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Abstract

The notion of (3, 1 — &) weak contraction appeared in [1]. In this paper, we consider that
the map satisfying the (3, 1—8) weak contraction is a non-self map, and obtain a best

proximity point theorem in complete metric space endowed with a graph.

1. Introduction and Preliminaries

At first we recall the following
Definition 1.1. [1] Let (X, d) be a metric space. A map T : X — X is called a
(3, 1 = 8) weak contraction if there exists & [ (0, 1) such that the following holds
d(Tx, Ty) < &d(x, y) + (1 -9)d(y, Tx).

On the other hand, let W and V be two nonempty subsets of a metric space (X, d)

andlet S : W > V be anon-self map. If W 1V is nonempty, then the equation Sx = x

may not have a solution. Naturally the following arises
Question 1.2. How far is the distance between x and Sx?

The problem of global optimization for determining the minimum value of the

Received: December 8, 2018; Accepted: December 28, 2018

2010 Mathematics Subject Classification: 47H10.

Keywords and phrases: best proximity, G-proximal, (3,1 - &) weak contraction, complete metric space,
graph.

Copyright © 2019 Clement Boateng Ampadu. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.



92 Clement Boateng Ampadu

distance d(x, Sx) = min{d(x, y): xOW and y OV} is the study of best proximity
point theory. Since the early paper of [2], many best proximity point theorems have been

obtained, and for example see references [9-23] contained in [3].
Notation 1.3. Throughout this paper

(a) W and V denote nonempty subsets of a metric space (X, d).

(b) d(W, V) :=inf{d(x, y): xOW and y OV}.

() Wo ={x0OW :d(x, y) =dW, V) for some y 0V}

(d) Vo ={y0OV:d(x, y)=dW, V) for some x 0 W}.

The notion of proximal contraction appeared in [4], now we introduce the following

Definition 1.4. Let S:W > V be a non-self mapping. We say S a proximal
(3, 1 =90) weak contraction if there exists d0(0,1) and uy, uy, x, y OW such that

d(uy, Sx) =d(W, V) and d(u,, Sy) = d(W, V) implies
d(uy, uy) < 8d(x, y) + (1-8)d(y, uy).

The notion of G-proximal Kannan mapping appeared in [3], now we introduce the
following

Definition 1.5. Let (X, d) be a metric space, and G = (V(G), E(G)) be a directed
graph such that V(G) = X. A non-self mapping S : W — V is called a G-proximal
(3, 1-20) weak contraction, if there exists 80 (0,1) such that (x, y)O E(G),
d(u, Sx) =d(W, V) and d(v, Sy) = d(W, V) implies

d(u, v) < &d(x, y) + (1 - 8)d(y, u),
where x, y, u, v O W,

Definition 1.6. [3] Let (X, d) be a metric space and G = (V(G), E(G)) be a
directed graph such that V(G) = X. A non-self mapping S:W >V is called
proximally G-edge-preserving, if for each x, y, u, vOW, (x, y)OE(G), d(u, Sx) =
dW,V), and d(v, Sy) = d(W, V) implies (u, v) O E(G).
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2. Main Result

Our main result is as follows, which is a best proximity point theorem for a
G-proximal (8, 1-9) weak contraction in complete metric space endowed with a

directed graph.

Theorem 2.1. Let (X, d) be a complete metric space, G = (V(G), E(G)) be a
directed graph such that V(G) = X. Let W and V be nonempty closed subsets of X with
Wy nonempty. Let S :W =V be a non-self mapping satisfying the following

properties:

(a) S is proximally G-edge-preserving, continuous and G-proximal (3, 1—3) weak

contraction such that S(Wy) OV,
(b) there exists xq, x; Wy such that
d(x;, Sxg) =d(W, V) and (xy, x) O E(G).
Then S has a best proximity point in W, that is, there exists an element w UW such that
d(w, Sw) = d(W, V). Further the sequence {x,} defined by
d(x, Sxy—) =d(W, V) (1)
forall n N converges to the element w.
Proof. From condition (b), there exists x;, x; U W,y such that
d(x;, Sxg) =d(W, V) and (xq, x;) O E(G). (2)
Since S(Wy) O Vy, we have Sx; OV, and hence there exists x, [ W, such that
d(xz, le) = d(W, V). 3

By the proximally G-edge preserving of § and using both (2) and (3), we get
(x;, xp) O E(G). By continuing this process, we can form the sequence {x,} in W, such
that

d(x,, Sx,_;) = d(W, V) with (x,_,, x,) 0 E(G), forall nON. @)

Next we show that S has a best proximity point in W. Suppose there exists ny U N such

that x, =X, +. By using (4), we obtain that d(x,,, Sx, ) = d(xu+1, Sxy,) =
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d(W, V), and so x,,. is a best proximity point of S. Now we suppose that x,_; # x,, for

L]
all n O N. We show that {x,,} is a Cauchy sequence in W. As S is G-proximal (3, 1 — )

weak contraction, and for each n ON, (x,_;, x,) 0 E(G), d(x,, Sx,_;) =d(W, V),
and d(x,+1, Sx,) = d(W, V), then we have

d(xy, Xy41) < 8d(x,-1, x,) + (1= 8)d(x,, x,) = 8 (-1, x).
By the above inequality, we have
d(x1, xp) < 8d(xg, x1)
and hence
d(xy, x3) < 8%d(x;, x,)
By induction, we deduce the following
d(xy, xp41) < 8"d(x, x1) ()
for all » O N. From (5), for each m, n 0 N with m > n, we deduce the following
d(x,, xp) < d(xy, xe1) +d(xep Xpan) + o+ d (o, xy)
< 8"d(xy, x;) + 8" d(xy, x) + - + 3" N (xy, x;)
m—1

= d(xo, xl)z o

=n

n
< d(xg, x1).
< d(xo. )

Since 80 (0, 1), it follows that {x,} is a Cauchy sequence in W. Since W is closed,
there exists w W such that x, — w. By continuity of S, we have Sx, — Sw as

n — co. As the metric function is continuous, we obtain
d(x,+1, Sx,) - d(w, Sw) as n - oo
Similarly, by (4), we have

d(w, Sw) =d(W, V).
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It follows that w OW is a best proximity point of S. Moreover, the sequence {x,}

defined by
d(x,41, Sx,) =d(W,V), nON
converges to an element w, and the proof is completed. O
3. Open Problem
First we recall the following
Definition 3.1. [5] Let (X, d) be a metric space. A map T : X — X is called a
(8, 1 = 38) weak Reich contraction if there exists &[] [0, %) such that the following
holds for all x, y [0 X
d(Tx, Ty) < §d(x, y) + d(x, Tx) + d(y, Ty)] + (1 - 38) d(y, Tx).
Now we introduce the following two new concepts.
Definition 3.2. Let S:W — V be a non-self mapping. We say S a proximal
(8, 1 =38) weak Reich contraction if there exists &[] [O, %) and uy, uy, x, yOW
such that d(u;, Sx) = d(W, V) and d(u,, Sy) = d(W, V) implies
d(uy, uz) < 8d(x, y) +d(x, uy) +d(y, up)| + (1 - 38)d(y, uy)

Definition 3.3. Let (X, d) be a metric space, and G = (V(G), E(G)) be a directed
graph such that V(G) = X. A non-self mapping S : W > V is called a G-proximal

(3, 1 =3d) weak Reich contraction, if there exists & [J [O, %) such that (x, y) O E(G),
d(u, Sx) =d(W, V), and d(v, Sy) = d(W, V) implies

d(u, v) < Qd(x, y) +d(x, u) +d(y, v)| + (1= 38)d(y, u),
where x, y, u, v W.

The open problem is to prove or disprove the following. The conjecture can be

regarded as a best proximity point theorem for a G-proximal (&, 1 —38) weak Reich

contraction in complete metric space endowed with a directed graph.
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Theorem 3.4. Let (X, d) be a complete metric space, G = (V(G), E(G)) be a
directed graph such that V(G) = X. Let W and V be nonempty closed subsets of X with
Wy nonempty. Let S :W =V be a non-self mapping satisfying the following

properties:

(a) S is proximally G-edge-preserving, continuous and G-proximal (3, 1 —3d) weak

Reich contraction such that S(Wy) O V.
(b) there exists xq, x; Wy such that
d(x;, Sxg) =d(W, V) and (xy, x) O E(G).

Then S has a best proximity point in W, that is, there exists an element w W such that
d(w, Sw) = d(W, V). Further the sequence {x,} defined by

d(x,, Sx,-1) =d(W, V)
forall n N converges to the element w.
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