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Abstract

The purpose of the present paper is to get the necessary and sufficient

conditions for absolute matrix summability of infinite series.

1 Introduction

Let >  a, be an infinite series with its partial sums (s,). Let C' = (c¢ny) be a
normal matrix which means a lower triangular matrix of nonzero diagonal entries,

then two lower semimatrices C' = (,,) and C' = (¢,,) are defined as follows:

n
Cny = E Cni, n,v=0,1,..
1=v

€00 = €00 = €005 Cnv = Cpy — Cp—1p, N =1,2,...

Let (¢n) be a sequence of positive numbers. The series ) a, is said to be
summable ¢ — | C;6 |, k> 1,6 >0, if [1]

D e Culs) = Cua(s) [F< o0,
n=1
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where
Cn(s) = chvsv, n=0,1,...
v=0
and
ACy(8) = Cn(s) = Cr1(s) = Y _ Cnutin. (1)
v=0

By taking 6 = 0 in the definition of ¢ —| C'; ¢ |, summability method, ¢ — |C|j
summability is obtained [2].

If C'is a normal matrix, then ¢’ = (¢,,) denotes the inverse of C', and C' = (¢,

is a normal matrix and it has two-sided inverse ¢’ = (¢,

(see [3]).

Lemma 1. []Letkkl,leand%—i—%:l,

) which is also normal

1 1 _
54‘17—1. Let

S
dp, = Z hanma n >0
m=0

o0
U, = Zhnmun, m > 0.
n=0

In order that d € 1, whenever q € Iy, if and only if v € Iy whenever u € Iy, where
Iy is defined by Iy, = {:E = (zj) : > |:c]|k < oo}.

2 Main Result

There are many studies on matrix summability methods. Let us mention about
some of the recent ones. Karakas [5,0] , Kartal [7,5], Ozarslan [9-12], Ozarslan and
Kartal 13, 14], Ozarslan, Sakar and Kartal [15] proved theorems on the sufficient
conditions to absolute matrix summability of infinite series by using different class
of sequences. The object of this paper is to get the necessary and sufficient

conditions to absolute matrix summability.
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Theorem 1. Let k > 1 and 0 < § < % Let C = (cpy) and D = (dpy) be two

positive normal matrices satisfy

Con — Cn41n = O(Cnncn+1,n+1) (2)

doo=1, n=0,1,..

i |Cz7wé;r7v‘ =0 (

v=r—+2

Czn,r—‘rl%“—i-l D . (3)

Then ) anyn is summable ¢ —| D; 0 | whenever ) ay is summable p — | C; 9 |, if
and only if

{%—6_’3/ (d”” 7ol + i (‘Av (dmm)

+

C C
VU n=v-+1 VU

')
dn,1)+171)+1‘ + Z dn,v+17v+1 ’ S lk’ .
n=v+2

Proof of Theorem 1

Let (I,) and (U,) denote C-transform and D-transform of the series ) a, and
> anyn, respectively. Then we get

n

n
x, = AI, = Z ey and  y, = AU, = Z Ay Yo
v=0 v=0

by (1). Also, using the above equalities, we get a, = >.»_, ¢,z and y, =
> oo czm,% Yoo Eopr. Then, we obtain

n v
7 Al
Yn = E dnfu’)’v g CorLy
v=1 r=0

n n n v—2
7 N 7 A 7 A
= de}%%v% + Zdnv’)’vcym_lxv—l + g Anov Yo g Cyr Ly
v=1 v=1 v=1 r=0
n—1
~ N ~ W] 5 Al
= dnn'yncnnwn + § (dn’UfY’Uva + dn,erl’Yerlcfu—&—l,U) Ty
v=1
n—2 n
7 N
+ Ty g dpo Yol (4)
0

r= v=r—+2
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For §,,,(Kronecker delta), by using the equality Y ,_ &, ¢y = dno, we get

. R Ay A ¢
N N nv’fv v+1,v
dnv’)/vcm; + dn,v+17v+1cv+1’v = I~ + dn,v+17v+1 —
Cov CovCou41,v+1
. dm}')/v 4 (E'L;Jrl,v - Evv)
= - dn,’u+17’v+1 I —
Cyv CovCu+1,0+1
- dnv’}/v CZ (Cv+l,v+1 + Cy+1v — va)
= — Op y+1Yv+1
Cov CovCo+1,0+1
_ Av(dnv’)‘v) Cz (va - CU+17’U)
= —— +dppt1Vo+t1——————.
Cov CovCu41,v+1

If we write the above equality in (4), we obtain

dnn’)/n — Av(dnv’}/v) — 3 (va - Cv—i—l,v)
Yn = c Ty + Z 67:171) + Z dn,v—f—l’}/v—l—l Txv
nn v—1 VU v—1 vvCuv+1,0+1
n—2 n
+ > w Y du el
r=0 v=r+2

_1
Let X, = gogH * 2y, then let us define the sequence (hy,) as in the following form

=0+ =1 (Ay(dnvre 5 (Cov—Cut1,0) n 5 A
Pu * (# + dn,v-i-l’yv-l-lih + Zr:er? d””"yrcrv ; I1<v<n— 2

CyvCy41,v+1

764"»%71 Av(dAnv"/v) 7 (va*chrl,V) —
Pu cvn T dnpt17041 CovCotl,ut1 v=n-—1

hnv =
_5+%_1 dnvYo

v
Cow

07 v>n

Thus we can write y,, = 22021 hnyvXy. It can be clearly seen that the necessary
and sufficient condition for the series > a7y, to be summable ¢ —| D;d | whenever

> ay is summable ¢ — | C;0 |, is
Z |yn| < 00 whenever Z 1 X, [F < . (5)

Also by Lemma 1, (5) holds if and only if Y o2 [>°> hm)un|kl < oo whenever
up, = O(1). By (2), (3), we can say that Y oo, [>>° hm,un|k/ < oo whenever

http: //www. earthlinepublishers.com
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u, = O(1) if and only if

A, (d o0
—6—% M > ‘ v ( nv711> R R
Pu Cou |'YU|+ Z » + dn,v—i—l’}/v-l-l) + Z dn,v-{-l')/v—&-l‘ Elk’
n=v+1 n=v+2
holds. Hence the proof is completed.
For 0 = 0, the necessary and sufficient conditions for p— | D | summability
of the series ) a,7y, whenever the series ) a, is summable p— | C |, can be
achieved.
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