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Abstract 

In this work, the optimal pension wealth investment strategy during the decumulation 

phase, in a defined contribution (DC) pension scheme is constructed. The pension plan 

member is allowed to invest in a risk free and a risky asset, under the constant elasticity of 

variance (CEV) model. The explicit solution of the constant relative risk aversion 

(CRRA) and constant absolute risk aversion (CARA) utility functions are obtained, using 

Legendre transform, dual theory, and change of variable methods. It is established herein 

that the elastic parameter, β, say, must not necessarily be equal to one (β ≠ 1). A theorem 

is constructed and proved on the wealth investment strategy. Observations and significant 

results are made and obtained, respectively in the comparison of our various utility 

functions and some previous results in literature. 

1. Introduction 

There are two major designs of pension plan, namely, the defined benefit (DB) 

pension, and the defined contribution (DC) pension plan. As the names implies, in that of 

the DB, the benefits of the plan member are defined, and the sponsor bears the financial 

risk. Whereas, in the DC pension plan, the contributions are defined, the retirement 

benefits depends on the contributions and the investment returns, and the contributors 

(the plan members) bears the financial risk. Recently, the DC pension has taken 
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dominance over the DB pension plan in the pension scheme, since DC pension plan is 

fully funded, which makes it easier for the plan managers (Pension Fund Administrators 

(PFAs’)) and the Pension Fund Custodians (PFCs’) to invest equitably in the market, and 

also makes it easier for the plan members to receive their retirement benefit as and when 

due.  

Investment strategies of the contributions, which in turn is a strong determinant of 

the investment returns vis-a-vis the benefits of the contributors at retirement must be 

given optimum attention. Recent publications in economic journals and other reputable 

mathematics and science journals have brought to light, variety of methods of optimizing 

investment strategies and returns. For instance, some researchers have made various 

contributions in this direction, particularly, in DC Pension Plan. Cairns et al. [4] did a 

work on, “stochastic life styling: optimal dynamic asset allocation for defined 

contribution pension plans. In their work, various properties and characteristics of the 

optimal asset allocation strategy, both with and without the presence of non-hedge able 

salary risk were discussed. The significance of alternative optimal strategy by pension 

providers was established. Wang and Chen [15] investigated a defined contribution (DC) 

pension plan investment problem during the accumulation phase under the multi-period 

mean-variance criterion. Mwanakatwe et al. [14] analysed the optimal investment 

strategies for a DC pension fund under the Hull-White interest rate model. Under this 

model, the pension fund manager can invest capital in the bank account, stock index, and 

real estates. More so, Battocchio and Menoncin [2] studied optimal pension management 

in a stochastic framework, they came out with a significant result. 

In order to deal with optimal investment strategy, the need for maximization of the 

expected utility of the terminal wealth became necessary. Example, the Constant 

Relative Risk Aversion (CRRA) utility function, and (or) the Constant Absolute Risk 

Aversion (CARA) utility function were used to maximize the terminal wealth. Cairns et 

al. [4], Gao [8], Boulier et al. [3], Deelstra et al. [7], and Xiao et al. [16] used CRRA to 

maximize terminal wealth. However, Gao [10] used the CRRA and the CARA to 

maximize terminal wealth, and this triggered our research. Ours is a modification of his 

work, by considering different categories of contributors, with some other additional 

assumptions made. Our task in this work is to establish, with a theorem the fact that the 

elastic parameter ,1≠β  which is lacking in his work. We used a similar approach in 

obtaining some of our results. 
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1.1. Preliminaries 

We start with a complete and frictionless financial market that is continuously open 

over the fixed time interval [ ],,0 T  for ,0>T  representing the retirement time of any 

plan member. 

 We assume that the market is composed of the risk-free asset (cash), and risky asset 

(stock). Let ( )PF ,,Ω  be a complete probability space, where Ω is a real space and P is 

a probability measure, ( ) ( ){ }twtw ts ,  are two standard unorthogonal Brownian motions, 

( ) ( ){ }tFtF st ,  are right continuous filtrations whose information are generated by the two 

standard Brownian motions ( ) ( ){ },, twtw ts  whose sources of uncertainties are 

respectively to the stock market and time evolution. 

2. Methodology 

2.1. Hamilton-Jacobi-Bellman (HJB) equation 

Assume we represent suu =  as the strategy and we define the utility attained by the 

contributor from a given state y at time t as  

( ) ( )( ) ( ) ( )[ ],,:,, ytyrtrtYUEyrt uu ===φ                        (2.1.1) 

where t is the time, r is the short interest rate and y is the wealth. Our interest here is to 

find the optimal value function  

( ) ( )yrtSupyrt uu ,,,, φ=φ                                       (2.1.2) 

and the optimal strategy ∗∗ = suu  such that 

 ( ) ( ).,,,, yrtyrt
u

φ=φ ∗                                          (2.1.3) 

2.2. Legendre transformation 

The Legendre transform and dual theory help to transform the nonlinear partial 

differential equation that is formed due to (2.1.1), to a linear partial differential equation. 

Theorem 2.2. (Jonsson and Sircar [11]) Let RRf
n →:  be a convex function for 

.0>z  Then the Legendre transform is defined as 

( ) ( ){ },max zyyfzL y ==                                      (2.2.1) 

where ( )zL  is the Legendre dual of ( )yf . 
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Since ( )yf   is convex, from Theorem 2.2 we defined the Legendre transform 

 ( ) ( ){ } TtyzyyrtSupzrt <<∞<<−φ=φ 0,0:,,,,ˆ              (2.2.2) 

where φ̂  is the dual of φ  and 0>z  is the dual variable of x.  

The value of y where this optimum is attained is denoted by ( )zrth ,,  so that 

 ( ) { ( ) ( )} .0,,,ˆ,,:inf,, Ttzrtzyyrtyzrth <<φ+≥φ=           (2.2.3) 

The functions h and φ̂  are closely related and can be referred to as the dual of φ . These 

functions are related as follows 

( ) ( ) ,,,,,ˆ zhhrtzrt −φ=φ                                         (2.2.4) 

where 

 ( ) .ˆ,,,, zy hzyzrth φ−==φ=                                 (2.2.5) 

At terminal time, T, we denote 

( ) ( ){ },0:ˆ TyzyyUSupzU <<−=    and   ( ) { ( ) ( )}.ˆ: zUzyyUySupz +≥=φ  

As a result  

( ) ( ),1
zUz

−=φ                                                  (2.2.6) 

where φ  is the inverse of the marginal utility U and note that ( ) ( ).,, yUyrT =φ  

At terminal time T, we can define 

( ) { ( ) ( )}zrtzyyUyyrTh y ,,ˆ:inf,, 0 φ+≥= >   and  ( ) ( ){ }zyyUSupzrt y −=φ >0,,ˆ  

so that ( ) ( ).,,
1

zUzrTh
−=   

3. The Model 

This session introduces the financial market and proposes the optimization problems 

in the decumulation phase. 

3.1. The financial market 

Here, we consider a financial market that consists of a risk-free asset (i.e., cash in the 

bank) and a risky asset (stock). 
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Let the risk-free asset, ,tC  say, at any positive time, t, evolve thus;  

,dtrCdC tt =                                                   (3.1.1) 

where r represents constant rate of interest. 

Next, we denote the price of the risky asset (stock) at any positive time, t, by ,tS  as 

in Gao [10], Akpanibah et al. [1], and Njoku et al. [12] thus; 

,
1

tttt dWkSdtSdS
+β+µ=                                      (3.1.2) 

where ( )r>µµ  represents the instantaneous rate of return on stock, ( )0≤ββ  is the 

elastic constant parameter, k is a constant, β
tkS  represents the instantaneous volatility. 

Let { }0; ≥tWt  denote a standard Brownian motion, defined on a probability space, 

( ),,, PFΩ  where { }tFF =  is an augmented filtration generated by the Brownian 

motion. 

3.2. Model assumption 

Consistent with the Nigerian Pension Reform Act of 2004 [13], we make the 

following assumptions  

(a) The pension scheme accumulates wealth.  

(b) There are different categories of contributions. 

(c) The contributions will not willingly withdraw from the scheme. 

(d) Payments are made to the retirees. 

(e) An accumulated amount is paid to the next-of-kin of the dead contributors, at the 

instance of death by any contributor(s). 

(f) A certain amount is retained from the payment made to the families of dead 

contributors, by the pension managers (i.e., management fee). 

3.3. Model formation (i.e., the optimization program) 

The fund accruing from the contributors can be invested in both bank and stock. 

Particularly, the fund to be invested by the fund manager is the surplus, which is the fund 

that is available after each period of routine disbursements. That is, let the contribution 

process be 
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 ( ) dtCdy ii 11 +θ+=                                          (3.3.1) 

and the payment process  

( ) .11 sii dWadtbdj η−+= ++                                      (3.3.2) 

Then the surplus 

( ) ( )[ ]siiii dWadtbdtCdjdydP η−+−θ+=−= +++ 1111  

( ) ( ) .1111 siiiii dWadtbCC η−−−θ+= ++++                              (3.3.3) 

Therefore our task here is to construct an optimal investment strategy for the assets for 

the remaining periods after retirement, to enable us maximize the expected utility at each 

retirement period. 

Without loss of generality, the pension wealth is denoted by ( )tY  at any time  

,0 NTTt +<<<  and it evolves stochastically, thus:   

( ) ( ) ( ) ( ) ( ) dtbCC
C

dC
tYu

S

dS
tYutdY iiii

t

t
s

t

t
s 1111 +++ −θ++−+=  

( ) ,1 si dWa η−− +   (3.3.4) 

1...,,1,0 −= ni  and ii θ=θ=θ=θ ...,,2,1,0 21  (an integer) = staff loading, where; 

01 >+ia  represents various amount that is paid to the next-of-kin of the dead 

contributors, 01 >+ib  represents various amount paid to retired contributors, 01 >+ic    

represents various amount contributed, η  is the service charge deducted from the 1+ia . 

However, relevant to the provisions of the Nigerian Pension Reform Act of 2004 

[13], on the eligibility condition for signing up on the pension scheme, by both 

government and private sectors, we have; 

( ) ( ) ( ) ( ) ( )1111 +++ −θ++−+= iiii
t

t
s

t

t
s bCC

C

dC
tYu

S

dS
tYutdY  

( ) ,1 si dWa η−− +   (3.3.5) 

,1...,,5,4 −= ni  and nn =θ=θ=θ=θ ...,,6,5,4 654  (a positive integer) = staff 

loading. 

Assuming, ;111 +++ += idii CrCb  ,drr <  and dr  represents discounted interest, 
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then 

     ( ) ( ) ( ) ( ) ( ) ( ) ,1 11 siidi
t

t
s

t

t
s dWadtCr

C

dC
tYu

S

dS
tYutdY η−−−θ+−+= ++   (3.3.6) 

,1...,,5,4 −= ni  and ,...,,6,5,4 654 nn =θ=θ=θ=θ  0>θi  (integer) = staff 

loading. 

Taking into (3.1.1), (3.1.2) and (3.3.6), one obtains the wealth process 

( ) ( )[ ] ( ) ( ) ( ) ( ) siidists dWadtCrrdttYudWkSdttYutdY η−−−θ+−++µ= ++
β

111  

( ) ( ) ( ) ( ) ( ) dtCrrdttYurdttYdWkStYudttYu idistss 1+
β −θ++++µ=  

( ) si dWa η−− +1  

( ) ( ) ( ) ( )( ) ( ) tsidiss dWkStYudtCrrtYurtYtYu
β

+ +−θ+−+µ= 1  

( ) ,1 si dWa η−− +  (3.3.7)        

 ,1...,,5,4 −= ni  and 0,...,,6,5,4 654 >θ=θ=θ=θ=θ in n  (integer) = staff 

loading. 

Based on the wealth process in (3.3.7), the pension manager seeks a strategy, ,
∗
tu  

which maximizes the utility function, such that ( )( )( ) ( ).,max tuTYUEut ∀=∗  Where 

( )•u  is an increasing concave utility function, which satisfies the Inada conditions; 

( ) ,0=∞+′U  and ( ) +∞=′ 0U   (cf. Gao [10]). 

4. Applying the Associated HJB Equation to Maximize Equation (3.3.7) 

Applying the associated HJB to (3.3.7), one obtains 

( ) ( )[ ] ( ) ssyidiysst SkCrrrutYS ϕ+ϕ−θ+ϕ+−µ+ϕµ+ϕ +β
+

222
1

2

1
 

( ) ( ) yysyyiyys kStYuakStUsYSkYU ηϕαγ+ϕαγ−ϕ+ β
+

ββ
2

1

2

1

2

1
1

2222  

( ) ( ) syisysyyi akSutYSka ϕαγ−ϕαγ+ϕη−+ +
+β+β

+ 1
1222

1
2

1

2

1

2

1
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.0
2

1 1 =ηϕαγ+ +β
sykS   (4.1) 

To obtain the optimal value ,
∗
su  we differentiate (4.1) with respect to su   

( ) ( ) yyissyidist askCrs ϕη−+ϕ+ϕ−θ+ϕµ+ϕ +
+β

+
2

1
222

1
2

1

2

1
 

sysyi ksaks ηϕαγ+ϕαγ− +β
+

+β 1
1

1

2

1

2

1
 

( ) ( )( ) ( )

( )

( )

,0

2

1

2

1

2

1

2

1

sup

22

1

2222

=





























ϕαγ+

ηϕαγ+ϕαγ−

ϕ+ϕ+−µ

+

+β

β
+

β

β

sys

yysyyis

yysys

u

utYsk

kSuakStYu

SktYurrutY

s

 (4.2) 

so that 

( ) ( )
( )
( ) ( ) yy

sy

yy

yi
S

StYSktY

r

kStYkStY

a
u

ϕ
ϕ

⋅αγ−
ϕ
ϕ−µ−αγη−αγ=∴ −ββββ

+∗
222

1

222
 

( )
( )

( )
( ) ( )

.
22 222

1

yy

sy

yy

yi
S

StYSktY

r

kStY

a
u

ϕ
ϕ

⋅αγ−
ϕ
ϕ−µ−η−αγ=⇒ −βββ

+∗   (4.3) 

Putting back (4.3) into (4.2) gives; 

( ) ( ) ( ) ( )
y

i
idist

kS

ar
CrrtYs ϕ




 η−−µαγ+−θ++ϕµ+ϕ β
+

+
2

1
1  

yyss cSk ϕ+ϕ+ +β
1

222

2

1 ( ) ( ) ( )
sy

ii akSakS ϕ










 η−αγ−η−αγ+ +
+β

+
24

1
1

1
22

 

( ) ( ) ( )
,0

822

2242

222

22

=
ϕ

αγϕ
−

ϕ

ϕϕ−µαγ
−

ϕ

ϕ−µ
− −ββ

yy

sy

yy

syy

yy

y Sk

S

r

Sk

r
 (4.4) 

drrni <−= ,1...,,5,4  and 0,1,...,,6,5,4 1654 >θ−=θ=θ=θ=θ=θ − inn nn  

(integer) =  staff loading, and  

( ) ( ) ( ) .
4

3

2

1 2
1

22
11 η−αγ+η−= ++ ii aac                               (4.5) 
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Having seen that stochastic control problem described in the previous session has been 

converted to a nonlinear PDE, our next tax is to solve for ϕ  in (4.4) and subsequently 

substitute it into (4.3), to enable us obtain the optimal wealth investment strategy (i.e., 

the control strategy). In order to achieve this, we use employ the services of the Dual 

theory and Legendre transformation. 

5. Transforming (4.4) into its Dual and Applying Legendre Transformation 

Here, we transform the nonlinear second order partial differential equation (4.4) into 

a linear PDE, using the Dual theory and Legendre transformations in Gao [10], that is; 

       zy =φ  and .
ˆ

ˆ
,

ˆ

1
,

ˆ

ˆ
ˆ,ˆ,ˆ

2

zz

sz
ys

zz
yy

zz

sz
sssssstt φ

φ−=φ
φ
−=φ

φ
φ−φ=φφ=φφ=φ   (5.1) 

Putting (5.1) into (4.4) 

( ) ( ) ( ) ( ) za
kS

r
CrrtYS iidist 




 η−−µαγ+−θ++ϕµ+ϕ +β+ 11
2

ˆˆ  

zz
ss

c
Sk

ϕ
−ϕ+ +β

ˆ
ˆ

2

1 1222  

( ) ( ) ( )
zz

szii akSakS

ϕ
ϕ











 η−αγ−η−αγ− +
+β

+
ˆ

ˆ

24

1
1

1
22

 

( ) ( ) ( )
,0

ˆ

ˆ

8
ˆ

2
ˆ

2

2422

2

2

22

2

=
ϕ
ϕαγ+ϕ−µαγ−ϕ−µ+ −ββ

zz

sz
szzz

Sk
z

s

r
z

Sk

r
 (5.2) 

drrni <−= ,1...,,5,4  and 0,1,...,,6,5,4 1654 >θ−=θ=θ=θ=θ=θ − inn nn  

(integer) = staff loading, and ( ) ( ) ( ) .
4

3

2

1 2
1

22
11 η−αγ+η−= ++ ii aac  

Taking zhy φ−== ˆ  into (5.2), and differentiating with respect to z, we obtain 

( ) ( ) ( )
β

+
+

η−−µαγ−−θ−−−µ+
kS

ar
CrrhrzhShh i

idizst
2

1
1  

2
1222

2

1

z

zz
ss

h

hc
hSk ++ +β  
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( ) ( ) ( ) ( )
s

z

sii h
S

r

h

hakSakS
2

1
1

1
22

224 −β
+

+β
+ −µαγ−











 η−αγ−η−αγ+  

( ) ( ) ( )
zzzsz hz

Sk

r
zh

Sk

r
zh

S

r 2

22

2

22

2

2 22 ββ−β
−µ+−µ+−µαγ−  

( ) ( )
,0

88 2

2422422

=αγ−αγ+
z

zzs

z

ssz

h

hhSk

h

hhSk
 (5.3) 

where  

( ) ( ) ( ) ,
8

3

2

1 2
1

22
11 η−αγ+η−= ++ ii aac                               (5.4) 

with,  

( )
( )

( )
( ) sz

zz

i
s

StY

z
r

kStY

a
u ϕαγ−

ϕ
−µ+η−αγ= −ββ

+∗ ˆ
2ˆ2 2

1  

( )
( )

( )
( )

.
22 2

1
s

z

i
s h

StYh

z
r

kStY

a
u −ββ

+∗ αγ−−µ−η−αγ=⇒                          (5.5) 

6. Test for Some Utility Functions 

Here, we seek to obtain the explicit solutions for the CRRA and CARA utility 

functions, using change of variable method. 

6.1. Explicit solution to the CRRA utility  

Following Gao [10] and Zhang and Rong [5], we use 

( ) .0,1,,, 1

1

≠<= − ppzzsth p                                  (6.1.1) 

Let us conjecture a solution to (5.3), thus 

( ) ( ) ( ) ( ) ( ) .1,;0;,,, 1

1

==+= − sTgTatastgzzsth p                   (6.1.2) 

Now, obtaining the various first and second partial derivatives with respect to t, s, z, we 

have  
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( ) ;;
1

;; 1

1
1

1

1

1

1

1

1

−
−

−−− =
−

−==′+= p
ssss

p
z

p
ss

p
tt zghz

p

g
hzghtazgh  

( )
( )

.0
1

2
;

1

2
1

1

2

1
1

1

=
−
−=

−
−=

−
−

−
− p

zz
p

sz z
p

gp
hz

p

g
h                                      (6.1.3) 

Putting (6.1.2) and (6.1.3) into (5.3), we obtain 

( ) ( ) ( ) 1
1

1
1

1

1

1

1

1

1
+

−
−

−− −θ−−−
−

+µ+′+ idi
p

p
p

s
p

t Crtrargz
p

rgz
zsgtazg  

( ) ( ) ( )

1

1
11

1

2221 12

2

1

2
−

−+β
β

+ −++η−−µαγ−

p

p
ss

i

z

g

pc
zgsk

ks

ar
 

( ) ( ) ( ) ( )
g

zpgaksaks sii −











 η−αγ−η−αγ− +
+β

+ 1

24

1
1

1
22

 

( ) ( )
( )

( )
( )

1

1

22

2

2

1

1

1

1

2 1122

−
β−β

−
−

−β −
−µ−

−
−µαγ+−µαγ− p

p
sp

s z
psk

gr

ps

zgr
zg

s

r
 

( ) ( )
( )

( )
812

2 1

1

2422
1

1

222

2 −
−

β
αγ+

−
−−µ+

p
sp zgsk

z
psk

gpr
 

( ) ( )
.0

8

2
21

1

242

=αγ−−
−

g

pzgsk p
s   (6.1.4) 

Factoring out terms that depend on ,1

1

−pz  and z, and the ones that is independent of 

either of the two mentioned, we split (6.1.4) into three, thus 

( ) ( ) ( ) ( ) ( )
,,0

2

1
1 d

i
idi rr

ks

ar
Crtrata <=η−−µαγ−−θ−−′

β
+

+   (6.1.5) 
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( ) ( ) ( ) ( ) ( )
0,0

1

24

1
1

1
22

≠=−










 η−−µα−η−αγ +
+β

+ g
g

pgarrksaks sii   (6.1.6) 

and 

( )pc

g
gskrg

p

rg
sgg ssst −

++−
−

+µ+ +β
22

1

1 1

222  

( ) ( )
( )

( )
( )psk

gr

ps

gr

s

grr ss

−
−µ−

−
−µαγ+−µα− β−β−β 1122 22

2

222
 

( ) ( )
( )

( ) ( ) ( ) .0,02
8812

2 2
2422422

222

2

≠=αγ−+αγ−
−
−−µ+ β gp

g

gskgsk

psk

gpr ss   (6.1.7) 

Solving (6.1.5) at the boundary condition, ( ) ,0=Ta  we obtain the continuous annuity of 

duration, ,tT −  yields  

( ) [ ] ( ) ( )[ ] ,2 11 η−αγ+−θ−−= ++
−

isidi
rt

aukCrtTta ℓ                 (6.1.8) 

where ( ) [ ] ( ) ( )[ ] ,2 11 η−αγ+−θ−−= ++ isidi aukCrtTta  and rt−
ℓ  are the so called 

continuous annuity of duration  ,tT −  and the continuous technical rate, respectively. 

From (6.1.6), we propose the following 

Proposition 6.1.1. Let, (a) 1
2

;
2

1 ≠αγαγ= dtdwdw ts  (b) .1≠β  Then  

( ) ( ) ( ) ( )
.1;0

1

24

1
12

1
22

<=−










 η−αγ−η−αγ +
+β

+ p
g

pgaksaks sii         (6.1.9) 

Proof. Suppose, for contradiction, .1
2

,1 =αγ=β  We observe that either of the 

following two cases arises 

Case 1: 
( )

,110
1 <⇒⇐=⇒=−

pp
g

pgs  by definition of p in (6.1.1). 

Case 2:  
( ) ( ) ( )

.
224

1
2

1
12

1
22

+β+
+β

+ =αγ
⇒

η−αγ=η−αγ
s

saksaks ii  
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But ,12 +β= ss  whenever ,1
2

=αγ
 satisfied by the supposition above 1=β⇒  

whenever ,1
2

=αγ
 by law of indices. But by Proposition 6.1.1, dtdwdw ts αγ=

2

1
 

,1
2

⇒⇐≠=αγ
⇒ tsdwdw  contradicting the assumption that  .1

2
=αγ

 

Hence, the proposition holds, and this completes the proof.  

Corollary 6.1.1. The correlation between stock and time, represented, tsdwdw  is 

equal to 1, thereby making ,1
2

=αγ
 holds only if stock attains its maximum yield at every 

increase in time, which is not realistic.   

Lastly, solving (6.1.7), observe firstly that the equation contains some variable 

coefficients, ( )
,,,,

2222 −β−β−+β
ssss  and this makes obtaining solution somewhat 

difficult. However, in order to overcome this difficulty, we employ the services of power 

transformation and change of variable technique as in Cox et al. [6]. 

Assuming 

( ) ( ) β−== 2
,,, sjjtfstg                                      (6.1.10) 

such that 

( ) ( ) ( ) ( ) ,1224;2; 12122212
jjjssjstt fsfsgfsgjg

+β−+β−+β− +ββ+β=β−==   (6.1.11) 

then putting (6.1.10) and (6.1.11) into (6.1.7), gives 

( )
( )

f
pc

fkjfkrff
p

r
jff jjjtt ⋅

−
++ββ+β+−

−
+βµ−

2

1
122

1
2

1

222  

( ) ( )
( ) tt f

ps

jr
f

s

jr ⋅
−αγ

β−µ−⋅
αγ

β−µ+
1

44
22

 

( )
( )

( ) ( )
( )

,0
2

12

2

1

2
222

2222

22

2

2

2

=⋅β+β−⋅
−

−−µ+⋅
−

−µ− tt f
f

jk
fjkf

pk

jpr
f

pk

r
  (6.1.12) 

where .
2

ss ⋅αγ=β  
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Following Proposition 6.1.1, we observe that some cases may arise in (6.1.12), 

,1,0 <β=β  provided .1,0 <≠ pp    

Case 1: 0=β   (i.e., the GBM case), yields 

( )
( )

( )
( ) ( )
( ) ( )

,0
1

22

12

1

1 2222

2

2

2

1

=⋅












αγ−
−−µ+

−
−µ−

−
+−

−
+ f

spk

pr

pk

r

pc
r

p

r
ft  

.0,1 ≠−<β p     (6.1.13) 

Next, we find the solution of (6.1.13), using the structure below 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
.0,1;,

jtB
t

jtB
tt

jtB
jBtAAfTBTAtAjtf ℓℓℓ +=⇒===    (6.1.14) 

Putting (6.1.14) into (6.1.13) yields 

( ) ( )
( )

( )
( ) ( )

( )
,0

12

2

12

1

1 22

2

2

2

1

=
−

−−µ+
−

−µ−
−

+−
−

++
pk

jpr

pk

r

pc
r

p

r
jB

tA

A
t

t      (6.1.15) 

where ss ⋅αγ=β
2

 is re-substituted and .
2β−= sj    

Observe that we can further split (6.1.15) by separating the terms that depends on j, 

thus 

( ) ( )
( )

0
12

2

22

2

=
−

−−µ+
pk

pr
Bt                                       (6.1.16) 

and 

( ) ( )
( )

( )
.0

12

1

1 2

2

1

=
−

−µ−
−

+−
−

+
pk

r

pc
r

p

r

tA

At                    (6.1.17) 

Solving (6.1.16) at the initial condition ( ) ,0=TB  yields 

( ) [ ] ( )
( )

,
12

2

2

2















−
−−=

pk

pu
tTtB s                                    (6.1.18) 

where .rus +=µ  
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Next, we solve (6.1.17) at initial condition ( ) ,1=TA  yields 

( ) ( ) ( )
[ ]

,1,0,
12

1

1 2

2

1 −<≠=
−













−
−

−
+−

−
pptA

tT
pk

u

pc
r

p

r s

ℓ            (6.1.19) 

where .rus +=µ  

Taking into (6.1.18), (6.1.19) and (6.1.14), we have 

( ) ( ) ( )
( )

( )
[ ]

.,
12

2

12

1

1 2

2

2

2

1

tT
pk

jpu

pk

u

pc
r

p

r ss

jtf

−












−
−+

−
−

−
+−

−= ℓ                 (6.1.20) 

In this sequel, we state; 

Theorem 6.1. Let equations (6.1.2), (6.1.8), (6.1.10) and (6.1.20) hold. Then the 

optimal wealth investment made in stock is given as 

( )
( )

( ) ( ) ( )
( )

( )
[ ]

.1
2

12

2

12

1

11

32

1
2

2

2

2

1

tT
pk

jpu

pk

u

pc
r

p

rp

p

p

s
i

s

ss

zpu
ktY

a
u

−












−
−+

−
−

−
+−

−
−

−
−

+∗ −−η−αγ= ℓ  

 Proof. Taking into (6.1.8), (6.1.10), (6.1.20) and (6.1.2), we have 

( ) ( ) ( )
( )

( )
[ ]tT

pk

jpu

pk

u

pc
r

p

r

p

ss

zzsth

−












−
−+

−
−

−
+−

−−= 12

2

12

1

11

1
2

2

2

2

1,, ℓ  

( ) ( )[ ][ ].2 11 tTauCrk isidi
rt −η−αγ+−θ− ++

−
ℓ       (6.1.21) 

Differentiating (6.1.21) w.r.t. s and z, yields 

0=sh                                                      (6.1.22) 

and 

( ) ( )
( )

( )
[ ]

.
1

1 12

2

12

1

1
1

1

1
2

2

2

2

1

tT
pk

jpu

pk

u

pc
r

p

r

p
z

ss

z
p

h

−












−
−+

−
−

−
+−

−−
−

−
= ℓ          (6.1.23) 

Therefore, taking into (6.22), (6.23) and (5.5), thus 

( )
( ) ktY

a
u i

s
2

1 η−αγ= +∗  
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( ) ( ) ( )
( )

( )
[ ]

,1
12

2

12

1

11

32
2

2

2

2

1

tT
pk

jpu

pk

u

pc
r

p

rp

p

p

s

ss

zpu

−












−
−+

−
−

−
+−

−
−

−
−

−− ℓ   (6.1.24) 

where ( ) ( ) ( ) ,
8

3

2

1 2
1

22
11 η−αγ+η−= ++ ii aac  as required. 

6.2. Explicit solution for the CARA utility 

Suppose, the plan number takes an exponential utility function  

( ) .0,
1 >−= −

qe
q

yU
qy                                         (6.2.1) 

The decision maker’s absolute risk aversion, presented in (6.2.1) is constant, and is 

called CARA utility. 

Combining ( ) ( ) ( )zUzsTh
1

,,
−′=  and (6.2.1) above, we have 

( ) .
1

,, hz
q

zsTh −=                                              (6.2.2) 

Let us now conjecture a solution to (5.3), thus 

( ) ( ) ( )( )[ ] ( )tastmhzth
q

zsTh ++−= ,
1

,,                         (6.2.3) 

such that ( ) ( ) ( ) .0,;0;1 === sTmTaTh  

Obtaining the first, second and mixt derivative of (6.2.3) with respect to t, s, z 

( ) ( )( ) ( )[ ] ( ) ( ) ( )
;;

1
;,ln

1

2
q

tb
hmth

q
htamtbstmztb

q
h zsstt

−=−=′+++′−=  

( ) ( ) .0;
1

;
2

=−== szsssszz hmtb
q

h
qz

tb
h  (6.2.4) 

Putting (6.2.4) into (5.3) yields 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ztrb
q

trzb
mtsbqtamtbstmtbztb st ln,ln ++µ−′++′+′  

( ) ( ) ( ) ( ) qCrqtrastmtrb ii 1, +−θ−++
( ) ( )

q
s

ar i

β
+ η−−µαγ

− 1  
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( )
( )

( ) ( ) 21
22

2

4
1

222

42
qm

aks

tbz

qc
m

tbsk
s

i
ss

η−αγ
++− +

+β
 

( ) 21
1

2
qm

aks
s

i η−αγ
− +

+β ( ) ( ) ( ) ( ) ( ) ( )
ββ−β

γ−µ+γ−µ−
γ−µαγ

+
22

2

22

2

2 22 sk

tb

qsk

tzb

s

mtb s  

( ) ( ) .0
8

2

2

2242

=αγ+
z

qtbmsk s   (6.2.5) 

Splitting (6.2.5) into three in order to remove dependency on ln z, q and ( )th  gives 

( ) ( ) ,0=+′ trbtb                                                (6.2.6) 

( ) ( ) ( ) ( ) ( )
0

2

1
1 =

η−−µαγ
−−θ−+′

β
+

+
ks

ar
Crtrata i

idi              (6.2.7) 

and 

( ) ( )
( )

( ) ssst m
sk

strm
q

rz
smm

tb

stmtb

2
,

, 222 +β
−++µ−+

′
 

( ) ( )
qm

aks

bz

qc
s

i

4

1
22

22

4
1 η−αγ++ + ( ) ( )

2
1

1

22 −β
+

+β −µαγ+η−αγ−
s

mr
qm

aks s
s

i  

( ) ( ) ( ) .0
82

2

2

2242

22

2

22

2

=αγ+−µ+−µ− ββ
z

qmsk

sk

r

qsk

zr s  (6.2.8) 

Solving (6.2.6) at the initial condition, ( ) ,1=Tb  we have 

( ) ( )
.

tTr
tb

−= ℓ                                                  (6.2.9) 

Next, solving (6.2.7) at the initial condition, ( ) ,0=Ta  we have 

( ) ( ) ( )[ ]


 η−αγ+−θ= ∫ ++γ−
dt

k

auCrk
eeta iLidirtt

2

2 11  

( ) ( )[ ]
.

2

2 11


η−αγ+−θ− ∫ ++ dT
k

auCrk
e iLidirT   (6.2.10) 

More so, to solve (6.2.8), observe that (6.2.8) contains the coefficients, 



K. N. C. Njoku and B. O. Osu  80 

( )
.,,,,

2122
sssss

+ββ−−β−  Therefore, we assume that 

( ) ( ) .,,
2β−=∋= svvtfstm                                    (6.2.11) 

Obtaining the first and second derivative of (6.2.11) with respect to t, s, yields 

2242212
4;2; vsvstt fsmfsmfm

−β−−β− β=β−==  

( ) .4122
24222

vvvss fsfsm
−β−−β− β++ββ=                             (6.2.12) 

Putting (6.2.11), and (6.2.12) into (6.2.8), and assuming that ,ruL +=µ  since the stock 

appreciates instantaneously  

( )
( )

( ) ( )
( )22

4
1222 2122

tbz

qc
vfkfkrf

q

rz
fruff

tb

tb
vvvvvLt +β−+ββ−++β+++

′
 

( ) ( ) ( ) v
k

u

kq

zvu

s

vfu
qfaksqvf

aks LLvL
viv

i
2

22

11
1

2

22
+−βαγ−η−αγ+η−αγ− −β+

β−+  

.0
2 2

222242

=
β

+
z

fvqsk v  (6.2.13) 

We also conjecture a solution of (6.2.13), thus 

                   ( ) ( ) ( ) ( ) ( ) ,0
~

,0
~

;
~~

, ==+= tBTAvtBtAvtf                           (6.2.14) 

( ) ( ) ( ) ( ).~
;0;

~
;

~~ 22
tBfftBfvtBtAf vvvvt ===+=⇒               (6.2.15) 

Putting (6.2.15) and (6.2.14) into (6.2.13) 

 
( )
( )

( ( ) ( ) ) ( ) ( )
q

rz
tBvruvBAvtBtA

tb

tb
Ltt +β+++++

′ ~
2

~~~~
 

( ( ) ( ) ) ( ) ( )
( )

( ) ( ) ( )tBq
aks

tbz

qc
tBkvtBtAr i ~

2

~
12

~~ 1
2

22

4
12 η−αγ−++ββ−++ +  

( ) ( ) ( ) v
k

u

kq

zvu
tB

s

vu
tBqaks LLL

i 2

22

11
2

~~ +−βαγ−η−αγ+ −β+
β−  

( ) .0
~

2

2

2

22242

=β+ tB
z

vqsk
  (6.2.16) 
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But from (6.2.6) 

( )
( )

.r
tb

tb −=
′

                                                 (6.2.17) 

Putting (6.2.17) into (6.2.16), gives 

( ) ( ) ( ) ( )
( )tbz

qc
tBk

q

rz
tByruvBA i

Ltt 22

4
2 ~

12
~

2
~~ ++ββ−+β+++  

( ) ( ) ( ) ( ) ( ) ( )tB
s

vu
tBqakstBqv

aks L
i

i ~~~

2 11
1

2

−β+
β−+ βαγ−η−αγ+η−αγ−  

( ) .0
~

22

22

2

2242

2

2

=β+− tBv
z

qsk
v

k

uL   (6.2.18) 

Some cases may arise ( 0=β  or 0<β ) 

Case 1: 0=β  (i.e., the Geometric Brownian Motion (GBM)), (6.2.18) becomes 

( )
( ) ( ) ( ) ( ) ( )tBqaktBqv

aks

tbz

qc

q

rz
vBA i

ii
tt

~~

2

~~
1

1
2

22

4

η−αγ+η−αγ−+++ +
+  

.0
2 2

2

=− v
k

uL  (6.2.19) 

Factoring out terms that depend on v and splitting (6.2.19)   

( )
( ) ( ) ,0

~~
122

4

=η−αγ+++ + tBqak
tbz

qc

q

rz
A i

i
t  

( ) ( ) ( ) 0,1,0
~

,0
~ >=== qTbTBTA            (6.2.20)  

and 

( ) ( ) ( ) 0
2

~

2

~
2

2
1

2

=












−η−αγ− + v

k

u
tBq

aks
B Li

t  

( ) ( ) ( ) ( ) ( ).,0
~

,0,0
2

~

2

~
2

2
1

2

tssTBq
k

u
tBq

aks
B Li

t ==>=−η−αγ−⇒ +   (6.2.21) 
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Equivalently 

( ) ( ) ( ) ( )tssTBqtQBtP
dt

Bd ==>=− ,0
~

,0,
~

~

                    (6.2.22) 

where 

( ) ( ) ( ) ( ) ( ) .
2

;
2 2

2
1

2

k

u
tQq

atks
tP Li =η−αγ= +                    (6.2.23) 

Solving (6.2.22), at  ( ) ,0
~ =TB  using integrating factor method 

( )
( ) ( ) ( ) ( ) ( ) ( )









= ∫
∫∫

η−αγη−αγ− ++

dte
k

u
etB

dttsq
ak

L
dtTsq

ak ii

2
2

2
2

1
2

1
2

2

~
 

( ) ( ) ( )
.2

1
2









− ∫
∫

η−αγ +

dTe
dTTsq

ak i

  (6.2.24) 

Putting back (6.2.24) into (6.2.20) and solving at ( ) ,0
~ =TA  gives 

( ) ( ) .
~

∫∫ += dttwdTTwA                                       (6.2.25) 

Theorem 6.2. Let (6.2.9), (6.2.10) and (6.2.3) hold. Then the optimal wealth invested 

in stock for the CARA utility function is given by 

( )
( )

( )tTr
L

i
s u

kStY

a
u

−
β

+∗ +
η−αγ

= ℓ

2

1  

( )
( ) ( ) ( ) ( ) ( ) ( )

.
1

2

1
2

1
2

2







αγ− ∫ ∫∫ η−αγη−αγ−
−β

++ dT
ds

d

qStY

dTTSqakdttSqak ii
ℓℓ  

Proof. Taking into (6.2.9), (6.2.10) and (6.2.3), we obtain our expected utility 

function, thus   

( ) ( ) ( )( )



 +−= −

stmze
q

zsth
tTr ,ln

1
,,  

( ) ( )[ ]


 η−αγ+−θ+ ∫ ++− dt
k

auCrk
ee iLidirtrt

2

2 11  
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( ) ( )[ ]
.

2

2 11


η−αγ+−θ− ∫ ++ dT
k

auCrk
e iLidirT    (6.2.26) 

But, 

( ) ( ) ( ) ( ) ,1;
~~

,,
2 ==+== β−

svvtBtAvtfstm                     (6.2.27) 

since ,0=β  satisfied by the assumption of case 1 and by combining, (6.2.24), (6.2.25) 

and (6.2.27), we have 

( ) ( ) ( )
( ) ( ) ( )∫

η−αγ− +

+−= ∫∫
dttsq

ak i

edttwdTTwstm 2

1
2

,  

( ) ( ) ( ) ( ) ( ) ( )
.

2

22
2

2 1
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−⋅ ∫∫
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η−αγη−αγ ++

dTedte
k

u dTTsq
ak

dttsq
ak

L
ii

 (6.2.28) 

Now, returning (6.2.28) to (6.2.26) yields 

( ) ( ) ( ) ( )
( ) ( ) ( )

















+−+−= ∫
η−αγ−−

+

∫∫
dttsq

ak

tTr
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edttwdTTwze
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L
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2 1
2

2

( ) ( ) ( )

























− ∫
∫

η−αγ +

dTe
dTTsq

ak i

2

1
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( ) ( )[ ]


 η−αγ+−θ+ ∫ ++− dt
k

auCrk
ee iLidirtrt

2

2 11  

( ) ( )[ ]
.

2

2 11


η−αγ+−θ− ∫ ++ dT
k

auCrk
e iLidirt   (6.2.29) 

In order to obtain the optimal strategy in (5.5), we shall firstly, obtain sh  and ,zh  and 

this yields 

( )
( )

( ) ( )tTri
s r

kStY

a
u

−
β

+∗ −µ+
η−αγ

= ℓ

2

1

( ) 22 −β
αγ−

StY
 

( ) ( ) ( ) ( ) ( ) ( )
,

1 1
2

1
2








⋅ ∫ ∫∫ η−αγη−αγ− ++ dT
ds

d

q

dTTSqakdttSqak ii
ℓℓ  (6.2.30) 

where, .0>q  



K. N. C. Njoku and B. O. Osu  84 

Equivalently, 

( )
( )

( )tTr
L

i
s u

kStY

a
u

−
β

+∗ ⋅+η−αγ= ℓ

2

1

( ) 22 −β
αγ−

StY
 

( ) ( ) ( ) ( ) ( ) ( )
,

1 1
2

1
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⋅ ∫ ∫∫ η−αγη−αγ− ++ dT
ds

d

q

dTTSqakdttSqak ii
ℓℓ  (6.2.31) 

where .,0 ruq L +=µ>  

 7. Sensitivity Analysis  

From (6.2.29) and (6.2.31), if we set ,0=αγ  that is, saying that stock and time have 

orthogonal relationship, then the satisfaction of the contributors is reduced to (7.1) 

below, and the optimal investment made in stock will reduce to the product of 

instantaneous stock returns and the instantaneous continuous technical rate, we have, 

respectively 

( ) ( ) ( ) ( )


























 −+−+−= ∫∫∫∫
− dTdt

k

u
dttwdTTwze

q
zsth LtTr
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2

2
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1
,,  

( )[ ] ( )[ ]





 −θ−−θ+ ∫∫ ++− dT
k

Crk
edt

k

Crk
ee idirTidirtrt

2

2

2

2 11   (7.1) 

and, 

( )
.

tTr
Ls uu

−∗ = ℓ                                                    (7.2) 

 Again, suppose, no money is paid to the next-of-kin of the dead contributors, that is, 

setting ,01 =η−+ia  and this yields, respectively 

( ) ( ) ( ) ( )


























 −+−+−= ∫∫∫∫
− dTdt
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u
dttwdTTwze

q
zsth LtTr
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Crk
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Crk
ee idirTidirtrt

2

2

2

2 11   (7.3) 

and,  
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( )
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qStY
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tTr
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2 2
ℓ                            (7.4) 
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Equivalently, 

( )
( )

( ).1

2 2
sF

qStY
uu tTr

Ls ′⋅αγ−⋅= −β
−∗

ℓ                               (7.5) 

Then, from (7.1) and (7.3), we see that when stock and time have orthogonal relationship 

and when no money was paid to the next-of-kin of the dead contributors, we have the 

same level of satisfaction on the contributors. However, both have significant effect on 

the satisfaction of the contributors when there is orthogonal relationship between stock 

and time, and also when payments are made to the next-of-kin of the dead contributors. 

More so, there is a significant effect on the investment made in stock. 

From (6.1.21) and (6.1.24), if we set ,0=αγ  that is, saying that stock and time have 

orthogonal relationship, then the satisfaction of the contributors will reduce to (7.6), but 

has significant negative effect on the optimal investment made in stock, and we have 
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Again, suppose, no money is paid to the next-of-kin of the dead contributors, that is, 

setting ,01 =η−+ia  and this yields, respectively  
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Then, from (7.6) and (7.8), we see that when stock and time have orthogonal relationship 

and when no money was paid to the next-of-kin of the dead contributors, we have the 

same level of satisfaction on the contributors. However, both have significant effect on 

the satisfaction of the contributors when there is orthogonal relationship between stock 

and time, and also when payments are made to the next-of-kin of the dead contributors. 

From (7.7) and (7.9), we observe that the introduction of the orthogonal relationship 

between stock and time, and the nonpayment of benefits to the next-of-kin of the dead 

contributors have a negative significant effect on the money invested in stock. However, 

both introductions have the same negative effect (i.e., a decline in stock investment) on 

the investment made in stock.  

8. Numerical Illustration 

A numerical example of the proposed model was given to demonstrate the dynamic 

behaviour of a DC pension fund and optimal investment strategy. Nigeria-National 

Pension Fund Administration (NNPFA) real data was used to illustrate the efficiency of 

the proposed model. The parameters used are summarized in Table 1, for .35=T  

35,30,25,20,15,10,5,0=t  with 1...,,5,4 −= ni  and ...,,6,5,4 654 =θ=θ=θ  

.nn =θ  

Table 1. Parameters and their respective values. 

Name of parameter Symbol used Values 

Constant rate of interest r 0.02 

Expected stock returns µ 0.10 

Instantaneous stock returns  LS uu =  0.07 

Stock volatility   k 0.55 

Risk aversion qp =  0.50 

Rate of contribution  dr  0.075 

Management fee η 0.025 
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Results  

Figure 1 describes the investment strategy for the CRRA utility function under the 

constant elasticity of variance (CEV) model using (6.1.21) when ( )2
11

2

1 η−= +iac  

( ) ( ) .10,,
8

3 22
1

2 =⇒=β=η−αγ+ β−
+ jjai ℓ  It shows that the stock price has 

significant effect on the optimal investment made in stock. 

 

Figure 1. Investment strategy under CEV using (6.1.21). 

Figure 2 shows the influence instantaneous stock returns on the optimal investment 

strategies using (6.1.24) with ( ) ( ) ( ) ( ) .1000,
8

3

2

1 2
1

22
11 =η−αγ+η−= ++ tYaac ii  It 

reveals that the optimal investment policies increase with time. That is, as the time 

passes on, investment in riskless asset decreases. Results suggest that the pension fund 

manager maintains diversifying the portfolio by investing more in stock since the optimal 

investment strategies in risky assets increase with time.  

 

Figure 2. Influence of instantaneous stock returns on the optimal investment strategies. 
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Figure 3 describes the investment strategy for the CARA utility function under the 

constant elasticity of variance (CEV) model using (6.2.26). It shows that increase in the 

interest rate volatility decreases the optimal investment strategy; this tells the pension 

fund manager to invest more in a riskless asset to hedge risk.  

 

Figure 3. Investment strategy under CEV using (6.1.26). 

Figure 4 presents the impact of instantaneous stock returns on the optimal investment 

strategies. It points out that as instantaneous stock returns increase the optimal 

investment strategies decreases. 

 

Figure 4. Influence of instantaneous stock returns on the optimal investment strategies 

using (6.2.30). 

9. Conclusion  

We studied and modified the optimal investment strategy for annuity contract under 

the constant elasticity of variance as in literature to show that the elastic parameter takes 

values other than unity. We also constructed the optimal pension wealth investment 
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strategy during the decumulation phase, in a defined contribution (DC) pension scheme 

and obtained the explicit solution of the constant relative risk aversion (CRRA) and 

constant absolute risk aversion (CARA) utility functions. 
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