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Abstract 

In this work, we define and study some families of multivalent analytic functions defined 

by the fuzzy subordination and Borel distribution. We discuss some interesting inclusion 

results and various other useful properties involving integral of these families. 

1. Introduction 

In 1965 Zadeh [21] proposed the fuzzy set concept, existing the way for a new 

dominant theory. The fuzzy set theory it has grown exponentially and now has 

applications in several scientific and technological fields. Differential subordination is the 

essential technique in Geometric Function Theory used by various researchers in studies 

to get important new results. The concept of differential subordination was introduced by 

Miller and Mocanu [8]. Many of authors worked on different ideas using the notion of 

differential subordination. In 2011, Oros and Oros [12] modified the concept of 

differential subordination to accommodate the notion of fuzzy. The basics of fuzzy 

differential subordination theory were set in 2012 [14]. This idea showed to be a 

significant application of fuzzy set theory in the field of Geometric Function Theory. The 

initial results supported the direction of the research, adapting the conventional theory of 

differential subordination to the novel features of fuzzy differential subordination, and 

providing methods for examining the dominants and best dominants of fuzzy differential 
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subordinations [13], without which the research would not have been able to proceed. 

Following that, the particular form of Briot-Bouquet fuzzy differential subordinations 

was studied [15]. In [3], the researcher adopted the concept and begun to look into the 

new conclusions on fuzzy differential subordinations. The idea of fuzzy differential 

subordination is a generalisation of the traditional idea of differential subordination that 

evolved in recent years as a result of incorporating the idea of fuzzy set into the field of 

Geometric Function Theory. Furthermore, the work of several authors about the fuzzy 

differential subordination is referred to the readers, for example, see 

[1,2,4,5,6,7,9,10,16,17,18,20]. 

Denote by �� the family of multivalent analytic functions in the open unit disk � = {� ∈ ℂ ∶ |�| < 1} with the following series form: 

���� = �� + � �����
�����  ,     �� ∈ �, � ∈ ℕ�. 

Particularly, �� = �, for � = 1, where � be the family of normalized analytic 

functions in �. 

The function � ∈ �� is said to be �-valent starlike of order ��0 ≤ � < �� if it 

satisfies the condition: 

!" #��$������� % > �        �� ∈ ��. 
A function � ∈ �� is said to be �-valent convex of order ��0 ≤ � < �� if it satisfies the 

condition 

!" #1 + ��$$����$��� % > �      �� ∈ ��. 
The families of �� of �-valent starlike functions and �-valent convex functions 

aredenoted by '(� and )*�, respectively.A discrete random variable + is said to have a 

Borel distribution if it takes the values 1,2,3, … with the probabilities 

/01
�! , 34/051

3! , 645/071
8! , … respectively, where 9 is called the parameter. 

Very recently, Wanas and Khuttar [17] introduced the Borel distribution (BD) whose 

probability mass function is 
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:�+ = ;� = �9;�<=�"=4<;! ,   ; = 1,2,3, … . 
Wanas and Khuttar [17] introduced a series whose coefficients are probabilities of the 

Borel distribution (BD) 

>��9; �� = �� + � @9�A − ��C�=�=�"=4��=���A − ��! ���
����� = �� + � Φ�,��9��

����� ��, 
where 0 < 9 ≤ 1 and 

Φ�,��9� = @9�A − ��C�=�=�"=4��=���A − ��! . 
We consider a linear operator E��, 9��:  ��  ⟶  �� defined by the convolution or 

Hadamard product 

E��, 9����� = >��9; �� ∗ ���� = �� + � @9�A − ��C�=�=�"=4��=���A − ��! �����
����� ,    �1.1� 

where �� ≥ 0, 0 < 9 ≤ 1 and � ∈ �. 

Here, we provide an overview of some important fundamental ideas connected to our 

work. 

Definition 1.1 [8]. Denote by J the set of functions K that are analytic and injective 

on � ∖ M�K�, where 

M�K� = N O ∈  P�: QRST→V K��� = ∞X 

and are such that K$�O� ≠ 0 for O ∈  P�\M�K�. Further, let the subclass of J for which K�0� = � be denoted by J���, J�0� = J[ and J�1� = J�. 

Definition 1.2 [21]. Let \ be a non-empty set. An application ] ∶  \ → ^0,1_ is called 

fuzzy subset. An alternate definition, more precise, would be the following:  

A pair �`, ]a�, where ]a ∶  \ → ^0,1_ and ` = {+ ∈ \: 0 < ]a�+� ≤ 1} =bc���`, ]a� is called fuzzy subset. The function ]a is called membership function of the 

fuzzy subset �`, ]a�. 

Definition 1.3 [12]. Let two fuzzy subsets of \, �d, ]e� and �f, ]g�. We say that 
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the fuzzy subsets d and f are equal if and only if ]e�+� = ]g�+�, + ∈ \ and we denote 

this by �d, ]e� = �f, ]g�. The fuzzy subset �d, ]e� is contained in the fuzzy subset �f, ]g� if and only if ]e�+� ≤ ]g�+�, + ∈ \ and we denote the inclusion relation 

by� d, ]e� ⊆ �f, ]g�. 
Definition 1.4 [12]. Let E ⊆ ℂ, �[ ∈ E be a fixed point, and let the functions �, i ∈ ℋ�E�. The function � is said to be fuzzy subordinate to i and write � ≺l i or ���� ≺l i��� if the following conditions are satisfied: 

1- ���[� = i��[�, 
2- ]m�n�@����C ≤ ]o�n�@i���C, � ∈ E 

where 

��E� = bc��@��E�, ]m�n�C = p���� ∶ 0 < ]m�n�@����C ≤ 1, � ∈ Eq 

and 

i�E� = bc��@i�E�, ]o�n�C = pi��� ∶ 0 < ]o�n�@i���C ≤ 1, � ∈ Eq. 
Lemma 1.1 [15]. Let ;�, ;3 ∈  ℂ, ;� ≠ 0, and a convex function i satisfies 

!"�;�i�r� +  ;3� > 0, r ∈  �. 
If  ℎ is analytic in � with ℎ�0� = i�0�, and t�ℎ�r�, rℎ$�r�; r� = ℎ�r� + uvw�u�<xv�u��<5 is 

analytic in � with t�i�0�, 0; 0� = i�0�, then 

]y�ℂ5×{� |ℎ�r� + rℎ$�r�;�ℎ�r� + ;3} ≤ ]o �{�@i�r�C 

implies 

]��{�@ℎ�r�C ≤ ]o �{�@i�r�C,   r ∈ �. 
That is, ℎ��� ≺l i���. 
2. Main Results 

Let t be the family of functions i with i�0� = 1, which are analytic and convex 

univalent in � and !"@i���C > 0. Now, for i��� ∈ t, ] ∶  ℂ → ^0,1_, we define the 

following family: 
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Definition 2.1. A function � ∈ �� is in the family dl�~, 9, �; i� if it satisfies the 

fuzzy subordination: 

�1 − ~�� �@E��, 9�����C$
E��, 9����� + ~� ��@E��, 9�����C$�$

@E��, 9�����C$ ≺l i���, 
where 0 ≤ ~ ≤ 1, � ∈ ℕ and 0 < 9 ≤ 1. 

In particular, if we choose ~ = 0 in Definition 2.1, the family dl�~, 9, �; i� reduces 

to the family '(l�9, �; i� of the fuzzy �-valent starlike functions which satisfying the 

following fuzzy subordination: 

�@E��, 9�����C$
�E��, 9����� ≺l i���. 

If we choose ~ = 1 in Definition 2.1, the family dl�~, 9, �; i� reduces to the family  )*l�9, �; i� of the fuzzy �-valent convex functions which satisfying the following fuzzy 

subordination: 

��@E��, 9�����C$�$
�@E��, 9�����C$ ≺l i���. 

Theorem 2.1. Let i ∈ t, � ∈  ℕ, 0 < 9 ≤ 1, 0 ≤ ~ ≤ 1. Then, 

dl�~, 9, �; i� ⊂ '(l�9, �; i�. 
Proof. Let � ∈ dl�~, 9, �; i� and consider 

���� = �@E��, 9�����C$
�E��, 9�����  .                                                     �2.1� 

It is clear that � is analytic in � and ��0� = 1. 

We take logarithmic differentiation of (2.1) to obtain 

��@E��, 9�����C$�$
�@E��, 9�����C$ − @E��, 9�����C$

E��, 9����� = �$������� . 
Equivalently, 

��@E��, 9�����C$�$
�@E��, 9�����C$ = ���� +  1� ��$�������  .                                 �2.2� 



Bedaa Alawi Abd and Abbas Kareem Wanas 

http://www.earthlinepublishers.com 

384

Since � ∈ dl�~, 9, �; i�, from (2.1) and (2.2), we get 

�1 − ~�� �@E��, 9�����C$
E��, 9����� + ~� ��@E��, 9�����C$�$

@E��, 9�����C$ = ���� + ~� ��$������� ≺l i��� .     �2.3� 

By making use of (2.3) along with Lemma 1.1, we have ���� ≺l i���. Hence, � ∈'(l�9, �; i� and the proof is complete. 

Theorem 2.2. Let i ∈ t, ~ > 1, 0 < 9 ≤ 1, � ∈ ℕ. Then, 

dl�~, 9, �; i� ⊂ )*l�9, �; i�. 
Proof. Let � ∈ dl�~, 9, �; i�. We write 

M��� = �1 − ~�� �@E��, 9�����C$
E��, 9����� + ~� ��@E��, 9�����C$�$

@E��, 9�����C$  .                   �2.4� 

Then, by Definition 2.1 and (2.4), we deduce that M��� ≺l i���. 

Now, 

~� ��@E��, 9�����C$�$
@E��, 9�����C$

= �1 − ~�� �@E��, 9�����C$
E��, 9����� + ~� ��@E��, 9�����C$�$

@E��, 9�����C$
+ �~ − 1�� �@E��, 9�����C$

E��, 9����� = �~ − 1�� �@E��, 9�����C$
E��, 9����� + M���. 

This implies 

��@E��, 9�����C$�$
�@E��, 9�����C$ = 1~ M��� + �1 − 1~� �@E��, 9�����C$

�E��, 9����� = 1~ M��� + �1 − 1~� ����, 
where � is given by (2.1). Since M, � ≺l i���,  

��@E��, 9�����C$�$
�@E��, 9�����C$ ≺l i���. 

This gives the required result. 
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Theorem 2.3. Let i ∈ t, 0 ≤ ~� < ~3, 0 < 9 ≤ 1, � ∈ ℕ. Then, 

dl�~3, 9, �; i� ⊂ dl�~�, 9, �; i�. 
Proof. For ~� = 0, it is obviously true from Theorem 2.2. 

Let � ∈ dl�~3, 9, �; i�. We write 

���� = �1 − ~3�� �@E��, 9�����C$
E��, 9����� + ~3� ��@E��, 9�����C$�$

@E��, 9�����C$  .                   �2.5� 

Then, by Definition 2.1 and (2.5), we find that 

���� ≺l i���. 
Now, we note that 

�1 − ~��� �@E��, 9�����C$
E��, 9����� + ~�� ��@E��, 9�����C$�$

@E��, 9�����C$  

= ~�~3 ��1 − ~3�� �@E��, 9�����C$
E��, 9����� + ~3� ��@E��, 9�����C$�$

@E��, 9�����C$ � 

+ �1 − ~�~3� �@E��, 9�����C$
�E��, 9�����  

= ~�~3 ���� + �1 − ~�~3� ����,                                                                         �2.6� 

where � is given by (2.1). Since �, � ≺l i���,  

�1 − ~��� �@E��, 9�����C$
E��, 9����� + ~�� ��@E��, 9�����C$�$

@E��, 9�����C$ ≺l i���. 
Therefore � ∈ dl�~�, 9, �; i� and we obtain the required result. 

Remark 2.1. If ~3 = 1, we have � ∈ dl�~�, 9, �; i� = )*l�9, �; i�, then the 

previous results for Theorem 2.3 gives us � ∈ dl�~�, 9, �; i�, 0 ≤ ~� < 1. Hence, by 

using Theorem 2.1, we have )*l�9, �; i� ⊂ '(l�9, �; i�. 

Theorem 2.4. Let � ∈ ��. Then, � ∈ dl�~, 9, �; i�, ~ ≠ 0, if and only if there exists � ∈ '(l�9, �; i� such that 
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E��, 9����� = 1~ �� r x�=� �E��, 9�Υ�r�r �x� �ru
[

�
�

.                            �2.7� 

Proof. Let � ∈ dl�~, 9, �; i�. Then, 

�1 − ~�� �@E��, 9�����C$
E��, 9����� + ~� ��@E��, 9�����C$�$

@E��, 9�����C$ ≺l i���.                     �2.8� 

Simple calculations of (2.7), we obtain 

�@E��, 9�����C$. @E��, 9�����Cx� = @E��, 9�Υ���Cx� .                         �2.9� 

Differentiating (2.9) logarithmically with respect to �, we have 

�@E��, 9�Υ���C$
�E��, 9�Υ��� = �1 − ~�� �@E��, 9�����C$

E��, 9����� + ~� ��@E��, 9�����C$�$
@E��, 9�����C$ .          �2.10� 

From (2.8) and (2.10), we get 

�@E��, 9�Υ���C$
�E��, 9�Υ��� ≺l i���. 

Thus Υ ∈ '(l�9, �; i�. 

Theorem 2.5. Let � ∈ dl�~, 9, �; i� and define ��,� by 

��,���� = � + ��� � r�=���r��rT
[

.                                            �2.11� 

Then ��,� ∈ '(l�9, �; i�.  

Proof. Let � ∈ dl�~, 9, �; i� and set ��,�4 ��� = E��, 9� ���,�����. We assume 

���� = � ���,�4 ����$
���,�4 ���  .                                                     �2.12� 

We see that � is analytic in � with ��0� = 1. From (2.11), we obtain 
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�����,�����$
� + � = ��=�����. 

This implies 

� ���,�����$ = �� + ������ − ���,����.                                       �2.13� 

It follows from (1.1), (2.12) and (2.13), we find that 

���� = �1 + �� �E��, 9��������,�4 ��� − ��  .                               �2.14� 

If we take logarithmic differentiation to (2.14), we conclude that 

�@E��, 9�����C$
�E��, 9����� = ���� + ��$�������� + �  .                          �2.15� 

Since � ∈ dl�~, 9, �; i� and dl�~, 9, �; i� ⊂ '(l�9, �; i�, then � ∈ '(l�9, �; i� and so 

�@E��, 9�����C$
�E��, 9����� ≺l i���.                                          �2.16� 

By using (2.15) and (2.16), we obtain 

���� + ��$�������� + � ≺l i���. 
An application of Lemma 1.1, we find ���� ≺l i���. From (2.12), we obtain 

T���,�1 �T��w
���,�1 �T� , 

this implies ��,� ∈ '(l�9, �; i�. 

3. Conclusions 

The primary objective was to use the concept of a fuzzy subset to create some 

families of multivalent functions associated with Borel distribution. We have introduced 

several properties such as, inclusion properties and properties involving integral are 

examined. As future research directions, the symmetry properties of this newly 

introduced distribution can be studied. 
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