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Abstract

In this paper, we study the nonlinear one-dimensional viscoelastic nonlocal
problem with Balakrishnan-Taylor damping terms and nonlinear source of
polynomial type. We demonstrate that the nonlinear source of polynomial
type is able to force solutions to blow up infinite time even in presence of
stronger damping with non positive initial energy combined with a positive

initial energy.

1 Introduction

In fluid dynamics, the blow-up problem of solutions has attracted much attention
and challenge among physicists and mathematicians. In this works, we study

blow-up of solutions of the following singular nonlinear nonlocal viscoelastic
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problem with Balakrishnan-Taylor damping and logarithmic nonlinearity source

e (£) = M (1) (s (t))z+/0 gt~ 5) (s (x,5)), ds + au (1)
= Ju®Pu(t), nQ, (1.1)

u(z,0) = up(z), w(x,0) =uy (z), z € (0,a),
(1.2)
ug(a,t) =0, [3 au(z,t)de =0, tel0,T],

where Q = (0,a) x (0,7), a < 00, T < 00, p > 4, g(.) : Rt — R are
given functions which will be specified later, and M (t) := & + &1 ||ug (t)H%%(O@) +
o (ug (t), uq (t)) [2(0,0)» Where u is the plate transverse displacement, x is the
spatial coordinate in the direction of the fluid flow, and ¢ is time. The viscoelastic
structural damping terms are denoted by &;, o is the nonlinear stiffness of
the membrane, and &y is an in-plane tensile load. All quantities are physically
non-dimensional zed and &y, & and o are fixed positive. For more information on

using Balakrishnan-Taylor terms, see [22 — 24].

Over the past few decades, the uninterrupted, mixed problems of a wide range
of partial and differential equations have been rewarded and the reason for this
great concern is that these problems are particularly inspired by physics and

physical science.

Generally speaking, nonlocal boundary conditions can be encountered in
many scientific domains and are widely applied in heat transmission theory, and
many engineering models population dynamics, and control theory, and chemical
engineering, and medical science, and chemical reaction diffusion, and thermo

elasticity, and heat conduction processes, and biological processes.

See in this regard the works by Cahlon and Shi [1], Mesloub and Lekrine [2],
Ewing and Lin [3], Shi [4], Choi and Chan [5], Cannon [6], Capasso-Kunisch [7],
Yurchuk [8], Shi and Shilor [9], Ionkin and Moiseev [10], Kamynin [11], Mesloub
[12,13], Ionkin [14], Mesloub and Messaoudi [15,16], Kartynnik [17], Pulkina
[18,19], Mesloub and Bouziani [20, 21].
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The motivation of our work is due to some results regarding the following

research papers:

Mesloub and Mesloub [25] studied the solvability of a mixed nonlocal problem

for a nonlinear singular viscoelastic equation
we () = 2 (zuy (1)), + fL g (t — ) L (zu, (2, 8)), ds + au (¢)

= f(l’,t,ux,u), in Qa

u(z,0) = ug(x), w(z,0) =uy (z), z € (0,1),

ug (1,t) =0, fol zu(x,t)de =0, te[0,T],
where @ := (0,1) x (0,7, a > 0 and for the relaxation function g (t), we assume
that g : Ry — R, is a bounded C? function such that

g(s)>0, ¢ (s) <0 and / g(s)ds < 1.
0

Also, a result of local existence for problem (1.1) — (1.2) for & = o = 0, has
been proved in [25], for 1,0 # 0 and a > 0, in the same way as [25], we get the
same basic results for the local existence of problem (1.1) — (1.2) with a slight

change in some calculations that do not affect the basic results.

Wu [26] studied the blow-up of solutions for a singular nonlocal viscoelastic
equation

;

ug (t) — % (xug (1)), + f(fg (t—s) % (zug (x,s)),ds = \u\p_z u, in (0,a) x (0,7,

u(z,0) = up(z), w(x,0) =uy (z), = € (0,a),

u(a,t) =0, [ au(z,t)de =0, tel0,T],

where a@ < 00, T < o0, p > 2, and g : Rt — RT represents the kernel of the

memory term which is specified later (See [26]).
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Liu et al. [27] studied the on decay and blow-up of solutions for a singular
nonlocal viscoelastic problem with a nonlinear source term

uge (1) — + (wuy ( +f0 (t —s) L (zu, (,5)), ds + auy = [ulP " u, in (0,1) x (0,T),

x x

u(z,0) = uo(z), u(z,0) =us (), =z€(0,1),

u(l,t) =0, folwu(:mt)dmzo, te 0,77,

where a > 0,1 < 0o, T < 00, p > 2, and g : Rt — R™ represents the kernel of
the memory term which is specified later (See [27]).

Zarai et al. [28] studied the blow-up of solutions for a system of nonlocal

singular viscoelastic equations

1 1
ure — —(2Ug)a + Jogi(t—s) (g (2, 8))ods +ur = o] ufP " u, in @,

1 1 _ .
v = —(ave)a + fg 92 (8 = ) —(ave (2, ))ads + v = [ul o] 0, in Q,

u(x,0) = ug(z), u(z,0) =ui(z), z € (0,a),

v(z,0) = vo(x), v(z,0) =v1(z), = € (0,a),

u(a,t) =v(a,t) =0, [ ou(zt)de= [ zv(z,t)de =0,

where @ := (0,a) x (0,T), a<oo, T <oo, p,g>1, and g1 (.), g2(.) : RT —
R™, given functions (See [28]).

However, among the literature, such as the work presented in [1 — 31], which
examines blow-up results of problem (1.1) — (1.2), there is no blow-up result when
E (0) > 0and E (0) < 0. Motivated by the previous research papers, we will study
the blow-up results when F (0) > 0 and F (0) < 0 of the model (1.1) — (1.2).

The outline of the paper is as follows. In the second section we present some
basic concepts as well as two lemmas to help solve the problem presented in (1.1) —

(1.2). In Section 3, we define an energy function F (t) and show that it is a

http: //www. earthlinepublishers.com
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non-increasing function of t. Then we obtain Theorem 1 , which gives the blow-up
phenomena of solutions even for positive initial energy. Estimates for the blow-up

time are also given.

2 Preliminaries

In this section, we introduce some functional spaces and establish two lemmas,

which will be used for the remaining of the present paper.

Let LY := L ((0,a)) be the weighted Banach space equipped with the norm

la ()l g 00y = [ /0 Ca |u<t>|”dx]’l’

In particular L2 ((0,«)), the Hilbert space of square integral functions having the

finite norm 1
o 2
lw (Ol 220,0) = [/0 zu? (t) dx] )

Lemma 1. (See [29]) Let 6 > 0 and (3 (t) € C?(0,00) be a nonnegative function
satisfying
B (t)—4(6+1)8 () +4(5+1)B(t) > 0.
If
ﬂ/ (0) > 193 (0) + ko,
then
ﬂ/ (t) > ko,
fort >0, where ko is a constant, ro =2 (6 + 1) —24/(d + 1) § is the smallest root
of the equation
2 —4(+1)r+4(6+1)=0.
Lemma 2. (See [29]) If J (t) is a non-increasing function on [tg,00), to > 0 and

satisfies the deferential inequality

J )2 > pu+bJ (05, fort>to,

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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where 1 > 0, b € R, then there exists a finite time T such that

li J(t) =0,
Jim @)

and the upper bound of T* is estimated respectively by the following cases:

(i) If b < 0 and J (to) < min{lﬂlfb} then

o

S

In _

1
T <to+ .
- v —b
% —J (to)

(ii) If b =0, then

T* <tg+ J (to).
NG
(iii) If b > 0, then
Vi
or
30 +1 1
T <to+2 20 2 (1o es )20
<o — - 0 ;
Vi
b 8/(2+6)
where ¢ := <> .
i

3 Blowing-up Property

In this section we shall discus the Blow-up phenomena of system (1.1) — (1.2) . In

order to state our results we make further assumptions on g :

ee -2
(A) g(s) >0, ¢ (s) <0and / 9(8)d8<jz(pl)2)£o<€o, for p > 4.
0 D —
Remark 1. The assumptions & — fooog (s)ds > 0 is necessary to guarantee the
hyperbolicity of the problem (1.1) — (1.2).

http: //www. earthlinepublishers.com
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Definition 1. A solution u of (1.1) — (1.2) is called blow-up if there exists a finite
time T™ such that

—1
. 2 .
 lim (Hua: (ﬂ”L%(O,a)) =0. (3.1)

Definite the energy function as

1 1 t
B ¢ =5 IOl +g (9 [ 96)d5) I @00
e a0 + S (goun) ()=~ ([ zlu@Pde), (3:2)
4 U L2(0,0) T 5 g0 Ug » \U, , .
where

(goug) (t):= /oa/o 2g (t — ) Jug (x,t) — ug (z, 5)|? dsd. (3.3)

Lemma 3. Let (u,v) be the solution of problem (1.1) — (1.2). Then E(t) is a

non-increasing function on [0,t) and

CEW) = 50 ow) 1)~ 590 fua O30,

2
9 o (d 2
= llue Olz200) — 3 <dt {”“w (t)”L%(O,a)}>

IA
o

(3.4)

Proof. Multiplying Egs. (1.1) by zw, (t) integrating over (0, «) we obtain

(uee (8) s e (£)) 20,0y = M () (Tt (), e (£)) p2(0 0

; ( [ o= G .50, ds. <t>) (e (), 00 () 12 0.

L2(0,a)

— p—2
= (mOPPu@,m @), (3.5)
Evaluation of term of (3.5), leads to
1d
(e (8) 0 () 30.0) = 5 {1t ()30 }- (3.6)

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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And
—M (t) ((zue (£), , we (£) 1200, 0)

= — (50 + 51 ||Uz (t)H%%(O,a) +o (U:p (t) s Ugt “»L%(O,a)) /0 (l’um (t))x Ut (t) dx
d
= 0L e (20} + 2 Ll (L0}
d 2
+7 (4 e Oz }) 67)

Using integration by parts, we get
t
([ 9= (s o), as. )
0 L2(0,a)

= safwew o= ([0 Ol

5 (g o) ()4 59 (0) e () 0 (33)
and
(e, =g @, 69

By combining (3.6), (3.7), (3.11) and (3.12) into (3.5), we obtain

d 1 2 1( /t ) 2
— 9 = lue (t ot aléo— [ g(s)ds) ||ug(t o
g {2 e (O)11722 0,0 + 5 { 0 ; (s)ds ) llua (D)ll22(0,0)

13 1
s Ol + 5 @00 O = a0 M)}
1 1
= (g ow) ()~ 390 s Oz 0
2 o(d 2 ?
e Ol 7200~ 5 (5 {I0e OlF00 ) - (3.10)
using (3.2) into (3.14), we get (3.4). O

Remark 2. After integration (3.4) over (0,t), we have

W) = B+ [ (0wl =5 [ o6) lus (6 ds

t o t d 2
- [ Osmas =5 [ (G (I Oon}) @6

http: //www. earthlinepublishers.com
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Now, let (u,v) be a solution of (1.1) — (1.2) and define

t
HO = O+ [ 1400 ds
g ' 4 4
5l Gz o ds+ (7 =) s Oy} 312)
Lemma 4. Assume that (A) hold, then we have

H" (t) — p||u (t)||%g(0,a)

! 2 a [*(d 2 ?
> 2p —E(O)‘f‘/o HUS(S)HLE(O,a)dS—i_Zl/O (ds{”“f’f(S)”L%(O,Oé)}) ds .

(3.13)
Proof. From (3.16), we have
H'(@) = 2 [ su@®u®de+ o000
0
g t d 4
5 [ 5 e Oz} s (3.14)
and, we have
H" (t / dx+2/ xu (t) ug (t) da:—l-Q/ zu (t) ue (t) do
0 0
L d
+2 2 e Ol 00 - (3.15)
Using Egs. (1.1) — (1.2), we get

2/ xu (t) uy (t) de
0
_ 2 4 od 4
= 260 e (O 0,0 — 261 s Ol 300) — 3w {1 D20}
a rt
+2/ / xg (t — 8) ugp(z, t)uy(z, s)dsdz
0 0

_2/0 ru (1) ur (1) da + 2 [u ()2 - (3.16)

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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By replacement (3.20) into (3.19), we get

H"(t) = 2w ()1 7200,0) = 260 e (D172 (0,0) = 261 1t (D122 (0,

o] t
+2/ / 29 (t — 8) (s (@, s)dsdr + 2 Ju ()2 o ) -(317)
O 0 T b
And multiplying Eqgs. (3.15) by 2p summing up in (3.21), we obtain
H" (t) = (24 p) e ()72 (0.0
t ¢ 2
_ 2 g d 2
= 2p {—E(O) +/0 lus ($)I72(0,0) 45 + 4/0 <ds {Hum (S)HLg(o,a)}) ds}
t
&i(p—4
Heow-2-p( [ 06)ds) flus Oz + =5 o Ol 00
o t
w2 [ [ gt 9 usle e, s)dsde +p(g o) 0
0 0
t t 9
[ oua s+ [ g s (90,
And using (A), we get
H" () = pllus ()72 (0.0
! 2 o [t(d 2 ?
> 28 -BO)+ [ o Glg0mds+ 5 [ (5 I @zoa)) @
t
§i(p—4
Haw-2-p( [ 16085) Hlu Oz + L5 o 01300
67 t
+2/ / xg (t — s) ugp(x, t)uy(x, s)dsdx + p (g o uy) (t). (3.18)
0 0

Using Young’s inequality (for € = p), we have

2/0t/0axg(t—s)ux(:c,s)ux(:c,t)dxds
> (:-2)(/ () i5) o 3000 ~ g0 0) (). (319)

http: //www. earthlinepublishers.com
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Using (3.24) into (3.23), we get

H” (1) = plue (D)]172(0.0

>

[\~

- 1
LA — e ()1 72(0,0) »

é‘o(p—Z)—(p_pl)2 </Otg(s)ds) >0,

and for p > 4, we get (3.17) . Then the proof is complete.

t t 2
2 o d 2
p{—E(O)Jr/U s ()72 0,0 d8+4/0 <d5{”“w (S)”L%(o,a)}> dS}

2 t
e <p—2>—(pp”( /0 g(s)ds)}uux )220

O]

Lemma 5. Assume that (A) hold and that either one of the following condition

1s satisfied
(i) E(0) <0,
(ii) £(0) =0, and
H' (0) > [Juol| 72 (0,0 -

(iii) E(0) > 0 and

k
H' (0) > 7y [H (0) + ;} + ||u0|’2Lg(o,a)a

where
_p—pp— 4)
=5
2
and
ko := 2pE (0) + p w0l 72 0,0 -
Then

H' () > [[uollZ2(0.0)

(3.20)

(3.21)

(3.22)

(3.23)

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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fort > ty, and

i H' (0) — [[uoll 72 (0.0
* ;= max {0, B0 , (3.24)

where tg = t*in case (i) and to = 0 in case (ii) and (iii).

Proof. (i) If E(0) <0, then
—2(p+q+2)E(0) >0,
using (3.17) , we get
H" (t) > —2pE (0), (3.25)

by integration (3.30) for (0,t), we get

t ¢
/ H" (s)ds > / —2pFE (0) ds,
0 0

then
H'(t)— H' (0) > —2pE (0)t, (3.26)

then (3.31) is write en forme
a0
2 2

> uollz e + {~20E O t+ H (0) = luolz e} (327)

Let )
H'(0) - HUOHLg(o,a)
- 2pE (0) ’
and using (3.33) into (3.32), and using ¢t > 0, then for ¢ > t*, of t* definite in

(3.29), we get (3.28).
(ii) If £(0) = 0, then by using (3.17), we get for all ¢ > 0

(3.28)

H" (t) >0, (3.29)

and by integration (3.34) for (0,t), we get

t
/ H" (s)ds >0,
0

http: //www. earthlinepublishers.com
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then
H'(t) — H'(0) >0, (3.30)
then (3.35) is writen in form
H' () 2 ol 72 0.0 + { H'(0) = 0l 72 (0.0) } -
Furthermore, if (3.25) hold, then for ¢t > 0 we get (3.28).
(iii) For the case that £ (0) > 0, we first note that
2 ! 2
o Ezi0m =2 | (06) e (Dizo s+ lolfyo - (33D
Using Young’s inequality (for ¢ = 1) in (3.36), we have
s (8) 122 00
— / / [Vzu(s)] [Vous (s)] deds + HuOH%g(o,a)
t
< HU(S)H%2 0.0y 45+ [ Nus(8)[720,0) ds + w0l T2 0,0y - (3:32)
O x O x x
Using Young’s inequality (for £ = 1), we have
2 (u (8) s ue () 20,0y < N (72 (0,0 + e (D172 (0.0) (3.33)

Using (3.37) and (3.38) into (3.18) we get

t
T < [u®lzm+ [ 1600 d

w\q

o t d 4
+2/0 £{||ux (s)IILg(om}dS

L e Mgy s+ 0 e O

Tl (D122 000 + /0 Jots ()12 0.y 5 + 032 0.0

o t
- { /0 ot ()12 gy 5+ (T — 1) s (0)||§%(07a)}. (3.34)

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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And using (3.16) into (3.39), we get
2 t 2 2
!
H (1) < H@+wmm@@®+éu%@mmm@+wmmmw

o t d 4 o2 t 4
5 [ 2 (e o pas = § [ s @iz o

Then

p{H'(t) - H (1)}
t
< pllur (07200 +P/O s ()72 (0,0) 45 + P llu0] 72 (0,0
po [t d s po [ 4
5 | s e Oz s = 5 | e ()00 45 (3:39)
and using (3.17) into (3.40) , we have
p{H ()~ H (1)}
po t d 2 2
1
H" (t) + 2pE (0) — 2/0 <dt {Huw (s)l!Lg(o,a>}> ds

t
—p [ us (91720, @
0 Y

t
2 po [ d 4
slluolzom + 5 [ 4 (e Ol )4

IN

t
po
B s )0 (3.36)
0
Using
t 2 t
pg i 2 po i 4
S B RO Ry S (TR
t
po
22 [ e @z 0
t 2
- po d 9 9
= (G {1 Oz} - e @0 ) as
< 0,

http: //www. earthlinepublishers.com
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into (3.41) , we get
p{H'(t) = H ()} < H"(t) +2pE (0) +p uol 72 (0,0)

then
H" (t) — pH' () + pH (t) + ko > 0,
where ko is definite in (3.27). Let

k
B(t):=H () + -,
p
then B’ (t) = H' (t), B" (t) = H" (t), and B (t) satisfy
B" (t) —pB' (t) +pB (t) > 0. (3.37)
Using Lemma 1 in (3.42) and (3.26), then
H'(t) > |luol72(0ays ¢ >0
Then the proof of Lemma 5 is completed. ]

Theorem 1. Assume that (A) holds and that either one of the following conditions
is satisfied

(i) £(0) <0,

(ii) £(0) =0 and (3.25) holds,

2
p—4 2 1
(B57) [ ) = Tuolizo) % 7 1)

((p— 2)* — 4) (; - pi2>

Then the solution u blows-up at finite time T™* in the sense of (3.1).

(iii) 0 < E(0) < , and (3.26) holds.

In case (i),

J (to)
T <tg— .
S0 T ()
Furthermore, if J (tp) < min {1, _M} , then we have

1

1 \V -8
T*Sto—l— In .
V=p ,/%—J(to)

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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In case (ii)

* J(to)
T <ty —
>~ b0 Jl(to),
or
J (to)
T <t
< 0+J’(t0)
In case (iii)
=/
or
3y+1 1
% 94 C 2y
T* <to+3 27 Z1—[1+c¢l ()27},
i [ (to)]
p—4 : :
where ¢ = ) and J(t), wu and B are given in
(3.43), (3.48) (

3.49) Tespectwely
Note that in case (i), to = t* is given in (3.29) and to = 0 in case (ii) and (iii).

Proof. Let
()= {H @)+ T =0 luold20m ) - (3.38)

Differentiating J (t) twice, we obtain
/ 1+1 / 2
T (0) = =7 (05 [H (0) = w0300 |-

Then
J'(8) = =T (7T Q ), (3.39)

where
Q) + = H"(t) [H(t)+ (T~ 1) fuol 3200

! 2 2
=+ {H () = lluoll3z 0.0

http: //www. earthlinepublishers.com
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From (3.17) , we have

H" (t)
> —2pE(0)+p {; /Ot (i {Hua; (S)H%%(O,a)}>2ds

t
e Ol s00 + [ s Oz}
From (3.18), we get

H' () = [[uoll 72 (0.0)
= 2(u(t),ur (t) 20,0y T I O 7200.0) = [0l Z2(0.0)

g t d 4
5 [ 3 Qe @z} s

Using
t
lu )1 720,0) — w0l Z2(0.0) = 2/0 (u (), us () £2(0,0) 5,
we get
H' () = [[uoll 72 0.0

= 2w () () 2 ey + 2 /0 (45) 6 (5)) g2 0.0y 45

g t d 4
5 [ 5 (e @tz s

Clearly, we can write
H () [H (0) + (T = ) ]2 0.0

2B (0) [H (1) + (T = )|},

v

(3.40)

(3.41)

t 2 t
o d
+p{2 [ (G i Oz} ) s+l Oz 00+ | ||us<s>||i;(o,a)ds}

t
2 2
x [nu(wuw,a) [ 1O o

o t
2 [ s Oz 0y 5+ (2 =) s OV, ]

(3.42)

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 298-315
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and
—(1+7) {H’ (t) - H“OH%E(O@)}Q
= 4(1+7) {(u () ue (£) 2 (0,0) + /Ot () s (Drz 00 35
+7 /0 L, (S)HAig(o,a)}ds}Q’
then

Q) = —2pF(0) [H(®)+ (T =) uol 3200

2 k 2 o [t(d 2 ?
8 s O 000+ [ e O30 as+ 5 [ (5 I Oz }) ds
2 ¢ 2 o [ 4
x{nu(t)nLg(om [ O s+ 5 [ |ux<s>||Li<o7a)ds}
t
4 {0 0 Oz + [ 000 D s

t 2
ag d ]
+ Z/O ds {Ihea (S)IILa(ow}d’s} '

Let us designate by

t t
At = Olyom+ [ @0 ds+F [ @l ds
t o t d 4
B =) Oz + | 06 iz ds+ [ 5 {lur Glizom i
2 K 2 o [t(d 2 :
C i =l @z + [ N Ol ds+ 5 [ (G I Oz0})

Thus, we get

Q(t) > —2pE (0)J ()7 +p {AC — B2} (3.43)
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Now we observe that, for all (p,n) € R? and t > 0,
Ap® +2Bpn + Cn?

t o t 4
= Pl + P / [0 ()23 0. 5+ 57 / |\ux<s>HLi(0,a>ds
0

2omo [t d

t
4
+2pm(u, ue) g + 2P77/ (u(s),us (s ))L2(0 o) s+ 1 ), ds {||Uz (S)HLg(o,a)} ds

2
0o d 2
0 o O 00 7 [ e g0 s+ 57 [ (5 {00 })
Then
Ap? + 2Bpn + Cn?
= [ el 0+ 2 0 0+ o () o

/ / s) + 2pu () us (s) +1°u3 (s)) dwds

g 9 d )
+2/0 {p (31172 0,09 + 2 (pHux (S)HLg(o,a)ﬂ?%{HugB (S)HLg(o,a)})

+772 <(jt {Hua:( )H%g(om})Q} ds.

This identify camber written in the form
Ap? + 2Bpn + Cn?
o t o
_ / 2 (pu (t) + nus ()2 da + / / 2 (pu () + nus ())? dads
0 0 Jo

o [! 2 d 2 ?
+5 [ ol Oz + 1 (5 {Ius Ozm}) | as

it is easy to see that
Ap? +2Bpn + Cn? > 0,

and
—AC <0.

Hence, we obtain from (3.45) that

Qt)> —2pE0)J({) 5, t>to. (3.44)
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Therefore by using (3.46) into (3.44), we get
—2)? 1
J"(t) < ((p?) - 2) E0)J ()", t>t. (3.45)

Note that by Lemma 5 J'(t) < 0 for ¢t > ;. Multiplying (3.47) by J' (¢) and

integrating it from ¢y to ¢, we have

T () > p+ BT ()27

where
o 2
poo= {(p 1 4> [Hl (to) — HUOH%g(o,a)r
1 1 _1 2
=27 -0 (5 515 ) BOI ) x T 0
> 0, (3.46)
and . .
B:=((p—2)°—4) (2 - p_2) E(0). (3.47)

Then by Lemma 2 the proof of theorem is completed.

Hence there exist a finite time ¢ such that lim; ;- {J (¢)} = 0 and the upper
bounds of 7™ are estimation respectively according to the sign of F (0) this will
imply that (3.1). O
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