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Abstract

The global pandemic, Covid-19, caused by corona virus disease is responsible
for a significant number of deaths and huge economic losses in almost all the
countries of the world, including Nigeria. In order to manage the spread
of this disease in Nigeria, the Nigeria Center for Disease Control(NCDC)
has proposed and implemented various control and preventive measures such
as vaccination, use of alcohol-based hand sanitizers, social distancing, and
others. The aim of this paper is to model the transmission dynamics of
Covid-19 in Nigeria, and obtain, by using Pontryagin Maximum Principle,
the combination of these control strategies for effective control of the
disease in Nigeria. Numerical experiments with Nigeria Covid-19 data show
the effectiveness optimal use of these preventive and control measures for
Covid-19.
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1 Introduction

The outbreak of corona virus disease reportedly started in Wuhan, China in
December, 2019, from where the disease spread to Europe, America, Asia, Africa
and across the globe. It was claimed that the virus was manufactured in
a laboratory in Wuhan, from where it escaped and spread around the globe.
However, this claimed was refuted by Chinese government authorities. Globally,
over 689,912,675 confirmed cases and over 6,887,334 deaths have been recorded
since the outbreak started. In Nigeria, the first documented case of Covid-19 was
on February 29th 2020, from an Italian citizen who arrived the country from Milan,
Italy on January 27, 2020 through Murtala Muhammed International Airport.
After this official index case, Nigeria began to experience increase in number of
new cases. This led Nigerian government to respond quickly to the outbreak
by enforcing total lock-down on human and economic activities in all the states
of the federation in order to contain the spread of disease. This was followed by
deployment of Rapid Response teams with states leading contact tracing and other
response activities.

Significant number of mathematical and statistical models have been proposed
in different research articles to understand the dynamics of Covid-19 in different
countries that are affected by the disease. In Abioye et al. [1], the impact of
the pandemic on Nigeria and potential strategies to manage and mitigate its
spread are explored. They proposes three primary control measures: face masks,
hand sanitizers, social distancing, treatment, active screening, and prevention
against recurrence and reinfection in recovered patients. The article used the
basic reproduction number (R0) as a key metric to measure and predict the
virus spread. Although the paper could benefit from more in-depth discussion
on practical implementation, its use of real-time data and mathematical model
contributes to the ongoing global dialogue on Covid-19 control and prevention.

The study by Iboi et al. [2], evaluates the impact of control and mitigation
strategies in various jurisdictions. Their findings suggests that moderate social
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distancing measures can effectively control Covid-19 in Nigeria. Combining face
mask usage with social distancing measures was crucial for reducing disease
transmission. Maintaining community lock-down measures for at least three to
four months was essential to contain outbreaks.

Linear regression models were used by Ogundokun et al. [3] to predict the
impact of traveling history and contacts on Covid-19 spread in Nigeria. Their
study used data from the Nigeria Centre for Disease Control (NCDC) website and
found that traveling history and contacts increased the chances of individuals being
infected by 85% and 88%, respectively. The study supported the government’s
decision to enforce travel restrictions as an effective measure in controlling the
virus’s spread. The study suggested travel agencies should have better precautions
and preparations in place before reopening, based on the prediction of Covid-19
cases.

Amzat et al. [4] examined the Covid-19 pandemic in Nigeria, focusing on
the country’s first confirmed case and government response measures. The
study revealed a steady increase in cases, transitioning from imported cases to
community transmission, and a 2.8% case fatality rate. The study emphasized the
importance of a combined approach, incorporating social and medical responses, to
effectively curb the virus’s spread. They highlighted the potential ongoing threat
of Covid-19 in Nigeria, particularly as the country aims to reopen its economy.
It emphasized the need for continued vigilance and balanced decision-making to
ensure public health gains are not compromised.

Avus et al. [5] examined the impact of self-medication and stigmatization on
the co-infection dynamics of Covid-19 and malaria in Nigeria. They argued that
stigmatization and misdiagnosis contributed to self-medication, increasing the
prevalence of Covid-19. Their model used compartmental ordinary differential
equations (ODEs) to represent transmission dynamics and incorporated the
self-medicated population and the impact of stigmatization. Their findings
provided valuable insights for policymakers and healthcare authorities in
developing effective strategies to combat both diseases in the Global South context.
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Using non-linear ordinary differential equations, Obsu and Balcha [8] developed
a novel coronavirus (Covid-19) transmission model using optimal control theory.
By taking into account the price of implementation, they were able to find the
most effective methods of control that would have the fewest people exposed and
affected. In order to prove the existence of optimal controls and characterization,
they used Pontryagin’s Maximum Principle. The agreement between the analytical
results and the numerical simulation results was quite high. They came to the
conclusion that the best way to reduce the disease epidemic at the lowest possible
cost is to use a combination of preventative measures, intense medical care, and
surface disinfection. In this paper, we present a mathematical model that describes
the transmission dynamics of Covid-19 in Nigeria, in the presence of several control
and preventive measures. Further, Pontryagin Maximum Principle is used to
obtain optimal combination of the control strategies for effective control of the
disease in Nigeria.

2 Mathematical Formulation of the Model

We devised a new Covid-19 transmission model using ordinary differential
equations by putting into consideration the information that was already available
regarding the progression of Covid-19 infection in humans as well as the recently
implemented control strategies. In terms of the epidemiologically significant stages
of Covid-19 transmission, people are categorized as follows: S(t) susceptible human
to Covid-19; P1(t) vaccinated human against Covid-19; P2(t) human who have
protected themselves against the Covid-19; P12(t) humans who have received
vaccination and are protecting themselves against the Covid-19; E(t) humans who
are exposed to the Covid-19; I1(t) humans that are symptomatically infectious;
I2(t) humans that are asymptomatically infectious; T (t) humans infected with an
infectious disease who are being treated while they are isolated and R(t) Humans
who are infectious and who have recovered from the Covid-19 infection.

At time t, individuals enter the susceptible compartment S(t) at a rate of
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Λ. Susceptible individuals can transition to three different compartments: P1(t),

P2(t), and P12(t), with transition proportions of ρ1, ρ3, and ρ4, respectively. All
four compartments (S(t), P1(t), P2(t), and P12(t)) can then move to an exposed
compartment with the force of infection λ multiplied by transition proportions
ρ2, α1, α2, and α12, respectively. After being exposed to the disease, individuals
from an exposed compartment become fully infectious with an incubation rate of
β and an exposure proportion of α and move to either I1(t) or I2(t). Individuals
can die from naturally or due to disease while in compartments I1(t), I2(t), and
T (t), respectively. Individuals in compartment I2(t) can transition to the recovery
compartment with a transition proportion of γ2 or to the treatment compartment
with a transition proportion of τ2. Individuals in compartment I1(t) transits to
treatment compartment with proportion τ1. In addition to the natural death
rate and disease death rate in the treatment compartment, individuals in this
compartment can also transition to the recovery compartment with a transition
proportion of γ1. Furthermore, individuals in the recovery compartment can
become susceptible again with a relapse rate of δ. As a result, the relevant aspects
of the transmission process are illustrated in Fig. 1. The following is an illustration
of the governing equations that are used in the simulation of the emergence and
spread of Covid-19:

Figure 1: Schematic diagram depicting the Covid-19 transmission dynamics of
model.
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dS(t)

dt
= Λ− (ρ1 + ρ3 + ρ4)S(t)− ρ2λ(t)S(t)− σ1S(t),

dP1(t)

dt
= ρ1S(t)− λ(t)α1P1(t)− σ1P1(t),

dP2(t)

dt
= ρ3S(t)− λ(t)α2P2(t)− σ1P2(t),

dP12(t)

dt
= ρ4S(t)− λ(t)α12P12(t)− σ1P12(t),

dE(t)

dt
= λ(t)(ρ2S(t) + α1P1(t) + α2P2(t) + α12P12(t))− (β + σ1)E(t),

dI1(t)

dt
= αβE(t)− (τ1 + σ1 + σ2)I1(t),

dI2(t)

dt
= (1− α)βE(t)− (τ2 + γ2 + σ1 + σ2)I2(t),

dT (t)

dt
= τ1I1(t) + τ2I2(t)− (γ1 + σ1 + σ2)T (t),

dR(t)

dt
= γ1T (t) + γ2I2(t)− σ1R(t),

(1)

where λ(t) = κ1I1(t)+κ2I2(t)+κ3T (t)
N(t) is the force of infection.

Table 1: State variables used in this model.

variable Description
S Humans that are susceptible to Covid-19
P1 Humans that have been vaccinated against Covid-19
P2 Humans that are protecting themselves against Covid-19
P12 Humans that have received vaccination and are protecting themselves
E Humans that are exposed to the Covid-19
I1 Humans that are symptomatically infectious
I2 Humans that are asymptomatically infectious
T Infectious humans that are isolated and are being treated
R Infectious humans that have recovered from Covid-19 infection
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Table 2: Description of the parameter used in this model.
parameter Description

β incubation rate of corona virus
ρ1 Proportion of Humans that have been vaccinated against Covid-19
ρ2 Proportion of Humans that do not have any form of protection against Covid-19
ρ3 Proportion of Humans that are protecting themselves
ρ4 Proportion of Humans that have received vaccination and are protecting themselves
α1 Proportion of P1 that got infected due to vaccine ineffectiveness
α2 Proportion of P2 that relaxed their protection and got infected
α12 Proportion of P12 whose vaccine is ineffective and relaxed their protection and got infected
κ1 probability of infection by symptomatically infected humans
κ2 probability of infection by asymptomatically infected humans
κ3 probability of infection by quarantined and treated humans
α Proportion of exposed humans that are symptomatically infectious
τ1 proportion of symptomatically infectious humans that are quarantined and treated
τ2 proportion of asymptomatically infectious humans that are quarantined and treated
γ1 proportion of quarantined and treated that have recovered
γ2 proportion of asymptomatically infectious humans that have recovered
σ1 Natural death rate of humans
σ2 Death rate of humans due to Covid-19

2.1 The control reproduction number

The disease-free equilibrium, E0 of the model system (1) is given by
E0 = (S0, P 0

1 , P
0
2 , P

0
12, 0, 0, 0, 0, 0), where S0 = Λ

(ρ1+ρ3+ρ4+σ1) , P
0
1 =

ρ1Λ
σ1(ρ1+ρ3+ρ4+σ1) , P

0
2 = ρ3Λ

σ1(ρ1+ρ3+ρ4+σ1) , P
0
12 = ρ4Λ

σ1(ρ1+ρ3+ρ4+σ1) . This is used to
obtain the control reproduction number Rc, of Covid-19 in Nigeria, which is
the average number of persons that can be infected by a single infectious person
in his entire infectious life when introduced in a Covid-19-free population when
some control measures are applied. The control reproduction number determines
the efficacy or otherwise, of applied control measures. Rc < 1 implies that the
measures are effective, and otherwise if Rc > 1. Here, the expression for the
control reproduction number Rc, of Covid-19 in Nigeria is derived using the next
generation matrix method [9], in which Rc is defined as Rc = ρ(FV −1), where
FV −1 is the next generation matrix, F and V are Jacobian matrices of F and
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V, respectively, evaluated at the disease-free equilibrium, E0, F(x) is a column
vector of rates of appearance of new infections in compartment, while V(x) is a
column vector of rates of transfer of individuals into and out of compartments by
any other means including death.

The matrices F and V are given by

F =


0 κ1φ κ2φ κ3φ

0 0 0 0

0 0 0 0

0 0 0 0


and

V =


(β + σ1) 0 0 0

−αβ τ1 + σ1 + σ2 0 0

−(1− α)β 0 τ2 + γ2 + σ1 + σ2 0

0 −τ1 −τ2 γ1 + σ1 + σ2


where

φ =
ρ2S

0 + α1P
0
1 + α2P

0
2 + α12P

0
12

S0

Hence, the control reproduction is given by

Rc = ρ
(
FV −1

)
= RI1 +RI2 +RT

where
RI1 =

κ1αβφ

(β + σ1)(τ1 + σ1 + σ2)

,

RI2 =
κ2(1− α)βφ

(β + σ1)(τ2 + γ2 + σ1 + σ2)

,

RT =
κ3βφ (α(τ1 + γ2 + σ1 + σ2)τ1 + (1− α)(τ1 + σ1 + σ2)τ2)

(β + σ1)(τ1 + σ1 + σ2)(τ2 + γ2 + σ1 + σ2)(γ1 + σ1 + σ2)
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.
Here, RI1 is the average number of persons that can be infected by
symptomatically infectious humans, RI2 is the average number of persons that
can be infected by asymptomatically infectious humans, and RT is the average
number of persons that can be infected by those that are receiving treatment in
the isolation facility.

3 Local Asymptotic Stability of E0

The Jacobian matrix of (1) evaluated at the disease-free equilibrium has some of
its eigenvalues as −σ1(3 times),−(δ+σ1),−(σ1 +ρ1 +ρ2 +ρ3). These eigenvalues
correspond to the uninfected compartments in the population. The remaining
eigenvalues are obtained from the sub-matrix J0 given by

J0 =


−(β + σ1) κ1φ κ2φ κ3φ

αβ −(τ1 + σ1 + σ2) 0 0

(1− α)β 0 −(τ2 + γ2 + σ1 + σ2) 0

0 τ1 τ2 −(γ1 + σ1 + σ2)


(2)

Lemma: The matrix −J0 is a non-singular M-matrix if Rc < 1.
Proof: Note that the negative of (2), −J0, has z-pattern [10], and its leading
principal minors are (β + σ1), (β + σ1)(τ1 + σ1 + σ2)(1−RI1), (β + σ1)(τ1 + σ1 +

σ2)(τ2 + γ2 + σ1 + σ2)(1−RI1 −RI2), and (β + σ1)(τ1 + σ1 + σ2)(τ1 + γ2 + σ1 +

σ2)(γ1 +σ1 +σ2)(1−Rc). Since Rc > RI1 +RI2 > RI1 , we see that all the leading
principal minors of −J0 are positive if Rc < 1. This proves the lemma. The above
lemma proves that all the eigenvalues of −J0 are positive or have positive real
part if Rc < 1. Hence, all the eigenvalues of J0 are negative or have negative real
part if Rc < 1. We, therefore conclude that the disease-free equilibrium is locally
asymptotically stable if Rc < 1, and unstable if Rc > 1. The implication of this
result is that Covid-19 can be eradicated from the population using these control
measures when Rc < 1, if the initial sizes of the infected sub-populations are in
the basin of attraction of the disease-free equilibrium, E0.
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4 A Test for Global Stability of Disease-free
Equilibrium

Consider the system

dS(t)

dt
= Λ− (ρ1 + ρ3 + ρ4)S(t)− σ1S(t),

dP1(t)

dt
= ρ1S(t)− σ1P1(t),

dP2(t)

dt
= ρ3S(t)− σ1P2(t),

dP12(t)

dt
= ρ4S(t)− σ1P12(t),

dR(t)

dt
= −σ1R(t),

(3)

and the system

dE(t)

dt
= ρ2λ(t)S(t) + λ(t)α1P1(t) + λ(t)α2P2(t) + λ(t)α12P12(t)− (β + σ1)E(t),

dI1(t)

dt
= αβE(t)− (τ1 + σ1 + σ2)I1(t),

dI2(t)

dt
= (1− α)βE(t)− (τ2 + γ2 + σ1 + σ2)I2(t),

dT (t)

dt
= τ1I1(t) + τ2I2(t)− (γ1 + σ1 + σ2)T (t),

(4)

obtaned by splitting (1) into equation for uninfected compartments (3) and
equations for infected infected compartments. This can be written as

x′(t) = f1(x, 0) (5)

y′(t) = f2(x, y), f2(x, 0) = 0 (6)

where x and y represent the uninfected and infected compartments respectively.
The disease-free equilibrium for (3) is E01 =

(
Λ
k ,

ρ1Λ
σ1k

, ρ3Λ
σ1k

, ρ4Λ
σ1k

, 0
)
. So the

disease-free equilibrium of the entire system becomes E0 = (E01, 0, 0, 0, 0). The
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solution to (3) is easily seen to be

S(t) =
Λ

k
−
(

Λ

k
− S(0)

)
e−kt

P1(t) =
ρ1Λ

σ1k
− ρ1

σ1 − k

(
Λ

k
− S(0)

)
e−kt + C1e

−σ1t

P2(t) =
ρ3Λ

σ1k
− ρ3

σ1 − k

(
Λ

k
− S(0)

)
e−kt + C2e

−σ1t

P12(t) =
ρ4Λ

σ1k
− ρ4

σ1 − k

(
Λ

k
− S(0)

)
e−kt + C3e

−σ1t

R(t) = R(0)e−σ1t

(7)

where k = ρ1 + ρ3 + ρ4 + σ1, and C1 = P1(0) − ρ1Λ
k + ρ1

σ1−k
(

Λ
k − S(0)

)
, C2 =

P2(0)− ρ3Λ
k + ρ3

σ1−k
(

Λ
k − S(0)

)
, C3 = P12(0)− ρ4Λ

k + ρ4
σ1−k

(
Λ
k − S(0)

)
. So that as

t → ∞, x(t) → E01. Hence, E01 is globally asymptotically stable. The Jacobian
matrix, B of f2(x, y) at E0 is same as the matrix, J0. Hence,

By−f2(x, y) =



λ
(
α1

(
ρ1Λ
σ1k
− P1

)
+ α2

(
ρ3Λ
σ1k
− P2

)
+ α12

(
ρ4Λ
σ1k
− P12

)
− ρ2S

)
0

0

0

0


From (7), we see that P1(t) ≤ ρ1Λ

k1
, P2(t) ≤ ρ3Λ

k1
, P12(t) ≤ ρ4Λ

k1
,∀t. So, λ(α1(ρ1Λ

k1
−

P1) + α2(ρ3Λ
k1
− P2) + α12(ρ4Λ

k1
− P12) ≥ 0. Therefore, by [11], the disease-free

equilibrium is globally asymptotically stable if λ(α1(ρ1Λ
k1
− P1) + α2(ρ3Λ

k1
− P2) +

α12(ρ4Λ
k1
− P12) ≥ ρ2S, and unstable, otherwise. Suppose the latter happens, then

the global instability is caused by the proportion, ρ2 of people who do not observe
any form of control or protection against Covid-19.

5 Optimal Control of Covid-19 in Nigeria

In this section, we seek the values of the control parameters, ρ1, ρ3, ρ4, τ1, and τ2,
that would help in effective control of Covid-19 in Nigeria. To do this, we assume
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that these parameters are not constants, but functions of t. Therefore, we consider
an optimal control problem with objective function of the form

J(S,E, I1, I2, ρ1, ρ3, ρ4, τ1, τ2) =

∫ T

0
(A1S(t) +A2E(t) +A3I1(t) +A4I2(t)

+
A5

2
ρ2

1(t) +
A6

2
ρ2

3(t)

+
A7

2
ρ2

4(t) +
A8

2
τ2

1 (t) +
A9

2
τ2

2 (t))dt,

(8)

where the constants Ai, i = 1, 2, 3, · · · , 9 are positive weights which help to
balance each term in the integrand. The quadratic terms in the sum A5

2 ρ
2
1(t) +

A6
2 ρ

2
3(t)+ A7

2 ρ
2
4(t)+ A8

2 τ
2
1 (t)+ A9

2 τ
2
2 (t) can be interpreted to be the costs associated

with implementing the respective control measures. Using Pontryagin maximum
principle [12], we seek the state variables x∗(t) = (S∗(t), E∗(t), I∗1 (t), I∗2 (t)), and
the control parameters, u∗(t) = (ρ∗1(t), ρ∗3(t), ρ∗4(t), τ∗1 (t), τ∗1 (t)), such that the
Hamiltonian H given by

H = A1S(t) +A2E(t) +A3I1(t) +A4I2(t) +
A5

2
ρ2

1(t) +
A6

2
ρ2

3(t)

+
A7

2
ρ2

4(t) +
A8

2
τ2

1 (t) +
A9

2
τ2

2 (t)

+ φ1
dS(t)

dt
+ φ2

dP1(t)

dt
+ φ3

dP2(t)

dt
+ φ4

dP12(t)

dt
+ φ5

dE(t)

dt

+ φ6
dI1(t)

dt
+ φ7

dI2(t)

dt
+ φ8

dT (t)

dt
+ φ9

dR(t)

dt
.

(9)

satisfies

H(t, x, u, φ) ≥ H(t, x∗, u∗, φ) (10)
H(t, x∗, u∗, φ)

du
= 0 (11)

dφ(t)

dt
= −dH(t, x∗, u∗, φ)

dx
(12)

dx(t)

dt
=

dH(t, x∗, u∗, φ)

dφ
, (13)
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where φi(t), i = 1, 2, 3, 4, · · · , 9 are the adjoint variables. Using (12), we have that
φ(t) satisfy the following system of differential equations
dφ1(t)

dt
= ρ1(φ1 − φ2) + ρ3(φ1 − φ3) + ρ4(φ1 − φ4) + ρ2λ

(
1− S

N

)
(φ1 − φ5)

+
α1P1λ

N
(φ5 − φ2) +

α2P2λ

N
(φ5 − φ3) +

α12P12λ

N
(φ5 − φ4) + σ1φ1 −A1

dφ2(t)

dt
=
ρ2Sλ

N
(φ5 − φ1) + α1λ

(
1− P1

N

)
(φ2 − φ5) +

α2P2λ

N
(φ5 − φ3)

+
α12P12λ

N
(φ5 − φ4) + σ1φ2

dφ3(t)

dt
=
ρ2Sλ

N
(φ5 − φ1) +

α1P1λ

N
(φ5 − φ2) +

α12P12λ

N
(φ5 − φ4)

+ α2λ

(
1− P1

N

)
(φ3 − φ5) + σ1φ3

dφ4(t)

dt
=
ρ2Sλ

N
(φ5 − φ1) +

α1P1λ

N
(φ5 − φ2) +

α2P2λ

N
(φ5 − φ3)

+ α12λ

(
1− P12

N

)
(φ4 − φ5) + σ1φ4

dφ5(t)

dt
=
ρ2Sλ

N
(φ5 − φ1) +

α1P1λ

N
(φ5 − φ2) +

α2P2λ

N
(φ5 − φ3)

+
α12P12λ

N
(φ5 − φ4) + αβ(φ7 − φ6)− βσ7 + (β + σ1)φ5 −A2

dφ6(t)

dt
=
κ1 − λ
N

(ρ2S(φ1 − φ5) + α1P1(φ2 − φ5) + α2P2(φ3 − φ5)

+ α12P12(φ4 − φ5)− τ1φ8 + (τ1 + σ1 + σ2)φ6 −A3

dφ7(t)

dt
=
κ2 − λ
N

(ρ2S(φ1 − φ5) + α1P1(φ2 − φ5) + α2P2(φ3 − φ5)

+ α12P12(φ4 − φ5)− τ2φ8 − γ2φ9 + (τ2 + γ2 + σ1 + σ2)φ7 −A4

dφ8(t)

dt
=
κ3 − λ
N

(ρ2S(φ1 − φ5) + α1P1(φ2 − φ5) + α2P2(φ3 − φ5)

+ α12P12(φ4 − φ5)− τ2φ8 − γ1φ9 + (γ1 + σ1 + σ2)φ8

dφ9(t)

dt
=
ρ2Sλ

N
(φ5 − φ1) +

α1P1λ

N
(φ5 − φ2) +

α2P2λ

N
(φ5 − φ3)

+
α12P12λ

N
(φ5 − φ4) + σ1φ9

(14)
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with the terminal condition φn(T ) = 0, n = 1, 2, 3, 4, · · · , 9. From the optimality
condition (11), we obtain the optimal controls as
ρ∗1(t) = (φ1(t)−φ2(t))S∗(t)

A5
, ρ∗3(t) = (φ1(t)−φ3(t))S∗(t)

A6
, ρ∗4(t) = (φ1(t)−φ4(t))S∗(t)

A7
, τ∗1 (t) =

(φ6(t)−φ8(t))I∗1 (t)
A8

, τ∗2 (t) =
(φ7(t)−φ8(t))I∗2 (t)

A9
.

Therefore, the optimal controls can be characterized as

ρ∗1(t) = max

(
a1,min

(
b1,

(φ1(t)− φ2(t))S∗(t)

A5

))
ρ∗3(t) = max

(
a2,min

(
b2,

(φ1(t)− φ3(t))S∗(t)

A6

))
ρ∗4(t) = max

(
a3,min

(
b3,

(φ1(t)− φ4(t))S∗(t)

A7

))
τ∗1 (t) = max

(
a4,min

(
b4,

(φ6(t)− φ8(t))I∗1 (t)

A8

))
τ∗2 (t) = max

(
a5,min

(
b5,

(φ7(t)− φ8(t))I∗2 (t)

A9

))
(15)

Hence, (15) gives the values of the control parameters that would guarantee
optimal control of Covid-19 in Nigeria.

6 Numerical Solution and Discussion

To solve the optimal control problem, the forward-backward sweep numerical
algorithm is used. This algorithm uses R-K order 4 numerical method to solve
first, the model system forward in time, and then the adjoint system backward
in time. The optimal controls are updated at the end of each time step. The
algorithm is implemented until the prescribed stopping criterion is reached. The
parameter values (Table 3) used in the numerical solution were estimated from the
daily Covid-19 data obtained from the website(www.ncdc.org) of Nigeria Center
for Disease Control(NCDC).

In all the figures (i.e. Figures 2–6), the label "with control" refers to the
control values given in Table 6 and the label "with optimal control" corresponds
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Table 3: Parameter values used in this model.

parameter value source parameter value source
β 1/6 [2] κ1 0.045100437278262 fitted
ρ1 0.000280181157232 fitted κ2 0.061036824980133 fitted
ρ2 0.085133094732974 fitted κ3 0.020000015483272 fitted
ρ3 0.000289546300842 fitted α 0.012575411288940 fitted
ρ4 0.000290717830511 fitted τ1 0.035099986980849 fitted
α1 0.025410008732941 fitted τ2 0.016556854673704 fitted
α2 0.0321 fitted γ1 0.025100026262081 fitted
α12 0.078100023039961 fitted γ2 0.011635794641596 fitted
σ1 0.0035 σ2 0.00003

to control parameters taking the optimal controls values as obtained at the
end of the previous section. In our model, we consider five control measures,
namely vaccination, self-treatment, the combination of both vaccination and
self-treatment, quarantine and treatment of symptomatically infectious humans
and finally quarantine and treatment of asymptomatically infectious humans.

Figure 2 compares the simulation of the dynamics of the Nigerian population
that is susceptible to Covid-19 for the case where all the five controls are
implemented on the one hand and where all five optimal controls are implemented.
In the latter case, it is observed that the number of susceptible individuals
decreases drastically from the 27th day and reaches zero from the 30th day
indicating the eradication of the Covid-19 virus, which is completely different from
the former case where the size of the susceptible population remains constant all
along the simulation time.

Figures 3 and 4 compare the simulation of the dynamics of the Nigerian
population that is symptomatically-infected and asymptomatically-infected by
Covid-19 respectively. Both figures exhibit the same trends but with different
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proportions. For the first case, i.e. "with control", we observe in both figures an
increase in the number of infections which reaches at peak on the twelve day and
thereafter starts decreasing till the last day of the simulation (here the 50th) where
it reaches a maximum value. For the second case, i.e. "with optimal control", we
observe a different situation. The optimal control measures are so effective that
from the initial time, we observe a fast decrease in the infected population and
the disease is eradicated after the 25th day.

Figure 5 compares the simulation of the dynamics of the Nigerian population
treated from Covid-19 when control measures are implemented and when optimal
control measures are implemented. From the figure, we observe a fast increase in
the number of treated individuals during the first twelve days under optimal control
measures compared to the case of simple control where there is initially a slight
decrease followed by a slow increase that suddenly reaches a plateau. After the
twelfth-day period, the first curve (with optimal control) starts decreasing linearly,
this behaviour is the consequence of the fact that the spread of the disease is being
eradicated.

Figure 6 shows the simulations of the recovered individuals under the same
conditions as those of the previous figures. We observe that both curves (with
control and with optimal control) are increasing but with the difference that
the optimal control curve increases faster indicating the efficiency of the related
measures.

From all the simulations, it is clear that under optimal control measures, the
spread of Covid-19 is well controlled and eradicated at a fast rate.
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Figure 2: Graph of individuals who are susceptible to Covid-19.
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Figure 3: Graph of individuals that infectious with symptoms.
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Figure 4: Graph of individuals that infectious without symptoms.
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Figure 5: Graph of individuals who are being treated of Covid-19.
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Figure 6: Graph of individuals who have recovered from Covid-19 infection.

7 Conclusion

In this paper, a mathematical model with control has been proposed for the
dynamics of Covid-19 in Nigeria. From the proposed model, an optimal
control model is formulated by seeking the maximum of an objective function
that measures susceptible individuals, total infected individuals and total cost
associated with implementing the control measures. The optimal controls are
obtained using Pontryagin Maximum Principle. The numerical simulations show
the effectiveness of the optimal control measures in the control and eradication of
Covid-19 in Nigeria.
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