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Abstract

In this work, through the convex structure, we introduce the concept of the
extended convex quasi s-metric spaces. In addition, through Mann’s iterative
technique, we theorize the existence of a unique fixed point for two types of

contraction mapping in extended convex quasi s-metric spaces.

1 Introduction

Since 1922 when introduced S. Banach in his doctoral thesis, theorem that there
is a unique fixed point for each contraction over an entire metric space. We can
notice the great interest in developing fixed point theory due to the diversity of
its applications in many branches of mathematics, especially in metric spaces.

Hundreds of scientific papers have been presented to generalize this result [2—1, 10,

,13,15].

Czerwik [5] in 1993 introduced a new s-metric space with a more generalized
inequality of the triangle (with a coefficient of s > 1), which is called a s-metric
space. Later on, a new space, known as a quasi s-metric space, was proposed by

Felhi et al. [8], which is created by taking both the s-metric and quasi metric space
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Takahashi 1] introduced the idea of a convex structure in 1970 and named the
space with a convex structure as “convex metric space”. Then many researchers
studied exsists the fixed point in it, as in the papers of Goebel and Kirk [9], Shih [0]
and Reich and Shafrir [12].

Chen et al. [7] introduced the convex b metric space and extend Maan’s
iteration algorithm. The first step in in our this work involves applying the convex
suructure and extended quasi-b-metric space to interoduce a space referred to as
the extended convex quasi s-metric spaces (Shortly ECQSMS). Furthermore, we
consider two types of contraction mapping in ECQSMS and verify that these

mappings possess a fixed point that is unique by Mann’s iterative technique.

Definition 1.1. [3] Given a set C' # @ with a constant s > 1 and a mapping
h:CxC — [0,00) which is said to be a quasi s-metric mapping, if the following

conditions are true for every v,r,t € C:

(i) h(v,r) =0 and A(r,v) =0 < v=r;

(13) h(v,r) < s[h(v,t) + h(t,r)].

A pair (C,h) is called a quasi s-metric space (Shortly QSMS).

Definition 1.2. A mapping f, : C x C — [0,00) is named a eztended quasi
s—metric (Shortly EQSMS) on a nonempty set C' if for any n,m,v € C and a
mapping i : C' x C' — [1,00), it satisfies the following conditions:

(2) hu(n,m)=0and hy(m,n) =0 n=m;
(i) hy(n,m) < p(n,m)hu(n,v) + By (v,m)].
The pair (C, k) is called EQSMS.
Definition 1.3. [I,8] Every sequence {l,,} in C' converges to some w € C <

nli_r)noo fy(ln,w) = nli_r)noo f(w, 1y).
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The left (right)-Cauchy sequence is defined as defined in the papers |1, ].

Definition 1.4. Let (C,h) be a EQSMS and I = [0,1]. Define a continuous
function F': C x C x I — C. Then F is said to be the convex structure on C' if
the following holds:

hv, F(n,m;7)) < 7h(v,n) + (1 — 7)h(v,m) (1.1)

for all v,n,m € C and T € I.

2 Main Results

In this section, we begin by defining convex quasi s metric space (shortly
CQSMS) and then proceed to define extended convex quasi s metric space (shortly
ECQSMS).

Definition 2.1. Let (C,h) be a QSMS with s > 1 and I = [0,1]. Define a
continuous function F': C x C x I — C. Then F is said to be the convex structure
on C if for all r,n,m € C' and 7 € I, the following hold:

h(r, F(n,m;7)) < th(r,n) + (1 — 7)hA(r,m) (2.1)

and

R(E(n,m;7),r) < 1h(n,r)+ (1 —7)h(m,r) (2.2)
Then, we say that (C, h, F') is a CQSMS.
Example 2.1. Let C' = R and for any a,b € C, [ > 1, define the function such as
ha,b) =|la—b+2]' if a=1#b
=la—b" if ow.
To prove that (C,h, F) is a CQSMS with s = 2/~ we will use the fact

(u—I—v)l < 2l—1(ul —|—Ul)
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holds, for any u,v € [0,00) and I > 1. Indeed, (C, k) is a QSMS. However, (C,h)

is not s-metric space because h does not satisfy symmetric condition.
n1,3)=[1-3+2'=1#£n(3,1) =[1-3|' =2

Let F': C x C' x {%} — C be the mapping defined as

a+b
2
for any a,b € C'. To prove that F' is convex structure on C. For any a,b,k € C,

F(a,b;7) =

for a = 1 # b, we have

1 b+k |
MLme»_P—++2
2 2
3-b" [3—k]|

<23 - b/ + 3 K]
=7h(1,b) + (1 — 7)h(1, k),

and for otherwise, we get

b+

2
a—>5
2

m@me;»:%

< ol-1 [

ng[MfmkHafmﬂ

! a—k

2

|
= 7h(a,b) + (1 — 7)h(a, k).

By the same argument we can prove that A(F (b, k; 3),a) < 7h(b,a)+(1—7)A(k, a).
Hence, (C,h, F) is a CQSMS with s = 2!71,

Definition 2.2. Let (C,h,) be a EQSMS and I = [0,1]. Define a continuous
function F': C' x C x I — C. Then F is said to be the conver structure on C' if
for all s,n,m € C and 7 € I, the following hold:

hy(s, F(n,m; 1)) < hy(s,n) + (1 — 7)hu(s,m) (2.3)

http: //www. earthlinepublishers.com



Fized Point Theorems in Fxtended Convexr Quasi s-metric Spaces 609

and

hy(F(n,m;7),s) < thy(n,s) + (1 — 7)h,(m, s). (2.4)

Then, we say that (C, hy, F') is an ECQSMS space.

Let (C,hy, F) is a ECQSMS and H : C — C be a mapping, a sequence

where

Tpt1 = F(ap, Hrp; 1), neN

is called Mann’s iteration sequence for H.

Theorem 2.2. Let (C,h,, F) be a complete ECQSMS with a a contraction
mapping p : C x C — (1,00) and H : C — C; that is, there ezists a € [0,1)
such that

hy(Hs, Hr) < ahy,(s,r),
for all s,m € C. Let us choose vg € C' such that hy,(vy, Hvg) = N < oo and define

vp = F(vp—1, Hvop—1;7n—1), where 0 < 7,1 < 1 and n € N. If [1,—1 + o(1 —

Tn—1)] < m, then H has a unique fixed point in C.

Proof. The following inequality holds for any n € N,
FLM(’U”, vn—i—l) h (UTM (UTL) Hup; Tn)) < (1 - Tn)hu(vn; an)
and

hy (v, Hop)

< u(’un,an) foy (v, Hop—1) + p(vn, Hop)hy(Hop—1, Hop)

p(vn, Hop )by (F (vn—1, Hvp—1; Tn—1), Hop—1) + p(vp, Hop) oy, (vn—1, vn)
p(vn, Hop) [Tn—1hy(vn—1, Hvp—1) + a(1 — mp—1) By (vn—1, Hvp—1)]

( )

H\Un—1,Un [Tn 1 +Oé(1 — Tn— l)]hu(vn—lvHUn—l)-
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Since [7n—1 + a1l — m1)] < ¢ 1

m fOI' any n S N, we get

hu(vny an) < M(Un—lv vn)[Tn—l + a(l - Tn—l)]hu(vn—lv an—l) (25)

1
< mﬁu(vn_l,an_l). (2.6)

That means that,h,(v,, Hvy,) is a non-negative real decreasing sequence. Hence,
there exists 7 > 0 such that

lim Ay, (vp, Hup) = 1.

n—aoo

Suppose that n > 0, letting n — oo in inequality (2.5), we get

n< n <1,
)]

[/"L(Un—lv Un

and this contraction. Then n = 0 and we have
fy (v, Vng1) < (1 — 1) By (v, Hop) < By (v, Huy),

that means that

nhjlm Ty (vp, vpg1) = 0.

By the same procedure, we can write
Ty (Vng1,vn) < hy(vn, Huy),

that means that

nli_]f}ncxJ Ty (Vpg1,v) = 0.
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Now, we provide proof that {v,} is a Cauchy sequence. For any n, k € N, we have

hu(”m Untk+1)

= u(vn, F(Vpyi, HVpgk, Tngk))

< Ttk Py (Vs V) + (1 = T Py (v, Hopr)

< Ttk (Vny Vb [Py (Uny Hpgk) + P (HOn iy Onge) ] + (1 — Topi) P (v, Hongk)
= [Tng kbt (Vns Vnak) + 1 = Tk A (Vn, Hongk) + Tag kbt (Vi Vi) A (HOp iy Vi)
< [Tntntt(Vns vngr) + Uhp(vn, Hopgk) + Tagkb(Un, Vni) B (HUn 4k, Unot)

< p(vn, Hopa k) [To ko tt(n, Vntk) + [Py (v, Hon) + Ry (Hop, Hopp)]

< p(Vny HUpe ) [Trs kb (Vn s Otk + Lahy, (Un, vnik)

< p(0ny Hop o) [Tk (Vs 0n k) + 1 p(0n, Hopg 1) [Tk 1p40(0n, V1) + 10

hu ('Unv Un—l—k—l)

IN

< (v, Hop) [Tppte (Vs V) + (v, Hopp—1) [Tagk—114(Vn, Unge—1) + 1]....
/L(’t}n, HUnJrkf(lcfl)) [Tn+k7(k71)ﬂ<vn7 rUnJrkf(kfl)) + 1]akhu (Um vn)-

Hence, nli_lr)noO Ty (Vp, Upgig1) = 0 for all k.

Therefore, the sequence {v,} is a right-Cauchy in C'. By the same process, we
can prove that {v,} is a left-Cauchy sequence. Hence, {v,} is a Cauchy sequence
in the ECQSMS C.

Since (C, h,) is complete, the sequence v, converges to some v* € C, that is

nh_r}nooh (vp, V%) = nh_r}nooh (v*,v,) = 0.
The continuity of H yields,
nhjlmh (Hvy,, Hv*) = nhjlmh (Hvpy1, Hv™) = 0.

Using the fact that the limit is unique, we get Hv* = v*. Therefore, v* is a fixed
point of H. O
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Theorem 2.3. Let (C, h,, F') be a complete ECQSMS with a mapping p : CxC —
[1,00) and a contraction mapping H : C — C'; that is, there exists k € (0, %) such
that

hy(Hv, Hu) < k[hy,(u, Hu) + hy, (v, Hv)],

for all uw,v € C. Let us choose vy € C such that h (Uo, Huvy) = N < o0 and define
< 4[u(7" Mee)k and n € N. If for any
r,s € C, ke|0, W], then H has a unique fized point in C'.

vp = F(vp—1, Hup_1;Tn—1), where 0 < 7,1

Proof. We have for any n € N, there holds
T (Vs Ung1) = Bp(vn, F(vp, Hop; 1)) < (1 — ) Ry(vn, Hoy) < By (v, Hop)
and

Ty (v, Hup)

= hyu(F(vn—1, Hop—1;7-1), Hop)

< Tn—1hy(vp—1, Hvy) + (1 = T—1) hu(Hop—1, Hop)

< Tn—1hy(vp—1, Huy) + hy(Hvp—1, Huy,)

< Tn—1hy(vpn—1, Huy) + khy(vn—1, Hop—1) + khy,(vn, Hoy)

< T (vn—1, Hop) [hy(vn—1, Hop—1) + hy (v, Hop) + khy(vp—1, Hup—1)
+ khy (v, Hoy)

< T (-1, Hop) by (vn—1, Hup—1) + kTn—1pt(vn—1, Hop) by (vn—1, Hup—1)
+ kT p(vn—1, Hun) by (vn, Hop) + khy(vn—1, Hvp—1) + khy(vp, Hop),

then, we get

1 — krp_1p(vn—1, Huy) — k) (v, Hop)
< [an—lﬂ(Un—la an) + Tn—lﬂ(vn—ly an) + k]h,u(vn—lv an—l)

then A, (vn, Hop) < [~ W([in é’fiﬁ(ﬁ"ﬁﬁiﬂ’i IJQ]HU"Hk]ﬁ (Vn—1, Hv,—1) and since
[an—l,Uf(Un—l) an) + Tn—lﬂ(vn—lu an) + k;] < g
[1—an_1u(vn_1,an) —k] - 11’
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then

9
< ﬁhu(vnfl,H’L}nfl) (27)

which enables us to deduce that {h,(v,,Hv,)} is decreasing sequence of

hy (v, Hop)

non-negative reals. Hence, there exists p > 0 such that lim £, (v,, Hv,) = p.
n—-aoo

Letting n — oo in (2.7), we get that p < 19—1p < p, a contradiction. Hence, we
obtain that p = 0; i.e.
lim Ay, (vp, Hv,) = 0.
n—ao0

Similarly, we can see that

lim Ay, (Hvp,v,) = 0.

n—aoo

Now, we show that {v,} is Cauchy sequence. For any n,k € N, we have

hﬂ(vn, Unk+1)

= Ty (vn, F(Vntks HOntk, Tnyk))

< To kP (Ons Vi) + (1 = T P (v, Hopy)

< Tkt (Vs Vnopk [P (v, Hopg) + By (Hvn g, Ongr)] + (1 = k) By (0n, Hopgg)
= [Tna kbt (Vn, Vnak) + 1 = Tngw P (vn, Hongk) + g kit (Vn, Vni) A (HUn 1k, Vnok)
< Tkt (Vs Vngr) + 1R (v, Hopgr) + Tk ft(Vns Vi) i (HUn g ks Vn)-

Hence, nli_r)noo Ty (vp, Upgig1) = 0 for all k.

Therefore, the sequence {v,} is a right-Cauchy in C'. By the same process, we
can prove that {v,} is a left-Cauchy sequence. Hence, {v,} is a Cauchy sequence
in the ECQSMS C.

Since (C, h,) is complete, the sequence v, converges to some v* € C, that is
lim Ay, (vp,v*) = nli_r)noo fy, (v*,v,) = 0.

n—:aoo

The continuity of H yields,

nh—>rnoo h“(H’Una HU*) - nh—>Inoo hN(H’UnJrla HU*) =0.
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Using the fact that the limit is unique, we get Hv* = v*. Therefore, v* is a fixed

point of H. O
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