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Abstract

In this work, we investigate some subclasses of bi-univalent and regular
functions associated with Horadam polynomials in the open unit disk 4 =
{s € C: [¢] < 1}. For functions that belong to these subclasses, we find
bounds on their initial coefficients. The functional problem of Fekete-Szego
is also examined. Along with presenting some new results, we also talk about

pertinent connections to earlier findings.

1 Introduction

Suppose that A denote the class of regular functions g of the form

g(s) :c+2dj<j, el (1.1)
=2
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where $ is an open unit disk {¢ € C : || < 1} with C representing the
set of complex numbers. The sets of real and natural numbers are R and
N:={1,2,3,...} = No\{0}, respectively. A subset of A that consists of univalent

functions in U is denoted by S. An inverse of every function ¢ in § is given by

(see [0])
A(w) = g M (w) = w — dyw® + (2d5 — d3)w® — (5d3 — 5dads + dg)w* + ..., (1.2)
satisfying h(g(s)) = ¢ and g(h(w)) = w, |w| < ro(g), ro(g) > 1/4, ¢, w € 4L

If 4 C g(4) and if g and i = g~! are both univalent in 4, then a function g
of A is bi-univalent in . The set of bi-univalent functions in 4 determined by
(1.1) is denoted by o. %log (%‘2) , —log(1 — <), and > indicate a few of the o
family’s functions. The Koebe function, however, is not a member of the o family.

Further functions in S, like ¢ — % and ﬁ are not elements of ¢ family.

Coefficient-related studies for members of the o family started in the 1970s.
After looking at the o family, Lewin [15] asserted that |d2| < 1.51 for the elements
of o. It was demonstrated in [3] that for members of o, |da| < /2. Studies
related to coefficients for functions € o were later found by Tan [28]. In [1], the
authors examined starlike and convex subclasses of . As evidenced by studies
[5,9,10,21,29], the last ten years have seen an increase in the study of bounds

related to initial coefficients for elements belonging to particular subfamilies of o.

The current focus is on functions that fall into specific o subfamilies that
are subordinate to a known special polynomials. Numerous researchers have
discovered intriguing findings regarding coefficient estimates and Fekete-Szego
functional |d3 — £d3], € € R, for individuals belonging to specific subfamilies of o
subordinate to a known special polynomials. For more information about these
one can see |1,2,11,18,23,24,26,27,30,31]. One such polynomials that has drawn

attention from researchers is the Horadam polynomials.

Horadam polynomials are studied by Horqum and Koger [12, 13] and are

denoted by Hj(s) (or Hj(s,d,k; 0,9)). They are expressed in terms of the

http: //www. earthlinepublishers.com



Initial Coefficient Bounds Analysis for Novel Subclasses of ... ... 445

recurrence relation given by
H;(5) = oseH;j_1(32) + OH; _2(5), Hi(2) =6, Ha(3) = ko, (1.3)

where j € N\{1,2} and s, 0,9, §, k € R. H3(s) = gk + 96 is evident from
(1.3). As per [12], the sequence H;(x), where j € N, has the following generating

function:
(k —00)»s+ 6

1.4
Ep—— (1.4)

H(e,6) o= Y Hj(3)e/ ! =
j=1
where (<) # s, »x € R, and ¢ € C.

For specific choices of 6, , 0, and ¥, the Horadam polynomial H; (¢, 6, k5 o,7)

reduces to several polynomials (for details see [23]).

For 3;, 3,€ A regular in U, we say that 3, is subordinate to 3,, if there is a
function (<) of Schwarz, which is regular in $f with ¢(0) = 0 and [¢(c)] < 1
(¢ € U), such that 3,(s) = 3.(¢(s)), s € 4. This principle is indicated as 3, < 3,
or 31() < 3.(s) (s €l). In particular, if 3, € S, then

31(5) = 32(5) & 32(0) =5.(0) and  3.(L) C 5.(80).

Motivated by the previously mentioned trends in coefficient-related
investigations as well as the Fekete-Szego issue 8] on particular subfamilies of
o, we explore two new subfamilies of ¢ linked with Horadam polynomials H; ()
as in (1.3), namely ST7 (53, v, ») and SYT(5,, i1, »). Unless otherwise indicated,
the inverse functions g~ (w) = A(w) as in (1.2) and H(s,) as in (1.4) are used in

this paper.

Definition 1.1. The class ST (5,v, %), 7 > 1,5 € C— {0}, v > 0,and» € R
contains all the functions g € o given by (1.1), if

L (ST 4 (S97) ] e

B 9'() 9(<)
and
o L (O | (SO ] ) 1 e
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We designate the class of 7—pseudo-v-bi-starlike functions subordinate to
Horadam polynomials as &7 (v, ) = ST7(1,v, »). T—pseudo-bi-starlike function
family P7 () = ST7 (1,0, ») subordinate to Horadam polynomials was examined

in [1] and the family STL(1,v, 5) = §, (v, ) was explored in [16].

Definition 1.2. The class SYL(8,v,p, %), 7> 1,0<~v < 1,8 € C— {0}, p >
v, and » € R contains all the functions g € o given by (1.1), if

1/ ps®g"(s) +s(g' ()™ o _
1+6 (7<g’(§)+(1—7)9(<) 1) DGR
and
l szﬁ”(w) +w(ﬁ/(w))f B w B w
U (o iy ~ ) < HOsm) + 10w st

For specific choices of p and ~, the family SY7(5,~, i, ) contains many

existing subfamilies of ¢ in addition to several new ones, as shown below:

L ﬁ;(@/ﬁ, %) = 5@2(5707/% %)aT > 1>,u > O?ﬂ eC- {0}7 and s € Ra is the

class of functions g € o satisfying

(u@g”(c) +5(g'(s)"

1
14—

g

—1) <H(eg)+1-060,cedd
o) > ()

and

1 (uwzﬁ”(w) + w(W (w))™

1+ — i)

5 —1>-<H(%,w)+1—5,w e i

When 5 =1, the class K7 (1, i, ») was considered by Shammaky et al. [15].

2. 3 (B, %) = SYL(B, L, p,5¢),7 > 1,u>1,8 € C—{0}, and » € R, is the

class of functions g € o satisfying

1+ ;, {(g’(g))T1 <1 + 1 <(gg€;/§()g))7>> — 1: <H(Ge,¢)+1—-0,6 el

and

1+; [(zl’/(w))T—1 <1+u (W)) - 1: < HGe,w) +1—6,w e sl
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3. 2;(57’77%) = S@;(/Ba7717%)77 > 170 S’Y < 17 5 S C_{0}7 a‘nd%GRa is the

family of functions g € o satisfying

1 [ *g"(<) +<(g' ()"

)—1] <H@Gee)+1—-060,celd

B lysg' () + (1 —)gls
and - .
1 [ w2k (w) + wH (W)™

It is observed that i) R (5,1, ) = £7(3,0,),8 € C—{0},7 > 1, and » € R.
1) J7(B8,1,5) = £7(8,1,x),8 € C—{0},7 > 1, and » € R. iii) Magesh et al. [10]
looked at the class &L (1, u, 3¢), u > 0, and » € R. iv) Srivastava et al. [21] studied
the family K. (1,0, 5) = Sk (s), € Rfor y=0and 7 = 1.

For functions in ST7 (3, v, »), we find estimates for |da|, |ds|, and |d3 —£d3|, € €
R in Section 2. For functions in SY7(5,~, i, ), we derive the upper bounds for
|dal, |d3|, and |d3 — £d3|,€ € R in Section 3. Presentations of intriguing outcomes

and pertinent links to the established findings are made.

2 The Function Class ST (3, v, »)

For g € ST7(B, v, »), the class specified in the Section 1, we first find the coefficient

related estimates.

Theorem 2.1. Let £ € R, »x € R, 7 > 1, p € C— {0}, and v > 0. If
g € ST(B,v, ), then

||
lda] < ﬁ"”"\/w(m T 0T —1) + v+ 72)B(ra0)? — (v + 1)2(2r — 1)2(onoe® + 08)]’
(2.1)
18 (ri0)? I
dsl < 18] [(u+1)2(7— 2 T v )BT —1) (22)
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and
|ds — £d3|
< {(2u+ﬁl)(n?ftrl) 1-¢<g (23
- |B[?|r|? [1—¢] )

[(T(6v4+1) (T—1)+v+72)B(k3x)2—(v+1)2(27—1)2(0k32+96)| =& =7,
where
7 (7(6v + 1) (7 — 1) + v+ 72)Br%3% — (v + 1)2(21 — 1) (oK% + 99) (2.4)

B (2v 4 1)(37 — 1)BK2»? T

Proof. Let g € ST7(8, v, ). Then, we get
14 {V (W) (=) <W> —1] — HOem(s))+1—6, ¢ el

B g9'() 9(s)
(2.5)
and
D ) WP Ao Wy T
H_ﬁ[ ( 7 (w) >~|—(1 )( ) > 1] H(oe,n(w))+1-6, w € U,
(2.6)
where
m(¢) = mis + mac? +mac® + ..., and n(w) = nyw + ngw?® + nzw® + ..., (2.7)

are some regular functions that have the property that |m(s)] < 1 and |n(w)| <
1, ¢, w € Y. Additionally, It is known that

|m;| <1 and |n;| <1(i € N). (2.8)

Using (1.4) and (2.5)-(2.7), it is evident that

) 0 (41

1—6-+H1(30)+Ha(50)m(¢)+Hs (3e)m?(¢)+... (2.9)

http: //www. earthlinepublishers.com
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1 — 8 + Hy(5) + Ha(se)n(w) + Hz(s0)n*(w) + ...
(2.10)
We determine from (2.9) and (2.10), in light of (1.3), that

R 0 (41

1+Hg(%)m1§+[H2(%)mg+H3(%)m%]§2+... (2.11)

and
1 [(wh (w))]" oy (P @) )
v (M) e (M)
1+ Hg(%)nlw + [HQ(%)YIQ + Hg(%)nﬂw2 + ...
(2.12)

Consequently, by contrasting the corresponding coefficients in (2.11) and (2.12),
we get

(v +1)(27 — 1)da = BHa(3)my, (2.13)
(2v + 1)(37 — 1)d3 + (3v + 1)(27% — 47 + 1)d3 = B[Ha(30)ma + H3(»)m3], (2.14)
— (v 4+ 1)(27 — 1) dy = BHa () (2.15)
and
(2v+1)(37—1)(2d5—d3) +(3v+1) (27 —47+1)d5 = B[Ha(30)na+Hs(3)n]. (2.16)
From (2.13) and (2.15), we get
mp = —my (2.17)

and also
2(v+1)2(21 — 1)2d% = £%(m? + n?)(Ha(2))2. (2.18)

We add (2.14) and (2.16) to obtain the bound on |ds|:
2(1(6v + 1)(7 — 1) + v + 72)d3 = BHa(3)(ma + ng) 4+ BH3(5)(m? +n?). (2.19)
Putting the value of m? + n? from (2.18) in (2.19), we get

2 _ B2H3(5)(mg + ny)
d2 - 2 [(T(GV + 1)(7’ - 1) +v+ TQ)ﬁH%(%) — (]/ + 12)(27- _ 1)2H3(%)] : (2'20)

Earthline J. Math. Sci. Vol. 14 No. 3 (2024), 443-457



450 S. R. Swamy, Yogesh N., Pankaj Kumar and T. M. Sushma

We obtain (2.1) by applying (2.8) for my and no.
We subtract (2.16) from (2.14) to obtain the bound on |d3]|.

BHa () (m2 — na)
2020 + 1)(37 — 1)

ds = d3 + (2.21)

From (2.17), (2.18) and (2.21) it follows that

_ BPH3(0)(mf +n?) | BHa(s¢)(mg —ny)

B a2 —1 T2+ e - 1)

We obtain (2.2) by applying (2.8) for the coefficients m;, mg, n; and ns.

Lastly, we use the values of d3 and ds from (2.20) and (2.21), respectively, to
compute the bound on |d3 — £d3|. Thus, we have

o) _ 1BlIH2(>)] 1
1
N ((2u TG -1 B(f’%)> 2\

where

_ (1-&)BH3(>)

B(&, ) = [(T(6v + 1) (T — 1) + v+ 72)BH3(5c) — (v + 12)(27 — 1)2H3(>)]|
Clearly
o — 2| < Drmirimy : 0<|B(E )| < manm—n
BB, )| 5 1B(E )| > gy

which leads us to (2.3) where J is as in (2.4). O

Remark 2.1. i) Using 8 = land v = 0 in the above theorem, we obtain Theorem
2.11n [1|. Additionally, we can obtain the results in [20, Corollary 1 and Corollary
3] by allowing 7 = 1. ii) A result in [16, Theorem 2.2] is obtained by taking
B8 =7 =1 in Theorem 2.1. Additionally, by allowing v = 1, we obtain Corollary

2.3 in [16], which is also expressed as Corollary 1 in [17].

http: //www. earthlinepublishers.com
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3  The Function Class S)7(5,, i1, »)

The coefficient bounds for the functions g € SY7(5,, i, ») discussed in Section
1 are provided in this section. Since this proof is fairly similar to Theorem 2.1, it

is excluded.

Theorem 3.1. Let { e Ryx e Ry > 1, pu>~,€C—-{0},and 0 <~y < 1. If
g € SYL(B,7, 1, %), then

da] <
=
g ”’“"\/ (07 =29 (1) + A+ 727 — D)B(r) — B+ 1) — 7 — D2 (emr 1 90)]
r 18](r0)?
4 < 19 |3 =T ) a1
and
|ds — &dj|

|81]r | .
< 3(2u+71)—2v—1 ) |1 - f’ <Q

- |BI2 || [1-¢] 1—¢> 0
|(v? =29y (pt7)+Ap+7(27-1)) B(k2)? — (2(7+p1) —2y—1)? (er>+90)| ==

where

(V* = 29(p + 7) +dp + 7(27 — 1)) 805> — (2(7 + p) — 7 — 1)*(ebs® + 99)
(3(2u+ 1) — 27 — 1) b2 52 ’

Remark 3.1. i) When § = 1, Theorem 3.1 agrees with Corollary 2 in [18]. ii)

When =7 =1, Theorem 3.1 coincides with a result [16, Theorem 2.1].

Q:

Theorem 3.1 would produce the following when ~v = 0:

Corollary 3.1. Let £ € Rysc € Ry7 > 1,0 > 0, and B € C—{0}. Ifg €
Sﬁg(ﬁauvz)z then

||

=1 ”“"’\/ (a7 27— DBl — @l 1) = V(e + 7))

Earthline J. Math. Sci. Vol. 14 No. 3 (2024), 443-457
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|| 8|12 5
ds| <
lds] < 151 32u+T7)—1  (2u+71)—1)2
and
|ds — &d3|
Bllk .
< 3(2|,u,|—|l—7-)‘—1 ) |1 - £| <
- 1812 |r? [1—¢] l—¢l> Q
[(4p+7(27-1))B(k32)2 = (2(p+7)—1)% (K52 +96)] = =b
where

(4p+ (27 — 1)1 — (2p +7) — 1(abs +90) |

Q= (32 + 1) — 1)8b22

Remark 3.2. When § = 1,4 = v = 0, Theorem 3.1 agrees with a finding in |1,
Theorem 2.1]. Furthermore, we arrive at the outcomes in |20, Corollaries 1 and

3], by allowing 7 = 1.

Theorem 3.1 would produce the following when v = 1:

Corollary 3.2. Let ¢ € Ry € Ryp > 1, € C— {0}, andT > 1. If
g9 € 85,(B, 1, ) = SYT,(1, 1, ), then

]

|da| < |ﬁ”l€$|\/| 2u+ 272 =317+ 1)B(kx)2 —4(p+7—1)2 (QK;%2+295)|’

|| 18] (r¢)°
ds| <
lds] < 16 [3(2u+7’— 1) + dp+1—1)2
and
|8]] 1
|d3 —fd ’ < 3(2pu+7-1) p— | ) |1 £| < QQ
B¢ | k| |[1-E€ .
[2u+272=37+1)B(k3x)2—4(ut+7—1)2(gr>2+95)] 1—¢l > Qo
2
+ 96
h =——12 272 — 1-4 )2 (& T
where Qg 3(T+2u—1)‘u+ T =31+ (T+p—1) < B

Remark 3.3. In Corollary 3.2, if we allow 8 = 7 = 1, we get the outcome
in |25, Corollary 2.2].

http: //www. earthlinepublishers.com
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Theorem 3.1 would produce the following when p = 1:

Corollary 3.3. Let £ e Ryx e R0 <y <1,8€ C—{0},andT > 1. If g €
L8, 5, %) = SV B, 1, 1), then

] < 18l s
24 )
i (=243 =7 +27(7 = 9))Blw)? = (27 + 1= 7)o + 00)|
|| |8](52)?
d
1ds] < ‘m[z’) T h—27 T rt1-q)
and
8]l ] <
dy — &d3) < { 77 i Hels 9
1B [3e]” |1—¢] 1—¢l> 0
(=) +3—7+27(7—7))B(K3)? — (27+1-7)?(grz>+00)| > = =
where 2\ 95
1 oKrx* +
=—— (1 =72 +3-74+27(7=7)) = 27+ 1 =72 | ————
0= s [ 3= 72— ) - 17 (25550
Remark 3.4. By letting v = 7 = 8 = 1 in the above corollary, we arrive at a
result in [16, Corollary 2.3]. Orhan et al. [17] also express this result as Corollary
1.

4 Conclusion

The upper bounds of |d2| and |d3| for functions belonging to the introduced
subfamilies of ¢ linked with Horadam polynomials are obtained, in the present
paper. Additionally, for functions in these subfamilies, we have determined the
Fekete-Szegd problem |ds — £d3|, € € R. By adjusting the parameters in Theorems
2.1 and 3.1, we have highlighted a number of implications. Additionally, pertinent
links to the current findings are found. The open problem is to estimate the
bound of |d;|, (j € R/{1,2,3}) for the subfamilies studied in this article. Many
researchers may be motivated to concentrate on a variety of recent publications,
such as the i) operators on fractional q-calculus [19], ii) q-derivative and g-integral

operators |7, 14,22], based on the subfamilies this investigation examines.

Earthline J. Math. Sci. Vol. 14 No. 3 (2024), 443-457
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