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Abstract

In this work, by making use of fractional integral, we define a certain class of
holomorphic functions defined by generalized Mittag-Leffler function in the open unit
disk U. Also, we establish some results for this class related to integral representation,

inclusion relationship and argument estimate.

1. Introduction

Let A indicate the family of all functions f of the form:

fR) =2+ a,d", (1.1)
n=2

which are holomorphic in the open unitdisk U ={z OC :| z| < 1}.

For functions f given by (1.1) and g O A given by

g(z)=z+ anz",
n=2
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the Hadamard product f [ g of fand g is defined by

00

(f 0g) () = 2+ D ayb,2" = (g OF)(2).

k=2

Given two functions f and g which are analytic in U, we say that fis subordinate to g,

written f < g or f(z)< g(z) (z OU), if there exists a Schwarz function w which is
analytic in U with w(0) =0 and |w(z)| <1 such that f(z) = g(w(z)), (zOU). In
particular, if the function g is univalent in U, then f < g if and only if £(0) = g(0) and

f)0g).
The Mittag-Leffler function Ey(z), (z O C) (see [7, 8]) is defined by

O(DC,R a)>0)
0= ey e(a) > 0)

Several researchers have investigated properties of Mittag-Leffler function and

generalized Mittag-Leffler function, see for example [4, 5, 9, 10]. Moreover, Srivastava

and Tomovski [13] introduced the function Ey B( z), (z O C) in the form:

where a, B, y O C, Re(a) > max{0, Re(k) =1}, Re(k) > 0 and (x), is the Pochhammer

n

symbol defined by

_—:{1 (n =0),
r(x) x(x+1)-(x+n-1) (nON).

Definition 1.1 [1]. For f O .4 the operator H B : A - A is defined by

HEkf() = 0 R 0f(x) (z0D),

where
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B, yOC, Re(a) > max{0, Re(k) - 1}, Re(k) > 0.

By some easy calculations, we have

L N Ty +ak)r(@+p)
H Z .
Z F(y+k)r B+O(n)n'anz

Definition 1.2 [12]. The fractional integral of order A, (A > 0) is defined for a
function f by

- _ L oz f(Q)
D) = 2oy, AL

where f is analytic function in a simply-connected region of the z-plane containing the

-1

origin and the multiplicity of (z = Z)*™! is removed by requiring log(z - Z) to be real,

when (z - Q) > 0.

We now, by making use of Definition 1.1 and Definition 1.2, we have

—}\ Y, 1 A L % F(y+nk)r(a +B) A
HEGf(2) = TEESE +n§r(n+1+)\)r(y+k)r(B+cxn)a”Z (1.2)

It is easily verified from (1.2) that

SCREVIE )] (o )

—(V_k)‘kj ‘AHV pf(2). Re(y-Mk)#z0.  (1.3)

Let T be the class of functions % of the form:

h(z) =1+ Zhnz",
n=1

which are analytic and convex univalent in U and satisfy the condition:
Re{h(z)} >0, (:0U).

We will require the following lemmas in proving our main results.
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Lemma 1.1 [3]. Let u, v C and suppose that | is convex and univalent in U with
P(0) =1 and Re{u(z) + v} >0, (z DU). If q is analytic in U with q(0) =1, then the

subordination

ole) + = ()

implies that q(z) < W(z).

Lemma 1.2 [6]. Let h be convex univalent in U and T be analytic in U with
Re(7(z)) 2 0, (z OU). If q is analytic in U and ¢(0) = h(0), then the subordination

q(z) + T(2) 24'(z) < h(z)
implies that q(z) < h(z).
Lemma 1.3 [2]. Let q be analytic in U with q(0) =1 and ¢(z) # 0 forall zOU. If

there exists two points zq, zp QU such that

B l;bl = arg(q(z1)) < arg(q(z)) < arg(q(z2)) = gbz’

for some by and by (by >0, by >0) andforall z (| z| <|z | =]z, ), then

ey = a2 {0

where

2. Main Results

We begin this section by defining the function class M(A, Y, k, W, a, B, & h) as

follows:

Definition 2.1. A function f O.A is said to be in the class M()\, Y, k, W,

a, B, o h) if it satisfies the following differential subordination condition:
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! Z(DZ_)\ Hg’,ﬁf(z))
=y -8 | =< n(z), 2.1
1-9 Dz H(yx:Bf(Z)

where o, B, yOC, Re(a) > max{0, Re(k) -1}, Re(k)>0, A >0, 0<d<p and
hOT.

In the first theorem, we find integral representation of the class M(A, Y, k, |,
a, B, & h).

Theorem 2.1. Let f O M(\, Y, k, W, a, B, & h). Then

N

DIMHYEF(2) = 2 Daxp[(l - 6)I;Mds}

where w is analytic in U with w(0) = 0 and | w(z)| <1, (z OU).

Proof. Assume that f O M, Y, k, W, a,B, & h).

subordination condition (2.1) can be written as follows

Z(D;AHZ”Ef(Z))
DHERF(2)

where w is analytic in U with w(0) = 0 and | w(z) ]|

It is easy to see that

= (1-3) h(w(z)) + 3, (2.2)

<L (zOU).
From (2.2), we find that

( _AHV'E;f(Z))I .

_L_ s hw(z) -1
O (1-9) — (2.3)

After integrating both sides of (2.3), we have

—)\ k
log M = (1-9) j ;% ds. 2.4)

Therefore, from (2.4), we obtain the required result.
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Next, we establish the following inclusion relationship for the class
M,y k, W, o, B, & h).

Ak

Theorem 2.2. Let Re{(l - 0)h(z) + 0+ y _k } > 0. Then

M, y+1, kw0, B,8 1) 0MAM,Y, kW a,B, 5 h).

Proof. Let f O M(N, y+1, k, W, o, B, & h) and put
MEEY0)

)25 DY F(2)

-5/ 2.5)

Then g is analytic in U with ¢(0) = 1. According to (2.5) and using the relation (1.3), we

obtain

y+k D_)\Hyﬂkf( )

Y — Ak
ko DIMHYGE(2)

=(1-3)q(z) +d+ (2.6)

By logarithmically differentiating both sides of (2.6) with respect to z and multiplying by
Z, we get

1

-A y+1 k
+ 2q'(z) 1 Z(Dz Hep flz )) i
0 (1-8)g(z)+ 5+ _k)\k 1-3 —AHy+1 *1(2) 3| =< h(z). 2.7)

Since Re{(l -0)h(z) +d+ Y _k)\k} > 0, then applying Lemma 1.1 to the subordination
(2.7), yields g(z) < h(z), which implies £ 0O M\, Y, k, W, o, B, & h).

Theorem 2.3. Let f 1A, 0<aj,a, <land 0<O0<1.If

( —)\,Hy+1kf( ))

DY 8(2)

—Ea < arg -0 <1—Ta
21 2 2>
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for some gDM()\ v+1, &k, 0,0 1+/;Z) (-1<B<AZ<1), then
2
i ( AHV’EJ( )) .
—-—b <arg _)\ -0 |<—by,
where by and by (0 < by, by < 1) are the solutions of the equations:
Tt
, (1= 1€D 0y +by)cos N
by +—tan B #-1
= - 2.8
a Tt 2(1+|s|)((1+,4)(1 d) 5+ YA )\k) (2.8)
1+B k
+(1=[e])(br +by)sin o
bl B=-1
and
5 (1= &) (b +br)eos )1
by + —tan~ B # -1
= - 2.
ay I 2(l+|€|)((1+,4)(1 8) , 54 Y M Ak) (2.9)
1+B k
+(1=[e) by +by)sin Js
bz B =-1
with
e =itan 2270 gng = Zin! (4-B)(1-9) (2.10)
2 b + by

Proof. Define the function G by

m (6+y_kM)(l—Bz)+(l—6)(l—AB)
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1

X [ DM (2 )j

G(z) = —1|, @.11)
- —A
1-1 Hqu()
where g DM()\, y+1 k W a, B0 11-:_22), (F-1sB<A<l1),and0<T<1.
Z

Then G is analytic in U with G(0) = 1. Therefore by making use of (1.3) and (2.11),

we obtain

y+k - Nk

(1 -D6() + DD Hhe(0) = X Dy 5 () - Y2 DAt (o).

Differentiating above relation with respect to z and multiplying by z, we get

I

(1-1)6() + )2 D He(@)] + 1 -0)26/E) D MY ()

I

AL ( DML £(: )] Yo ( ‘}‘Hyléf(z)]. 2.12)

Suppose that
A

H(2) =175 }‘HV Bg(z) -3

Using (1.3) again, we have

A y+Lk

D,"H _

y*+k o.p g()_(1—es)H(z)+5+y Ak (2.13)
k A7{y Bg( )
From (2.12) and (2.13), we easily get

-A y+1 k

G(z) + G(2) =1 Z(DZ o f(Z)) -t @14)
, — - _)\ . .
(1-8)H(z)+5+ Y- M 1-1 HV}%" (2)
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+
Notice that from Theorem 2.2, g [ /\/l()\, Y+1, kW, 0,pB, 0 11 +2Z) implies
Z
1+ AZ
O M(?\, Lk, W, O, B, O j Thus,
g Y kW0, B o B
+
HE) < A2 (Ci<p<a<i).
1+ Bz
By using the result of Silverman and Silvia [11], we have
‘H(z)—l_Af <A_€ (B#-1,z0U) (2.15)
1-B 1-B
and
1-A
Re{H(z)} > (B=-1,z0U0). (2.16)

It follows from (2.15) and (2.16) that

Y — Ak

j(1—32)+(l—6)(1—AB)

1- B2

o+
(1-8)H(z)+ 5+ V‘k”‘ -(

and

Re{(l—E)H(z)+6+ y_k)\k} > (1—A)2(1—5) +5+ y_k)\k’ (B -, zDU).
Putting

LTt
- -0
(1-8)H(z)+5+ M _ 5"

where
(A-B)(1-9)
(6+ V_k)‘k)(1—32)+ (1-8)(1- AB)
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(A-B)(1-9)
<@< ,(B#-1)
(6+y_)\k)(1—B2)+(1—6)(1—AB)
k
and —1<@<1, (B =-1), then
(1—A)(1—6)+6+y—)\k<p<(1+A)(1—6)+6+y—7\k (B # -1)
1-B k 1+B ko

and

<p<w, (B=-I)

(1-A)(1-8) , 5, y=Mk
1-B k

1
(1-3)H(z)+0d+

yields

An application of Lemma 1.2 with 7(z)= v

G(z) < h(z).

If there exist two points zj, zo U such that

_ l;bl = arg(G(z;)) < arg(G(z)) < arg(G(z,)) = gbz,

then by Lemma 1.3, we get

721G'(z1) _ —ﬂ(bl +by) and 22G'(z2) = ﬂ(b1 +b,),
G(Z1) G(ZZ) 2
where
mzl_l | and =ztan7—-[(b2_blj-
1+]¢] 4\b +by

Now, for the case B # —1, we obtain

-A 1,k
1 ZI(DZ HX-FB f(zl ))
ar -1
g 1-1 “Aq,V+Lk
DZ HQ,B g(Zl)
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= arg| G(z;) + a6'(z1) =y
(-8(z)+ 5+

=ar (G( )) +arol 1 + ZIG,(ZI)
S e es e M ot

LTT
T mi o0
=——b +arg 1l—— (b +by)e 2
S b g{ 2p(1 2) J

=Ty warg 1= 2+ b)eos (1= )+ 22y +)sin T (1 )

m(by + by )sin - (1- )

n -1 2
< ——b —tan -

2 20 + m(by + by)cos (1= )

- 1 (1=T&[)(br +by)cos 7

-—b —tan —

2 21+ e[ A0 5 Y=Y (1 oy +.,)sin T
__T,

27

where g and ¢ are given by (2.8) and (2.10), respectively.

Also,

1 ( AHV% Kk f(Zz)),

I-1 -\ 1k
DMHY'" 8(22)

arg

- T

(1= &[) (b +b2)cos )¢
21+ e[ A= s YR (1) oy 4 ) sin

Tt —
Zabz + tan 1

1+B
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aj,

(SR

where a, and t are given by (2.9) and (2.10), respectively.

Similarly, for the case B = —1, we have

1

-A Lk
| Z1(DZ HY' S (Zl))
arg — - -1
-t D; }\HXE’ g(z1)

IN
|

_bl

Y=

and

| ZZ(DZ_)\ HY" f (22 ))

- - 1,k
I-1 DZ}VHXTB g(ZZ)

-T||2

(SR
S
N

The above two cases contradict the assumptions. Consequently, the proof of the theorem

is complete.
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