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Abstract

To obtain a thorough understanding of the influence of schistosomiasis
infections on the transmission dynamics of tuberculosis, a deterministic
mathematical model for the transmission dynamics of tuberculosis (TB)
co-infection with schistosomiasis is created and examined. The aim of the
research is to examine the reasons behind the backward bifurcation in the
co-infection dynamics of tuberculosis and schistosomiasis. The backward
bifurcation phenomena can be caused by the following parameters, according
to the model’s analysis (when the associated reproduction number is less
than one), other than the well established route of exogeneous re-infection
of latently infected TB individuals, the relative rates at which humans with
latent schistosomiasis (11) and active schistosomiasis (72) are infected with
TB, respectively, the lowered rate of reinfection with schistosomiasis (¢),
the fraction of individuals who experience fast progression to active TB (p),
the adjustment parameter which accounts for the increased probability of
infectiousness of humans with active TB and latent schistosomiasis (II;), the
treatment rate of people infected with active TB exposed to schistosomiasis
({r1) and the rate of progression to active TB and exposed to schistosomiasis

to active TB and active schistosomiasis (o).
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1 Introduction

Tuberculosis, popularly known as TB, precipitated by the pathogen
Mycobacterium tuberculosis, taints a third of global populace, with the resultant
consequence of two to three million fatalities annually [26, 18, 58], is a dominant
health situation globally [59] that induces malady among several millions of persons
annually and is positioned paripasu the human immunodeficiency virus (HIV) as
a dominant agent of mortality globally [59]. It is estimated that 10% of persons
infected with TB are disposed to advance to infectious TB [29]. There was a
notification of 6.4 million fresh TB infections to governments and disclosed to
WHO in 2017 [62]. The rate of success of medical care, in 2016, for humans
freshly detected with the disease was reported to be 82% globally [62].

On the other hand, the prominence of schistosomiasis as a neglected tropical
disease (NTD), ranks after malaria with respect to illness amongst humans in
tropical regions of the world [24]. Schistosomiasis is induced by infectious parasitic
flatworms of the class Schistosoma [24]. It was reported, in 2011, that 243 million
persons living in 78 nations were estimated to be at high-risk for schistosomiasis in
such territories [2]. Furthermore, according to WHO 2017 estimates, a minimum
of 220.8 million people needed schistosomiasis preventive medical care with more
than 102.3 million people reportedly treated [63]. The building of water projects
to satisfy agricultural and power necessities for advancement have contributed
immensely to rising infections [12,31]. Constantly growing populace alongside
migration, significantly, have supported increased infectiousness and appearance

of the disease in uncharted frontiers [3, 12].

From the global reports on TB and schistosomiasis, respectively, above, it is
evident that TB and schistosomiasis are co-endemic and co-infectious; and that
the relevance of investigating if a pleura-residing parasitic worm can eventually
frustrate the host’s competence to contain pulmonary TB contagion will not be
impaired [29,15,18,58,65]. The results from the works of [10,29,15,18,58], greatly

suggest that infections from helminths adversely affects the host’s capability to
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regulate TB infection through a system involving substitute invigoration of pleura
macrophages. Nonetheless, the systems resulting in the reactivation of TB in
alternatively humans with effective immune systems are greatly obscured [29]. Per
se, co-infection with parasitic worms is treated as a risk factor related along side

enhanced susceptibility to tuberculosis and rates of tuberculosis reactivation [29].

Since the formulation of the first mathematical model for schistosomiasis
by Macdonald [27], numerous authors have laboriously examined the disease
dynamics of schistosomiasis through mathematical modeling geared towards
control programmes for the disease. Particularly, [, 14, (4] carried out extensive
and detailed review of such schistosomiasis models. Of course, several authors
have, indeed, further enriched the literature on the mathematical modelling of
schistosomiasis since that time. [11,13,17,18,20-22,28 31,32, 41-13,19-51,606,067].
Furthermore, there have been several treatises on the mathematical investigation
for the infection dynamics of TB [3,5,9, 16,30, 34-10, 16, 53] since the pioneering
work of Waaler et al. [57] was done. These other mathematical models
formulated have given greater, deeper and clearer insights into TB population
dynamics, thereby enhancing the literature. These other mathematical models
formulated have given greater, deeper and clearer insights into TB population
dynamics, thereby enhancing the literature. [31] formulated a model for the
co-interaction of schistosomiasis and HIV /AIDS for the purpose of assessing their
symbiotic connection in the company of therapeutic measures. [33] investigated,
mathematically, malaria and schistosomiasis co-infection for the purpose of
scrutinizing the symbiotic connection that exists between them in the presence

of treatment.

From the preceding, it is obvious that divers mathematical models have been
designed to analyze TB infection and schistosomiasis infection, respectively and
their co-infections with other diseases but none has looked at the possibility of
the co-infection dynamics of TB and schistosomiasis, to the best of the authors’

awareness.

The document is categorized as follows: In Section 2, the model formulation
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is presented. In Section 3, the qualitative mathematical analysis is completed
along with the model’s examination for the backward bifurcation phenomenon and
global asymptotic stability (GAS) of the disease-free equilibrium (DFE). Section 4

provides a quantitative analysis of the model, and Section 5 provides a conclusion.

2 Model Formulation

The TB-schistosomiasis co-infection transmission model to be developed will
assume the form of a system of non-linear deterministic differential equations.
In the formulation, only populations (human beings, snails and intermediate
stages of pathogen life-cycle (miracidia and cercariae)) directly involved in disease

transmission dynamics are considered.

The model demarcates the entire human populace at time ¢, represented by
N (t), into fourteen mutually exclusive classes of susceptible to infections (Sg(t)),
latent with TB but not infectious (Enr(t)), active TB (Igr(t)), exogenously
re-infected with TB (Igp(t)), treated for TB (Tr(t)), exposed to schistosomiasis
(Eus(t)), with schistosomiasis infection (Igg(t)), treated for schistosomiasis
(Trs(t)), exposed to TB, exposed to schistosomiasis (Epg(t)), with active TB,
schistosomiasis exposure (Igr(t)), exogenously re-infected with TB, exposed to
schistosomiasis (Irs1(t)), exposed to TB, with active schistosomiasis (Egr(t)),
exogenously re-infected with TB and active schistosomiasis (Igs2(t)), and with

active TB, active schistosomiasis (I7g(t)). Where

Ny(t) = Su(t) + Egr(t) + Igr(t) + Ipr(t) + Tar(t) + Egs(t)
+ Igs(t) + Tras(t) + Eps(t) + Isr(t) + Igsi(t) + Esr(t) (2.1)
+ IRso (t) + ITS(t).
In order to include the pathogen that causes schistosomiasis in the co-infection

dynamics, we assume that the cercariae and miracidia populations are represented

by L(t) and J(t) classes respectively.
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Next, we incorporate the intermediary hosts, freshwater snails, for the
pathogen responsible for schistosomiasis in the model construction. We presume
that the whole snail populace in the freshwater habitat at time ¢, given by Ng(t),
is categorized into the jointly exclusive classes of snails susceptible to infection

(Ss(t)) along side snails infected with miracidia (Ig(t)), where

Ns(t) = Ss(t) + Is(b). (2.2)

All snails infected by miracidia, do not procreate as a result of castration [13,31]
and that periodic and climatic changes do not have any impact on the total number

of snails and contact arrangements.

Opgr is an adjustment parameter accounting for the decreased probability of
the transmission of TB by humans exogenously re-infected with TB, compared
to persons with active TB [2]. The parameter Org; is a modification parameter
accounting for the increased probability of the transmission of TB by humans
exogenously re-infected with TB and exposed to schistosomiasis, compared to

persons with active TB [54].

Based on the specific assumptions above, our developed model is represented
by the following deterministic system of non-linear ordinary differential equations
in (2.3); the corresponding variables and parameters of the model are tabulated in
Table 1 and Table 2, respectively, while the values and ranges of the parameters
used for numerical simulation on the model (2.3) are listed in Tables 3 and 4,

respectively.
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St =Aw —ArSy — A\jSu — puSu,
Eyr = (1 —=p)Ar(Suy + &Tur + Ths) + Cs1Est — (1 — m)ArEnr
— XiEur — (k1 + pu)Enr,
Iy = pAr(Su + ETar + Tus) + k1 Eur + (s3lrs — Ajlar
= (Cr + 67 + pu)ur,
Ier = (1 = M)A Enr + Cs2lrse — AjIrr — (Cr + 0r + pm) IrT,
Tyt = ¢rlnt + CrIrr — EXTTHT — Ay T — paTaT,
Eys = Aj(Su +Tur +4¥Tus) + (rilst + Crilrst — mATEns
— (1 + pm)Ens,
Iys = a1Egs + Cralrsa + (ralrs — nedrlus — (Cs + 05 + pm)Ius,
Tys = C¢slus — MTus — A Tus — puThs,
Ers = (1—m)mArEgs + AsEgr — (1 — m2)A\rErs — (o2 + k2 + pm) Ers,
Isr = mmArEys + AIgr + AjIrr + k2Ers — (Cr1 + 0 + xadr + pm) s,
Irs1 = (1 = m)ArErs — (a3 + Cr1 + T10R + pr) IRs1,
Esr = (1 — fimArIus + aoErg — (1 — m3)ApEsr
— (¢s1 + K3 +v16s + pE)Est,
Tk = (1 = m)A\rEst 4 aslpst — (Cra + (s2 + T2k + v2ds + ) IRso,
Irs = fmaArIgs + k3Est + olst — (Cr3 + Cs3 + X201 + v3ds + pw)Irs,
L' = Ney(Ins + Est + Irs2 + Irs) — prL,
Ss = As — ALSs — psSs,
I = ApSs — psls,

J = ¢lg — .
(2.3)
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Table 1: Description of parameters of model (2.3)

Parameter Description

Ay Recruitment rate for humans

WH Natural human mortality rate

Br Tuberculosis transmission rate

13 Lowered rate of reinfection with TB after recovery from a previous infection

fym,p Fraction of fast progressors to TB

1, T2, T3 Exogenous re-infection rates

K1, K2, K3 Endogenous reactivation rates

(ryCr1,Cr2,Cr3,Cr,CrR1 Treatment rates for TB

or,0R TB-induced human death rates

P Reduced rate of infection with schistosomiasis after recovery from a previous infection

oy Progression rate from latent to active schistosomiasis infection

a2 Rate of progression from exposed to both TB/schistosomiasis to exposed to TB/active
schistosomiasis

as Rate of progression from exogenously re-infected with TB/exposed to schistosomiasis to

exogenously re-infected with TB/active schistosomiasis

Cs,(s1,(s2,Cs3 Treatment rates for schistosomiasis
ds Schistosomiasis-induced human death rate
o Rate of progression from active TB/exposed to schistosomiasis
to active TB/active schistosomiasis
X1;X2 Adjustment parameters for increased TB mortality due to co-infection
N1, 12 Adjustment parameters for the increased susceptibility to TB of humans with
latent and active schistosomiasis
ORrT Adjustment parameters which account for the decreased probability of transmission of TB by
humans exogenously re-infected with TB
ORrsi, Orsa Adjustment parameters for the increased probability of transmission of TB by
humans exogenously re-infected with TB, and exposed to/active schistosomiasis, respectively
114, I Adjustment parameters for the increased probability of infectiousness of humans
with active TB and latent/active schistosomiasis respectively
T1, T2 Adjustment parameters for increased TB mortality as a result of exogenous re-infection due to
co-infection
V1, V2, Vs Adjustment parameters which account for schistosomiasis-induced deaths
As Snail population recruitment rate
s Mortality rate for snails
€ Growth velocity limitation
Lo Miracidia saturation constant
BL Infection rate of miracidia
N. Human-released egg count
¥ Success rate at which eggs transform into miracidia
103 Mortality rate of miracidia
0] Production rate of cercariae
Jo Cercarial saturation constant
B Infection rate of cercariae
wy Mortality rate of cercariae
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where the following lists the infection forces associated with tuberculosis (TB),
schistosomiasis (which results from cercariae penetration), and snail infection by

miracidia, respectively:

Br(Lur + OrrIrr + Ors1Irs1 + Ors2lRs2 + 1 Isr + Ial7g)

A = N, ,(2.4)
BrJ
_ 2.
)\J ,]0—|—6J’ ( 5)
BrL
= . 2.
AL Lo+ €L (2:6)

2.1 Basic properties of the TB-schistosomiasis model (2.3)

The basic dynamical properties of the model (2.3) will now be investigated.

Specifically, we establish the following positivity and boundedness results.

2.1.1 Positivity and boundedness of solutions

For the TB-schistosomiasis co-infection model (2.3) to be epidemiologically
relevant, it is critical to demonstrate that every trajectory with positive inaugural
data remains positive for all time and the biological feasible region will also
remain positively-invariant for all time. Using a similar approach in [14,52], the

following results can be established.

Theorem 2.1. Permit the inaugural data for the model for TB-schistosomiasis
co-infection (2.3) to be given as Sg(0) > 0, Egr(0) > 0, Ig7(0) > 0, Irr(0) > 0,
Tyr(0) > 0, Egg(0) > 0, Igs(0) > 0, Tys(0) > 0, Epg(0) > 0, Isy(0) > 0,
Irs1(0) > 0, Esr(0) > 0, Irs2(0) > 0, ITs(0) > 0, L(0) > 0, Ss(0) > 0, Ig(0) >0
and J(0) > 0. Then the orbits (Sg(t), Egr(t), Inr(t), Irr(t), Tar(t), Eus(t),
Ins(t), Tus(t), Ers(t), Isr(t), Irs1(1), Esr(t), Irs2(t), ITs(t), L(t), Ss(t), Is(t),
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J(t)) of the model with positive initial conditions, will remain positive for all time
t>0.

Proof:
Recall the premier equation of model (2.3), we have
dSg(t
ZS( ) _ Ag — (A + Ag+ pa)Su(t), (2.7)
which is re-expressed as

a [SH(t) exp {th - /{:(AT(T) + AJ(TWTH

di t (2.8)

> Agexp {,u,Ht + /0 (Ap(T) + )\J(T))dT}.

Hence, proceeding to integrate (2.8) with regards to ¢ € [0,¢1], we have

Su(tr) exp { uti-+ /0 " () + As(7))dr | = S (0)
) y (2.9)
> /Ot Ay [exp {ugy +/0 (Ap(7) + )\J(T))dTde,
So that,
Sir(ta) > S (0)exp | — pirty - /0 " () + As(r))dr]

+ [exp{ —unts - /0 " () + As(r)dr )] (2.10)

t1 Yy
x / M| exp {uny +/ (r(7) + As(7))dr } | dy > 0.
0 0
Therefore Sg(t) >0, V¢ > 0.

Equivalently, recalling equations two to the eighteen of model (2.3), we have
that EHT(t) > 0, IHT(t) > 0, IRT(t) > 0, THT(t) > 0, Egs(t) > 0, IHs(t) >
0, Tys(t) > 0, Eps(t) > 0, Isp(t) > 0, Igsi(t) > 0, Egr(t) > 0, Igsa(t) >
0, Its(t) >0, L(t) >0, Sg(t) >0, Ig(t) >0and J(t) >0, Vi>0.
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Theorem 2.2. Permit (SH(t), Eur(t), Inr(t), Igr(t), Tur(t), Ins(t), Tus(t),
Ers(t), Ist(t), Irsi(t), Esr(t), Irsa(t), Irs(t), L(t), Ss(t), Is(t), J(t)) to be
trajectories of the system (2.3) along side basic circumstances and the biological

reasonable region given by the set
D =Dy x D, x Dg x D; C R¥* x RL x R3 x R} C R®

where:

Dy = {(SH, EHT7 Inr, Irr, Tur, Ens, Ius, Tus, Ers, Ist, Irsi, Est, Irse, ITs) €

Rl4 }

_ ”1H NeyAg
DL—{LER LSMLNH}
Dgs = {(Ss, Is) G]R2 : Ng < Tg}

_ 1. oA
’D‘Ii{JGR - #J#Ss}

1S 1nvariant posztwely and attracts every positive trajectory of the model (2.3).

Proof:
Summing up the right side of the vector field for the entire human populace in
both patches in (2.3), yields
dNg
= Apg—pgN — (67Igr +0rIRT +051Hs + X167 IsT +T10RIRS1 + V105 EsT
+ (T20R + v265)IRs2 + (X207 + v3d5)ITs. (2.11)

From (2.11), it ensues that dNH < Ay — pgNpg. Hence, dNH <0 if Ng(t) > 25

Utilizing |25] comparison theorem, we show that

A
Ny (t) € Ny (0)e #ut 4 2 gmnat (2.12)
HH
Specifically, on the condition that Ny (0) < AH , then N (t) < AH for every t >
0. Thus, the set Dy is invariant positively. Moreover, if Ny (0) > ﬁg , then one or
the other flows invade the set Dy in finite time or Ny (t) asymptotically advances

in the direction of as t — oco. Thus, the set Dy attracts all trajectories in R16

From (2.11), it ensues that % < Ay — paNp. Hence, dNH <0if Ng(t) >

http: //www. earthlinepublishers.com



Causes of Backward Bifurcation in a Tuberculosis-Schistosomiasis ... 665

2—5. Utilizing [25] comparison theorem, we show that
—ppt Ag —ppt
Nir(t) < Nyg(0)e et 2 (1 gnat) (2.13)
HH

Specifically, if Ny (0) < ,%[I’ then Ny (t) < ﬁ—g for all t > 0. Therefore, the set
Dy is invariant in a positive way. Moreover, if Ny (0) > %7 then one of the two
happens: the flows penetrate the set Dy in fixed time or Ny (t) asymptotically
advances in the direction of 2—5 ast — oo. Hence, the set Dy serves as an attractor

for every trajectory in R}f.

For the concentration of the miracidia, from (2.3), we have

dL

i Nev(Igs + Est + Igse + Its) — pr L. (2.14)
From (2.14), which ensues that % < % — prL since Ng = Sy + Egr +

Inr+Ipr+Tur+FEns+tIins+Tas+Ers+Ist+Irs1i+Esr+1Irso+Irs < % =

Ins + Ers + Ipgs + Irg < % Thus, 2 < 0if L(t) > % Utilizing [27]

comparison theorem, we reveal that L(t) < L(0)e Lt + %(1 — e HLly,

Specifically, if L(0) < %, then L(t) < %f: for all ¢ > 0. Hence, the set

Dy is invariant in a positive way. Moreover, if L(0) > %, thereupon one of the
two happens: the orbits penetrate the set Dy, in fixed time or L(t) asymptotically

Ne’yAH

advances in the direction of i 8s t — oo. Hence, the set Dy serves as an

attractor for every solution in R}r.

For the entire snail populace, we add up the right hand side of the vector field

of the population of snails in (2.3), which gives

dN,
s _ A5 - nsNs. (2.15)

From (2.15), it ensues that % < 0if Ng(t) > % It implies that Ng(t) =

Ng(0)e Hst 4 2—5(1 — e Hst). Then the limsup,_, ., Ns(t) = 2—2
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In particular, if Ng(0) < %7 then Ng(t) < % for all t > 0. Hence, the set Dg

is invariant in a positive way. Moreover, if Ng(0) > As 2 thereupon one of the two

s’
happens: the flows enter the set Dg in fixed time or Ng(t) asymptotically advances

in the direction 2—: as t — o0o. Hence, the set Dg attracts every trajectory in Ri.

For the cercariae concentration, we recall the right hand side of the vector field

J in (2.3), we obtain

dJ

— =¢lg — . 2.1
o = Ols —nsd (2.16)

From (2.16), ‘fi—‘t] = ¢lg — /,LJJ which follows that dJ < ‘ZZ\—SS — pydJ since

Ng=S8g5+1g < < :> Ig < . Therefore, ‘fl‘t] <0if J(t ) > ¢AS . Utilizing [25]

standard comparlson theorem we reveal that J(t) < J(0)e™ ot —|— fﬁfg (1—e M7,

Specifically, if J(0) < ¢AS , then J(t) < fﬁf for all ¢ > 0. Hence, the set D is
dAs

Haps’
happens: the flows enter the set D in fixed time or J(t) asymptotically advances
¢As
Kyt

invariant in a positive way. Moreover, if J(0) > thereupon one of the two

in the direction of
1
RS

as t — oo. Thus, the set D attracts every trajectory in

From the above, we have shown that Dy, Dy, Dg and D are invariant in a
positive way and since D = Dy x Dy, x Dg x Dy, it implies that the set D is
invariant in a positive way and an attractor, so that no trajectory escapes through

any boundary of D.

)
(Sw, Eur, Iur, Irnr, Tur, Ens, Ins, Tus, Ers, Ist, Irsi, Est, Irse,

14 . A
Irs) € R : Ny < 24

D = = Rl L < NeyAp
— HLMH

(Ss,IS)ERQ :NSS%
JERL :J< s

— QJHS

(2.17)

Thus, analyzing the flow patterns produced by the model (2.3) in D suffices.
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We declare, therefore, that the model (2.3) is well-posed mathematically and

epidemiologically.

3 Mathematical Analysis of the Model

We proceed with the analysis of the full co-infection model 2.3.

3.1 Model (2.3)’s local asymptotic stability of the DFE

The model system (2.3) possesses a disease-free equilibrium, that is, the DFE,

represented by
&o :(S?{v E;{Tv II*{Tv IET? TIZTa E}}Sv II*{Sv TI?S? E%S’ IE'T’ I}k%Sla E;‘Tv 113527 I;“Sv
L*, S5, Ig,J")

A A
—(=%0,0,0,0,0,0,0,0,0,0,0,0,0,0, =2,0,0)
HH us

It can be shown, employing the next-generation operator method [56|(van den
Driessche and Watmough, 2002), that the corresponding effective reproduction
number of the model (2.3), Rrg, is represented by

Rrs = maz {Ryr,Rus} (3.1)

where

_ Br((1 —p)r1 + p(k1 + pm))

Rur = :
87 (o1 + i) (Cr + 07 + purr)
Rore— a1878LAgAsNeyp
HS — P)
JoLopmprpopg(on + pm)(Cs + 0s + pm)
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are the respective effective reproduction number for TB-only and
schistosomiasis-only disease transmission dynamics in (2.3). Utilizing Theorem 2

in [56], we establish the following conclusion:

Lemma 3.1. The infection-free equilibrium (DFE), &y, is locally asymptotically
stable (LAS) in D on the grounds that Rrs < 1 and unstable given that Rpg > 1.

The threshold number, Rrg, is a calibration of the mean number of secondary
cases created by a single infected human individual in a totally exposed populace
[23]. This implies that a little influx of infected humans would not generate large

outbreaks if Rpg < 1, and the epidemic will prevail in the populace if Rrg > 1.

3.2 Backward bifurcation analysis

Due to the large number of variables and parameters of model (2.3), it
is mathematically intractable to show the existence of the unique endemic
equilibrium point (EEP). However, we proceed to analyse model (2.3) for the
cause(s) of the existence of the backward bifurcation phenomenon. Adopting the

method in [9], we claim the following result.

Theorem 3.1. If Rrgs < 1 and the bifurcation coefficients a and b are both positive
(i.e., a > 0, b > 0), then (2.3) exhibits a backward bifurcation at Rps = 1,

otherwise the equation exhibits a forward bifurcation.

Proof: The presence of backward bifurcation is explored utilizing the Center

Manifold Theory as espoused [9].

Let Sy = x1, Eur = x2, InT = 3, IrT = 24, Tt = 25, Ens = 6, Ius = 7,
Ths = x8, Ers = x9, IsT = x10, IrS1 = T11, EsT = 712, 1rs2 = 113, ITs = 714,
L =115, Sg = 116, Is = x17 and J = x1g, so that Ny = Zilil x;; hence the model

(2.3) is re-written in the form

http: //www. earthlinepublishers.com
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1 = fi=Ag — Arw1 — Ajr1 — ppr,
i3 = fo = (1 —p)Ap(w1 + &xs5 + 28) + (51712 — (1 — m1)Apws — Ajwg — Myzo,
i3 = f3 = pAr(z1 + &x5 + 28) + K122 + (53714 — A3 — Maws,
t4 = fa= (1 —m)Arw2 + (s2m13 — A\jzs — M3y,
@5 = f5 = (ras + (R4 — EATT5 — AjT5 — Py Ts,
t6 = fo = As(x1+ x5 +Yrs) + (r1710 + CR1711 — MATT6 — My,
@7 = fr = aax6 + (raw1s + (r3via — ATy — Msay,
iy = fs = (57 — Arws — PAjT8 — LH TS,
t9 = fo = (1 —m)mArze + A\jz2 — (1 — m2)Arw9 — Moz,
T10 = fr0 = mmArze + Ajx3 + Ajra + K2T9 — M7x10,
t11 = fu1 = (1 — m2) Apwg — Mgz,
t12 = fi2 = (1 = f)mArzr + aorg — (1 — m3)Arw12 — Mox12,
113 = fi3 = (1 — m3)A\rz12 + azz1n — Mo,
14 = fra = feArwr + K3x12 + 0w10 — M11714,
t15 = f15 = Ney(w7 + 212 + 213 + 714) — pr215,
t16 = f16 = As — ALT16 — HsT16,
T17 = fir = ALT16 — ps7,

18 = fi18 = ¢T17 — pLyT18.

Then the forces of infection for our model (3.2) become:

Br(z3 + Orras + Orsiz11 + Orsex1z + Iz + Hoz14)
14 )
> i1 Ti

At =

Brr1g A = Brxis
J0+6.’L‘187 L0+€5L’15'
where My = k1 + ppg, My = (r + 07 + pg, M3 = (g +0r + pg, My = a1 + piy,
My = (s + 05 + pu, Mg = a2 + K2 + piy,

Ay =
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M7 = (r1+ 0+ x107 + pr, Mg = a3 + Cr1 + T10R + pm,
My = (51 + k3 + v10s + pg, Mo = (12 + (s2 + T™20Rr + v205 + pp, and
M1 = (r3 + (53 + X207 + v305 + f1h-

Consider the case with Br = B and 3; = (37 as bifurcation parameters.

Figuring out Br = 81 and 3; = % from Ryg = 1 yields

(k1 + pm)(Cr + 01 + fur)

Pr =50 = [0 pys + plmr T )]

JoLopmpsunpd(cn + pm)(Cs + 0s + pu)
o1 BrAgAsNeyd

Br=p8]=

The system (3.2) possesses a Jacobian at the infection-free equilibrium with

Br = B, is represented by:

T = J(&)lgs = (P n 12) , (3.4)
Py P
where
—HH 0 —pBr —BrORT 0 0 0 0 0
0 -My (1-p)Br (1—-p)BTOrT 0 0 0 0 0
0 K1 pPT — Ma PBTORT 0 0 0 0 0
0 0 0 — M3 0 0 0 0 0
P = 0 0 (r Cr —unH 0 0 0 0 ’
0 0 0 0 0 —-Msy 0 0 0
0 0 0 0 0 aq —Ms5 0 0
0 0 0 0 0 0 ¢s —pm O
0 0 0 0 0 0 0 0 —Msg
(3.5)
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P12:

Py =

—prilh
(1 —-p)BrIh

Bl

o O O O 9 o o <o

—P1Ors1
(1 —p)BrOrs1
pBTORs1
0
0
Cr1
0
0
0
0
0
0
0
Py =10
0
0
0
0
0 0
— Mg 0
0 — My
Qg 0
0 K3
0 Nevy
0 0
0 0
0 0

SO O O O O o o o O

0

Cs1
0

o O O O o Oo

S O O O O O O O O
S O O O O O O O O

—B7Ors2 BrIla 0 0 0 —BsA,
(1-p)B3Ors2 (1—p)B3Illz 0 0 0 0
PBTORs2 p)Brla+¢ss 0 0 0 0
Cs2 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 fBrA.
Cr2 (rs 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
(3.6)
0 0 0 0 ke
00 O 0 O
00 0 0 as
00 0O 0 0
00 0 0 0], (3.7)
00 Ny 0 0
00 O 0 O
00 0 0 0
00 O 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
— My 0 0 0 0
Ney —pr 0 0 0
0 —BrA« —ps O 0
0 BrAsx 0 —us 0
0 0 0 ¢ -
(3.8)
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and

Ay _As
Jopr’ " Lops’ (3.9)

*

Consider the case when Ryrg = 1. We assume that the maximum of

RTS = max {RHT, RHS} = RHT- (3.10)

Figuring out Br = 7 from Ryt = 1 gives

(k1 + pr)(Cr + 07 + pm)

Br = Br = 3.11)
"= 0= pwa+ Pl + )] (
Matrix Jg: possesses a right eigenvector given by w = (w1, wa, ..., ’LU18)T, where
_ (Bpws+ByAawg)  (L—p)Bp
wy = — yWo =~
pH My (Ms — pB7)
wgzL ’11}4:0 Wy = CTU)S
(1 =p)ripy’ 7 pm
_ BjAvwis  pgpppswis  CSUMALILSWIS (3.12)
We = , W7 = YW = ——
My BrLoNeyAsx BLoNeyAsx
wyg = wip = wip = wig = w3z = wiy = 0,
wys = RIES 1S wie = L wy7 = RIS wig = wig >0
ﬁLQSA** ’ Qb ’ ¢ 7
In addition, Jg: possesses a left eigenvector v = (v1,v2, ..., 1) fulfilling

v.w = 1, with
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0 K1 M1
V1 = U, = , V3 = s
My(Ms — pB7) (1—=p)r157
1-— *O
vy = (( p)VQ +PV3)5T RT,V5 — 0,05 = HJV187
M3 /BJA*
_ BroNevAw _ Kavig + Qavi2
- 77V8 _07V9 - —7
prpsMs Mg
(1 — p)va + pr3)B7Iy + (r1ve + 01/14
vip =
M~
- (1 — p)va + pv3)B7Ors1 + CR1VE + Q313 (3.13)
Mg
_ Cs1v2 + Kavig + Neyvis
Vg = ,
My
iy = (1 = p)va + pv3)B1ORs2 + Cs2v4 + (ravr + Neyvis
Mg ’
g = (1 = p)ve + pr3) B11ls + (s3v3 + (r3v7 + Neyvis
My ’
L A**V 1%
V5 = m,ulﬁ =0,17 = ¢ B vig = v1g > 0.
HLIS

We compute the connected non-zero partial derivatives of the right sides of the

modified system (3.2), (appraised at the disease-free equilibrium with fr = £7)

that the related bifurcation coefficients, a and b, are given by

52 n 2
Z VEWilj o O Ji (0,0), and b= Z VpW; O Ji

0x;0x; 0x;008%
ki j=1 iY%g k=1 i0P7

(3.14)
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where
=S [ OIS (- s+ e
+ ?72(( [vigwr + fy14w7))w3}
+ 25§ [¢V6w8w18}
93*
* Jﬁ(;] [(Vﬁ CZZ3 i Ml((MQ —)‘;TBT)
+<((1 —p)va+ pV3)€\z/}?1 + (r1ve + JV14)'IU3>U)18}
2flT [(v2((0 = p) + (1 = m))ws + (1= p) (w3 + (1 = ws + wg + wr))
+ prg(w2 + w3 + (1 — §ws + we + wr) + Mrewe + 772V7w7> w3]
- 2 03 [(V2’w2 + v3ws + ;z (BTJOwg ;—Hﬁﬂﬁlwm + GCUTUHS))U)IS}
_ 250L [<€¢xT6wlf}J:¢LOMJw18>V17w15}
(3.15)
and
b= ((1—p)v2+pr3)ws > 0. (3.16)

However, since our interest is in identifying the parameter(s), which is(are)
responsible for causing the bifurcation coefficient, a, to be negative, i.e. a < 0, it is
worthy of note, at this juncture, that [34-10, 53] had established that the relative
rate of infectiousness of exogenously re-infected humans (O gy, in this case) as a
source of backward bifurcation in TB transmission dynamics. Similarly, it has also
been reported by [1,51] that re-infection is a cause of the backward bifurcation
phenomenon in schistosomiasis disease dynamics. A careful scrutiny of (3.15)
shows that eliminating the rate of relative infectiousness of exogenously re-infected
humans (Orr) and the reduced rate of re-infection with schistosomiasis (1)) by

setting their respective values to zero (i.e., O gy = 1 = 0), will not completely

http: //www. earthlinepublishers.com



Causes of Backward Bifurcation in a Tuberculosis-Schistosomiasis ... 675

yield the desired result of eliminating the backward bifurcation phenomenon in a
TB-schistosomiasis co-infection model. Hence, there must be other parameters
responsible for this dilemma. Further scrutiny identifies the relative rates at
which humans with latent schistosomiasis (7;) and active schistosomiasis (12) are
infected with TB, respectively, the treatment rate for all individuals infectious
with only TB ((r), the fraction of individuals who experience fast progression
to active TB (p), the adjustment parameter which accounts for the elevated
probability of infectiousness of people with active TB and latent schistosomiasis
(ITy), the treatment rate of individuals with active TB exposed to schistosomiasis
(¢r1) and the rate of progression to active TB/exposed to schistosomiasis to
active TB/active schistosomiasis (o), as being responsible for the non-elimination
of the backward bifurcation phenomenon from the TB-schistosomiasis co-infection
model (2.3).

Thus, this study has shown that the existence of the relative rate of
infectiousness of exogenously re-infected humans (O rr), the relative rates at which
humans with latent schistosomiasis (71) and active schistosomiasis (12) are infected
with TB, respectively and the reduced rate of re-infection with schistosomiasis
(1), the fraction of individuals who experience fast progression to active TB
(p), the adjustment parameter which accounts for the elevated probability of
infectiousness of humans with active TB and latent schistosomiasis (II;), the
treatment rate of individuals with active TB exposed to schistosomiasis ((71) and
the rate of progression to active TB/exposed to schistosomiasis to active TB/active
schistosomiasis (o) induce backward bifurcation in the disease dynamics of TB in
the presence of schistosomiasis. Thus, the effective reproduction number, Rrg,
less than one, becomes a necessary but not a satisfactory condition for the control

of both diseases in the population.
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3.3 Global asymptotic stability (GAS) of DFE

We go ahead to investigate the global asymptotic stability (GAS) of the DFE of
a special case of (2.3) with negligible relative rate of infectiousness of exogenously
re-infected humans (©Orr = 0), the relative rates at which humans with latent
schistosomiasis (171 = 0) and active schistosomiasis (72 = 0) are infected with TB,
respectively and the reduced rate of re-infection with schistosomiasis (¢ = 0),
the fraction of individuals who experience fast progression to active TB (p =
1), the adjustment parameter which accounts for the elevated probability of
infectiousness of humans with active TB and latent schistosomiasis (II; = 0),
the treatment rate of individuals with active TB exposed to schistosomiasis
(¢r1 = 0) and the rate of progression to active TB/exposed to schistosomiasis to
active TB/active schistosomiasis (¢ = 0) in the absence of treatment for infected
cases of TB and schistosomiasis, respectively. This leads to the elimination of
the following human sub-populations: individuals exogenously re-infected with
TB (Irr = 0), individuals treated for TB (T'yr = 0), individuals treated for
schistosomiasis (Iyg = 0), individuals exogenously re-infected with TB and
exposed to schistosomiasis (Irs1 = 0), and individuals exogenously re-infected
with TB and active schistosomiasis (Irse = 0). Using the idea in [30], we claim

the following result.

Theorem 3.2. The DFE, &, of system (2.3) without the relative rate of
infectiousness of exogenously re-infected humans (©Ogr = 0), the relative rates
at which humans with latent schistosomiasis (n1 = 0) and active schistosomiasis
(n2 = 0) are infected with TB, respectively and the reduced rate of re-infection with
schistosomiasis ( = 0) is globally asymptotically stable (GAS) on the condition
that Rrs < 1 and unstable on the condition that Rpg > 1.

Proof: In order to prove the GAS of the DFE, we employ the comparison theorem
[25]. To do this, we rewrite the infected classes in (2.3) as

dX;

= (F-V)X1 - DX, (3.17)
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where
X1 = [Eur, Iur, Ens, Ius, Ers, Ist, Esr, Irs, Is, L, J]"
That is,
Eyr Eur Egr
It Iyt Igr
Ens Epgs Epgs
Iys Iys Iys
Erg Ers Ers
Isp | =(F=V) | Isp | =D Isr |, (3.18)
Esr Esr Egsr
Irs Irs Irs
I Is Is
L L L
J J J
where
Fo <F11(6><6) F12(6><5)> ’ (3.19)
Fo1(5x6)  Fo2(5x5)
0O 0 00 0 O 0 0 0 0 0
k1 Br 0 0 0 0 0 BrIl; 0 0 0
A
F = |0 0000 O0p L0 0 00 Erhn (320
0O 0 00 0 O 0 0 0 0 0
0O 0 00 0 O 0 0 0 0 0
0O 0 0 0 kKo O 0 0 0 0 0
000 00O 0 0 0 0 0
000 0 O0O0 ks 0 0 0 0
Fou=10 0000 0|, Fo=|0 00 28 9 (3.21)
000 0O0@ O 0 0 0 0 0
000 0 O00O0 0 0 0 0 0
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vV — Vi1exe)  Viz(6x5) 7 (3.22)
Varsxe)  Voz(sx5)
where
M, 0 0 0 0 O
0 My, 0 0 0 0
0 0 M, 0 0 0
Vi = B ; (3.23)
0 0 —og My 0 0
0 0 0 0 M, 0
0 0 0 0 0 M
00000
00000
00000
Vio = , 3.24
"7 1ooo0o0o0 (3:24)
00000
00000
000 0 —a 0 M, 0 0 0 0
000 O 0 0 0 My 0 0 0
Vor=[0 0 0 0 0 0], Va=| 0 0 My 0 0
000 —Noy 0 0 ~Noy =Ny 0 My, O
000 0 0 0 0 0 —¢ 0 My,
(3.25)

with My = w1 + pg, My = 67 + g, My = o1 + pg, My = s + ppg, My =
ag+ ko +p, Mg = 0+ X107 + g, My = k3 +v10s -+, Mg = x207 +v30s + i,
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ME; = HS; MiO = pur, and Mil = HJ-

And
D D
D — 11(6)(6) 12(6><5) , (326)
Do1(5x6) Da2z(5x5)
where
0 0 00 00 0 0 0 0 0
kiG1 BrGi 0 0 0 O 0 BrlilbGy 0 0 0
0 0 00 0O 0 0 0 0 JG
Dy = ) Dqo = FaIGa )
0 0 0 0 0O 0 0 0 0 0
0 0 00 00 0 0 0 0 0
0 0 00 0O 0 0 0 0 0
(3.27)
00 0 O0O0O0 0 0 O 0 0
00 0 O0O0UO 0 00 0 0
Dyr=|(0 0 0 0 0 0], Dyp=10 0 0 BLLGs 0 (3.28)
00 0 O0O0@O0 0 0 O 0 0
00 0 O0O0O0 0 0 O 0 0
and
S A S A S
G=1-2 g =2 __°H g - 25 __°5 (3.29)
Ny Jopr Jo +eJ Lops Lo+ €L
which implies that D > 0 since, Sy < Ng < Ag/um, % < Jgﬁ, and since

Ss < Ng < As/us, Lo‘gﬁ < L]o\is for t > 0 in D. It, therefore, follows that
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Enr Enr
Igr Igr
Ens Epgs
Ins Ins
Ers Ers
Isp | <(F=V)| Isr |, (3.30)
Egsr Esr
Irs Irs
I Is
L L
J J

Using the phenomenon that the eigenvalues of the matrix F' — V' possess
negative real components (see local stability consequence, when p(FV™1) <
1 on the condition that Rpgs < 1 which is commensurate with F — V
possessing eigenvalues with negative real components whenever Rpg < 1 [56]), it
ensues that the linearised differential inequality system (3.30) is stable whenever
Rrs < 1. Consequently, (Egr,Igr, Ens,lus, Ers, Ist, Est, Irs, Is, L, J) —
(0,0,0,0,0,0,0,0,0,0,0) as t — oo. Thus, by the comparison theorem in [25]
(Eur, Igr, Fus,Iys, Ers,Ist, Esr, ITs, Is, L, J) — (0,0,0,0, 0,0,0,0,0,0,0) as
t — oo. Substituting Fgr = Igr = Egs = Igs = Erg = Isy = Egr =
Its = Is = L = J = 0 in the special case of equation (2.3) gives Sy (t) — Sj,
Ss(t) — ng, as t — oo. Thus, (SH7EHT7IHT7EHS;IHS7ET57IST7EST7]T57L7
Ss,1Is,J) = (5%,0,0,0,0,0,0,0,0,0,5%,0,0) as t = oo for Rpg < 1. Thus, &,
is globally asymptotically stable if Ryg < 1 when Opr =m =12 =9 = 0.

4 Numerical Simulations

The system (2.3) is simulated, numerically, in order to investigate the impact of

varying certain critical parameters describing the relative infectiousness of humans
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with latent and active schistosomiasis, the relative infectiousness of exogenously
re-infected humans, the reduced re-infection with schistosomiasis and reinfection
exogenous-wise on the population dynamics of TB-schistosomiasis co-infection. In
the numerical simulations carried out in this section, we used specific demographic
and epidemiological characteristics pertinent to Nigeria (see Table 2 and Table
3, respectively). In 2017, the total population of Nigeria was estimated to be
189,559,502 [15] . Hence, it follows that, at the DFE, Ay /gy = 189,559,502, The
mean mortality rate per year in Nigeria is pg = 0.02041 [55]. Hence, the average
recruitment rate into the population is Ay = 3, 868, 900 per year. Moreover, in
2017, the total incidence of TB in Nigeria was estimated to be 407,000 [61] while

the total incidence of schistosomiasis in Nigeria was approximately 29,000,000 [61].

Figure 1 shows the cumulative TB incidence when the rate of relative
infectiousness of humans with latent schistosomiasis (71) was varied from 0
to 2. The simulation reveals that the frequency of TB increased as the rate
of relative infectiousness of humans with latent schistosomiasis increases (i.e.,
71 — 2) amongst human individuals with active schistosomiasis as in Figure 1(b).
The result of simulation shows that the frequency of TB in a population could
increase as the rate of relative infectiousness of humans with latent schistosomiasis
increases. Reducing the rate of relative infectiousness of humans with latent
schistosomiasis (i.e., 71 — 0) as a control strategy could result in the avoidance of

about 12, 960 cases of new TB infections.

Figure 2 shows the cumulative TB frequency when the rate of relative
infectiousness of humans with active schistosomiasis (12) was varied from 0 to
4. The simulation reveals that the frequency of TB increased as the rate of
relative infectiousness of humans with active schistosomiasis increases (i.e., 72 — 4)
amongst human individuals with active schistosomiasis as in Figure 2(b). The
outcome of the simulation shows that the frequency of TB in a population could
increase as the rate of with active schistosomiasis increases. Reducing the of
relative infectiousness of humans with active schistosomiasis (i.e., 72 — 0) as a

control strategy could result in the prevention of about 27, 670 cases of new TB
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Table 2: Parameter values (and ranges) of the model system (2.3)

Parameters Values Sample ranges References
WH 0.02041 year—!  [0.0143, 0.03] [55]
Ag 3 868 900 year—!  [3,000,000, 4,000,000] [17]
Br Variable year—! [0, 2] [60]
13 0.075 year—* [0, 1] [19]

0.1 year—! [0, 1] Assumed

f 0.1 year—! [0, 0.005] [47]
m 0.1 year—* [0, 3] [17]
T 0.4 year—! [0, 1] [19]
T 0.45 year—! [0, 1] [19]
3 0.5 year—* [0, 1] [19]
k1 0.005 year~! [0.005, 0.05] [7]

ko 0.005 year—! [0.005, 0.05] [7]

ks 0.005 year—! [0.005, 0.05] [7]

(r 0.75 year ! [0.5, 1] [36]
(11 0.75 year—* [0.5, 1] [36]
G 0.75 year* [0.5, 1] [36]
(13 0.75 year™! [0.5, 1] [36]
Cr 0.75 year ! [0.5, 1] [36]
CR1 0.75 year* [0.5, 1] [36]
Cs 0.23 year! [0.23, 0.49] [22]
Cs1 0.23 year~! [0.23, 0.49] [22]
Cs2 0.23 year ! [0.23, 0.49] [22]
Cs3 0.23 year—! [0.23, 0.49] [22]

infections.

Figure 3 shows the cumulative TB frequency when the rate of relative
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Table 3: Parameter values (and ranges) of the model system (2.3) (cont’d)

Parameters Values Sample ranges References

or 0.1 year—! [0, 0.5] [6]

OR 0.1 year—! [0, 0.5] 6]

ds 1.4 year~! [0.365, 2.19| [32]

ay 6.5 year—! [0, 10] [32]

Qs 6.5 year—! [0, 10] [32]

as 6.5 year—! [0, 10] [32]

b 0.85 year™! [0.05, 0.85] Assumed
o 0.5 year™! [0, 1] Assumed
X1 0.65 year™! [0, 1] Assumed
X2 0.85 year™! [0, 1] Assumed
m 2.0 year—! [0, 3] Assumed
N2 4.0 year™! [0, 5] Assumed
Opr 0.5 year—! [0, 1] Assumed
Ors1 1.5 year~! [0, 3] Assumed
Ors2 1.5 year~! [0, 3] Assumed
I, 1.8 year—? [0, 3] Assumed
I, 2.0 year—! [0, 3] Assumed
v 0.001 year—! [0, 1] Assumed
v 0.002 year™! [0, 1] Assumed
v3 0.003 year—! [0, 1] Assumed
s 0.5 year—! [0, 1] [22]

Ag 73,000 year—!  [73,000, 109,500] [13]

€ 182.5 year™t [0, 182.5] [13]

BL 1.475 year™' [0, 2] Assumed
Lo 108 year™! [9x107, 1x10%]  [13]

N, 300 year—! [0, 800] [13]

vy 0.8468 year™! [0, 1] [13]

U 328.5 year—!  [100, 400] [13]

B 4.19 year—! [0, 5] Assumed
Jo 9x107 year—!  [8x107, 9x107]  [13]

3] 3.0 year—! [0, 3] [13]

51 0.1 year—! [0, 1] Assumed
T 0.2 year~! [0, 1] Assumed
@ 500 year—! [0, 1,000] [13]
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Figure 1: Cumulative number of new TB cases with 87 = 1.2, and varied rate of

relative infectiousness of humans with latent schistosomiasis (7).
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Figure 2: Cumulative number of new TB cases with S = 1.2, and varied rate of

relative infectiousness of humans with active schistosomiasis (7).
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infectiousness of exogenously re-infected humans with TB (© gy) was varied from
0 to 1. The simulation reveals that the frequency of TB increased as the rate of
relative rate of infectiousness of exogenously re-infected humans with TB increases
(i.e., ©pr — 1) amongst human individuals active schistosomiasis as in Figure
3(b). The simulation result shows that the frequency of TB in a population could
increase as the relative rate of infectiousness of exogenously re-infected humans
with TB increases. Reducing the relative rate of infectiousness of exogenously
re-infected humans with TB (i.e., O gy — 0) as a control strategy could result in

the prevention of about 530 cases of new TB infections.
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Figure 3: Cumulative number of new TB cases with Sp = 1.2, and varied relative

rate of infectiousness of exogenously re-infected humans with TB (©gr).

When the rate of cercarial generation in the aquatic environment (¢) is
changed from 200 to 1,000, Figure 4 displays the cumulative TB incidence. The
simulation’s result indicates that when the rate of cercarial development in an
aquatic environment increases, the frequency of tuberculosis (TB) increases (i.e.,
¢ — 1,000) amongst human individuals with active schistosomiasis as in Figure
4(b). The result of the simulation shows that the frequency of TB in a population
could increase as the rate of cercarial production in the aquatic environment

increases. Reducing the rate of cercarial production in the aquatic setting (i.e.,
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¢ — 200) as a control strategy could result in the prevention of about 31, 240

cases of new TB infections.
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Figure 4: Cumulative number of new TB cases with 7 = 1.2, and varied rate of

cercarial production in the aquatic environment (¢).

5 Conclusions

To investigate how the relative infectiousness of TB-infected individuals who
become active through exogenous re-infection affects the total TB burden in
the population, a unique deterministic mathematical model is created. The
following is a summary and availability of the main findings: It was shown that
the disease-free state was locally asymptotically stable (LAS) when the related
effective reproduction number of the model (2.3) was less than unity. Furthermore,
the model was shown to illustrate the backward bifurcation phenomenon caused
by the relative rate of infectiousness (O©prr) of the exogenously re-infected
individuals, which represents the percentage of individuals who rapidly progress

to active tuberculosis (p), the relative rates at which humans with latent
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schistosomiasis (n1) and active schistosomiasis (72) contract tuberculosis, and
the decreased rate of schistosomiasis re-infection (¢), the adjustment parameter
which accounts for the increased probability of infectiousness of humans with
active TB and latent schistosomiasis (II;), the treatment rate of individuals
with active TB exposed to schistosomiasis ((71) and the rate of progression to
active TB/exposed to schistosomiasis to active TB/active schistosomiasis (o)
induce backward bifurcation in the disease dynamics of TB in the presence
of schistosomiasis. Additionally, a special case of the model system (2.3) was
shown to be asymptotically stable globally (GAS), When the associated effective

reproduction number was below unity.

This study has revealed that TB and schistosomiasis control programmes
that uphold the respective treatment of active cases of both diseases and the
deliberate reduction of cercarial production in the aquatic environment should be
tenaciously pursued, since it has been shown that such programmes have the
propensity to result in significant decline in the burden of TB-schistosomiasis
co-infection in the populace. Also, to prevent the situation where the backward
bifurcation phenomenon may occur, control measures should target the following
parameters that are responsible for its occurrence, namely: the relative rate of
infectiousness of exogenously re-infected humans (O gy ), the relative rates at which
humans with latent schistosomiasis (11) and active schistosomiasis (12) are infected
with TB, respectively and the reduced rate of re-infection with schistosomiasis
(v), the fraction of individuals who experience fast progression to active TB
(p), the adjustment parameter which accounts for the increased probability of
infectiousness of humans with active TB and latent schistosomiasis (II), the
treatment rate of individuals with active TB exposed to schistosomiasis ((71) and
the rate of progression to active TB/exposed to schistosomiasis to active TB/active

schistosomiasis (o).

The incidence of TB-schistosomiasis co-infection in the population could be
significantly reduced by lowering the value of critical parameters such as the
rate of relative infectiousness of humans with latent and active schistosomiasis,

respectively, the rate of infectiousness of exogenously re-infected humans with
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TB combined with effective treatment, and the rate of cercarial production in the

aquatic environment. These findings were obtained from the numerical simulation
of the model system (2.3).
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