
Earthline Journal of Mathematical Sciences 

http://www.earthlinepublishers.com 

Volume 1, Number 2, 2019, Pages 143-155 

https://doi.org/10.34198/ejms.1219.143155   
 

Received: January 22, 2019; Accepted: February 11, 2019 

2010 Mathematics Subject Classification: 30C45. 

Keywords and phrases: holomorphic functions, generalized Mittag-Leffler function, fractional integral, 

subordination, integral representation.  

Copyright © 2019 Abbas Kareem Wanas and Alaa Hussein Khaleel. This is an open access article distributed 

under the Creative Commons Attribution License, which permits unrestricted use, distribution, and 

reproduction in any medium, provided the original work is properly cited. 

Differential Subordination Results for Fractional Integral Associated 

with Generalized Mittag-Leffler Function  

Abbas Kareem Wanas
1
 and Alaa Hussein Khaleel

2
 

Department of Mathematics, College of Science, University of Al-Qadisiyah, Iraq 

e-mail: abbas.kareem.w@qu.edu.iq1; alaa.kahlil@qu.edu.iq2  

Abstract 

In this work, by making use of fractional integral, we define a certain class of 

holomorphic functions defined by generalized Mittag-Leffler function in the open unit 

disk U. Also, we establish some results for this class related to integral representation, 

inclusion relationship and argument estimate. 

1. Introduction  

Let A indicate the family of all functions f of the form: 

( ) ∑
∞

=
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2

,

n

n
nzazzf                                               (1.1) 

which are holomorphic in the open unit disk { }.1: <∈= zzU C  

For functions f given by (1.1) and A∈g  given by 
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the Hadamard product gf ∗  of f and g is defined by 

( ) ( ) ( ) ( ).
2

zfgzbazzgf

k

n
nn ∗=+=∗ ∑

∞

=

 

Given two functions f and g which are analytic in U, we say that f is subordinate to g, 

written gf ≺  or ( ) ( ) ( ),Uzzgzf ∈≺  if there exists a Schwarz function w which is 

analytic in U with ( ) 00 =w  and ( ) 1<zw  such that ( ) ( )( ) ( )., Uzzwgzf ∈=  In 

particular, if the function g is univalent in U, then gf ≺  if and only if ( ) ( )00 gf =  and 

( ) ( ).UgUf ⊂  

The Mittag-Leffler function ( ) ( )C∈α zzE ,  (see [7, 8]) is defined by 

( )
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( )( ).0Re,,
1

0

>α∈α
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=
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n

n

n

z
zE  

Several researchers have investigated properties of Mittag-Leffler function and 

generalized Mittag-Leffler function, see for example [4, 5, 9, 10]. Moreover, Srivastava 

and Tomovski [13] introduced the function ( ) ( )C∈γ
βα zzE
k

,
,
,  in the form: 

( ) ( )
( )∑

∞

=

γ
βα β+αΓ

γ
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zE  

where ( ) ( ){ } ( ) 0Re,1Re,0maxRe,,, >−>α∈γβα kkC  and ( )nx  is the Pochhammer 

symbol defined by 

( ) ( )
( )
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Definition 1.1 [1]. For A∈f  the operator AAH →γ
βα :

,
,
k

 is defined by 

( ) ( ) ( ) ( ),
,
,

,
, UzzfzQzf

kk ∈∗= γ
βα

γ
βαH  

where 
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( ) ( ){ } ( ) .0Re,1Re,0maxRe,, >−>α∈γβ kkC  

By some easy calculations, we have 

( ) ( ) ( )
( ) ( )∑

∞

=

γ
βα α+βΓ+γΓ

β+αΓ+γΓ+=
2

,
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Definition 1.2 [12]. The fractional integral of order ( )0, >λλ  is defined for a 

function f by 

( )
( )

( )
( )∫ ζ

ζ−
ζ

λΓ
= λ−

λ− z

z d
z

f
zfD

0 1
,

1
 

where f is analytic function in a simply-connected region of the z-plane containing the 

origin and the multiplicity of ( ) 1−λζ−z  is removed by requiring ( )ζ−zlog  to be real, 

when ( ) .0>ζ−z  

We now, by making use of Definition 1.1 and Definition 1.2, we have 

( )
( )

( ) ( )
( ) ( ) ( )∑

∞

=

λ+λ+γ
βα

λ−
α+βΓ+γΓλ++Γ

β+αΓ+γΓ+
λ+Γ

=
2

1,
,

.
12

1

n

n
n

k
z za

nkn

nk
zzfD H  (1.2) 

It is easily verified from (1.2) that 

( ) ( )zfD
k

k
zfDz

k
z

k
z
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,
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λ−γ
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
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( ),,
, zfD

k
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z

γ
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λ−

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

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 λ−γ− H     ( ) .0Re ≠λ−γ k       (1.3) 

Let T be the class of functions h of the form: 

( ) ∑
∞

=
+=

1

,1

n

n
nzhzh  

which are analytic and convex univalent in U and satisfy the condition: 

( ){ } ( ).,0Re Uzzh ∈>  

We will require the following lemmas in proving our main results. 
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Lemma 1.1 [3]. Let C∈vu,  and suppose that ψ  is convex and univalent in U with 

( ) 10 =ψ  and ( ){ } ( ).,0Re Uzvzu ∈>+ψ  If q is analytic in U with ( ) ,10 =q  then the 

subordination  

( ) ( )
( )

( )z
vzuq

zqz
zq ψ

+
′

+ ≺  

implies that ( ) ( ).zzq ψ≺  

Lemma 1.2 [6]. Let h be convex univalent in U and T  be analytic in U with 

( )( ) ( ).,0Re Uzz ∈≥T  If q is analytic in U and ( ) ( ),00 hq =  then the subordination  

( ) ( ) ( ) ( )zhzqzzzq ≺′+ T  

implies that ( ) ( ) .zhzq ≺  

Lemma 1.3 [2]. Let q be analytic in U with ( ) 10 =q  and ( ) 0≠zq  for all .Uz ∈  If 

there exists two points Uzz ∈21,  such that 

( )( ) ( )( ) ( )( ) ,
2

argargarg
2

2211 bzqzqzqb
π=<<=π−  

for some 1b  and ( )0,0 212 >> bbb  and for all ( ),21 zzzz =<  then 
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where  

ε+
ε−≥

1

1
m     and    .

4
tan

21

12 





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+
−π=ε

bb
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2. Main Results 

We begin this section by defining the function class ( )hk ;,,,,,, δβαµγλM  as 

follows: 

Definition 2.1. A function A∈f  is said to be in the class ( ,,,, µγλ kM  

)h;,, δβα  if it satisfies the following differential subordination condition: 
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( )

( )
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≺
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                               (2.1) 

where ,,, C∈γβα  ( ) ( ){ },1Re,0maxRe −>α k  ( ) ,0Re >k  ,0>λ  p<δ≤0  and 

.Th ∈  

In the first theorem, we find integral representation of the class ( ,,,, µγλ kM  

).;,, hδβα  

Theorem 2.1. Let ( ).;,,,,,, hkf δβαµγλ∈M  Then 

( ) ( ) ( )( )
,

1
1exp

0

,
, 




 −δ−⋅= ∫
γ

βα
λ− z

k
z ds

s

swh
zzfD H  

where w is analytic in U with ( ) 00 =w  and ( ) ( ).,1 Uzzw ∈<  

Proof. Assume that ( ).;,,,,,, hkf δβαµγλ∈M  It is easy to see that 

subordination condition (2.1) can be written as follows 

( )

( )
( ) ( )( ) ,1

,
,

,
,

δ+δ−=
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


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                        (2.2) 

where w is analytic in U with ( ) 00 =w  and ( ) ( ).,1 Uzzw ∈<  

From (2.2), we find that 

( )

( )
( ) ( )( )

.
1

1
1

,
,

,
,

z

zwh

zzfD

zfD

k
z

k
z −δ−=−

′








γ
βα

λ−

γ
βα

λ−

H

H

                           (2.3) 

After integrating both sides of (2.3), we have 

( )
( ) ( )( )

∫
−δ−=














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z
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s
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z
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1

1log
H

                         (2.4) 

Therefore, from (2.4), we obtain the required result. 
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Next, we establish the following inclusion relationship for the class 

( ).;,,,,,, hk δβαµγλM  

Theorem 2.2. Let ( ) ( ) .01Re >






 λ−γ+δ+δ−

k

k
zh  Then 

( ) ( ).;,,,,,,;,,,,,1, hkhk δβαµγλ⊂δβαµ+γλ MM  

Proof. Let ( )hkf ;,,,,,1, δβαµ+γλ∈M  and put 
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                              (2.5) 

Then q is analytic in U with ( ) .10 =q  According to (2.5) and using the relation (1.3), we 

obtain 

( )
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( ) ( ) .1
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,
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k
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                       (2.6) 

By logarithmically differentiating both sides of (2.6) with respect to z and multiplying by 

z, we get 

( ) ( )
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Since ( ) ( ) ,01Re >






 λ−γ+δ+δ−

k

k
zh  then applying Lemma 1.1 to the subordination 

(2.7), yields ( ) ( ),zhzq ≺  which implies ( ).;,,,,,, hkf δβαµγλ∈M  

Theorem 2.3. Let 1,0, 21 ≤<∈ aaf A  and .10 <δ≤  If 
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for some ( ),11,
1

1
;,,,,,1, ≤<≤−








+
+δβαµ+γλ∈ AB

Bz

AZ
kg M  then  

( )

( )
,

2
arg

2
2,

,

,
,

1 b
zgD

zfDz

b
k

z

k
z π<



















δ−

′








<π− γ
βα

λ−

γ
βα

λ−

H

H

 

where 1b  and ( )1,0 212 ≤< bbb  are the solutions of the equations: 

( ) ( )

( ) ( ) ( )

( ) ( )


















−=

−≠





























π+ε−+







 λ−γ+δ+

+
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π+ε−

π
+=

−

1

1,

2
sin1

1

11
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2
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2

1
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21
1

1
1
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B
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k

k

B

A
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b
a     (2.8) 

and 
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


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

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
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





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





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+
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π
+=

−

1
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2
sin1
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2
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2

2
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1

2
2
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B
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k

k

B

A
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b
a    (2.9) 

with  










+
−π=ε
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2
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bb
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i  and 
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( ) ( ) ( )
.

111
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2

2

1







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
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
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

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k

k
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t (2.10) 

Proof. Define the function G by 
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( )
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where ( ),11,
1
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
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
+
+δβαµ+γλ∈ AB

Bz

AZ
kg M  and .10 <τ≤  

Then G is analytic in U with ( ) .10 =G  Therefore by making use of (1.3) and (2.11), 

we obtain 
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,
,

,1
,
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k
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k
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Differentiating above relation with respect to z and multiplying by z, we get 
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Suppose that 
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Using (1.3) again, we have 
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From (2.12) and (2.13), we easily get 
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Notice that from Theorem 2.2, 







+
+δβαµ+γλ∈
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1
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By using the result of Silverman and Silvia [11], we have 
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An application of Lemma 1.2 with ( )
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1
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k
zH

z
λ−γ+δ+δ−
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Now, for the case ,1−≠B  we obtain 
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( ) ( )

( ) ( ) 















λ−γ+δ+δ−

′
+=

k

k
zH

zGz
zG

1

11
1

1

arg  

( )( ) ( )

( ) ( ) ( ) 




















 λ−γ+δ+δ−

′
++=

11

11
1

1

1argarg

zG
k

k
zH

zGz
zG  

( )













+

ρ
−+π−=

φπ−
2

211
2

1arg
2

i
ebb

mi
b  

( ) ( ) ( ) ( )






 φ−π+
ρ

+φ−π+
ρ

−+π−= 1
2

sin
2

1
2

cos
2

1arg
2

21211 bb
mi

bb
m

b  

( ) ( )

( ) ( ) 















φ−π++ρ

φ−π+
−π−≤ −

1
2

cos2

1
2

sin

tan
2

21

21
1

1

bbm

bbm

b  

( ) ( )

( ) ( ) ( ) ( ) ( ) 

















π+ε−+





 λ−γ+δ+

+
δ−+ε+

π+ε−
−π−≤ −

tbb
k

k

B

A

tbb

b

2
sin1

1

11
12

2
cos1

tan
2

21

21
1

1  

,
2

1a
π−=  

where 1a  and t are given by (2.8) and (2.10), respectively. 
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,
2

2a
π=  

where 2a  and t are given by (2.9) and (2.10), respectively. 

Similarly, for the case ,1−=B  we have 
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The above two cases contradict the assumptions. Consequently, the proof of the theorem 

is complete. 
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