s |

—||tns1 — wnl*. (6.13)
From (6.12) and (6.13), we have
19 — all* < flwn — @l = (1 = 2pa)|luns1 — wall?,

the required (6.6).

Now taking v = @ in (6.3), v = y, in (6.22), adding the resultant and using

the partially relaxed strongly monotonicity of T', we have
(Wn — Yn, & — wy > —Bpllyn — wnHQa
which implies, using Lemma 6.1,
lwn =@l < llyn — all® = (1 = 2a8)[lyn — wal?,

the required (6.7).

In a similar way, by taking v = @ in (6.2), v = ¥y, in (6.11), adding the
resultant, using the partially relaxed strongly monotonicity and invoking Lemma

6.1, we obtain
lyn = all® < llup —all® = (1 = 2a) [y — un) 1%,

the required (6.8). O
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Theorem 6.2. Let u € H be a solution of (2.1) and u,y1 be the approzimate
solution obtained from Algorithm 6.1. If H is a finite dimensional space and
0<p<1/20,0 < B<1/20,0 < pu < 1/2cx, then

lim wu,, = u.
n—0o0

Proof. Let u € H be asolution of (2.1). Then, from (6.6), (6.7) and (6.8), it follows
that the sequences {||u, —u||}, {||lyn —ul|} and  {||lw, — u||} are nonincreasing

and consequently the sequences {wy, }, {y,} and {u,} are bounded and

o0

> (1 =20p)[tng1 — unl® < Jlwo — |
n=0
o0
D (1=2aB)|wn —un]* < lyo —al?
n=0
oo
> (=20 lyn — unl® < uo —al?,
n=0
which implies that
nh_)nolo [tns1 —wnl = 0
lim [Jw, —yn|| = 0
n—oo
lim ||y, —u,|| = 0.
n—oo
Thus
B (s —wal = B [ — w4+ lim [, — gl
+ lim |lyn, —un| = 0. (6.14)
n—oo

Let u be a cluster point of {u,}; there exists a subsequence {uy,} such that
{un,} converges to 4. Replacing w,, and y, by u,, in (6.2), (6.3) and (6.4); and
taking the limits and using (6.14), we have

(Tu,v—a) + ¢(v) —¢p(a) >0, Yve H.
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This shows that @ € H solves the mixed variational inequality problem (2.1) and
[tns1 = @)|* < [ — |,
which implies that the sequence {u,} has a unique cluster point and

lim u, =,
n—o0

is the solution of (2.1), the required result. O

Remark 6.1. It is worth mentioning that the one-step scheme, that is, Algorithm
14.14 convergence under the assumptions of Theorem 6.1 and Theorem 6.2. This
clearly improves the convergence results for the one-step scheme. Our method can
be considered as a new approach to consider the convergence analysis of three-step
schemes. In the implementation of this scheme, one does not have to evaluate the
projection, which is itself a problem. Our method of convergence is very simple
as compared with other methods. Following the technique of Tseng [108], one
can obtained new parallel and decomposition algorithms for solving a number of

problems arising in optimization and mathematical programming.

Remark 6.2. We note that the auxiliary problem (6.4) is equivalent to finding

the minimum of the functional I[w] on the Hilbert space H, where
1
I[w} = 5<’LU —uw = u> + <pT’LL, w = u> + p¢(w)7 (615)

which is the quadratic optimization problem. This implies that the optimization

programming techniques can be used to solve the mized variational inequalities of
type (2.1).

We again use the auxiliary principle technique to suggest some inertial
proximal point methods for solving the mixed variational inequalities (2.1).

For a given u € H satisfying (2.1), consider the problem of finding a unique
w € H such that
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(pTw +w — u,v —w) + pp(v) — pp(w) >0, forall ve H, (6.16)

where p > 0 is a constant.

Note that if w = u, then w is clearly a solution of the variational inequality
(2.1). This simple observation enables us to suggest and analyze the following

implicit proximal method.

Algorithm 6.5. For a given ug € H, compute the approximate solution u,4+1 by

the iterative schemes

<pTun+1 T Up41 — Un, UV — un+1> + /0(25(1)) B P<Z5(Un+1) >0, VYveH, (617)

where p > 0 is a constant.

Algorithm 6.5 is an implicit method. Using the technique of Noor [(3], one
can study the convergence criteria of Algorithm 6.5.
If the function ¢(.) is a proper, lower-semicontinuous and convex function, then

Algorithm 6.5 can be written in the equivalent form:

Algorithm 6.6. For a given ug € H, compute the approximate solution u,4+1 by

the iterative schemes
Unt1 = Jglun — pTups1], n=0,1,2,.. (6.18)

which is known as the extraresolvent iterative method for solving the mized
variational inequality (2.1) in the sense of Kopervelich [79] extragradient method

for variational inequalities.

We again use the auxiliary principle technique to suggest some inertial

proximal point methods for solving the mixed variational inequalities (2.1).
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For a given u € H satisfying (2.1), consider the problem of finding a unique
w € H such that

(pT((1 — a)w + au) + w — ((1 — v)w + vu),v — w) + po(v) — pPp(w) > 0, (6.19)
V veH,

where p > 0, > 0,v > 0 are constants.

Note that, if w = u, then w is clearly a solution of the variational inequality
(2.1). This simple observation enables us to suggest and analyze the following

implicit proximal method.

Algorithm 6.7. For a given ug € H, compute the approximate solution un,4+1 by

the iterative schemes
(PT((1 = a)uny1 + aup) + unt1 — (1 = v)ung1 + vtn), v — Upt1)
+p6(v) = ph(unt1) =0, Wo € H, (6.20)
which can be rewritten in the following form

Algorithm 6.8. For a given ug € H, compute the approximate solution u,11 by

the iterative schemes

Unt1 = Jy[(1 = V)ups1 + vuy) — pT((1 — a)upt1 + ouy)], n=0,1,2,..(6.21)

We again use the auxiliary principle technique to suggest some inertial

proximal point methods for solving the mixed variational inequalities (2.1).

For a given u € H satisfying (2.1), consider the problem of finding a unique
w € H such that

(T((1 — a)u+au) +w — (1 — v)u + vu),v — w) + pd(v) — pb(w) > 0, (6.22)
forall v e H,

where p > 0,a > 0,v > 0 are constants.
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Note that if w = wu, then w is clearly a solution of the mixed variational
inequality (2.1). This simple observation enables us to suggest and analyze the

following implicit proximal method.

Algorithm 6.9. For a given ug € H, compute the approximate solution u,11 by

the iterative schemes

(pT((1 — a)up + atip—1) + upt1 — (1 — v)up + Vip—1), v — Up41)
+pp(v) — pp(tuny1) 20, Vv € H. (6.23)

If the function ¢(.) is a proper lower-semicontinuous and convex function, then
Algorithm 6.9 reduces to

Algorithm 6.10. For a given ug € H, compute the approximate solution un41

by the iterative schemes

Unt1 = Jy[(1 — V)up +vup—1 — pT((1 — @)up + aup—1)], n=0,1,2,...(6.24)

Or equivalently

Algorithm 6.11. For a given ug € H, compute the approximate solution w41

by the iterative schemes

wy, = (1 —=v)up +vup—1 = up + vty — up—1)

Unt1 = Jplwn — pTwy], n=0,1,2,..

which is called the inertial proximal iterative method for solving the mized

variational inequalities (2.1) and appears to be a new one.

We now suggest and analyze some iterative methods for mixed variational
inequalities (2.1) using the auxiliary principle technique involving the Bregman
distance function, which is mainly due to Zu and Marcotte [114] as developed by
Noor [63,65,66].
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For a given u € H satisfying the mixed variational inequality (2.1), we consider

the auxiliary problem of finding a w € H such that
(pTw,v —w) + (E'(w) — E'(u),v — w) + pd(v) — p(w) >0, Vve H, (6.25)

where p > 0 is a constant and E’(u) is the differential of a strongly convex
function E(u) at v € H. Since E(u) is a strongly convex function, this implies
that its differential E’ is strongly monotone. Consequently it follows that the

problem (6.25) has an unique solution.

Remark 6.3. The function
B(w,u) = B(w) — B(u) — (E'(u),w - u)

associated with the convex function E(u) is called the generalized Bregman distance
function. By the strongly convexity of the function E(u), the Bregman function

B(.,.) is nonnegative and B(w,u) = 0, if and only if u = w,Yu,w € K.

We note that, if w = u, then clearly w is solution of the mixed variational
inequalities (2.1). This observation enables us to suggest and analyze the following

iterative method for solving (2.1).

Algorithm 6.12. For a given ug € H, compute the approximate solution i1

by the iterative scheme

(pTtny1,v = upt1) +  (E'(uns1) = E'(tn), v — tny1)
+p¢(v) - p(b(un—i—l) 2 O) Vo € H7 (626)

where p > 0 is a constant.

Algorithm 6.12 is called the proximal method for solving mixed variational
inequalities (2.1). In passing we remark that the proximal point method was
suggested by Martinet [12] in the context of convex programming problems as a

regularization technique.
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For suitable and appropriate choice of the operators and the spaces, one can
obtain a number of known and new algorithms for solving mixed variational

inequalities and related problems.

Theorem 6.3. Let the operator T' be monotone. If E be differentiable strongly
convez function with module p > 0, then the approximate solution un+1 obtained
from Algorithm 6.12 converges to a solution uw € H satisfying the mized variational
inequality (2.1).

Proof. Let u € H be a solution of (2.1). Then
(Tu,v —uy + ¢(v) — d(u) >0, YveH,
implies that
T(v,u—v)+ o) —¢(u) >0, YveH, (6.27)

since T’ is a monotone operator.

Taking v = u in (6.26) and v = uy41 in (6.27), we have
PT (U1, U = Uns1) + (B (Ups1) = B (un), u = upg1) > —pp(u) — pd(unt1).(6.28)
and
(Tupt1,u — Upy1) — P(u) — P(ups1) > 0. (6.29)

We now consider the Bregman function
B(u,w) = B(u) — B(w) — (E'(w),u —w) > Bllu—w|?, (6.30)

using strongly convexity of the convex function F.
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Now combining (6.28),(6.29) and (6.30), we have

B(u,un) = B(u,upt1) = E(unt1) — B(un) = (E'(un), u — un)
(B (Upt1), u — tnt1)
= Btns1) — Bttn) — (B () — ' tins1), 0 — tins1)

—(E' (un), tn 41 — un)

Y

Bllunt1 — un”Q + <El(un+1) - El(un): U — Uny1)

> Blluns1 — un”2

If upy1 = uy, then clearly w, is a solution of the mixed variational inequality
(2.1). Otherwise, it follows that B(u, u,)— B(u, u,+1) is nonnegative and we must

have
nlggo [tns1 = unl| = 0.

It follows that the the sequence {u,} is bounded. Let @ be a cluster point of
the subsequence {uy, }, and let {u,,} be a subsequence converging toward @. Now
using the technique of Zhu and Marcotte [114], it can be shown that the entire
sequence {uy} converges to the cluster point u satisfying the mixed variational
inequalities (2.1). O

It is well-known that to implement the proximal point methods, one has to
find the approximate solution implicitly, which is itself a difficult problem. To
overcome this drawback, we now consider another method for solving the mixed

variational inequality (2.1) using the auxiliary principle technique.

For a given u € H satisfying (2.1), find w € H such that
(pTu,v —w) + (E'(w) — E'(u),v — w) + pp(v) — pp(w) >0, Vve H, (6.31)

where E’(u) is the differential of a strongly convex function E(u) at u € K.
Problem (6.31) has a unique solution, since F is strongly convex function. Note
that problems (6.31) and (6.25) are quite different problems. It is clear that, for
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w = u, w is a solution of (2.1). This fact allows us to suggest and analyze another

iterative method for solving the mixed variational inequalities (2.1)).

Algorithm 6.13. For a given ug € H, compute the approximate solution i1

by the iterative scheme

(PTUna v = un+1> + <El(un+1) - El(“n)v v = un+1>
> —pgb(’l}) - p¢(un+1)7 Vv € H, (632)
for solving the mized variational inequalities (2.1).

Remark 6.4. For suitable and appropriate choice of the operators and the spaces,
one can obtain various known and new algorithms for solving mized variational
inequalities and related optimization problems. One can consider the convergence

analysis of Algorithm 14.26 using essentially the technique of Theorem 6.3.

7 Nonexpansive Mappings

In recent years, Noor [58,63] suggested and analyzed several three-step iterative
methods for solving different classes of mixed variational inequalities. It has been
shown that three-step schemes are numerically better than two-step and one-step
methods. Related to the mixed variational inequalities, is the problem of finding
the fixed points of the nonexpansive mappings, which is the subject of current
interest in functional analysis. It is natural to study these different problems
in a unified framework. Motivated by the research going on these fields, we
suggest and analyze three-step iterative methods for finding the common solution
of these problems. The convergence criteria of these new iterative schemes under
some mild conditions is considered. For variational inclusions and nonexpansive

mappings, see Noor and Huang [71] and the references therein.

We now recall some well known concepts and results.

Remark 7.1. Let S be a nonexpansive mapping. We denote the set of the fized
points of S by F(S) and the set of the solutions of the mized variational inequalities
(2.1) by MVI(H,T).
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We can characterize the problem. If 2* € F(S)NMVI(H,t), then x* € F(S5)
and z* € MVI(H,T). Thus from Lemma 2.1, it follows that

zt = Sa* = J[[a" — pTa™] = ST, [[x* — pTx™]. (7.1)

We can rewrite (7.1) in the following equivalent form using the technique of

updating the solution as:

= Syt — pTy"]
vo= ST
2* = SJyla* — pTx™].

This alternative equivalent form plays a crucial role in suggesting three-step
iterative schemes for solving variational inequalities. We here use this fixed point
formulation to suggest the following multi-step iterative methods for finding a
common element of two different sets of solutions of the fixed points of the

nonexpansive mappings and the mixed variational inequalities.

Algorithm 7.1. For a given xg € K, compute the approrimate solution x, by

the iterative schemes

zn = (1 —=cp)xn + cnSJplln — pTy), (7.2)
Yn = (1 —=bp)xp+ by STy[[2n — pT 2], (7.3)
Tpt1 = (1 —ap)zn + anSJTyllyn — pTyn), (7.4)

where ap, by, cn, € [0,1] for alln > 0 and S is the nonexpansive operator.

Algorithm 7.1 is a three-step predictor-corrector method.

Note that for ¢, = 0, Algorithm 7.1 reduces to:

Algorithm 7.2.  For an arbitrarily chosen initial point xog € K, compute the

sequence the approzimate solution{x,} by the iterative schemes

Yn = (1 =bn)xn +bpSJpl[xn — pTs),
Tpt1 = (1 —ap)zn + anSJTy([yn — pTyn),
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where an, by, € [0,1] for alln > 0 and S is the nonexpansive operator.

Algorithm 7.2 is called the two-step (Ishikawa iterations) iterative method.

For b, =1, a, = 1, Algorithm 7.2 reduces to:

Algorithm 7.3.  For an arbitrarily chosen initial point xog € K, compute the

sequence {xy} by the iterative schemes
Yn = SJ@[[xn — pTxy],
o1 = SIpllyn = pTyn].
or
Tny1 = SJo[[9p[[xn — pTan] — pT'SJp[[2n — pTn]],

which is called extraresolvent algorithm.

For b, =0, ¢, =0, Algorithm 7.1 collapses to the following iterative method.

Algorithm 7.4. For a given xg € H, compute the approximate solution x,41 by
the iterative schemes:
Tnt1 = (1= an)zn + anSJp[[zn — pTn],

which is known as a Mann iteration.

If ¢ is the indicator function of a closed convex set K in H, then J, = P,
the projection of H onto the closed convex set K. Consequently, Algorithms 7.1-
7.4 collapse to the following iterative projection method for solving the classical

variational inequalities.

Algorithm 7.5. For a given xg € K, compute the approrimate solution x, by

the iterative schemes

zn = (1—cp)xn + enSPr[x, — pTxy],
Yn = (1 - bn)xn + bnSPK[Zn - PTZn],
Tpy1 = (1 —an)rn + anSPk([yn — pTYn),
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where ap, by, cn, € [0,1] for alln > 0 and S is the nonexpansive operator.

Algorithm 7.5 is a three-step predictor-corrector method.
Note that for ¢, = 0, Algorithm 7.5 reduces to:

Algorithm 7.6.  For an arbitrarily chosen initial point rg € K, compute the

sequence the approzimate solution{x,} by the iterative schemes

Yn = (1 —bp)xn + bySPr[xy — pTxy],
Tn+1 = (1 - an)xn + anSPK[yn - pTyn]7

where ay, by, € [0,1] for alln >0 and S is the nonexpansive operator.

Algorithm 7.6 is called the two-step (Ishikawa iterations) iterative method.
For b, = 1,a, = 1, Algorithm 7.6 reduces to:

Algorithm 7.7.  For an arbitrarily chosen initial point o € K, compute the

sequence {xy,} by the iterative schemes

Yn = SPglxy— pTxy],
Tny1 = SPr[yn — pTyn).

or
i1 = SPg|[SPk|xy, — pTxy] — pT'S P, — pTxy]],

which is called extragradient Algorithm.

For b, =0, ¢, =0, Algorithm 7.5 collapses to the following iterative method.

Algorithm 7.8. For a given xzg € K, compute the approximate solution x,41 by

the iterative schemes:

which is known as a Mann iteration.
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This shows that three-step method suggested in this section is quite general
and it includes several new and previously known algorithms for solving variational

inequalities and nonexpansive mappings.

Definition 7.1. A mapping T : H — H is called r-strongly monotone, if there

exists a constant r > 0, such that
<T.’L'—Ty,{L'—y> ZTHx_yH27 Vﬂ?ayGH-

Definition 7.2. An operator TH — H s called cocoercive (inverse) strongly

monotone, if there exists a constant o > 0 such that
(Tu —Tv,u—v) > afTu —Tv||?, Vu,v e H.

Definition 7.3. A mapping T : H — H is called relazed ~y-cocoercive, if there

exists a constant v > 0, such that
(Tw —Ty,x —y) > —||Tz — Tyl|?, Va,ye H.

Definition 7.4. A mapping T : H — H is called relazed (v, r)-cocoercive, if
there exists constants v > 0,7 > 0, such that

(Te =Ty, —y) > —yl|Tw = Ty||* + rllz —y|* Vo,y € H.

Definition 7.5. A mapping T : H — H s called p-Lipschitzian, if there exists
a constant > 0, such that

| T2 — Tyl < pllz —yll, Va,y € H.

Remark 7.2. C(learly a r-strongly monotonic mapping or a y-inverse strongly
monotonic mapping must be a relazed (v, r)-cocoercive mapping, but the converse
is not true. Therefore the class of the relaxed (v,r)-cocoercive mappings is the

most general class.

Remark 7.3. From definition 7.4, it follows that, if the operator T is inverse
strongly monotone with a constant ace > 0, then it is Lipschitz continuous with a

constant é .
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Lemma 7.1. [05]  Suppose {01}, is a nonnegative sequence satisfying the
following inequality:
Opt1 < (L= Ap)og +on, E>0

with A\, € [0,1], D720 A\ = 00, and o, = o(A). Then limy_, 0 = 0.

We now investigate the strong convergence of Algorithms 7.1, 7.2 and 7.4
in finding the common element of two sets of solutions of the mixed variational
inequalities MV I(H,T)and F(S) and this is the main motivation of the next

result.

Theorem 7.1. Let T be a relaxed (v,r)-cocoercive and p-Lipschitzian
mappingand S be a nonexpansive mapping of such that F(S) N MVI(H,T) # (.

If
0<p<2r—y?)/p? yu*<r (7.5)
Unybnscn € [0,1] and Y07 jan = oo, then x, obtained from Algorithm 2.1

converges strongly to x* € F(S)NMVI(H,T).

Proof. Let x* € H be the solution of F'(S)NMVI(H,T). Then

¥ = (1—cp)a” +cySJy[a” — pT'z™] (7.6)
= (1—=by)z" +b,SJ,a" — pT'z"] (7.7)
= (1 —-ap)z™ 4+ a,SJy[z" — pTx™], (7.8)

where ay, by, c, € [0,1] are some constants. To prove the result, we need first
to evaluate ||xp41 — 2*|| for all n > 0. From (7.4),(7.8), and the nonexpansive

property of the resolvent operator J, and the nonexpansive mapping S, we have

[|nt1 — 27|
= (1 = an)zn + anSJplyn — pTyn] — (1 — an)z™ — anSJp[z” — pTa]||
(1 = an)llen — 2" + anllSTolyn — pTyn] — STp[z” — pTa]|
(1= an)l|lzn — ™[ + anllyn — 2" = p(Tyn — Ta")]|. (7.9)

IN

IN
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From the relaxed (v, r)-cocoercive and p-Lipschitzian definition on T,

Hyn — 2" = p(Tyn — Tw*)HZ
= |lyn — 2" = 2p(Tyn — T2*, yn — 2*) + p*|| Ty — T2*||

<y — 2*|* = 20[=||Tyn — T2*||* + 7|y — 2*||?]
+0?|| Ty, — T*||?
< Myn = ¥ 117 + 20712y — 211> = 207 |y — 21> + 01|y — 2|2

= [L+ 209 = 201 + p* 1% ||y — |2
= 0llyn —"|, (7.10)

where

0 = /14 202 — 2pr + p2p2. (7.11)
From (7.5), we have § < 1.
Combining (7.9), (7.10) and (7.11), we have
st — ) < (1= an)llzn — | + anbllyn — 2. (7.12)
From (7.3), (7.7) and the nonexpansivity of the operators S and J,,, we have

lyn =27l < (1= ba)llwn — 2" + ball STplzn — pT20] = STpla™ — pTa’]]|

< (U =bn)llwn — 27| + bull[zn — pT20] — 2" = pT2™]||. (7.13)

Now from the relaxed (v, r)-cocoercive and u-Lipschitzian definition on T, it yields
that

len — 2 — p{T2n — Ta]|?
|20 — 2% = 2p(T2p — Ta*, 2, — ) + p?|| T2 — T*||?

< lzn — &P = 20— T2 — T2*|? + |20 — 2*||?]
02| Tz — Ta*|?
< lzn — 2|1 + 20703 |20 — 2¥|17 — 20720 — 2|2

+02 1% ||z — |2
= [1+2pyp® = 2pr + P12 |20 — 2¥|| = %]z, — 2¥||%, (7.14)
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From (7.13) and (7.14), we have
[y — 2| < (1= bn)[wn — 27| + bnbl[ 20 — 27 (7.15)
In a similar way, we have

lzn —2*| < (1= ca)llzn — 27| + cnb|zn — 2

= {1 —cn(@—=0)}|zn — 27|
< lzn — 2. (7.16)

Il
)

From (7.15) and (7.16, we obtain that

[zns1 =27 < (1= an)]zn — 27

tan|lyn — 2* — p(Tyn — Tz")||

< (1 —an)|lzn — 27| + anbllyn — 2|
< (I —ap)llzn — 27| + anb|zn — 27|
< (I —ap)llzn — 2% + anbllz, — 27|
= [1=an(l = 0)[lzn — =7,
and hence by Lemma 7.1,
Jim [z, — " =0,
completing the proof. O

Next we prove the strong convergence theorem of Algorithm 8.4 under the

a-inverse strongly monotonicity.

Theorem 7.2. Let T be an a-inverse strongly monotone mapping with a
constant o > 0 and S be a nonexpansive mapping such that F(S)NMVI(H,T) #
0. If p C la,b] C (0,2a) and a, C [c,d] for some constants c¢,d € (0,1),
then the sequence {x,} obtained from Algorithm 7.4 converges strongly to x* €
F(S)NMVI(H,T).
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Proof. It is well known that T is a-inverse strongly monotone with the constant

a > 0, then T is 1-Lipschitzian continuous.
, ~-Lip

Consider
lzn — 2% = p[Tw — Ta™]||?
= |lzn — 2*|? + P Tz — T2*|)? — 20Ty — Tx*, 2, — 2*)
<l — 2] + p*| T2y — Ta™||* — 2pal| Ty — Ta*||?
= |lzn — 2"|* + (p* — 2p0)|| T2, — Ta*|?
* 1 *
< o = 2"+ (0° = 2p0) - 5l — 27|
2
— 2pa
= (1+(pa2p))|]a:n—m*\2. (7.17)

Set 0; = (1+ (’)2;#0‘))1/2. Then from the condition p C [a,b] C (0, 2«), it follows
that 6, € (0,1).

From (7.17) and the nonexpansive property of the operators of S and J,,, we

have
[@nt1 — 2|
= |1 = an)xn + anSJplxn — pTxyn] — (1 — ap)2™ — anSJylx™ — pTa™]||
< (I=an)llzn — 2% + anl|STplen — pTxn] = STpla” — pTz]|
< (I —=an)lzn — 2| + anllzn — 2* — p(Txy — Ta™)||
< (= an)llen — 2™ + anbh[|zn — 27|
[ (

1 —an(l =6z, — x|

Therefore, it follows that

lim |z, —z*|| =0,
n—oo

using Lemma 7.1, completing the proof. O
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8 Dynamical Systems Technique

In this section, we consider the resolvent dynamical systems associated with the
mixed variational inequalities. We investigate the convergence analysis of these
new methods involving only the monotonicity of the operator. It is well known
that the variational inequalities are equivalent to the fixed-point problems.
This alternative formulation has played an important and fundamental part
in developing a wide class of projection type methods for solving variational
inequalities and complementarity problems. This equivalence has been used
and analyzed to projected dynamical systems, in which the right-hand side of
the ordinary differential equation is a projection operator. The novel feature
of the projected dynamical systems is that the set of the stationary points of
the dynamical system correspond to the set of the solution of the variational
inequalities. Consequently, equilibrium problems which can be formulated in
the setting of variational inequalities can now be studied in the frame work of
the dynamical systems. Xia and Wang [1 10, 111] have shown that the projected
dynamical systems can be used effectively in designing neural network for solving
variational inequalities and related optimization problems. It is well known the
projection method and its variant forms including the Wiener-Hopf equations
cannot be used to suggest projected type dynamical systems for solving the
mixed variational inequalities. These facts motivated us to use the technique
of the resolvent operator. In this technique, the given operator is decomposed
into the sum of two maximal monotone operators, whose resolvent are easier to
evaluate than the resolvent of the original operator. Such a method is known
as operator splitting method. This can lead to develop very efficient methods,
since one can treat each part of the original operator independently. Using the
resolvent operator technique, one can show that the mixed variational inequalities
are equivalent to the fixed point-problems. We use this alternative equivalent
formulation to suggest and analyze some resolvent dynamical systems associated
with the mixed variational inequalities. We prove that these resolvent dynamical

systems have the global asymptotic stability properties for the pseudomonotone
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operator, which is a weaker condition than monotonicity. It is worth mentioning
that if the nonlinear term in the mixed variational inequalities is the indicator
function of a closed convex set in a Hilbert space, then the resolvent operator is
exactly the projection operator. Thus the resolvent dynamical systems include

the projected dynamical systems studied in [28,13,83] as special case.

We use the equivalent fixed-point formulation to suggest and analyze the

resolvent dynamical system:

% — MJglu— pT(w)] -}, ulto) = uo € H, (8.1)

associated with mixed variational inequality (2.1), where X is a parameter. Such
type of the dynamical systems are called the resolvent dynamical system. From
the definition, it is clear that the solution of the dynamical system always stays
in H. This implies that the qualitative results such as the existence, uniqueness

and continuous dependence of the solution of (2.1) can be studied .

Using the updating technique of the solution, equation (8.1) can be written as
u=Jg[Jplu— pT(w)] — pTJp[u — pT(u)]] = J[I — pT|Js[I — pT](u). (8.2)

This fixed-point formulation has been used to suggest and analyze some two step
forward-backward splitting algorithms for solving mixed variational inequalities
(2.1). These splitting type methods can be parallelized and have potential
applications in optimization and differential equations. We use this fixed-point
formulation to suggest the following splitting type dynamical system associated

with the mixed variational inequalities (2.1):

CC% = My Jglu — pT(w)] — pTJplu — pT(w)]] — u}, ulto) =uo € H. (8.3)

Note this dynamical system is different from the resolvent dynamical system
(8.2). These resolvent dynamical systems describe the disequilibrium adjustment

processes, which may produce important transient phenomena prior to the
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achievement of a steady state. If the function ¢ is an indicator function of a
closed convex set K in H, then the resolvent operator J, = P, the projection
of H onto the convex set K. Consequently, the resolvent dynamical systems
are exactly the projected dynamical systems associated with the variational
inequalities considered. It has been shown that the projected dynamical systems
are useful for computational schemes. From the view point of neural computation,
the structure of these dynamical systems are simple and can be easily implemented

in a parallel circuit network, see [28,43,63,83,109-111] and the references therein.

We now define the residue vector R(u) by the relation

R(u) = u—Jglu—pT(u). (8.4)

It is clear that u € H is a solution of the mixed variational inequality (2.1), if

and only if, u € H is a zero of the equation
R(u) = 0. (8.5)

Definition 8.1. The dynamical system is said to converge to the solution set K*
of (2.1), if, irrespective of the initial point, the trajectory of the dynamical system

satisfies

lim dist(u(t), K*) =0, (8.6)

t—o00

where

dist(u, K*) = inf,e cllu— v]|.

It is easy to see that, if the set K* has a unique point u*, then (8.6) implies
that

li =u".
Ayt =

If the dynamical system is stable at * in the Lyapunov sense, then the dynamical

system is globally asymptotically stable at u*.
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Definition 8.2. The dynamical system is said to be globally exponentially stable
with degree n at u* if, irrespective of the initial point, the trajectory of the

dynamical system u(t) satisfies
lut) — ']l < plfulto) — w*leap(~n(t — to)), for all ¢ > to,

where 1 and py are positive constants independent of the initial point.

It is clear that globally exponentially stability is necessarily globally stability

and the dynamical system converges arbitrarily fast.

Lemma 8.1. Let 4 and v be real-valued nonnegative functions with domain {t :

t > to} and let a(t) = ap(|t — to|), where a is a monotone increasing function.
If, fort > to,

then

u(t) < a(t)exp{ t 0(s)ds}.

From now onward, we assume that the solution set K* of the mixed variational

inequalities (2.1) is nonempty and is bounded, unless otherwise specified.

We now study the main properties of the resolvent dynamical systems and
analyze the global stability of the systems by using the technique of Xia and
Wang [110, ]. First of all, we discuss the existence and uniqueness of the
resolvent dynamical system (8.1) and this is the main motivation of our next

result.

Theorem 8.1. Let the operator T be a Lipschitz continuous operator. Then,
for each ug € H, there exists a unique continuous solution u(t) of the resolvent

dynamical system (8.1) with u(ty) = ug over [tg, 00).
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Proof. Let
G(u) = MJp[u — pT(u)] — u},
where A > 0 is a constant. For all u,v € R™, we have

1G(u) =G) < {IlJslu—pT(u)] = Jg[v = pT ()] + llu— o]}
Alu =l + Alu = v = p(T'(u) = T(v))]]

IN

where 8 > 0 is a Lipschitz constant of the operator 7. This implies that the
operator G(u) is a Lipschitz continuous on the space H. So, for each ug € H, there
exists a unique and continuous solution wu(t) of the resolvent dynamical system
(8.1), defined in the interval tgp < ¢ < T with the initial condition u(tg) = ug. Let

[to,T) be its maximal interval of existence. We have to show that T' = oc.

Consider

1G]

IN

M Jglu = pT (u)] — ull
< MlJplu = pT ()] = Jolulll + [ Jolul — Jo[u™l| + | Jg[u"] — ull}

< M2+ pBullulll + Al + AllJg[u]l,

for any u € R*, then

lu@l < ol + / I Tu(s)|ds
< (ol +kr(t = To) + ks | Jlus)]ds,

to

where ki = A(||[u*|| + || Jg[u*]||) and k2 = A(2 + pf).

Hence by invoking Lemma 8.1, we have
()] < {lluoll + ki(t —to) k25t € [t,T).

This shows that the solution u(t) is bounded on [t,T). So, T' = oc. O

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029



924 M. A. Noor and K. I. Noor

Theorem 8.2. Let the operator T' be locally Lipschitz continuous in a domain H.
Then the resolvent dynamical system (8.1) is stable in the sense of Lyapunov and

globally converges to the solution of the mized variational inequality (2.1).

Proof. Since the operator is Lipschitz continuous, it follows from Theorem that
the resolvent dynamical system (8.1) has a unique continuous solution u(t) over
[t,T) for any fixed ug € H. Let u(t,to;up) be he solution of the initial value

problem (8.1). For a given u* € H, consider the following Lyapunov function
L(u) = ||u—u*||?, weH. (8.7)

It is clear that lim, , L(u,) = +o0o, whenever the sequence {u,} C H and
lim;, 00 U, = 00. Consequently, we conclude that the level sets of L are bounded.

Let u* € H be a solution of the mixed variational inequality (2.1). Then
(T(u),v —u*) + ¢(v) — p(u*) >0, foralveH,
implies
(T'(v),v—u") + ¢(v) — ¢(u*) >0, (8.8)

since the operator T' is monotone.

Taking v = Jy[u — pT'(u)] in (8.8), we have
(TJg[u — pT'(w)], Jplu — pT (w)]) + ¢(Js[u — p(u)]) — ¢(u”) = 0. (8.9)
Setting v = u*, u = Jy[u — pT'(u)], and z = u — pT'Jy[u — pT(u)] in (2.6), we have

(ol — pT(u)] = u + pTTglu — pT(w)],u" = Jy[u — pT(w)])
+p9(u”) — p(Tlu — pT(w)]) > 0. (8.10)

Adding (8.9), (8.10) and using (8.7) we obtain

(u—u*, R(u)) > [ R(u)]*. (8.11)
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Thus we have

d dL du

dt
= 2XNu —u", Jyglu — pT'(u)]) = 2X\(u — u*, —R(u))
< —2R@)? <0.

This implies that L(u) is a global Lyapunov function for the resolvent dynamical
system (8.1) and the system is stable in the sense of Lyapunov. Since {u(t) :
t > to} C Ko, where Ky = {u € H : L(u) < L(up)} and the function is
continuous differentiable on H., it follows from LaSalle’s invariance principle that
the trajectory will converge to €2, the largest invariant subset of the following
subset:

aL

FE = R": — =0
{ue i }

Note that, if % =0, then
lu = Jg[u — pT'(u)]]| =0,

and hence u is the equilibrium point of the resolvent dynamical system (8.1, that

is,

du
— =0.
dt
Conversely, if ‘Cll—lt‘ = 0, then it follows that % = 0. Thus, we conclude that
d
E:{uER”:d—?zo}:KﬂK*,

which is nonempty, convex and invariant set containing the solution set K*. So
li i E)=0.
Jim dis(u(t), E) =0
Therefore the resolvent dynamical system (8.1) converges globally to the solution
set of the mixed variational inequalities (2.1). In particular, if the set E = {u*},
then

tlggo u(t) =u*.

Hence the resolvent system (8.1) is globally asymptotically stable. ]
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Theorem 8.3. Let the operator T be a Lipschitz continuous with constant g > 0.
If X\ < 0, then the resolvent dynamical system (8.1) converges globally

exponentially to the unique solution of the mized variational inequality (2.1).

Proof. From Theorem 8.3, we see that there exits a unique continuously
differentiable solution of the resolvent dynamical system over [tg, c0). Then, from
(8.1) and (3.1), we have

dL

o= 2Mult) —u", Jp[u(t) — pT(u(t))])

= —2Au(t) — u|* + 2M{u(t) — u*, Jo[u(t) — pT(u(t))] - u*), (8.12)
where u* € H is the solution of the mixed variational inequality (2.1), that is
u* = Jyu" — pT'(u")].

Now using the nonexpansivity of the resolvent operator J, and the Lipschitz

continuity of the operator 7, we have

[Jolu = pT(w)] = Jo[u” = pT (W[ < [lu = u*[[ + p|T(u) = T(u")]]
< (1+Bp)llu—u™]. (8.13)

A

From (8.12) and (8.13), we have

d N #
) = u*? < 20\ [[u(t) — o,
dt
where
a = pp.
Thus, for A = —A1, where A1 is a positive constant, we have

u(t) — u|| < |lu(t) — u*|le” oM E—t0)

which shows that the trajectory of the solution of the resolvent dynamical system

(8.1) will converge to the unique solution of the mixed variational inequality. [
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We use the resolvent dynamical system (8.1) to suggest some iterative for
solving the mixed variational inequalities (2.1). These methods can be viewed in

the sense of Koperlevich [39] and Noor [63] involving the double resolvent operator.

For simplicity, we take A = 1. Thus the dynamical system(8.1) becomes

d

di; tu = Jylu— pTu), u(ty) = o (8.14)
We construct the implicit iterative method using the forward difference scheme.
Discretizing (8.14), we have

Un41 — Un
h

where h is the step size. Now, we can suggest the following implicit iterative

+ Upy1 = Jp[tun — pTUn41], (8.15)

method for solving the mixed variational inequality (2.1).
Algorithm 8.1. For a given uy € H, compute un+1 by the iterative scheme

Up4+1 — Un

, n=0,1,2,....
h n

Unt+1 = Jg|un — pTun+1 —

This is an implicit method and is quite different from the implicit method.
Using the resolvent Lemma, Algorithm 8.1 can be rewritten in the equivalent

form as:

Algorithm 8.2. For a given ug € H, compute un+1 by the iterative scheme

14+ h)ups1 — (1 + h)uy
(pTun—H + {( ) +1h ( ) }av_un+1>

+pp(v) — pd(uns1) > 0,Vv € H. (8.16)

We now study the convergence analysis of algorithm 8.2 under some mild

conditions.

Theorem 8.4. Let u € H be a solution of the mized variational inequality (2.1).
Let up41 be the approximate solution obtained from (8.16). If T' is monotone,
then

lu = wn g * < flu = wnll* = un — wnga]. (8.17)
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Proof. Let u € H be a solution of (2.1). Then
(Tv,v —u) + ¢(v) — p(u) >0, YveH, (8.18)
since T' is a monotone operator.
Set v = up41 in (8.18), to have
(Tt 1, 1 — 1) + $unsr) — 3(1) > 0. (8.19)

Take v = u in equation (8.16), we have

(Tt + (Lt DRIy ) 4 0(a) — (i) 2 0. (320)

From (8.19) and (8.20), we have
(14 h)upsr — (L + h)up, u — twpyr) > 0. (8.21)
From (8.21) and using 2(a,b) = |la + b||> — ||la||* — ||b]|?, Va,b € H, we obtain
41 = ull? < flu = wnll* = funss — unl.

the required result (8.17). O

Theorem 8.5. Let u € H be the solution of mized variational inequality (2.1).
Let uny1 be the approximate solution obtained from (8.16). If T is a monotone

operator, then u,y1 converges to u € H satisfying (2.1).

Proof. Let T be a monotone operator. Then, from (8.17), it follows the sequence

{u;}32, is a bounded sequence and

[e.e]
D llun = s |* < Jlu = o,
i=1

which implies that

lim |[tng1 — un® = 0. (8.22)
n—oo
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Since sequence {u;}3°; is bounded, so there exists a cluster point @ to which the
subsequence {u;, } 32, converges. Taking limit in (8.16)and using (8.22), it follows
that @ € H satisfies

(Tu,v—a) + ¢p(v) — () >0, YveH,

and
2 2
[unt1 = ul]” < lu = un|”.
Using this inequality, one can show that the cluster point @ is unique and
lim u = .

O]

We now suggest an other implicit iterative method for solving (2.1).

Discretizing (8.14), we have

Up+1 — Un

 tngr = Jplunsr — pTunqa, (8.23)

where h is the step size.
This formulation enable us to suggest the following iterative method.

Algorithm 8.3. For a given ug € H, compute upy1 by the iterative scheme
Up+1 — U
Unt1 = Jg [tnt1 — pTUni1 — % ., n=0,1,2,....

Using resolvent Lemma, Algorithm 8.3 can be rewritten in the equivalent form

as:

Algorithm 8.4. For a given ug € H, compute uyy1 by the iterative scheme

Up41 — Unp
(PTtn 1 + {750 = gy + 6(0) = Dunsa)) 20, Vo€ H. (8.24)

Again using the dynamical systems, we can suggested some iterative methods

for solving the variational inequalities and related optimization problems.
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Algorithm 8.5. For a given ug € H, compute u,y1 by the iterative scheme

(h + 1)Un — Up+1
h

Uny1 = Jg —pTuy|, n=0,1,2,...,

which can be written in the equivalent form as

Algorithm 8.6. For a given ug € H, compute u,y1 by the iterative scheme

(pTup + {$(un+l —un)}, v = Ung1) + A(v) — B(upt1) 20, Vv € H.(8.25)

Using the dynamical system associated with the mixed variational inequalities
(2.1), one can suggest and analyze a wide class of iterative methods for solving
the mixed variational inequalities. The comparison and implementations of these

methods with other methods is an interesting problem and needs further efforts.

We now introduce the second order dynamical system associated with the
variational inequality (2.1), which is the main aim of this paper. To be more

precise, we consider the problem of finding p € H such that

Vit fo=MIplp — pTp] —p}, pla) =ca, p(b) =B, (8.26)

where v > 0, A > 0 and p > 0 are constants. We would like to emphasize that the

problem (8.26) is indeed a second order boundary vale problem.

The equilibrium point of the dynamical system (8.26) is naturally defined as

follows.

Definition 8.3. An element p € H, is an equilibrium point of the dynamical

system (8.26), if,
e dp

— =0.
7d:r2 + dx

Thus it is clear that u € H is a solution of the variational inequality (2.1), if

and only if, 4 € H is an equilibrium point.
From (8.26), we have

p=Jolp— pTpl.
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Thus, we can rewrite (8.26) as follows:

Pp | dp
= Jylp— pTu+~2 + °H1. 2
p=Jo[n—pTp+yo35+ -] (8.27)
For A =1, the problem (8.26) is equivalent to finding px € Q such that
Vit + o+ p=Polp—pTp], pla)=a, ub) =4 (8.28)

The problem (8.28) is called the second dynamical system, which is in fact a
second order boundary value problem. This interlink among various areas is
fruitful from numerical analysis in developing implementable numerical methods
for finding the approximate solutions of the variational inequalities. Consequently,
we can explore the ideas and techniques of the differential equations to suggest
and propose hybrid proximal point methods for solving the variational inequalities

and related optimization problems.

We discretize the second-order dynamical systems (8.28) using central finite
difference and backward difference schemes to have
’y,un—‘rl - 2}/;271 + tn—1 + Hn _h,un—l

where h is the step size.

+ tn = Jolpn — pT pn41], (8.29)

If v =1,h =1, then, from equation (8.29) we have
Algorithm 8.7. For a given pg € H, compute pn41 by the iterative scheme
fint1 = Jlin — pT tin 1],
which is the the extragradient method of Korpelevich [35] for solving the variational
mnequalities.
Algorithm 8.7 is an implicit method. To implement the implicit method, we
use the predictor-corrector technique to suggest the method.
Algorithm 8.8. For given pg, u1 € H, compute pn1 by the iterative scheme
Yn = (1 - en),un + Onpin—1
g1 = Jolun — pTyn],
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is called the two-step inertial iterative method, where 6,, € [0, 1] is a constant.

Problem (8.28) can be rewritten as

Vit i+ = Jy[(1 = 0p)pp+ Onpp — pT((1 = On ) + Oppa))], (8.30)
where v > 0,0,, € [0, 1] are constants.
Discretising the system (8.30), we have
M1 — 2fn + fp—1 Hn+1 — Hn
= J(i)[(l - en)un + enﬂn—l - pT((l - an)ﬂn + an,un—l)]

from which, for v =0, h =1, we have

Algorithm 8.9. For a given g, 1 € H, compute pn+1 by the iterative scheme

Hn41 = J¢>[(1 - Gn)un + enlu'n—l - pT((l - an)lu'n + Hnﬂn—l)]'

Or equivalently

Algorithm 8.10. For a given po, pu1 € H, compute pn11 by the iterative scheme

Yn = (1 - Hn),un + enﬂn—l
HUn+l = Jd)[yn - pTyn]

which is called the new inertial iterative method for solving the wvariational

inequality.

We discretize the second-order dynamical systems (8.28) using central finite

difference and backward difference schemes to have

1— 2 + -1 — -1
yEnt }?2” Fol B hﬂn +pnr = Jo|pn = pTpnsa],

where h is the step size.

Using this discrete form, we can suggest the following an iterative method for

solving the variational inequalities (2.1).
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Algorithm 8.11. For given ug, 41 € H, compute 11 by the iterative scheme

Yint1 — (27 = h)pn + (v — h) pin—1
Hn+1 = J(b [Nn - pT,unJrl - + 2 ]

Algorithm 8.11 is called the inertial proximal method for solving the
variational inequalities and related optimization problems. This is a new

proposed method.

We note that, for v = 0, h = 1, Algorithm 8.11 reduces to the following

iterative method for solving variational inequalities (2.1).

Algorithm 8.12. For given ug, 1 € H, compute pn11 by the iterative scheme

pnt1 = Jolitn—1 — pT i y1))-

We again discretize the second-order dynamical systems (8.28) using central
difference scheme and forward difference scheme to suggest the following inertial

proximal method.

Algorithm 8.13. For a given ug, u1 € H, compute puny1 by the iterative scheme

(v + M) a1 — (27 + B)pn + Vo1
tn1 = Jolpni1 — pT 1 — . 2 . .

Algorithm 8.13 is quite different from other inertial proximal methods.
If v = 0, then Algorithm 8.13 collapses to:

Algorithm 8.14. For a given ug € H, compute pun+1 by the iterative scheme

Hnt1 — H
fnt1 = Jplpns1 — pT pns1 — %]-

Algorithm 8.13 is an proximal method. Such type of proximal methods were

suggested by Noor [65] using the fixed point problems.
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Rewriting the problem (8.28) in the following form

v+ ot = T - (), (8.31)

and descretizing, we obtain

Algorithm 8.15. For given ug € H, compute the approximate solution uni1 by
the iterative scheme

fn + ,un—f—l) _ pT(Nn + fnt1 )]7

unt1 = J[(F— 5

which is an implicit iterative method.

Using the predictor and corrector technique, we suggest the following two-step

iterative method for solving the variational inequalities.

Algorithm 8.16. For given pg € H, compute the approximate solution pin11 by

the iterative scheme

Yn = J(;S [/«Ln P; ,Ufn]
Hn n Hn n
7y _ pfl (7y)] .

R 5

Algorithm 8.16 is a two step iterative method.

Clearly Algorithm 8.15 and Algorithm 14.24 are equivalent. It is enough to
prove the convergence of Algorithm 8.15, which is the main motivation of our next

result.

Theorem 8.6. Let the operator T be Lipschitz continuous with constant 3 > 0.
Let w € H be a solution of (2.1) and pn+1 be an approximate solution obtained
from Algorithm 8.15. If there exists a constant p > 0, such that

1—0
p

then the approzimate solution pn11 converge to the exact solution u € Q.

p < , o<1, (8.32)
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Proof. Let pn € H be a solution of(2.1) and p,+1 be the approximate solution
obtained from Algorithm 14.23. Then, using the Lipchitz continuity of the

operator T, we obtain

ey = pll = o[ty — (et g BEE (TR
< ity (B et Ty BT
< (i) (BT () ()
< (1+p5>||<“"+2“"“>—<"§“>u
< P sl — i),

which implies

o+pp Hn + Png1 M+
— < — 2] _

where
o+ pB

Using the predictor and corrector technique, we suggest the following

multi-step method for solving the variational inequalities.

Algorithm 8.17. For given pg € H, compute the approximate solution upy1 by

the iterative schemes

Yn = (1 — Oén),un + OénJ¢ [,Un — PT,Un]
w, = (1= Bn)yn + ﬂnj¢[(/mTw) (M —2% oy
Hnt+1 = (1 - 5n)wn + ﬁnJ(;,[(wnT—i_yn) — ,OT(MT_'_Z/“)],

which is called three-step iterative method, where auy, Ny, Ny are constants.
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Algorithm 8.18. For given ug € H, compute the approximate solution un11 by

the iterative schemes

tn = (1=0p)pn + Onpin

g = (=)t +andg[( ) = pr( )]

wn = (1—6n)yn+ﬁnJ¢[(L‘2W)_pT(MTw>]
Hn+1 = (1 - Cn)wn + <nJ¢ [(wnT—’_yn) — pT(wnT_’—y”)],

is called four step inertial iterative method, where O, ay,, Bn, Cn are constants.

Applying the technique and idea of the second order boundary value associated
with variational inequalities, one can suggest and consider a wide class of hybrid
multi step iterative methods for solving variational inequalities, complementarity

and related optimization problems.

Zeng et al. [114] have investigated the fractional dynamical systems associated
with variational inequalities.  They have investigated the criteria for the
asymptotically stability of the equilibrium points. We would like to point out that
our results are more general than the results of Zeng et al. [1141]. These ideas and
techniques may inspire the interested readers for further research in this area. We
now suggest a new fractional resolvent dynamical system associated with mixed

variational inequalities.
Diu = y{—R(u) — pT'Jp[u — pTu] + pTu}, u(0)=a, u€H, (8.33)

where 0 < a < 1 and ~ is a constant, associated with problem mixed variational

inequality. For more applications and motivation, see [36,37,17].

For a = 1, problem (8.33) reduces to finding u € H such that

d
d—u =y{—R(u) — pTJp[u — pTu] + pTu}, u(0)=a, ue€H, (8.34)
x
is called the resolvent dynamical system, which appear to be a new one. Using
the technique of this section, one can investigate the asymptotically stability and

other aspects.

http://www. earthlinepublishers.com



Mixed Variational Inequalities 937

9 Selfadaptive Iterative Methods

It is known that the convergence of the projection iterative requires that the
underlying operator must be strongly monotone and Lipschitz continuous. These
strict conditions rules out the applications of the projection iterative method in
several important problems. This fact has motivated to modify the projection
method in several directions. Korpelevich [39] proposed the extragradient
method, the convergence of which needs only the Lipschitz continuity of the
monotone operator. To implement this method, one has to calculate the Lipschitz
continuity constant, which is itself a difficult problem. In order to overcome this
advantage, Noor [63] suggested some two-step projection methods for solving the
variational inequalities using the technique of updating the solution and proved
that the convergence of the modified two-step method requires only the partially
relaxed strongly monotonicity of the involved operator. Note that the partially
relaxed strongly mononotonicity implies monotonicity, but the converse is not
true. The modified two-step is also called the predictor-corrector operator. It
has been shown that three-step iterative methods [30,32] are more efficient than
two-step and one-step iterative methods. For the applications of Noor iterations
in solar panel optimization, see Natarajan et al. [16] and the references therein.
Motivated by these results, we suggest and analyze a new self-adaptive three
step iterative method for solving mixed variational inequalities. The proposed
method consists of three steps and the new iterate is obtained by using a
descent direction. We prove that the new method is globally convergent under
suitable mild conditions. An example is given to illustrate the efficiency and
the implementation of the proposed method. Results are very encouraging and

further efforts are required to improve these methods

Lemma 9.1. u* € H is solution of the mized variational inequality (2.1), if and

only if, u* € H satisfies the relation:
u* = Jylu® — pT'(u")], (9.1)

where Jy, = (I + pd¢)~" is the resolvent operator.
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From Lemma 9.1, it is clear that u is solution of (2.1), if and only if, u is a

zero point of the function
r(u, p) = u — Jofu — pT(w)] = 0.

Lemma 9.2. [20] Yu € H and p' > p >0, it holds that

17 (u, )| = 7 (u, p) | (9.2)
and
I )l )l 03
P P

Lemma 9.3. For all v,w € H, we have
176 (w) = Tp()[I* < (w — v, Jg(w) = Jy(v))- (9.4)

Proof. By using (2.6), we get

(w = Jg(w), Jo(w) = J4(v)) + pp(Js(v)) = pp(Jy(w)) = 0 (9-5)
and

(v = Jy(v), Jo(v) = To(w)) + pd(Js(w)) — pd(Jy(v)) = 0. (9.6)
Adding (9.5) and (9.6), we obtain

(v —w, Js(v) = Js(w)) > | Js(v) = Js(w)||*.

Throughout this paper, we make following assumptions.

Assumptions:

e H is a finite dimension space.
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e T is continuous and monotone operator on H, that is,,

(T(u) —=TW),v —u)y >0  Vu',ue H.
e The solution set of problem (2.1) denoted by * is nonempty.

We now suggest and analyze the new method for solving for solving mixed
variational inequalities (2.1). For given u* € H and p; > 0, each iteration of the
proposed method consists of three steps, the first step offers @*, the second step

makes @ and the third step produces the new iterate u**1.

Algorithm 9.1.  Step 1. Givenu® € H, ¢ >0, pg =1, v > 1, u € (0,V2),
v€(0,2), 7€(0,1), m € (0,7), 2 € (1,v) and let k = 0.
Step 2. If ||r(u¥,1)|| < e, then stop. Otherwise, go to Step 3.
Step 8. 1) For a given u* € H |, calculate the two predictors

" = Jylu® — ppT(u")), (9.7a)

a® = Jy[a* — ppT(@")). (9.7b)

2) If ||r(@*,1)|| < e, then stop . Otherwise, continue.

3) If py, satisfies both

lox[(@* — @*, T(u*) = T(@*)) — (W* —a*, T(@") - T(@"))]|
oy LS Tl ( )
and
lpr(T(@*) — T(@*))||
"2 G 29
then go to Step 4; otherwise, continue.
4) Perform an Armijo-like line search via reducing py
0.8
= Y e 9.10
Ph = PR % max(r1,1) (9.10)

and go to Step 3.
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Step 4. Take the new iteration u*+1, by setting

M (ay) = Jy[ub — agd(a®, ak))], (9.11)
where
ub — @k d(ak, "
o= e 1)
and
d(@k, a*) = (@ — @¥) — pp(T(a*) — T(a*)). (9.13)

Step 5. Adaptive rule of choosing a suitable pri1 as the start prediction step

size for the mext iteration
1) Prepare a proper pi1,
pr*7/ro if T2 <,

Ph1 = pe*xT/[r2 if T2 > M2, (9.14)
Pk otherwise.

2) Return to Step 2, with k replaced by k + 1.

We show that Algorithm 3.1 is well-defined. To see this, we need to show that

the Armijo-like line search procedure is well defined.

Lemma 9.4. In the kth iteration, if ||r(u¥,1)|| > ¢, then the Armijo-like line
search procedure with criteria (9.8) and (9.9) is finite.

Proof. Assume for contradiction that pp does not satisfy criterion (9.8) or (9.9)
in finite Armijo-like line search procedure. Consequently, pr — 0(see(9.10)).
Without losing generality, we can assume p, < 1. Let us consider two possible

cases.

Case 1. Criterion (9.8) fails to be satisfied. It follows that

pllat — @t < [lprl(@® — @*, T(u*) = T(@")) — (u* —a*, T(@") - T(a))].
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This implies that either
Ly

oH @ — a"||* < ||p(@" — a*, T(u*) — T(@"))|| (9.15)
or

1 - B _ N _

§M2Huk — ¥ < |lpp(u* — @, T(@") — T(a"))|| (9.16)
holds.

If (9.15) holds, by using the Cauchy-Schwarz inequality and dividing both
sides of (9.15) by px, we have that

2|~k —k
pelut — | ~
o< 1T (u¥) — T(@")). (9.17)
Pk
Note that
|a¥ — a¥|| = ||a* — Jela* — ppT(@")]|| = Ir(@", pi)ll, (9.18)

substituting above equality into (9.17) and using inequality (9.3), we find that

2| (@, o) |

o < ||T(@*) — T(@")]. (9.19)

1 s
§M2||7“(U D <

It is easy to see that @ — u¥ @* — u* (since pp — 0). Consequently, T'(a*) —
T(u*), T(a*) — T(u*) and r(@*,1) — r(u¥,1) due to continuity of T(u) and
r(u, 1), respectively. When we take p, — 0 in (9.19), we get ||r(u¥,1)|] < 0. But
this contradicts the assertion that e < ||r(u¥, 1)]|.

Let us turn to deal with (9.16). Since u* is bounded, then we have ||T'(u*)|| <
M. Note that
lu? = a¥|| = [|u* = Jglu® — kT (W) < [lpxT (W®)|| < o,
then we have
lu® =@ < Jlu® = @"|| + @ = a®(| < llpeT(u")] + |8° = a"|| < peM + & —a"[|.  (9.20)
In (9.16), using Cauchy-Schwarz inequality and (9.20), we get immediately,

1o 5 _ _ _ - _ _
GolIa" —at | < pullu® — | T@") — T@)| < pr(peM + a" — a*|)|T(@") - T(a*)](9.21)
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Dividing both sides of (9.21) by p%, using the equality (9.18) and inequality (9.3)
again, we obtain

2 ~k 2 ~k
(ﬂk71)||2 < 1% ||r(u vpk)H < (M—|- HT(’LL 7pk‘)||)

i) — T(@®)]]. (9.
27 o |T(a") —T(u")]. (9.22)

L 9
oH I
By taking pr — 0 in above inequality, we obtain ||r(u*,1)|| < 0. Therefore,
|l7(u¥,1)|| = 0, contradicting that u* is not a solution.
Case 2. Condition (9.9) is violated. Then we must have
vlja® —a®| < ||pp(T (@) - T(@"))]. (9.23)

The proof is quite similar to the Case 1. Dividing both sides of (9.23) by py and
taking pr — 0, we get the contradiction.

From the above observations, we assert that our proposed algorithm is
well-defined. O

Lemma 9.5. Let u* be a solution of problem (2.1). For given u* € H, let 0", u*
be the predictors produced by (9.7a) and (9.7b), then we have

(W —a*, d(@*, ")) > (2 - p?)|a" - a*|. (9.24)
Proof. Note that @* = Jy[u¥ — ppT(u")], 4% = Jy[a* — ppT(@")], we can apply
(9.4) with v = u* — pT(u¥), w = @* — pT(@*) to obtain
(u? — T (u") = (@ — T (@")),a" —a*) > ||a* — a*|*.
By some manipulations, we have
(Wb —ak ak — by > @b — @] + pr(@* — @, T (k) - T@"b)).

Then, we obtain

Wk — @k dak,ab))y = Wk —akak —ab) — pp(u — aF, 7@k — 7))
> @b — aF|]P + pp(@* — ¥, T(uP) - T(@"))
—pi(uF — @¥ (@) — T(@h)). (9.25)
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Using (9.25), (9.8) and the definition of d(@*, @), we get
<uk - ’aka d(akv ak» = <uk - ﬂk? d(’aka ak» + <ak - 'ak) d(ak? ak»
> ||a* —a@®||* + pr(a® — ¥, T(u*) - T(a")
—pi(u® — @, T(@") — T(a"))
+Ha* - a*|? - pp(@* — a*, T(@") — T(a"))
> (2 )t — a)?
Hence, (9.24) holds and the proof is completed. O

We now focus on investigating the convergence of the proposed method. The

following theorem plays a crucial role in the convergence of the proposed

Theorem 9.1. Let u* be a solution of problem (2.1) and let v+ = u**+1(va)

be the sequence obtained from Algorithm 9.1. Then u* is bounded and

9 _ 2 _ 2\2
||uk+1 _ U*H2 < Huk _ U*HZ o ’7( (17—)'_( )2 H ) ||ﬂk _ ﬂkHz
14

Proof. For any u* € Q* solution of problem (2.1), we have
(orT (u*), @ — u*) + prp(u") — prop(u*) > 0,
Using the monotonicity of T', we obtain
(T ("), a" —u*) + pro (@) — pro(u*) > 0.
Substituting w = @* — pT(@*) and v = u* into (9.5), we get
(@ — ppT (") — ¥, " — u*) + prep(u*) — prop(u®) > 0.

Adding (9.27) and (9.28), and using the definition of d(@*, @*), we have

(9.26)

(9.27)

(9.28)

(9.29)
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Since u* € H be a solution of problem (2.1), then

=P <l = = yend(@F, )|
lu? —w||? = 2yan(u® —u*, d(a*, a*))

+o%af|ld(a", o) | (9.30)

Adding (9.29) (multiplied by 2yay) to (9.30) and using (9.12)

=P < = )P = 2yan (et - A, d(@t, @) + P d(a”t, 7))
=l —ut|? = (2 = g (u® — ¥, d(@*, av))
< b =) = (2 = )2 - pP)a” - @t (9-31)

where the last inequality follows from (9.24)

Recalling the definition of d(@*,@*) (see (9.13)) and applying Criterion (9.9),

it is easy to see that
la(@®, a®)|* < ([[a* — || + |pe(T (@) = T@)])* < (1 +v)?a" —a*)2.(9.32)

Moreover, by using (9.24) together with (9.32), we get

<uk — ﬂkad(ﬂkaak» > 2- ,Ll,2
ld(@*, a1+ w)?

o = >0, pe(0,V2). (9.33)

Substituting (9.33) in (9.31), we get the assertion of this theorem. Since
v €[1,2) and p € (0,/2) we have
[ e L I L |

Then the sequence u* is bounded. ]

We now present the convergence result of the proposed method.

Theorem 9.2. If inf}2,pr := p > 0, then any cluster point of the sequence
{@*} generated by the proposed method is a solution of problem (2.1).
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Proof. Tt follows from (9.26) that
lim ||a* — a@*|| = 0.
— 00

Since the sequence u* is bounded, {ﬂk } is also bounded, it has at least a cluster
point. Let u* be a cluster point of {@*} and the subsequence {@*i} converges to

u. Using the continuity of r(u, p) and inequality (9.2), it follows that
lr(u, p)|| = lim [Jr(@", p)|| < lim |Jr(@", py,)|| = lim [Ja% —a*|| = 0.
k‘j-)OO k’j—>oo 7 k}j-)OO

This means that u® is a solution of problem (2.1). O

Numerical Results

To illustrate the efficiency of the proposed method, we consider a spacial case of

problem (2.1), by taking

() 0, if we R
u) =
i 400, otherwise .

We consider the variational inequality problem of finding u € K such that
(Tu,v—u) >0, vekK. (9.34)

where
T(u) = D(u) + Mu+4q,

D(u) and Mu + ¢ are the nonlinear part and linear part of T'(u) respectively. We

form the linear part in the test problems as

2 2 2 -1

0 2 2 —1

0 00 1 -1
nxn nx1
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In D(u), the nonlinear part of T'(u), the components are chosen to be D;(u) =
d; x arctan(u;), where d; is a random variable in (0,1). In all tests we take
po=1,7=0.7m =02,m = 095 = 095 v = 1.95,v = 1.9. We employ
|7 (u,1)|| < 1077 as the stopping criterion and choose u? = 0 as the initial iterative
points. All codes were written in Matlab, we compare the proposed method
with those in [17] and [1&]. The test results for problems (9.34) with different
dimensions are reported in Table 9, k is the number of iterations and ! denotes

the number of evaluations of mapping 7.

Table 9 Numerical results for problem (9.34)

Dimension of Method [17] Method [18] New method

the problem k 1 CPU(Sec.) | k 1 CPU(Sec.) | k 1 CPU(Sec.)
n=100 281 | 572 0.07 228 | 465 0.04 144 | 467 0.05
n=200 315 | 637 0.19 242 | 496 0.17 156 | 487 0.2
n=>500 508 | 1090 4.77 531 | 1109 4.97 228 | 789 3.59
n=600 569 | 1243 7.59 520 | 1160 7.30 256 | 1023 6.18
n=3800 657 | 1427 14.57 5968 | 1236 13.11 297 | 1194 9.83
n=900 788 | 1621 21.22 635 | 1321 17.40 375 | 1178 15.58
n=1000 735 | 1567 21.57 574 | 1285 17.02 303 | 1000 13.14

Table 9 shows that the proposed method is very efficient algorithm even
for large-scale classical nonlinear complementarity problems. Moreover, it
demonstrates computationally that the new method is more effective than the
methods presented in [17] and [18] in the sense that the new method needs fewer

iteration and less evaluation numbers of T, which clearly illustrate its efficiency

10 Sensitivity Analysis

In recent years variational inequalities are being used as mathematical
programming models to study a large number of equilibrium problems arising
in finance, economics, transportation, operations research and engineering

sciences. The behaviour of such equilibrium problems as a result of changes in
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the problem data is always of concern. In this section, we study the sensitivity
analysis of the mixed variational inequalities (2.1), that is, examining how
solutions of such problems change when the data of the problems are changed.
We like to mention that sensitivity analysis is important for several reasons.
First, estimating problem data often introduces measurement errors, sensitivity
analysis helps in identifying sensitive parameters that should be obtained with
relatively high accuracy. Second, sensitivity analysis may help to predict the
future changes of the equilibrium as a result of changes in the governing system.
Third, sensitivity analysis provides useful information for designing or planning
various equilibrium systems. Furthermore, from mathematical and engineering
point of view, sensitivity analysis can provide new insight regarding problems
being studied can stimulate new ideas and techniques for problem solving. due
to these and other reasons, there has been increasing interest in studying the
sensitivity analysis of variational inequalities and related optimization problems.
Sensitivity analysis for variational inequalities has been studied by many authors
including Dafermos [26], Noor [55] and Noor et al. [33,81] using quite different
techniques. The techniques suggested so far vary with the problem being
studied. Dafermos [26] used the equivalence between the variational inequalities
and the fixed-point problem to study the sensitivity analysis of the classical
variational inequalities. This technique has been modified and extended by many
authors for studying the sensitivity analysis of various other classes of variational
inequalities. This approach has strong geometrical flavor. It is well known
that the mixed variational inequalities are equivalent to the resolvent equations,
see Noor [53,54]. This fixed-point equivalence is obtained by a suitable and
appropriate rearrangement of the resolvent equations. The resolvent equation
approach is quite general, flexible unified and provides us with a new technique
to study the sensitivity analysis of variational inequalities without assuming the

differentiability of the given data. Our analysis is in the spirit of Noor [55].

We now consider the parametric versions of the problem (2.1). To be more

precise, let M be an open subset of H in which the parameter A\ takes values. Let
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T(u, A) be a given operator defined on H x M and takes values in H. From now
onward, we denote T)\(.) := T'(.,A) unless otherwise specified. The parametric

mixed variational inequality problem is to find (u, ) € H x M such that
(Thu,v —u) + ¢(v) —p(u) >0, veH. (10.1)

We also assume that the parametric mixed variational inequality (10.1) has a

unique solution @ for some A € M.

Related to the parametric mixed variational inequality (10.1), we consider the
parametric resolvent equations. We consider the problem of finding (z, \) € H x M
such that

Thg ' Jgyz+p 'Ry, 2 =0, (10.2)

where p > 0 ia constant and R4, = I — Jy,, is defined on the set of (2, \) with
A € M and takes values in H. The equations of the type (10.2) are called the

parametric resolvent equations.

Using Lemma 4.1, one can easily establish the equivalence between problems
(10.1) and (10.2).

Lemma 10.1. The parametric mized variational inequality (10.1) has solution
(u, A\ € H x M, if and only if, the parametric resolvent equation (10.2) has a
solution (z,\), if

u = Js 2, (10.3)
z = u—pT(u). (10.4)

From Lemma 10.2, we see that the problems (10.1) and (10.2) are equivalent.
We use this equivalence to study the sensitivity analysis of the general variational
inclusion (2.1). We assume that for some A € M, problem (10.2) has a unique
solution z and X is a closure of a ball in H centered at Z. We want to investigate

those conditions under which for each A in a neighborhood of z, problem (10.2)
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has a unique solution z(A) near z and the function z(A) is Lipschitz continuous
and differentiable.

First of all, we recall the following well known concepts.

Definition 10.1. Let T)\(.) be an operator on X x M. Then, A € M, Yu,v € X,
the operator T, is said to be:

(a) locally strongly monotone, if there exists a constant o > 0 such that
(Ta(u) = Ta(v),u —v) > afu — v
(b) locally Lipschitz continuous, if there exists a constant > 0 such that

T2 (uw) = Ta()]| < Bllu = vl.

From (a) and (b), it follows that o < 3.

We now consider the case, when the solutions of the parametric resolvent
equations (10.2) lie in the interior of X. Following the ideas and technique of

Dafermos [26] and Noor [55], we consider the map

Fix(z) = Jgz—pTi(u), V(z,A) e X x M,
= u—pTh(u), (10.5)

where

u=Jg, 2. (10.6)

We have to show that the map F)\(z) defined by (10.5) has a fixed point, which
is solution of the resolvent equation (10.2). We have to show that the map F)(z)
defined by (10.5) is a contraction map with respect to z uniformly in A € M.

Lemma 10.2. Let T)\(.) be a locally strongly monotone with constant o > 0 and

locally Lipschitz continuous with constant 5 > 0. Then

[1Fx(21) = Fa(z2)l] < 0|21 — zaf],
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0 =+/1—2ap+ 2p2, (10.7)
for
2
0<p< 7 (10.8)

Proof. Vz1,2z0 € H, and A € M, we have

[1Ex(z1) = Fx(22)[| < +l[ur — ug — p(Ta(u1) — Ta(uz))|| (10.9)

Using the strongly monotonicity and Lipschitz continuity of the operator Ty, we

have
Jur — ug — (Ta(u1) = Ta(u))I* < [Jur — uol|* = 2{(ur — w2, p(Th(u1) — T (uz))
+02(| T (ur) — T (u2)|?
< (1 =2pa+ p*B?)||lur — us?. (10.10)
[ur — uall < [[Jpy21 — Jgy 22| < [l21 — 22| (10.11)

From (10.6), (10.9) and (10.11), we obtain

[Ex(z1) — Ea(z2)| < {V/1—2pa+ p2B2}|z1 — 2|
= 0|21 — 22f|, using (10.7).

From (10.8), it follows that # < 1 and consequently, the map F)(z) defined by
(10.5) is a contraction map and has a fixed point z(\), which is a solution of the

resolvent equation (10.2). O

Remark 10.1. From Lemma 10.2, we see that the map Fy(z) defined by (10.5)
has a unique fized point z(\), that is, z(\) = F\(z). Also, by assumption,, the
function z, for X = X is a solution of the parametric resolvent equation (10.2).
Again using Lemma 10.2, we see that z, for X\ = X, is a fived point of Fy(z) and
it is also a fized point of F5(z). Consequently, we conclude that

z2(A) =z = F5(2(\)).
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Using Lemma 10.2 and technique of Noor [55], we can prove the continuity
of the solution z(A) of the parametric resolvent equation (10.2). We include its

proof to convey an idea of the technique.

Lemma 10.3. Assume that the operator Ty(.) is locally Lipschitz continuous with
respect to the parameter \. If the operators Tx(.) is locally Lipschitz continuous
and the map X\ — Jy, is continuous (or Lipschitz continuous), then the function
2(\) satisfying (10.2) is (Lipschitz) continuous at X = \.

Proof. VA € M, invoking Lemma 10.2. and the triangle inequality, we have

12(A) = 2N < 1FA(z(A) = Fx(zOD] + [FA(z(X) = Fx(z(A)]
0lz(\) = 2(D)] + [ Ea(2(N) = Fx(z(V)lI- (10.12)

IN

From (10.12) and the fact that the operator T)(.) is a locally Lipschitz continuous

with respect to the parameter A, we have

[u(X) = w(X) + p(Ta(u(N)) = Tx(u(N))]|
< pull X = Al (10.13)

A (2(A) = Fx(z(M)]

Combining (10.12) and (10.13), we obtain
12(0) =2 < 75 IA = All, VA A€ M,

from which the required result follows. O

We now state and prove the main result of this section and is the motivation

of our next result.

Theorem 10.1. Let u be the solution of the parametric general variational
inclusion (10.1) and z be the solution of the parametric resolvent equation (10.2)
for X = X. Let Tx(.) be the locally strongly monotone Lipschitz continuous operator.
Let the operator g be also strongly monotone Lipschitz continuous operator. If the

map X — Jy, is (Lipschitz) continuous at A\ = \, then there exists a neighborhood
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N C H of X such that for X € N, the parametric resolvent equation (10.2) has
a unique solution z(\) in the interior of X, z(\) = z and z()\) is (Lipschitz)

continuous at X = \.

Proof. Its proof follows from Lemma 10.2, Lemma 10.3 and Remark 10.1. O

Remark 10.2. It is known that the mized variational inequality (2.1) is equivalent
to finding w € H such that

0 € Tu+ 0¢(u). (10.14)
This is known as finding zero of the the variational inclusion.

For given two monotone operators T, A , consider finding zero of sum of two

monotone operator such that
0€Tu+ A(u),

which is called the general variational inclusion and includes (10.14) as a special
case. One can easily study the sensitivity analysis of the gemeral variational

inclusions using the above technique.

11 Mixed Bivariational Inequalities

In this section, we consider and study the mixed bivariational inequalities. For the
sake of completeness and to convey the main ideas, we recall the some concepts

and basic results, which are mainly due to Noor et al. [73, 76,85, 88,89, 92].

Definition 11.1. A set Kg C H is said to be a biconver set with respect to an
arbitrary bifunction 5(- —-), if

u+ AB(v —u) € Kg, Vu,v € Kg, A € [0,1].

The biconvex set K is also called S-connected set. We would like to mention
that, if u+5(v—u) = v,Vu,v € Kg, then f(v—u) = v—u,Vu,v € K. Consequently,
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the biconvex set Kz reduces to the convex set K. Thus, K3 C K. Thus, it shows

that every convex set is a biconvex set, but the converse is not true.
For example, the set Kg = R — (—%, %) is an biconvex set with respect to 7,
where

v—u, for v>0u>0 or v<0,u<0
Blv—u)=
u—wv, for v<0,u>0 or v<O0,u<O0.

It is clear that K is not a convex set.

From now onward Kjg is a nonempty closed biconvex set in H with respect to

the bifunction (- — -), unless otherwise specified.
We now introduce some new concepts of biconvex functions and their variants
forms.

Definition 11.2. A function F' on the biconver set Kg is said to be a strongly
biconvex with respect to the bifunction B(- — ), if there exists a constant p > 0
such that

Fu+ 8w —u)) < (1 —NF(u) + AF(v) — pA(1 = N)||B(v — w)||?, Vu,v € Kg, X € [0,1].

A function F' is said to be strongly biconcave, if and only if, —F is strongly

biconvex function. Consequently, we have a new concept.

Definition 11.3. A function F is said to be strongly affine biconvex involving an
arbitrary bifunction B(- — ), if

Fu+ 8w —u)) = (1= N)F(u) + AF(v) — pA(1 = N)||B(v — w)||?, Vu,v € Kg, X € [0,1].

Note that every strongly biconvex function is a strongly affine biconvex, but

the converse is not true.

If B(v —u) = v — u, then the strongly biconvex function becomes a strongly
convex function, that is,

Fu4+Av—u)) < (1= NF(u)+ AF(v) — pA(1 = N)||B(v —w)||?, Vu,v € K,\€0,1].
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Definition 11.4. The function F' on the biconvex set Kg is said to be strongly
quasi biconvexr with respect to the bifunction (- — -), if

F(u+A8(v —u)) < max{F(u), F(v)} — pA(1 = N)||B(v —u)||?, Vu,v € Kg, X €[0,1].

Definition 11.5. The function F' on the biconvex set Kg is said to be strongly
log-biconvex with respect to the bifunction B(- —-), if

F(u+A8(v —w) < (F(u)' " (F () = pA1 = NIB —w)l*,  Yu,v € Kg, A €[0,1].

where F(-) > 0.

We can rewrite the Definition 11.5 in the following form

Definition 11.6. The function F' on the biconvex set Kg is said to be strongly
log-biconvex with respect to the bifunction B(- — ), if

log F(u+ A3(v—u)) < (1—2X)logF(u)+ Alog F(v)
—pA(1 = N8 —w)|?, Vu,v € Kg,\€[0,1].

where F(-) > 0.

This definition can be used to discus the properties of the differentiable

strongly log-biconvex functions.
From the above definitions, we have
(Fu)' M F@) = pA(1 = N[B(v = u)|?
< (L= NF(u) +AF(0) = pA(L = N)[|B(0 — )|
< max{F(u), F(v)} = pA(1 = N)||B(v — u)|*.

Flu+ AB(v—u))

IN

This shows that every strongly log-biconvex function is strongly biconvex function
and every strongly biconvex function is a strongly quasi-biconvex function.

However, the converse is not true.

For A = 1, Definition 11.2 and 11.5 reduce to the following condition.
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Assumption 11.1.
Flu+pv—u)) < F(v), Yv,ue€ Kg,

which is called the Condition A.

To derive the main results, we need the following assumptions regarding the
bifunction B(- — -).

Assumption 11.2. The bifunction B(, —,) said to satisfy the assumptions, if
(). BB —w)) = AB(v—u),Yu,v e K, veR"
(7). Bv—u—vyBv—u)) = (1—7)Bv—u),Vu,ve Kg,
which is called the Condition M.
Remark 11.1. Let 3(- — ) : Kg x Kg — H satisfy the assumption
Blv—u) =P —=2)+ Bz —u),Vu,v,z € Kg.
One can easily show that f(v —u) =0 VYu,v € Kg. Consequently
flv—u)=0 <+ wv=uVu,veKs.

Also
Bv—u)+ Bu—v)=0, Vu,ve Ks.
This implies that the bifunction B(. —.) is skew symmetric.

Theorem 11.1. Let Kz be a biconvex function in H and the condition M hold.
If the function F is a differentiable strongly biconvex function with constant

w > 0, then the following are equivalent.
@i). The function F is a strongly biconvex function.
(). F(v) - F(u) > (F/(u), 80— w) + gl — )’ Yu,ve Kp.

(iii).  (F'(u),Bv — w)) + (F'(v),B(u —v)) < —p{||Bv = w)|?> + [|B(u -
V|%1},  Vu,v € Kg.
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We now discuss the optimality conditions for the differentiable biconvex

functions.

Consider the energy functional I[v] defined as:
I[v] = F(v) + ¢(v), YveH, (11.1)
where F' and ¢ are two suitable biconvex functions.

Theorem 11.2. Let F be a differentiable biconvexr function and ¢ be a
nondifferentiable biconvex function. If uw € H is the minimum of the energy
functional I[v], if and only if, w € H satisfies the

(F'(u), B(v —u)) + ¢(v) — ¢d(u) >0, VveH. (11.2)

Proof.  Let u € H be a minimum of the functional I[v]. Then
I(u) < I(v),Yv € H. (11.3)

Note the the whole apace H is a biconvex set. This implies that, Vu,v € H, X€&
[0,1],
vn=u+A3(v—u) € H.

Taking v = vy in (11.3), we have

Flu)+¢u) < Flu+A8w—u))+ ¢(u+ \3(v—u))

< Flu+AB(v—u)) + ¢(u) + A(d(v) — ¢(u)),
from which, we have
0 < i PUEAEIIZ IO, o) - )
< (F'(u), B(v —w)) + ¢(v) — d(u), (11.4)

which is the inequality (11.2).

Conversely, let u € H satisfy (11.2). We have to show that u € H is the
minimum of the functional I[v] defined by (11.1).
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Since F is differentiable biconvex function, so
Fu+ \3(v—u)) < F(u) + MN(F(v) — F(u)),Vu,v € H,

which implies that

L F(u+ B0 — ) = F(u)
F(v) = Fu) > lim R

} (11.5)

From (11.1), (11.2) and (11.5), we obtain

Iu] = Iv] —{F(v) = F(u) + ¢(v) — ¢(u)}
—{{F'(w), B(v — w)) + ¢(v) — ¢(u)}

0.

IN

IN

This implies that
Tu) < I[v], YveH,
This shows that v € H is the minimum of the functional I[v] defined by (11.2).
O
The inequality of the type (11.2) is called the mixed bivariational inequality
and appears to new one.

It is worth mentioning that inequalities of the type (11.2) may not arise as a
minimization of the biconvex functions. This motivated us to consider a more

general mixed bivariational inequality of which (11.2) is a special case.

For a given operator T', bifunction (. —.) and continuous function ¢, consider

the problem of finding v € H, such that
(Tu, B(v —u)) + ¢(v) — p(u) > 0,Yv € H, (11.6)

which is called mixed bivariational inequality.
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It is worth mentioning that for suitable and appropriate choice of the operators,
biconvex sets and spaces, one can obtain a wide class of variational inequalities
and optimization problems. This shows that the mixed bivariational inequalities

are quite flexible and unified ones.

Iterative methods and convergence analysis

Due to the inherent nonlinearity, the projection method and its variant form
can not be used to suggest the iterative methods for solving these bivariational
inequalities. To overcome these drawback, one may use the auxiliary principle
technique of to suggest and analyze some iterative methods for solving the mixed
bivariational inequalities (11.6). This technique does not involve the concept
of the projection and resolvent operators , which is the main advantage of this
technique. We again use the auxiliary principle technique coupled with Bergman
functions. These applications are based on the type of convex functions associated
with the Bregman distance. We now suggest and analyze some iterative methods
for mixed bivariational inequalities (11.6) using the auxiliary principle technique

coupled with Bregman distance functions.

For a given u € H satisfying the mixed bivariational inequality (11.6), we
consider the auxiliary problem of finding a w € H such that

(pTw, B(v — w) + (E"(w) = E'(u), Bv — w)) + p(d(v) — $(u)) 20, VveH, (117

where p > 0 is a constant and E’(u) is the differential of a strongly biconvex
function E(u) at u € Kg. Since E(u) is a strongly biconvex function, this implies
that its differential E’ is strongly B-monotone. Consequently it follows that the

problem (11.6) has an unique solution.

Remark 3.1: The function B(w,u) = E(w) — E(u) — (E'(u), B(w, u)) associated
with the biconvex function E(u) is called the generalized Bregman function. By
the strongly boiconvexity of the function F(u), the Bregman function B(.,.) is

nonnegative and B(w,u) = 0, if and only if u = w,Vu,w € H.
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We note that, if w = u, then clearly w is solution of the mixed bivariational
inequality (11.7). This observation enables us to suggest and analyze the following

iterative method for solving (11.7).

Algorithm 11.1. For a given ug € H, compute the approximate solution w41

by the iterative scheme

(pTtnt1, BV = unt1)) + (E'(ups1) = E'(un), BV — un+1))
+p(o(v) = ¢(unt1)) 20, Vo H, (11.8)

where p > 0 is a constant.

Algorithm 11.1 is called the proximal method for solving mixed bivariational
inequalities (11.6). In passing we remark that the proximal point method was
suggested in the context of convex programming problems as a regularization

technique, see Martinet [12].

If B(v —u) = v — u, then Algorithm 11.1 collapses to:

Algorithm 11.2. For a given ug € H, compute the approximate solution w,1

by the iterative scheme

(PT (un+1),v — Unt1) + <E,(Un+1) - El(u)a V= Upi1)
+p(d(v) — ¢(u)) 20, VveH,

for solving the mixzed variational inequality.

For suitable and appropriate choice of the operators and the spaces, one can
obtain a number of known and new algorithms for solving variational inequalities

and related problems.

Theorem 11.3. Let the operator T be pseudomonotone. Let E be differentiable
higher order strongly biconvex function with module v > 0 and Condition M
hold. If pu < v, then the approximate solution un,+1 obtained from Algorithm 11.1

converges to a solution u € H satisfying the mized bivariational inequality (11.6).
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Proof. Let u € H be a solution of mixed bivariational inequality (11.6). Then
(Tu, B(v —u)) + ¢(v) — p(u) >0, YveH,
implies that
—(Tv, B(u—v))+ ¢(v) — p(u)) >0, VveH, (11.9)
since T is -pseudomonotone.
Taking v = w in (11.8) and v = up4+ in (11.9), we have

(PT(un+1), Blu,u —n+1)) + <El(un+1) - Ellc(um B(u — uny1))
+p(¢(u) — ¢(unt1)) = 0. (11.10)

and

—(Tupt1, B(u — upt1)) + d(upt+1) — ¢(u) > 0. (11.11)

We now consider the Bregman distance function

Blu,w) = B(u) — B(w) — (E'(w, B(u—w) > v|B -2, (11.12)
using higher order strongly biconvexity of E.

Now combining (11.12), (11.10) and (11.11), we have
Blu,un) — Bty uny1) = Elunir) — Blun) — (B'(un), B — u,))
H(E (unt1), Blu = uni1))
(

= E(uns1) — E(un) — (E'(un) = E'(unt1, B(u — tn41))

_<E (Un, Unt1 — Un)

> v|B(unt1 — un)|]* + (B (uny1) — E' (un), B(u — tni1))

> V|| B(unt1 — un) > = p(T(tn11), Bu — tni1))
—ppll B = up ) |?

> (v = pp)||B(uns1 — un)|*.
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If wp41 = up, then clearly u, is a solution of the problem(11.6). Otherwise, it

follows that B(u,u,) — B(u, up+1) is nonnegative and we must have

lim [|8(un 1 — )] = 0.
n—oo
from which, we have
nh_{glo [tn+1 = unl| = 0.

It follows that the sequence {u,} is bounded. Let @ be a cluster point of the
subsequence {uy,,}, and let {u,,} be a subsequence converging toward . Now
using the technique of Zhu and Marcotte [115], it can be shown that the entire
sequence {uy,} converges to the cluster point @ satisfying the mixed bivariational
inequality (11.6). O

It is well-known that to implement the proximal point methods, one has to
find the approximate solution implicitly, which is itself a difficult problem. To
overcome this drawback, we now consider another method for solving the mixed

bivariational inequality(11.6) using the auxiliary principle technique.
For a given u € H, find w € H such that
(pT (u, B(v —w)) + (E'(w) — E', B(v — w)) + p(¢(v) — $(u)) >0, VYve H, (11.13)

where E’(u) is the differential of a biconvex function E(u) at u € H. Problem
(11.13) has a unique solution, since FE is strongly biconvex function. Note that

problems (11.13) and (11.7) are quite different problems.

It is clear that for w = u, w is a solution of (11.6). This fact allows us to
suggest and analyze another iterative method for solving the mixed bivariational

inequality (11.6).

Algorithm 11.3. For a given ug € H, compute the approximate solution i1

by the iterative scheme

(Tt B =)+ (E' (1) = B'(wn), B = wns1)
() = Bluns1)) 20, Voe H, (11.14)
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for solving the mixed bivariational inequality (11.6).

If B(v,u)) = v — u, Algorithm 11.3 collapses to:

Algorithm 11.4. For a given ug € H, compute the approximate solution w1

by the iterative schemes

o{Tup, v —tups1) + (E'(upt1) — E'(up), v — tps1)
+p(o(v) — p(upy1)) >0, Yve H,

for solving the mixzed variational inequalities and appears to be a new one.
We now again use the auxiliary principle to suggest some more iterative
methods for solving bivariational inequalities.

For a given u € H satisfying (11.6), find w € H such that

(PT(w, (v —w)) + (w—u+alu—u),v—w)
+p(d(v) — Pp(u)) >0, VveH, (11.15)

which is the auxiliary mixed bivariational inequality. We note that, if w = u, w is
a solution of (11.6). This fact allows us to suggest and analyze another iterative

method for solving the mixed bivariational inequality (11.6).

Algorithm 11.5. For a given ug € H, compute the approximate solution un41

by the iterative schemes

p<Tun+1,ﬁ(U - un+1)> + <un+1 - un) + a(un - unfl)av - Un+1>
+p(¢(v) = ¢(uns+1)) >0, Vv e H, (11.16)

where o s a constant.

Algorithm 11.5 is called the inertial proximal method for solving the mixed

bivariational inequalities (11.6).

For a = 0, Algorithm 11.5 becomes:
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Algorithm 11.6. For a given ug € H, compute the approximate solution uny1

by the iterative schemes

p(Tuns1, BV — Unt1)) +  (Unt1 — Un), U — Upt1)
+p(¢p(v) = d(uns1)) 20, Vv € H,

which is called the proximal method for solving the mized bivariational inequalities
(11.6).
If B(. —.) = v — u, then Algorithm 11.6 reduces to:

Algorithm 11.7. For a given ug,u1 € H, compute the approximate solution u,y1

by the iterative schemes

(T Un 1,0 — Upt1) + (Uns1 — Upn) + @(Up — Up—1),0 — Upt1)
+p(P(v) — P(upt1)) >0, Vv e H.

Algorithm 11.7 is known as the inertial proximal method for solving mixed
variational inequalities.
We now consider the convergence analysis of Algorithm 11.5.

Theorem 11.4. Letu € H be a solution of (11.6) and let u, 1 be the approximate
solution obtained from Algorithm 11.5. If the T : H — R is pseudo 3-monotone,
then

[unt1 — ﬂ||2 < un — QHQ — lun+1 — un — an(un — Un—1)||2
Fan{|lun — all® = [Jun—1 = all* + 2||up — w1} (11.17)
Proof. Let u € H be a solution of (11.6). Then
implies that

—(Tv,B(u—v))+ ¢d(v) —¢(u) >0, YveH, (11.18)

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029



964 M. A. Noor and K. I. Noor

since T is pseudo S-monotone.

Taking v = uy41 in (11.18), we have

(Tunt1, B(0 = un 1)) + ¢(unt1) — o(a) > 0. (11.19)

Now taking v = @ in (11.16), we obtain

</7Tun+17 /B(E - Un+1)> + <un+1 — Up — an(un - Un—l), U — un+1>

+o(@) — d(u) > 0. (11.20)
From (11.19) and (11.20), we have

<un+1 — Un — an(un - un—l)v U — un+1> > —<PTUn+17 B(ﬂ - un+1)> > 07(1121)
One can write (11.21) in the form

(Ung1 = Upy U — Upg1) > Qp(Up — Up—1, T — Up + Up, — Upt1)- (11.22)

Using the inequality 2(u,v) = |[u + v||?> — ||u||* — ||v||?,Vu,v € H and rearranging

the terms in (11.22), one can easily obtain (11.17), the required result. O

Theorem 11.5. Let H be a finite dimensional space. Let upy1 be the approximate
solution obtained from Algorithm 11.5 and u € H be a solution of (11.6). If there
exists a € (0,1) such that 0 < a, <, Vn € N and

o0

ZanHun - un—luz < o0,

n=1

then lim,,— oo Uy, = U.

Proof. Let u € Kg be a solution of (11.6). First we consider the case o, = 0. In
this case, we see from (11.17) that the sequence {||& — uy,]||} is nonincreasing and

consequently {u,} is bounded. Also from (11.17), we have

(0.]
S st — wall? < fluo — al,

n=0
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which implies that
nh—n>1<>o |tnt1 — unl| = 0. (11.23)

Let @ be the cluster point of {u,} and the subsequence {uy, } of the sequence {u,}
converge to & € H. Replacing u, by uy; in (11.17) and taking the limit n; — oo
and using (11.23), we have

(T'd, (v — @) + ¢(v) — d(@) 20, Vv e H,

which implies that @ solves the mixed bihemivariational inequality problem (11.6)

and
Hun+1 - Un||2 < ||un - EH2

Thus it follows from the above inequality that the sequence {u,} has exactly one
cluster point @ and

lim u, = 4.
Now we consider the case a,, > 0. From (11.17), we have

o0
Z [tns1 —un = on(un — un—1)||2 < luo — EHQ
n+1

S
+ > {allun — all* + 2)jun — up-1[*} < oo,
n=1

which implies that

lim Hun—i-l — Up — an(un - Un—l)”2 =0.
Nn—s00

Repeating the above arguments as in the case o, = 0, one can easily show that

limy, 00 Uy, = U, the required result. ]

For a given u € H satisfying the mixed bivariational inequality (11.6), consider

the auxiliary problem of finding w € H such that

(pTu, f(v —w)) + (w — u,v —w) + p(p(v) — p(w)) >0, Yve H, (11.24)
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where p > 0 is a constant. Problem (11.24) is known as the auxiliary bivariational
inequality. We note that, if w = u, then clearly w is a solution of the problem
(11.6). This observation enables us to suggest and analyze the following iterative

method for solving the problem(11.6).

Algorithm 11.8. For a given ug € H, compute the approximate solution i1

by the iterative scheme

(pPTwy, B(v — wn)) + (Un41 — Wn, ¥ = Uns1) + A(V) — P(upt1) 20, Vv e H
<VT(Una ﬁ(U - un)> + <wn — Un,V — wn> + p(¢(U) - ¢(wn)) >0, VveH,

where p > 0 and v > 0 are constants.

Algorithm 11.8 is two-step predictor-corrector method for solving the mixed

bivariational inequalities (11.6).

Remark 11.2. For suitable and appropriate choice of the operators and the
spaces, one can obtain various known and new algorithms for solving bivariational
inequality (11.6) and related optimization problems. Convergence analysis of these
new algorithms can be considered and investigated using the above techniques and
ideas. It is an interesting problem from both analytically and numerically point of

views.

12 Mixed Harmonic Variational Inequalities

Convexity theory contains a wealth of novel ideas and techniques, which have
played the significant role in the development of almost all the branches of pure
and applied sciences. Several new generalizations and extensions of the convex
functions and convex sets have been introduced and studied to tackle unrelated
complicated and complex problems in a unified manner. Harmonic functions and
harmonic convex sets are important generalizations of the convex functions and

convex sets. The harmonic means have novel applications in electrical circuits
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theory. It is known that the total resistance of a set of parallel resistors is obtained
by adding up the reciprocals of the individual resistance values, and then taking
the reciprocal of their total. More precisely, if u and v are the resistances of two

parallel resistors, then the total resistance is computed by the formula: % + % =

uv
u+v?

options with harmonic average, which can be viewed a new direction in the study

which is half the harmonic means. Al-Azemi et al. [11] studied the Asian

of the risk analysis and financial mathematics. Noor et al [741] have shown that
the minimum of the differentiable harmonic convex function F on the harmonic

convex set Cj, can be characterized by a class of variational inequalities,

uv

(F'(u) ) >0, YveC,. (12.1)

)
u—"v

Motivated and inspired by this result, Noor and Noor [74] considered the problem
of finding v € Cp, such that

uv

(Tu, ) >0, YvéeC, (12.2)

U—v
which is called the harmonic variational inequality. For the formulation,

motivation, numerical methods, generalizations and other aspects of harmonic

variational inequalities, see [3,1,74,75].

It is natural to study these different problems in a unified framework. This
motivated us to introduce and consider a class of mixed harmonic variational
inequality. We now prove that the optimality conditions of the difference
of two differentiable harmonic functions can be characterized by a class of
nonlinear harmonic variational inequalities. This motivated us to introduce and
consider some classes of nonlinear harmonic variational inequality involving two
harmonic operators. Several special cases such as variational inequalities, absolute
value harmonic variational inequalities, harmonic complementarity problems,
harmonic Riesz-Frechet representation results and system of absolute value
equations. The projection method, resolvent method, Wiene-Hopf equations
technique and descent methods are not applicable to propose numerical methods
for solving mixed harmonic variational inequalities. We apply the auxiliary

principle technique to develop some iterative schemes for solving various classes
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of variational inequalities and equilibrium problems. As special cases, one obtain
several known and new results for harmonic variational inequalities, variational
inequalities and related optimization problems. Results obtained in this paper,
represent an improvement and refinement of the known results for harmonic

variational inequalities and their variant forms.

Definition 12.1. [2] Let j be locally Lipschitz continuous at a given point x € H
and v be any other vector in H. The Clarke’s generalized directional derivative of
j at x in the direction v, denoted by j°(x;v), is defined as

fle+h+tv)— f(x+h)

0 .
z:v) = lim su )
! ( ’ ) t—0+ h—>I()) t

The generalized gradient of j at x, denoted Jj(x), is defined to be subdifferential
of the function j°(x;v) at 0. That is

dj(x) = {w e M : (w,v) < j%z;v), YveH}

Lemma 12.1. Let j be a locally Lipschitz continuous at a given point x € H with

a constant L. Then

(i).  0j(z) is a none-empty compact subset of H and ||€|| < L for each
§ € 9j(w).

(ii).  For everyv € H, j%(z;v) = max{(&,c): & € dj(x)}.

(iii). The function v — jO(z;v) is finite, positively homogeneous,
subadditive,

convex and continuous.

(iv). (@ —v) = (=) (3 0).
(v).  j%(z;v) is upper semicontinuous as a function of (z;v).

(vi). Nz € H, there exists a constant o > 0 such that

170(x;0)| < allv]|, YoveH.
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If j is convex on C and locally Lipschitz continuous at = € C, then 9j(x)
coincides with the subdifferential j'(z) of j at = in the sense of convex analysis ,

and j°(x;v) coincides with the directional derivative j'(x;v) for each v € H, that

is, j(x;0) = (§'(2), v).

For the sake of completeness and to convey the main ideas, we include the

relevant details.

Definition 12.2. [8,7/] The set Cy, is said to be a harmonic convez set, if

uv
—— €Cp, Yu,v el Ael0,1].
v+ Au—v) 4 s h 10, 1]
Definition 12.3. [5,7/] The function ¢ on the harmonic convex set Cy, is said
to be harmonic convex, if

¢(

uv

m) < (1= No(u) +Ap(v), Yu,veCy Ae[0,1].

The function ¢ is said to be harmonic concave function, if and only if, —¢ is

harmonic convex function.

We recall that the minimum of a differentiable harmonic convex function on
the harmonic convex set Cj, can be characterized by a class of variational inequities,
which is called the harmonic variational inequality. This is result is due to Noor
and Noor [71].

Theorem 12.1. Let ¢ be a differentiable harmonic conver function on the
harmonic convex set Cp. Then u € Cp, is a minimum of ¢, if and only if, u € Cp,
satisfies the inequality

uv

(@' (u)

The inequality of type (12.3) is called the harmonic variational inequality.

>0, V Cy,. 12.3
7U—’U>_ ) v ECp ( )

Proof. Let u € Cp, is a minimum of differentiable harmonic convex function ¢.
Then

o(u) < ¢p(v), Vv e Cp. (12.4)
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uv

Since Cy, is a harmonic convex set, so Yu,v € Cp,, vy = € Cp. Replacing

u+A(u—v)
v by vy) in (12.4) and diving by A and taking limit as A\ — 0, we have
¢(#) — ¢(u) Uv
0< u U—v —
< : (@), )

the required result (12.3). Conversely, let the function ¢ be exponentially

harmonic convex function on the harmonic convex set Cj,. Then

Ty S (1MW) +A6(0) = 6(w) +A(B(v) - o(u),
which implies that
# - ¢ u uv
6(v) — p(u) > lim Himalumn) o) _ (¢ (w), ) >0, using (12.3).

A—0 A U —v

Consequently, it follows that
d(u) < p(v), Yov € Cp.

This shows that u € Cp, is the minimum of the differentiability harmonic convex

function. ]

We would like to mention that Theorem 12.1 implies that harmonic
optimization programming problem can be studied via the harmonic variational

inequality (12.3).

Using the ideas and techniques of Theorem 12.1, we can derive the following

result.

Theorem 12.2. Let ¢ be a differentiable harmonic convexr functions on the
harmonic convex set Cy. Then

uv

(1) (v) —d(u) = (¢'(w), ﬁ)v Vu,v € Cp.

u
uv

(14). (¢ (u) — @' (v), ——) >0, Yu,v € Ch.
v—u
Motivated by Theorem 12.1 and Theorem 12.2, we introduce some new

concepts.
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Definition 12.4. An operator T is said to be a harmonic monotone operator, if

and only if,
(Tu — To, ﬂ> >0, Vu,veH.
Definition 12.5. An operator T is said to a harmonic pseudomonotone
operator, if
(Tu,—2—) >0 = —(Tv,—=—)>0, VuveH.
u—v U—v

An harmonic monotone operator is a harmonic pseudomonotone operator, but

the converse is not true.

Consider the energy (virtual) functional
Iv] = F(v) = ¢(v), (12.5)
where F'(v) and ¢(v) are two harmonic convex functions.

We now consider the optimality conditions of the energy function I[v] defined

by (12.6) under suitable conditions.

Theorem 12.3.  Let F and ¢(v) be a differentiable harmonic convex functions
on the conver set Cp. If u € Cy, is the minimum of the functional I[v] defined by
(12.5), then

uv uv

) — (¢ (w), ) >0, Yo,ueCh (12.6)

u—"v u—v

(F'(w),

Proof.  Let u € Cj, be a minimum of the functional I[v]. Then
Iu) < Ifv], YveK.
which implies that
F(u) — ¢(u) < F(v) — ¢(v), Vv € Cp,. (12.7)

Since Cp, is a convex set, so, Vu,v € Cp, X € [0,1], v, = Mﬁ € Cp.
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Taking v = vy in (12.7), we have

F(u) — ¢(u) < F(v) — o(vy), Vv € Cp. (12.8)
This implies that
0 < F(m) — F(u) - ¢(m) —¢(u), Vvel, (12.9)

Dividing the above inequality by A and taking limit as A\ — 0, we have

F((l_,\u)ﬁ) — F(u) ¢((1_>3ﬁ) — ¢(u)
0= A - A

= (F(u), ——) = (¢ (u), ——),

Tu—v uU—v

which is the required (12.6).

Since F is differentiable harmonic convex function, so

P

uv

Ty S P +AFEQ) - F@), Yuvel

from which, we have

F(Mﬁ) — F(u) uv

% - o(u , [y
o(v) — $u) > ;ig%){qj(“ e 12 ), —)  (12.11)
From (12.11) and (12.10), we have
F(v) + 6(v) = (F(w) + $(u)) 2= (F'(u), =) = (¢/ (), ——) > 0.

Consequently, it follows that u € Cp, such that
F(u) — ¢(u) < (F(v) —¢(v)), Vv € Cy,

which shows that u € Cp, is the minimum of the function I[v] defined by (12.5). O
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Remark 12.1. The inequality of the type (12.6) is called the mildly nonlinear

harmonic variational inequality.

Essentially using the technique of Theorem 12.3, one can prove the following

result.

Theorem 12.4.  Let F be a differentiable harmonic convez function and ¢(v)
be a non differentiable harmonic convexr function. If u € H is the minimum of
the functional I[v] = F(v) 4+ ¢(v), then

uv

(F'(u), )+ o) —d(u) >0, Yv,ueH, (12.12)

u—"v

which is called the mized harmonic variational inequality.

In many applications, the inequalities of the type (12.6) may not arise as
the minimum of the sum of the differentiable harmonic convex functions. These
facts motivated us to consider more general harmonic variational inequality, which

contains the inequalities (12.6) and (12.12) as a special case.

For given nonlinear continuous operators T, A : H — H, we consider the
problem of finding v € H such that

uv >—|—<A(’LL) uv

uU—v " —w

(T, )+ p(v) — d(u) >0, Yoe H, (12.13)

which is called the mized nonlinear harmonic variational inequality.

We note that, if (A(u), ;2%) = A(u @

—v -4-) the problem (12.13) reduces to
finding u € H such that

uv uv
)+ Alu;

u—"v u —

(Tu,

)+ ¢(v) —¢(u) >0, YveH, (12.14)

which is called the mixed harmonic hemivariational inequality involving two

harmonic operators, see Noor and Noor [75].

We now discuss some new and known classes of variational inequalities and

related optimization problems.
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(1). If (A(u), ) = ¢'(u;-2), where ¢'(u) denotes derivative of the

? u—v T u—v

harmonic convex function ¢(u) in the direction -**-, then problem (12.13)
reduces to finding u € H, such that

v uv
)+ ¢ (u;
u—v u —

(Tu, v) +¢(v) —p(u 0, YveH, (12.15)

which is also called the mixed harmonic directional variational inequality.

(ii). For (A(u), %) = J%u; ), the problem (12.13) reduces to finding
u € H, such that

uv uv

(Tu, —~— ) + J(u;

u—"v u—"v

)+ ¢(v) — p(u>0, YveH, (12.16)

which is known as mixed harmonic hemivariational inequality. Hemivariational
inequalities have important applications in superpotential analysis of elasticity
and structural analysis.

(iii).  If ¢(.) is a smooth and convex function, then ¢'(u; %) = (¢'(u), %),

and consequently problem (12.15) is equivalent to finding u € Cp, such that

uv

(Tu, )Y+ (¢ (u) )+ o(v) —p(u>0, YveH, (12.17)

uU—v Tu—w

which is called the nonlinear mixed harmonic variational inequality.

(iv). If (A(u), %) = —(Au,;*) then the problem (12.13) reduces to
finding w € H such that
(Tu, =) = (A(w), =) + $(v) = d(u 20, Vo H,  (1218)

which is called the mildly nonlinear harmonic variational inequality involving the

difference of two monotone operators.

(v). If (Ch)* = {ue€e H: (u,~2%) >0, Yo € Cp} is a polar harmonic

P u—v
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convex cone of the harmonic convex Cj, then problem (12.13) is equivalent to
fining v € H, such that

YWocCh, Tu+A®) € (C)*, (Tu+ Au), —

u—"v u—v

) =0, (12.19)

is called the general harmonic complementarity problem. For the applications,
numerical methods and other aspects of complementarity problems,

see [21,28,33,34,85,92] and the references therein.

(vii).  For Au = A|ul, the problem (12.13) reduces to finding u € H such
that

(%

(Tu + Alul, )+ o(v) —p(u>0, YveH, (12.20)

u
u—"v

which is called the system of absolute value harmonic equations.

(viii).  If (A(u), ;%) = 0, and ¢ is the indicator function of the harmonic

convex set Cp, then problem (12.13) reduces to finding u € Cj, such that

uv

(Tu, >0, Yvecl, (12.21)

which is called the harmonic variational inequalities, introduced and studied
by Noor and Noor [74,75]. For the recent applications, motivation, numerical
methods, sensitivity analysis and local uniqueness of solutions of harmonic
variational inequalities and related optimization problems, see [3, 4,74, 75] and

the references therein.

This show that the problem (12.13) is quite and unified one. Due to the
structure and nonlinearity involved, one has to consider its own. It is an open
problem to develop unified numerical implementation numerical methods for

solving the harmonic variational inequalities.
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Iterative Methods and Convergence Analysis

In this section, we apply the auxiliary principle technique to suggest and
analyze some inertial iterative methods for solving harmonic mixed variational
inequalities (12.13).

For a given u € H satisfying (12.13), consider the problem of finding w € H
such that

)+ (w—uv—w) + (pAw), —))

+pop(v) — pp(u >0, Yve H, (12.22)

(T (w +n(u —w)),

where p > 0,7 € [0,1] are constants.

Inequality of type (14.1) is called the auxiliary mixed harmonic variational

inequality.

If w = u, then w is a solution of (12.13). This simple observation enables us

to suggest the following iterative method for solving (12.13).

Algorithm 12.1.  For a given ug € H, compute the approximate solution w1

by the iterative scheme

VU
<pT<Un+1 + n(un - un+1))7 ¢> + <Un+1 — Un,V — un+1>
U — Up+1
VU
> —(pA(unt1), —) — pp(v) — pd(uni1), Vo€ H.
U — Un+1

Algorithm 12.1 is called the hybrid proximal point algorithm for solving

harmonic hemivariational inequalities(12.13).

Special Cases

We now consider some cases of Algorithm 12.1.

(I).  For n =0, Algorithm 12.1 reduces to:
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Algorithm 12.2.  For a given ug € H, compute the approximate solution w41

by the iterative scheme

VUp+1
(PTUn+17 s > + <un+1 — Up,V — un+1>
U — Un+1
VU
> —(pA(Uni1), — ) = pp(v) — pluns1), Vv € H.  (12.23)
U — Un+1

(II). If n =1, then Algorithm 12.1 reduces to:

Algorithm 12.3.  For a given ug € H, compute the approximate solution un41

by the iterative scheme
)+ (Unt1 — Uny U — Uptr)

> ~{pAtni1), =) = p(v) = pd(unt1), Vo € H.

n+1

(IIT).  If n = 1, then Algorithm 12.1 collapses to:

Algorithm 12.4.  For a given ug € Cp, compute the approximate solution un41

by the iterative scheme

Up+1 + Up VUnp+1

<pT( 9 " — Un+1> + <un+1 — Unp,V — un+1>
VU,
> —(pA(un+1), v—iquiJ — pp(v) — pp(unt1), Vv € H.

which is called the mid-point proximal method for solving the problem (12.13).

If A(.;.) =0, then Algorithm 12.1 reduces to:

Algorithm 12.5.  For a given ug € H, compute the approximate solution w41

by the iterative scheme

VUnp+1

<pT<un+1 + U(Un - un+1))v > + <Un+1 — Un,V — un+1>

U — Up+1

> —p¢p(v) = pp(unt1, Vv € H.

for solving mized harmonic variational inequality.
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Definition 12.6. VYu,v,z € H, an operator T : H — H is said to be:
(i).  harmonic monotone, if and only if,

(Tu — Tw, 2 > 0.
u—7v

(ii) harmonic pseudomonotone if and only if,

uv V>0 — (T, uv

u—"v u—v

(Tu,

) > 0.

(iii).  partially relazed strongly harmonic monotone, if there exists a

constant o > 0 such that

(Tu — T, S

> —allz — ul%
~—) = ez —ull

Note that for z = w, partially relaxed strongly harmonic monotonicity
reduces to monotonicity. It is known that partially relaxed strongly harmonic
monotonicity, but the converse is not true. It is known that harmonic
monotonicity implies harmonic pseudomonotonicity; but the converse is not true.
Consequently, the class of harmonic pseudomonotone operators is bigger than the

one of harmonic monotone operators.

Lemma 12.2. Vu,v € H,

2(u, v) = [lu+v]|* = [lul* — [|o]|*. (12.24)

We now consider the convergence criteria of Algorithm 12.2. The analysis is
in the spirit of Noor [19] . We include the proof for the sake of completeness and

to convey an idea of the technique involved.

Theorem 12.5. Let u € H be a solution of (12.13) and let uny1 be the
approzimate solution obtained from Algorithm 12.2. If the operators T and A

are monotone harmonic, then

etnss — ull® < e — ll® = [t — a2 (12.25)
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Proof.  Let u € H be a solution of (12.13). Then
uv uv
(T, )+ (A(v), )+ o(v) = P(u) 20, YveC, (12.26)
v—u v—u
since T' and A are harmonic monotone operators.
Now taking v = up4+1 in (13.5), we have
uu uu
(T, —) 4 (Atnsn), — 5+ @ung) = d(w) 2 0. (12.27)
Up+l — U Un+1 — U
Taking v = u in (12.23), we get
Up
<pT(’LLn+1, nontl > + <Un+1 — Un,U — Un+1>
Up — Un+1
UnUn+1
+<A(u7’b+1)7 7> + ¢(u> - ¢(Un+1) >0,
Up — Un41
which can be written as
uu
<un+1 — Up, U — Un+1> > <pTun+1, el
Unp4+1 — U
uu
+HpA(un41), ——) + ¢(u) — G(unt1) > 0, (12.28)
U — Up+1
where we have used (13.6).
Setting © = u — Up41 and v = Up41 — Uy in (12.24), we obtain
2(Up g1 — Un, U — Upt1) = [Ju— unH2 — [lu— un+1H2 — lunt1 — un||2 (12.29)
Combining (13.7) and (13.8), we have
[unt1 = ull* < Jup = ull® = lunt1 = un?,
the required result (12.25). O

Theorem 12.6.  Let H be a finite dimensional space and all the assumptions of

Theorem 12.5 hold. Then the sequence {un}i>o given by Algorithm 12.2 converges

to a solution w of (12.13).
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Proof. Let u € K be a solution of (12.13). From (12.25), it follows that
the sequence {||u — wuy||} is nonincreasing and consequently {u,} is bounded.

Furthermore, we have

o0
> Ntnt1 = unll? < fluo — ul?,
n=0
which implies that
lim |[up41 — un|| = 0. (12.30)
n—oo

Let @ be the limit point of {uy}, ; a subsequence {un,}, of {u,}, converges to
@ € H. Replacing wy, by u,; in (13.2), taking the limit n; — oo and using (13.9),
we have

v v

(Tt ——) + (A(d), ——=) + ¢(v) — ¢(@) = 0, Vv e H,

v—1Uu v—u

which implies that @ solves the harmonic hemivariational inequality (2.1) and
luns1 = ull* < [lun — ul|*.

Thus, it follows from the above inequality that {un};x> has exactly one limit point
4 and

nh_}ngo(un) = 4.

the required result. O

We again consider the auxiliary principle technique to suggest some hybrid

inertial proximal point methods for solving the problem (12.13).

For a given u € H satisfying (2.1), consider the problem of finding w € H
such that

(pT(w + n(u —w)),%> +{(w—u+alu—u),v—w)

HA((w + € (w — u))), —

)+ ¢(v) — p(w) >0, Vovec H, (12.31)

w
w
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where p > 0,a,&,n, € [0, 1] are constants.

Clearly, for w = u, w is a solution of (12.13). This fact motivated us to to

suggest the following inertial iterative method for solving (12.13).

Algorithm 12.6.  For given ug,uy € H, compute the approximate solution un41

by the iterative scheme

UpUn+-1
<:0T(un+1 + ﬁ(un - un+1)), nont > + <un+1 — Up + a(un —Up—-1,V — un+1>
Up — Un+1
UnUn1
> —(pA((Uns11€(un—unin)) ————) + d(v) = p(unt1, Yve H
Up — Un+1

which is known as the hybrid inertial iterative method.

Note that for « = 0, ¢ = 0, Algorithm 12.6 is exactly the Algorithm 12.1.
Using essentially the technique of Theorem 12.5 and Noor [28], one can study the

convergence analysis of Algorithm 12.6.

For different and appropriate values of the parameters, &, 1, (, , the operators
T, A, function ¢(.) and spaces, one can obtain a wide class of inertial type iterative
methods for solving the harmonic variational inequalities and related optimization

problems.

Conclusion:

Some new classes of mixed harmonic variational inequalities are introduced in
this paper. It is shown that several important problems such as harmonic
complementarity problems, system of harmonic absolute value problems and
related problems can be obtained as special cases. The auxiliary principle
technique is applied to suggest several inertial type methods for solving mixed
harmonic variational inequalities with suitable modifications. We note that this
technique is independent of the projection and the resolvent of the operator.

Moreover, we have studied the convergence analysis of these new methods under
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weaker conditions. We have only considered the theoretical aspects of the hybrid
inertial iterative methods. It is an interesting problem to implement these

methods numerically and compare with other iterative schemes.

13 Mixed Biharmonic Variational Inequalities

It is well known that the biconvex functions and the harmonic convex functions
are two different generalization of the convex functions. It is natural to consider
the new concepts which includes these concepts as special cases. These facts
motivated us to consider some new classes of convex sets and convex functions

with respect to an arbitrary bifunction.

Definition 13.1. A set Kjg C H is said to be a harmonic biconver set with
respect to the bifunction (- —-): H x H — H, if

u(u + (v —u))
v+ AS(u — )

Eth, VU,UEth,)\E [0,1].

If B(u —v) = u — v, then harmonic biconvex set reduces to harmonic convex
set. Clearly, every harmonic set is a harmonic biconvex set but the converse is

not true.

Definition 13.2. A function f is a harmonic biconvex function with respect to
an arbitrary bifunction 5(- — ), if

u(u + B(v —u))
f( u+ AB(u—wv)

) < (1 =N f(u) + Av), Vu,v € Kpg, A € [0,1].

Note that for t = %, we have Jensen type harmonic biconvex function.

2u(u + (v — u)) 1
f( 2u+ Blu— ) ) < (5)[f(u)+f(v)], Vu,v € Kpg.

Using the technique developed in the previous sections, we can prove the the
minimum u € Kjg of the differentiable harmonic biconvex function f can be

characterized by the inequality.
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Theorem 13.1. Let f be a differentiable harmonic biconvex function on the
biconvez set Kpg. Then u € Kpg is the minimum of f, if and only if, u € Kpg
satisfies the inequality

(f'(u),

uv

The inequality of the type (13.1) is called the harmonic bivariational inequality.

We now consider the functional J[v] defined as
Jv] = F(v) + ¢(v), YveH, (13.2)
where F' and ¢ are two functions.

Using the above above technique, one can easily prove the following results.

Theorem 13.2. If the function F' is a differentiable harmonic biconvex function
and @) is non differentiable harmonic biconver function, then uw € H 1is the
minimum of the functional J[v] defined by (13.2), if and only if, w € H salisfies
the inequality

uw
F -—
< (u)7 5@6 —

which is called the mized harmonic bivariational inequality.

)+ é(v) —o(u) >0, VYveH, (13.3)

Inequalities of the types (13.1) and (13.3) may not arise as optimality
conditions of the differentiability of the harmonic biconvex functions in many
important and complicated problems. In such type of problems, one usually
considers the more general inequalities, which contains the inequalities (13.1),
(13.3) and their variant forms as special cases. Motivated by these facts, we now

consider more general problem.

For given nonlinear operator 7' and bifunction 5(. —.) : H x H = H, we
consider the problem of fining u € H, such that

U
Blu—v)

which is called the mixed harmonic bivariational inequality.

(Tu, )+ o(v) —p(u) >0, YveH, (13.4)
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Special Cases

We now discuss some special cases of the problem (13.4):

I). Iff(u—v)=u—wv, Vv e H, then (13.4) reduces to finding v € H, such

that

<T’LL, uv

Y+ o(v) —p(u) >0, YveH.

u—v
is called the mixed harmonic variational inequality.

(II).  For Tu = f’(u), the problem (13.4) reduces to finding v € H, such

that
UV

<f/(u), m

which is the problem (12.24).

)+ ¢(v) = ¢(u) 20, VveH,

(ITI). For Tu = T|u|, the problem (13.4) reduces to finding u € H, such
that

(Tul, m) +¢(v) —p(u) >0, VveH,,

is called the absolute value mixed harmonic bivariational inequality.

In brief, for suitable and appropriate choice of the bifunction, one can
obtain several classes of mixed harmonic variational inequalities, complementarity
problems, absolute value harmonic inequalities and harmonic optimization
problems. This clear shows that the problem (13.4) is more general and flexible

and includes the previous ones as special cases.

Approximate schemes and convergence

In this section, we suggest and analyze some iterative methods for solving mixed

harmonic bivariational inequality (13.4) using the auxiliary principle technique.
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We again use the auxiliary principle technique involving an arbitrary operator
as introduced by Noor [50]. As pointed out in [92]. the operator need not
be the differential of a convex function. We point out that, if the operator is
the derivative of the strongly convex function, then this technique reduces to

auxiliary technique involving Bregman distance function [100].

For a given u € H satisfying (13.4), consider the auxiliary problem of finding
w € H such that

pUT (w0l = w))), o)

+(M(w) — M(v),v —w) + p(¢(v) — d(w)) >0, YveH, (13.5)

where p > 0 is a constant and M is an arbitrary operator. Clearly, if w = u, then
clearly w is solution of the problem (13.4). This observation enables us to suggest

and analyze the following iterative method for the problem (13.4).

Algorithm 13.1. For a given ug € H, compute the approximate solution w41
by the iterative scheme
VUn+1
B(v — un+1)
(M (un+1) — M(un),v — unt1) + p(¢(v) — d(uns1)) >0, Vo € H, (13.6)

p(T(UnJrl + n(un - un+l))a

where p > 0, n € [0,1] are constants. Algorithm 15.1 is called the hybrid

proximal point method.
For n = 0, Algorithm 13.1 reduces to the following method for solving the
problem (13.4).

Algorithm 13.2. For a given ug € H, compute the approximate solution un41

by the iterative scheme

PPt 7o) b (M () — M (), 0 — )
IB(U un+1)
+p(6(v) = Blun+1)) 20, Vo € H, (13.7)

1s the implicit proximal method.
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For n = 1, Algorithm 13.1 reduces to the explicit method for solving the
problem (13.4).

Algorithm 13.3. For a given ug € Kpg, compute the approrimate solution un41

by the iterative scheme

v
B(v — unt1)
+p(p(v) — p(unt1)) >0, Yove H.

p{Tun, )+ (M (uns1) = M(un), v — upt1)

For n = %, Algorithm 13.1 reduces to the hybrid proximal point method for
solving the problem (13.4).

Algorithm 13.4. For a given ug € H, compute the approximate solution un41
by the iterative scheme

Un+1 + Un VUnp+1
M - M —
9 )’ Blv— Un+1)> + (M (up+1) (Un); v — Un1)

+p(d(v) — P(ups1)) >0, Vve H.

(T (

In brief, for suitable and appropriate choice of the operators and the spaces,
one can obtain a number of known and new algorithms for solving harmonic

variational inequalities and related problems.
We now consider the convergence criteria of Algorithm 13.2.

Theorem 13.3. Let u € H be a solution of (13.4) and let uni1 be the
approximate solution obtained from Algorithm 13.2. Let the operator T be
harmonic monotone. If the operator M is strongly monotone with constant £ > 0

and Lipschitz continuous with constant ¢ > 0, then

Ellun = unprll < Cllu — un- (13.8)

Proof.  Let u € H be a solution of (13.4). Then

— (T, m) + ¢(v) — p(u) >0, Yve H. (13.9)
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since the operator 7' is a monotone operator.

Now taking v = up4+1 in (13.9), we have

Ulp+1

—(T'(un+1), m

)+ (unt1 — d(u) > 0. (13.10)

Taking v = u in (13.7), we get

p(T (un1), ﬁ

+(M (uny1) = M(un), v = uni1) + pp(u) — pd(uni1) = 0,

which can be written as

Ulp+1

(M (upt1) — M(up),u — upt1) = —p(T(Upnt1, m

) >0, (13.11)
where we have used (13.10).
From the equation (13.13), we have

0 < (M(un+1) — M(up), u — unt1)
= (M(unt1) = M(un), v —up) + (M(unt1 — M(un), up = tn1),

from which, it follows that
(M (tupt1 — M(un), unt1 — tn) < (M (unt1) — M(un), u — up).

Using the strongly monotonicity and Lipschitz continuity of the operator M, we

obtain
Ellun — w1 [I* < Cllun = wna[lu = ual.
This implies that
Ellun = unprll < Cllu — unl,

which is the required result (13.8). O

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029



988 M. A. Noor and K. I. Noor

Theorem 13.4. Let H be a finite dimensional space and all the assumptions of
Theorem 14.1 hold. Then the sequence {un}zo given by Algorithm 13.2 converges
to a solution u of the problem (15.4).

Proof. Let u € H be a solution of the problem (13.4). From (13.8), it follows
that the sequence {||u —uy||} is nonincreasing and consequently {u,} is bounded.

Also, we have

o0
€Y Muntr = unll < Cllug — ul,
n=0
which implies that
lim |[up41 — un|| = 0. (13.12)
n— o0

Let @ be the limit point of {u,}
to 4 € H. Replacing wy, by u,, in (13.5), taking the limit n; — oo and using
(13.12), we have

e}
o ?

; a subsequence {uy,}. of {u,}, converges

Bl —v)

which implies that @ solves the problem (13.4) and

(T'(a), )+ o(v) —¢(d) 20, VveH,

luns1 = ull* < [lun — ul|*.

Thus, it follows from the above inequality that {un}:o has exactly one limit point
4 and

nh_{I;O(un) = .

the required result. ]

In recent years, much attention have been given to consider the inertial
type algorithms for solving the variational inequalities. Such type of iterative
methods were considered by Polyak [96] for speeding the convergence criteria of the

iterative methods. For the applications of the inertial type methods in variational
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inequalities, see [2,12,83,81,88]. We gain apply the auxiliary principle technique

to propose some inertial type approximate schemes for solving the problem (13.4).

For a given u € H satisfying (13.4), consider w € H such that

p(T (w0 —w)), g

+p(p(v) — p(w)) >0, VveH, (13.13)

)+ (M (w) — M(v) + a(u —u),v — w)

where p > 0 and o > 0 are constants and M is an arbitrary operator. Clearly, if
w = u, then clearly w is solution of the problem (13.4). This observation enables

us to suggest and analyze the following iterative method for solving (13.4).

Algorithm 13.5.  For a given ug,u; € H, compute the approximate solution

Upt1 by the iterative scheme

PAT (tn41 + n(tn — Unt1)), ﬁ> + p(d(v) — P(unt1))
+(M (upt1) — M (upn) + a(ty — up—1),v — unt1) >0, Vv € H,(13.14)

where p >0, n € [0,1] are constants and M is any arbitrary operator. Algorithm
13.5 is called the hybrid inertial proxzimal point method for solving the mized

harmonic bivariational inequality (13.4).

If M =1,a =0, then Algorithm 13.5 becomes:

Algorithm 13.6.  For a given ug,u; € H, compute the approximate solution

Upt1 by the iterative scheme

MTwm4+nwn—wHoxgd¥%i;y+pw@>—wmwn>
+(up — Up—1,V —Upy1) >0, Yv € H, (13.15)

where p >0, n € [0,1] are constants.

Remark 13.1. For «a = 0, Algorithm 13.5 reduces to Algorithm 13.1. For suitable
and appropriate choices of the parameters a,n, operator T, bifunction 3(.—.) and
spaces, one can obtain several known and new inertial iterative schemes for solving
harmonic bivariational inequalities and related optimization problems. Using the
technique of Theorem 12.5, one can consider the convergence analysis of these

Algorithms.
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14 Exponentially Mixed Variational Inequalities

In this section, we introduce and consider the exponentially mixed variational
inequalities. First f all, we recall the concepts of the exponentially convex

functions, which are mainly due to Noor and Noor [36—85].

Definition 14.1. [7, 56-85] A function F is said to be exponentially convex

function, if

eF(A=tutto) < (1 _ )W) 4P vy v e K, telo,1].

We remark that Definition 14.1 can be rewritten in the following equivalent

way, which is due to Antczak [7].

Definition 14.2. A function F is said to be exponentially convex function, if

F((1 =ty + tv)) <log[(1 —t)ef™ + 1™ vuve K, tel0,1].

A function is called the exponentially concave function f, if — f is exponentially

convex function.

It is obvious that two concepts are equivalent. This equivalent have been
used to discuss various aspects of the exponentially convex functions. It is worth
mentioning that one can also deduce the concept of exponentially convex functions

from r-convex functions, which were considered by Avriel [9] and Bernstein [15].

For the applications of the exponentially convex functions in the mathematical
programming and information theory, see Antczak [7], Alirezaei and Mathar [1]
and Pal et al. [98]. For the applications of the exponentially concave function in

the communication and information theory, we have the following example.

Example 14.1. [I] The error function

erf(z) = 57? /OI e dt,
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becomes an exponentially concave function in the form erf(\/x), = > 0, which
describes the bit/symbol error probability of communication systems depending
on the square root of the underlying signal-to-noise ratio. This shows that the
exponentially concave functions can play important part in communication theory

and information theory.
Definition 14.3. A function F is said to be exponentially affine convex function,
if

IA=tutt) — (1 — )P 4 4P vy v e K, tel0,1].

Definition 14.4. The function F on the convex set K is said to be exponentially

quasi convex, if

eF(u—l—t(v—u)) < maX{eF(u), eF(U)}7 \v’u’ v E K7 t e [0, 1]

From the above definitions, we have

eF(u—i—t(v—u)) < (1 _ 75)€F(u) + teF(v))

< max{ef® 0},

This shows that every exponentially convex function is a exponentially

quasi-convex function. However, the converse is not true.

Let I = [a, b] be the interval. We now define the exponentially convex functions

on I.

Definition 14.5. A F' is exponentially convex function on the interval I = [a, ],

if and only if,

1 1
a T b >0; a<zxz<h
ef(a)  oF(z) oF(b)

One can easily show that the following are equivalent:
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1. F' is exponentially convex function.

F(b) _gF(a)
2. ef(@) < ¢Fla) %(m —a).
F()_eF(@) _ ¢F()_eF(a)
z—a — b—a

4. (b—2)ef@ 4 (a — b)ef' @) 4 (z — a)eF®) > 0.

F(a) eF () eF(b)
o= T @ T tmaeb =0

o

)

where z = (1 —t)a +tb € [0, 1].

We discuss the optimality condition for the differentiable exponentially convex

functions using the technique of Noor and Noor [36, 87], which is the main

motivation of our next result.

Theorem 14.1.  Let F' be a differentiable exponentially convex function. Then

u € K is the minimum of the function F, if and only if, u € K satisfies the

inequality

(P WF (u),v—u) >0, Vu,vek.

Proof. Let u € K be a minimum of the function F. Then
F(u) < F(v),Yv € K.
from which, we have
W) < oF ) wy € K.
Since K is a convex set, so, Yu,v € K, t € [0,1],
v=1—-tu+tvekK.

Taking v = v; in (14.2), we have

Flutt(v—u)) _ oF(u)
0 < lim{< ¢

— (F () g _
lim t b= (PO F (), — ),

(14.1)

(14.2)

(14.3)

http://www. earthlinepublishers.com



Mixed Variational Inequalities 993

the required (14.1).

Conversely, assume that (14.1) holds. We have to show that v € K is
the minimum of the exponentially convex function F. Since F' is differentiable

exponentially convex function, so
eFluttlv—u)) < oF(u) 4P _ W)y e Kt e 0,1],
from which, using (14.3), we have

eF(u—l—t(v—u)) _ eF(u)

') — P > Jim{

lim - b= ("W F (u), v —u) >0,

from which, we have
F(u) < F(v), YveK.

This shows that v € K is the minimum of the differentiable exponentially convex

function, the required result. O

The inequality of the type (14.1) is called the exponentially variational
inequality. In many applications, the inequality of the type (14.1) may not arise
as the optimality condition of the differentiable exponentially convex functions.
This fact motivated us to introduce a more general variational inequality of which

the inequality (14.1) is a special case.

For a given nonlinear operator T : H — H and the function ¢, consider the

problem of finding u € h, such that
(el v —u) + ¢(v) — p(u) >0, VYveH, (14.4)

which is called the exponentially mixed variational inequality.

We now consider some important special cases of the problem (14.4)’
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1.  Let the function ¢ be the indicator function of the closed convex set in
H. Then problem(14.4) reduces to finding v € K such that
(™ v—u)y >0, VveK, (14.5)
is called the exponentially variational inequality.
2. Clearly ™ = F'(W F/ () = (eF(“)),, we obtain the inequality (14.5).
3. If K* is the dual cone of the convex cone, then problem (14.5) is equivalent
to finding v € K such that
e e K* and (e u) =0, (14.6)
which is called the exponentially complementarity problem and appears to
be a new one.
4. If e = ®(u), then the problem (14.4) is equivalent to fining u € H such

that
(®(u),v —u) + ¢(v) — d(u) >0, Yve H. (14.7)

which is called the classical mixed variational inequality.

We now define some new concepts

Definition 14.6.  An exponentially operator T is said to:

(1)

(i3).

exponentially monotone, if
(e —eTV u—v) >0, Yu,vekK.
exponentially strongly monotone, if there exists a constant n > 0 such that

(eTv — Ty —v) > nllu—v|?, Yu,ve K.
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(i4i).  Lipschitz continuous, if there exists a constant 3 > 0 such that
[eT* —eT?|| < Bllu — v, Vu,ve€ K.
(iv).  exponentially pseudo monotone, if
(e™v—uy>0 = (! v—u)>0, VYu,vek.

(v). An operator T : K — H is called exponentially hemicontinuous,

if, Yu,v € K, the mapping t € [0, 1] implies that (eT V=) o _4) is continuous.
14.1 Iterative methods and convergence

If the function ¢(.) in the exponentially mixed variational inequality (14.4) is not
lower-semicontinuous, then one cannot show that the mixed variational inequality
(14.4) is not equivalent the fixed point problem. To overcome this drawback, we
suggest and analyze some iterative methods for solving the exponentially mixed

variational inequality (14.4) using the auxiliary principle technique.

For a given u € H satisfying the exponentially mixed variational inequality

(14.4)), consider the auxiliary problem of finding w € H such that
(peTCwH1=0w) 4 _ ) + (w — u+ +alu — u)), v — w)
+pp(v) — pp(w) >0, Vve H, (14.8)
where p > 0, «a and ¢ € [0,1] are constants. Problem (14.8) is known as the
auxiliary exponentially mixed variational inequality. We note that, if w = wu,

then clearly w is a solution of the problem (14.4). This observation enables us to

suggest and analyze the following iterative method for solving the problem(14.4).
Algorithm 14.1. For a given ug,u; € H, compute the approximate solution w41
by the iterative scheme

<p6T(<un+1+(1—C)un)7v — Unp1)

+<Un+1 — Up + O‘(“n - Unfl)a v = Un+1> + p(gb(v) - ¢(un+1)) >0, YveH,

where p > 0 is a constants.
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Algorithm 14.14 is an hybrid implicit inertial method for solving the problem
(14.4).

If¢= % then Algorithm 14.14 reduces to
Algorithm 14.2. For a given ug € H, compute the approximate solution un41
by the iterative scheme

T(tnkl T

(pe yU = Unt1)

F(Unt1 — Un + a(tn = Un_1),v = Unt1) + A(v) = P(tny1) >0, Yoe H

which s known as the mid point proximal inertial method for solving the

exponentially mized variational inequalities.

If ( =0, then Algorithm 14.14 collapses to:

Algorithm 14.3. For a given ug,u; € H, compute the approximate solution 41

by the iterative scheme

eTun,U - un+1> + <un+1 — Up + a(un - Un_l),v - un+1>

+p¢)(’l)) - p¢(un+1) > 07 Vv € Hv

(p

which is known as implicit method.

For ¢ =1, Algorithm 14.14 becomes

Algorithm 14.4. For a given ug € H, compute the approximate solution w41

by the iterative schemes

p<eTu"+171) — un+1> + <Un+1 — Un) + a(un - un—1)7 v = un-‘rl)
>

+pp(v) — pdp(ups+1) >0, Vv e H. (14.9)

Algorithm 14.4 is called the inertial proximal method for solving the problem
(14.4). For a = 0, Algorithm 14.4 becomes:
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Algorithm 14.5. For a given ug € H, compute the approximate solution uny1

by the iterative schemes

p(eT 0 — 1) F (Ung1 — Up)y U — Untr) + pp(V) — pp(uns1) >0, Vo € H.

We now study the convergence criteria of Algorithm 14.4 under suitable

conditions.

Theorem 14.2. Letu € H be a solution of (14.4) and let u, 41 be the approximate
solution obtained from Algorithm 14.4. If the T : H — R is pseudo exponentially

monotone with respect to the function ¢, then
s = ull? < fun = wl® = [uns1 =t — o (un — up-1)|*
o {[Jun — ul]* = JJun—1 — ul|® + 2[|un — up—1]|*}(14.10)

Proof. Let u € H be a solution of (14.4). Then

(e v —u) 4+ ¢(v) — d(u) >0, Vo€ H,
implies that

—(e™ u—v) + é(v) — p(u) >0 Ve H, (14.11)
since T is pseudo exponentially monotone.

Taking v = up41 in (14.11), we have

(e u — ) + Gunt1) — du) > 0. (14.12)

Now taking v = w in (14.9), we obtain

<P€TU"+1 U — Un+1> + <un+1 — Up — an(un - Un—l)v u — un+1>

+pp(u) — pp(upt1) = 0. (14.13)

From (14.12) and (14.13), we have

(Ung1 — up — an(tp — Un—1), T — Upy1) > _<P€Tun+1a6(u —Upy1)) > 0.(14.14)
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One can write (14.13) in the form

(Unt1 — Un, B(—Unt1)) = an(Un — Un—1,U — Up + Uy — Uny1).  (14.15)

Using the inequality 2(u,v) = |lu + v||? — ||u||? — ||v||?,Yu,v € H and rearranging

the terms in (14.15), one can easily obtain the required result 14.10. O

Theorem 14.3. Let H be a finite dimensional space. Let uny1 be the approximate
solution obtained from Algorithm 14.4 and u € H be a solution of (14.4). If there
exists a € (0,1) such that 0 < ap, <, VYn € N and

00
Zannun - UanHQ < o0,

n=1

then lim,, oo Uy, = U.

Proof. Let uw € H be a solution of (14.4). First we consider the case o, = 0. In
this case, we see from 14.10 that the sequence {|lu — wu,||} is nonincreasing and

consequently {uy} is bounded. Also from (14.10), we have

o0

> ngr = unl® < [Juo — ull?,
n=0
which implies that
nli_)nloo |tnt1 — unl| = 0. (14.16)

Let @ be the cluster point of {u,} and the subsequence {u,,} of the sequence {u,}
converge to @ € H. Replacing u, by u,; in (14.9) and taking the limit n; — oo
and using (14.16), we have

(" v —a) + ¢(v) — $(a) 20, Vve H,
which implies that @ solves the exponentially variational inequality (14.4) and

||Un+1 - Un||2 < ||Un - EHQ
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Thus it follows from the above inequality that the sequence {u,} has exactly one

cluster point 4 and lim,,__,. %, = @.
Now we consider the case a;, > 0. From (14.10), we have
oo
Z [unt1 —un —  an(un — Un—l)||2 < fluo — u||2
n+1

o
+ > {afun = ull? +2)lun — up—1]*} < oo,

n=1

which implies that

nh—r>noo Hun—i—l — Up — an(un - un—l)H2 =0.

Repeating the above arguments as in the case a,, = 0, one can easily show that

lim u, = 4,
n—oo

the required result. O

For the readers convenience and for the sake of completeness, we recall some
basic properties of the Bregman convex functions. For strongly convex function

F, we define the Bregman distance function as
B(v,u) = F(v) — F(u) — (F'(u),v —u) > a|jv —u|*,Vu,v e K. (14.17)

It is important to emphasize that various types of function F' gives different
Bregman distance. We give the following important examples of some practical

important types of function F' and their corresponding Bregman distance.

Examples

1. If f(v) = |[v||?, then B(v,u) = |[v — u||?, which is the squared Euclidean

distance.
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2. If f(v) = >.7, a;log(v;), which is known as Shannon entropy, then its

corresponding Bregman distance is given as
B(v,u) = Zl <vi log(u—Z) +u; — vi>.
1=

This distance is called Kullback Leibler distance (KL) and as become a
very important tool in several areas of applied mathematics such as machine

learning.

3. If flv) = =31 ,log(v;), which is called Burg entropy, then its

corresponding Bregman distance is given as
- o5 v;
B = log(—) + — —1).
() =3 (1ou2)+ 2 -1)

This is called Itakura Saito distance (IS),which is very important in the

information theory, data analysis and machine learning.

For a given u € H satisfying (14.4), we consider the auxiliary exponentially

variational inequality problem of finding w € H, such that
(pe™ ™) v —w) + (E'(w) — E'(w),0 = w) + pd(v) — pp(w) >0, Vv € H(14.18)

where p > 0 is a constant and F’(u) is the differential of a strongly convex function
E at u € H. From the strongly convexity of the differentiable function E(u), it

follows that problem (14.18) has a unique solution.

It is clear that if w = u, then w is a solution of problem (14.4). This observation

enables to suggest and analyze the following iterative method for solving (?77?).

Algorithm 14.6.  For a given ug € H, calculate the approximate solution w41

by the iterative scheme

(et v —up i) + (B (unt1) — B (un), v — tpy1)

+pop(v) — pp(uns+1) >0, Yve H, (14.19)

where p > 0 is a constant.
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We now study the convergence criteria of Algorithm 14.6 and this is the main

motivation of next result.

Theorem 14.4.  Let the operator T be general monotone and let E(u) be
strongly convex function with modulus B > 0. Then the approximate solution u,41

obtained from Algorithm 14.6 converges to a solution u € H of the problem (14.4).

Proof. Let u € K be a solution of (14.4). Then, using the exponentially

monotonicity of T, we have
—(e u—v) + d(v) — d(u) >0, Yve H. (14.20)

Taking v = up41 in (14.20) and v = u in (14.19), we have

—(" = ung) + Glunt1) — ¢(u) >0 (14.21)
(pe 1w —upi1) + (B (unt1) — B (un), u — tpi1)
+p(o(u) — d(un+1)) = 0. (14.22)

Now we consider the generalized Bergman function as
B(u,z) = E(u) — E(2) — (E'(2),u — 2) > B||lu — z|)?, (14.23)

where we have used the fact that the function F(u) is strongly convex.

Combining (14.21), (14.22) and (14.23), we have

B(u,un) — B(u,unt1) = E(unt1) — Eun) — <E'(un), U — Up)
+(E' (Un+1), 4 — Uny1)
= B(unt+1) — E(un) = (E'(up) = E'(un+1),u — Upt1)

_<E (un)7 Un+1 — un>

> Bllunt1 — un||2 + <El(un+1) - E/(UN)v U — Upt1)
> Blluns1 — unl* = (pe" 1w — upga)
> Bllups1 — unl*.
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If wpq1 = up, then clearly w, is a solution of (14.4). Otherwise, for 5 > 0, the

sequences B(u, uy,) — B(u, up+1) is nonnegative and we must have

1 (s — wa])) = 0
It follows that the the sequence {u,} is bounded. Let @ be a cluster point of
the subsequence {uy, }, and let {u,,} be a subsequence converging toward @. Now
using the technique of Zhu and Marcotte [I15], it can be shown that the entire

sequence {uy,} converges to the cluster point u satisfying (14.4). O

We now consider another iterative method for solving the exponentially

variational inequality (14.4).

For a given u € H satisfying (14.4), we consider the auxiliary exponentially

variational inequality problem of finding w € H, such that
(pe™ v —w) + (B'(w) — E'(u),v — w) + p(¢(v) — p(w)) >0, Vv e H(14.24)

where p > 0 is a constant and E’(u) is the differential of a strongly convex function
E at u € H. From the strongly convexity of the differentiable function E(u), it
follows that problem (14.24) has a unique solution. It is clear that if w = u, then
w is a solution of problem (14.4). This observation enables to suggest and analyze

the following iterative method for solving (14.4).

Algorithm 14.7.  For a given ug € H, calculate the approximate solution w41

by the iterative scheme

(e v =t y1) + (B (unt1) = E'(un), v = tng1) + p(¢(0) = $(un1)) >0, Vo

which is called the explicit method for solving the exponentially wvariational
inequality (14.4).

For a given u € H satisfying (14.4), we consider the auxiliary exponentially

variational inequality problem of finding w € H, such that

(pe €00 ) 4 (B () — B'(u) v — )
+p(od(v) — Pp(w)) >0, YveH, (14.25)
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where p > 0 is a constant and E’(u) is the differential of a strongly convex function.
It is clear that if w = u, then w is a solution of problem (14.4). This observation

enables to suggest and analyze the following iterative method for solving (14.4).

Algorithm 14.8.  For a given ug € H, calculate the approximate solution un41

by the iterative scheme

T(Cun+1+(1—<)un’v - Un+1> + <El(un+1) - El(un)a U= Un+1>

+p(0(v) = d(unt1)) 20, Vv e H, (14.26)

(pe

which is called the hybrid implicit iterative method for solving the exponentially

variational inequality (14.4).

For different and suitable choice of the parameter (, one can some new
iterative methods for approximating the solution of the exponentially variational
inequalities. All these method do not do not require the evaluation of the
projection and its variant form. Using the technique of this paper, one can study

the convergence of other iterative methods.

We now consider the case, if the function ¢ in the mixed variational inequality
(14.4) is lower-semicontinuous. Applying Lemma 2.1, we can prove that the mixed

variational inequality (14.4) is equivalent to the fixed point problem.

Theorem 14.5. The element u € H be the solution of the problem (14.4), if and
only if, u € H satisfies

u = Jylu— pel™]. (14.27)
Theorem 14.5 implies that the exponentially mixed variational inequality

(14.4) is equivalent to the fixed point problem (14.27). This equivalent fixed

point formulation (14.27) will play an important role in deriving the main results.

We define the function F' associated with (14.27) as

F(u) = Jg[u— pe™]. (14.28)
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To prove the unique existence of the solution of the problem (14.4), it is enough
to show that the map F defined by (14.28) has a fixed point.

Theorem 14.6.  Let the operator T be strongly monotone with constants o > 0
and Lipschitz continuous with constants 8 > 0, respectively. If there exists a

parameter p > 0, such that
2
p< 5—2‘ (14.29)

then there exists a unique solution of the problem (14.4).

Proof.  From Theorem 14.5, it follows that problems (14.4) and (14.27) are
equivalent. Thus it is enough to show that the map F'(u), defined by (14.28) has
a fixed point.

For all u # u € Q(u), we have
1) = F)l = [Jslu—pe"™] = Jolv — pe’]|

< lu—v —plef™ —eT?)). (14.30)

Since the operator 7 is strongly monotone with constant o > 0 and Lipschitz

continuous with constant 8 > 0, respectively, it follows that

lu—v—p(e™ =™ < Jlu—of —2(u—vp(e™ — V) + g2l — T2

< (1—2ap+ p26%)lu— o] (14.31)

From (14.30) and (14.31), we have

IF(w) = F)| < V(1 —2ap+ p2B%)|lu— |

- QH’U’ - vHv

where

0 = V(1-2ap+p?3?)

From (14.29), it follows that 6 < 1, which implies that the map F'(u) defined by
(14.27) has a fixed point, which is the unique solution of (14.4). O
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The fixed point formulation (14.27) is applied to propose and suggest the
iterative methods for solving the problem (14.4).

This alternative equivalent formulation (14.27) is used to suggest the following
iterative methods for solving the problem (14.4) using the updating technique of

the solution.

Algorithm 14.9. For a given pug € H, compute the approzimate solution {41}

by the iterative schemes

Yo = Jylun — pelt] (14.32)
wy, = Jglyn — pelVn] (14.33)
fns1 = Jglwn — peln). (14.34)

Algorithm 14.9 is a three step forward-backward splitting algorithm for solving
exponentially mixed variational inequality (14.4). This method is very much
similar to that of Glowinski et al. [28] for variational inequalities, which they

suggested by using the Lagrangian technique.

We now study the convergence analysis of Algorithm 14.9, which is the main

motivation of our next result.

Theorem 14.7.  Let the operator T satisfy all the assumptions of Theorem 14.6.
Then the approzimate solution {uy,} obtained from Algorithm 14.9 converges to
the exact solution uw € H) of the exponentially mized variational inequality (14.4)

strongly in H.

Proof.  From Theorem 14.5, we see that there exists a unique solution u € H) of
the exponentially mixed variational inequalities (14.4). Let u € H be the unique

solution of (14.4). Then, using Lemma 3.1, we have

u = Jyluy — peltn] (14.35)
= Jylun — pelt] (14.36)
= Jylun — peltn]. (14.37)

Earthline J. Math. Sci. Vol. 14 No. 5 (2024), 878-1029



1006 M. A. Noor and K. I. Noor

From (14.34) and (14.35), we have

lumss —ull = Jshon — peT] = Jylun — peT™]|
< fwa —u = p(e — T
< Ollwn —ul, (14.38)

where 0 = \/1 — 2ap + p232.

In a similar way, from (14.32) and (14.36), we have
Jwn —ull < Bllyn —u— (7 — eT¥)). (14.30)
From (14.32) and (14.37), we obtain
1yn = pll < Ollun —ull. (14.40)
From (14.39) and (14.40), we obtain
Jwn — ull < 6un — ull. (14.41)
Form the above we equations, have
[unt1 = ul] < Ol|un — ull.

From (14.29), it follows that # < 1, Consequently the sequence {u,} converges
strongly to p. From (14.40), and (14.41), it follows that the sequences {y,} and
{wy} also converge to u strongly in H. This completes the proof. O

We now suggested and analyzed the three step scheme for solving the
exponentially mixed variational inequality (14.4). These three step schemes
also are called the novel Noor iterations. For the applications of novel Noor
iterations in signal recovery, polynomiography, fixed point theory, compress
programming, nonlinear equations, compressive sensing and image in painting,

see [12—14,22-24,40,44,95,101,103] and the references therein.
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Algorithm 14.10. For a given pog € H, compute the approximate solution {fin+1}

by the iterative schemes

Yo = (1= y)un + yndplun — pe’™]
Wy, = (1 — Bn)yn + ﬁanb[yn _ p(eTyn + eTun)]
1 = (1— an)wn + anJ¢[wn - P(eTw" + €Tyn)].

Convergence analysis of Algorithm 14.10 can be studied using the techniques
as developed in [25,53,110,114]. For 7, = 0, Algorithm 14.10 reduces to:

Algorithm 14.11. For a given ug € Qu), compute {pn+1} by the iterative

schemes
Wn = (1 - /Bn)un + ﬁnjzﬁ[un - ﬂeTU”]
Unt1 = (1 —ap)wp + andylw, — p(eTw” + eT“")],

which is known as the Ishikawa iterative scheme for the problem (14.4).

Note that for v, = 0 and S, = 0, Algorithm 14.10 is called the Mann

iterative method, that is.

Algorithm 14.12. For a given pg € Qu), compute {pn+1} by the iterative

schemes

Unt1 = (1= Bo)uy + BJylun, — pe ).

We suggest another perturbed iterative scheme for solving the exponentially

mixed variational inequality (14.4).

Algorithm 14.13. For a given p, € H, compute the approximate solution {p,}

by the iterative schemes

Yn = (1 - ’Yn)un + 'Yanb[un - PGTU”] + Ynhn
wy = (1= Bn)yn + ﬂnjqﬁ[yn - PeTyn] + Bnfn
fns1 = (1= ap)w, + andg[w, — pel ] + anen,
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where {e,}, {fn}, and {h,} are the sequences of the elements of H introduced
to take into account possible inewact computations and Jy is the corresponding

perturbed resolvent operator and the sequences {aun,}, {Bn} and {v,} satisfy

oo
0<anBnm<1l VYn>0, Zan = o0.
n=0

For v, = 0, we obtain the perturbed Ishikawa iterative method and for
v = 0 and B, = 0, we obtain the perturbed Mann iterative schemes for solving
exponentially mixed variational inequality (14.4).
Algorithm 14.14. For a given ug € H, compute un,41 by the iterative scheme
Tun]

Unt1 = Jglun —pe’ "], n=0,1,2,..

which is known as the projection method and has been studied extensively.

Algorithm 14.15. For a given ug € H, compute un4+1 by the iterative scheme
Unt1 = Jp|un — peln 1] n=0,1,2, ...

which is known as the implicit projection method and is equivalent to the following

two-step method.
Algorithm 14.16. For a given ug € H, compute un,41 by the iterative scheme

wy, = Jglup — pel ]

fns1 = Jglun —pet™n], n=0,1,2,...
We also propose the following iterative method.
Algorithm 14.17. For a given pug € Q(u), compute pn+1 by the iterative scheme
Unt1 = Jpltns1 — pel 1], n=0,1,2, ...

which is known as the modified resolvent method and is equivalent to the iterative
method.
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Algorithm 14.18. For a given ug € H, compute u,11 by the iterative scheme

w, = Jg[up — pel ]

fni1 = Jylwn —pet™n], n=0,1,2,...

which is two-step predictor-corrector method for solving the problem (14.4).

We can rewrite the equation (14.27) as:

uU—+u

2

This fixed point formulation is used to suggest the following implicit method.

— pe’] (14.42)

u=Jg|

Algorithm 14.19. [01]. For a given ug € H, compute un41 by the iterative
scheme

Up+1 + Up

5 — pelunti] (14.43)

Ups1 = Jg|

Applying the predictor-corrector technique, we suggest the following inertial

iterative method for solving the problem (14.4).

Algorithm 14.20. For a given py € Q(u), compute pn,41 by the iterative scheme

U+ u
w, = Jgl 5~ pel™]
Wy, + U
From equation (14.27), we have
p=Jylu — ,oe(u#)]. (14.44)

This fixed point formulation (14.27) is used to suggest the implicit method for
solving the problem (14.4) as

Algorithm 14.21. For a given ug € H, compute un,4+1 by the iterative scheme

T( untUn4l

Unt1 = Jglun — pe 2 )]. (14.45)
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We can use the predictor-corrector technique to rewrite Algorithm 14.21 as:

Algorithm 14.22. For a given ug € H, compute un,41 by the iterative scheme

wy, = Jguy — pel U],
Uun+wn
Unt1 = Jg[un — pel T

is known as the mid-point implicit method for solving the problem (14.4).

We again use the above fixed formulation to suggest the following implicit

iterative method.

Algorithm 14.23. For a given ug € H, compute un,41 by the iterative scheme

Un+u 1
()

Unt1 = JgUns1 — pel (14.46)

Using the predictor-corrector technique, Algorithm 14.23 can be written as:

Algorithm 14.24. For a given pg € H, compute pn1 by the iterative scheme

w, = J¢[un—peT“"],

Ups1 = J(b [wn . peT( un—gwn )]

)

which appears to be new one.

It is obvious that the above Algorithms have been suggested using different
variant of the fixed point formulations (14.27). It is natural to combine these fixed
point formulation to suggest a hybrid implicit method for solving the problem

(14.4) and related optimization problems.

One can rewrite (14.27) as

L et

u=Jy| (14.47)

This equivalent fixed point formulation enables us to suggest the following implicit

method for solving the problem (14.4).
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Algorithm 14.25.  For a given ug € H, compute uny1 by the iterative scheme

Up + Upi1 p(intintl
In T It e

tn 1 = Jo[ = = ). (14.48)

To implement the implicit method, one uses the predictor-corrector technique.
We use Algorithm 14.17 as the predictor and Algorithm 14.25 as corrector. Thus,

we obtain a new two-step method for solving the problem (14.4).

Algorithm 14.26. For a given pg € H, compute un+1 by the iterative scheme

w, = J¢[un—peT“”]

wn + un T( wn+un ]
)

Pyl = J¢[T—P€ 2

which is a new predictor-corrector two-step method.

For a parameter £, one can rewrite the (14.27) as
w= Jol(1 = E)ut u) — peT).

This equivalent fixed point formulation enables to suggest the following inertial

method for solving the problem (14.4).

Algorithm 14.27.  For a given po,p1 € Q(u), compute pny1 by the iterative

scheme

Hn4+1 = Jd)[(l —&)n + Epn—1 — peTun]’ n=0,1,2,..

It is noted that Algorithm 14.27 is equivalent to the following two-step method.

Algorithm 14.28. For a given ug € H, compute uny1 by the inertial iterative

scheme

Wp = (1 - g)un + funfl

Hnt+1 = Jd:[wn_peTun]'
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Using this idea, we can suggest the following iterative methods for solving

exponentially mixed variational inequalities.

Algorithm 14.29. For a given ug,u1 H, compute uny1 by the iterative scheme

Unt1 = (1 — an)up + & (un — un—1) + anJgtng1 — peT“"+1], n=20,1,2,...

which is called the inertial proximal point method and appears to be new one.
Here ay, &, > 0 are constants and term &, (u, — u,—1) is called the inertial

term.

Algorithm 14.30. For a given ug,pu1 € Q(u), compute pn+1 by the iterative

scheme

Yn = (1_§)Un+§un—1
Up+1 = Un+yn+J¢[yn—peTy")], n=20,1,2,...

We now suggest multi-step inertial methods for solving the exponentially
mixed variational inequalities (14.4).

Algorithm 14.31. For given po,p1 € Q(u), compute pn,41 by the recurrence

relation
Wy, = Up — Oy (Un - unfl)

- (1—6n)wn+5n=f¢[

)

Wt tn pemnm}
2

Wp, + ntwn
Upy1l = (1 — an)yn +OénJ¢ ["Qy” _ peT(y L )} ,

where By, o, Oy € [0,1],Vn > 1.
Algorithm 14.31 is a three-step modified inertial method for solving
exponentially variational inclusion (14.4).

Similarly a four-step inertial method for solving the exponentially mixed

variational inequalities (14.4) is suggested.
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Algorithm 14.32. For given ug,p1 € Qu), compute pn+1 by the recurrence

relation
Wy, = Up— Oy, (un - Un—l) s
Wy, + U wn+un
t, = (1 - ’Yn)wn + ’YnJQS |:712n - peT( 2 ):| )
t + w tnt+wn
yn = (1= Bu)tn + BJs {"2" _ peT(iz )} ,

+1 nttn

where oy, Br,y Yn, On € [0,1], Vn > 1.

One can use the use the resolvent method, dynamical systems and merit
function method to suggest several new methods for solving the exponentially
variational inequalities. We have only convey the main idea of the exponentially

mixed variational inequalities.

Remark 14.1. In this section, we have shown that the minimum of the
differentiable exponentially convex functions can be characterized by a new class
of inequalities, which is called the exponential mized variational inequality.
These facts motivated us to consider a class of exponentially mixed variational
inequalities. Some important special cases are discussed as applications of the
exponentially variational inequalities. Several multistep iterative methods for
solving the exponentially variational inequalities are proposed and analyzed using
the fized point methods and auxiliary principle techniques. Convergence criteria
of the proposed iterative methods considered under some suitable weak conditions.
It is worth mentioning that the three step iterative methods proposed and
investigated by Noor [58, 03] are known as Noor iterations, which contain Mann
and Ishikawa iterations as special cases. For the applications, modifications and
generalizations of Noor iterations, see [17—1/,22-2/,//,/6,80,95,99,101,103,112]
and the references therein. For the novel applications of the Noor iterations in
green innovations utilising fractal and power for solar panel optimization, see

Natarajaan et al. [/0] and for logistic map in Noor orbit, see Chugh et al. [2/].
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One can explore the applications of the exponentially mized variational inequalities
The ideas and techniques paper may be starting point of further research activities

in these dynamical fields.

15 Change of variable Method for variational

inequalities

In this section, we consider the change of variable method for solving variational
inequalities (2.2). This technique is mainly due to Noor [51] and Noor et al. [70].
For the sake of completeness and to convey the main idea, we include some details.
We note that the complementarity problem (2.4) can be rewritten in the following

form:
w=ueK, v=TueK" (Tu,u)=0. (15.1)
which is useful in developing a fixed point formulation.

It is well known that, for z € H, we have

2= Pgz+ P_g+z = Pxz + Pg+(—2). (15.2)
Following the idea of Noor and Al-Said [70], we consider the following change of
variables
w=u= ‘Z’;Z = 2T = Pg(2) (15.3)
and
’2‘2; ol (15.4)

From (15.2), (15.3) and (15.4), we have

u = Pgz (15.5)
z = 27 —27 =Pgz+ Pg«(—2) =u— pTPgz. (15.6)
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Combining (15.5) and (15.6), we obtain
u = Pglu— pTul. (15.7)

Thus, we have shown that the complementarity problem (2.4) is equivalent to
the fixed point problem (15.7). This implies that u € K is the solution of the
variational inequality (2.2). That is, u € K satisfies the inequality

(Tu,v—u) >0, VvekK. (15.8)

In recent years, this technique have been used to develop modulus based methods
for solving the system of absolute value equations, which is another area in
numerical analysis and optimization. This approach can be extended for solving

the mixed variational inequalities, which needs further research efforts.

16 Generalizations and Applications

We would like to mention that some of the results obtained and presented in
this paper can be extended for more multivalued mixed variational inequalities.
To be more precise, let C(H) be a family of nonempty compact subsets of H.
Let T,V : H — C(H) be the multivalued operators. For a given nonlinear
bifunction N(.,.) : H x H — H and operators g,h : H — H,consider the
problem of finding u € Q(u), w € T(u),y € V(u) such that

(N (w,y), h(v) = g(u)) + ¢(h(v)) = ¢(g(w)) 20, ¥V wveH, (16.1)

which is called the multivalued mixed general variational inequality. We would
like to mention that one can obtain various classes of mixed variational inequalities
for appropriate and suitable choices of the bifunction N(.,.), the operators g, h,

and convex-valued set Q(u).

Note that, if N(w,y) = Tu, h = I,g = I, then the problem (16.1) is
equivalent to find u € H, such that

(Tu,v—u) + ¢p(v) —p(u) >0 Vv e H,
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which is exactly the mixed variational inequality (2.1).

Using Lemma 3.1, one can prove that the problem (16.1) is equivalent to
finding w € H such that

9(u) = Jy[h(u) — pN(w,y)] (16.2)
which can be written as
u=u—g(u)+ Joh(u) — pN(w,y)].
Thus one can consider the mapping F' associated with the problem (16.1) as
F(u) = u—g(u) + Jg[h(u) — pN(w,y)],

which can be used to discuss the uniqueness of the solution of the problem (16.1).
From (16.1) and (16.2, it follows that the multivalued mixed general variational
inequalities are equivalent to the fixed problems. Consequently, all results
obtained for the problem (2.1) continue to hold for the problem (16.1)
with suitable modifications and adjustments. The development of efficient
implementable numerical methods for solving the multivalued mixed general

variational inequalities and non optimization problems requires further efforts.

Conclusion

In this paper, we have reviewed the state-of-the-art in the theory, computation
and applications of the mixed variational inequalities. The study of this area
is a fruitful and growing field of intellectual endeavour. While our main aim in
this study has been to describe the basic ideas and techniques which have been
used to develop the up-to-date theory of the mixed variational inequalities, the
foundation we have laid is quite broad and general. The general theories and
results surveyed in this paper can be used to formulate variational principles
and computational methods for a wide range of moving, free and equilibrium

problems arising in fluid flow through porous media, elasticity, transportation
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science and economics. It is true that each of these areas of applications require
special consideration of peculiarities of the physical problem at hand and the
inequalities that model it. However, many of the concepts and techniques we
have discussed are fundamental to all of these applications. There are several
topics that we have not dealt with in this paper that pertain to mixed variational
inequalities. Optimal shape optimization is a branch of the calculus of variations
and has many practical applications in industry. In spite of their importance,
little research has been carried out in this direction. This subject is very recent
and offers great opportunities for further research. It is worth mentioning that
this field has been continuing and will continue to foster new, innovative and novel

applications in various branches of pure and applied sciences.

In this paper, we have used the equivalence between the mixed variational
inequalities and fixed point formulation to suggest some new iterative methods for
solving the mixed variational inequalities. Convergence analysis of the proposed
method is investigated under suitable conditions. These new implicit methods
include extragradient method and modified double projection methods as special
cases. Some examples are given to illustrate the efficiency which shows that
the proposed methods are robust and perform better than the known methods.
Comparison of the proposed methods with other methods need further efforts.
Dynamical system technique is also used to suggest iterative methods along with
convergence criteria. The alternative fixed point approach is used to consider
the sensitivity analysis of the mixed variational inequalities. Biconvex functions
and mixed bivariational inequalities are also studied. Several classes of the
mixed variational classes associated with harmonic convex, biconvex harmonic,
exponentially convex functions are introduced and investigated. Fixed point,
resolvent method, dynamical system and auxiliary principle techniques are the
main tool to suggest iterative methods for solving mixed variational inequalities.
Using the ideas and techniques of this paper, one can suggest and investigate
several new implicit methods for solving various classes of variational inequalities
and related problems. This paper is continuation of our previous research in

[5,19,56,00,64,72,77-80,90,91,91,93]. One can extend these results for mixed
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general variational inequalities [5,19,59,62,64,67,71,72,77,90,91,93] and related
optimization problems applying the ideas and techniques developed in this paper

with suitable and appropriate modifications.
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