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Abstract

In this paper we introduce a concept of (u,1))-generalized weakly Reich
contraction mapping, and prove a fixed point theorem. Some Corollaries

are consequences of the main result.

1 Introduction and Preliminaries

Definition 1.1 ( [!], [2], [3]). Let (X,d) be a metric space. A map T : X — X

is called a weakly contractive mapping if for each x,y € X

where 1 : [0,00) — [0,00) is continuous and non-decreasing, ¥ (x) = 0 if and only
if x =0 and limy(z) = co.

Remark 1.2. If we take ¢(z) = kx, 0 < k < 1, in the above definition, then a

weakly contractive mapping is called a contraction.
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Definition 1.3 ( [1]). Let (X,d) be a metric space. A map T : X — X is called
a f-weakly contractive mapping if for each x,y € X,

d(Tx, Ty) < d(fz, fy) — ¥(d(fz, fy))

where f : X — X is a self-mapping, ¥ : [0,00) — [0,00) is continuous and
non-decreasing, ¥ (x) = 0 if and only if x = 0 and limy(z) = oco.

Remark 1.4. If we take ¢¥(z) = (1 — k)z, 0 < k < 1 in the above definition,
then a f-weakly contractive mapping is called a f-contraction. Further, if f is the
identitiy mapping and (z) = (1 — k)z, 0 < k < 1, then a f-weakly contractive

mapping is called a contraction.

Definition 1.5 ( [5]). Let (X,d) be a metric space. A map T : X — X s called

a generalized f-weakly contractive mapping if for each x,y € X,

AT, Ty) < S[d(fx, Ty) + d(fy, T)] — (d(f, Ty), d(Fy, T)

where f : X +— X is a self-mapping, ¥ : [0,00)% = [0,00) is a continuous mapping
such that Y(x,y) =0 if and only if t =y = 0.

Remark 1.6 ( [2]). If f is the identity mapping in the above definition,

then generalized f-weakly contractive mapping is a generalized weakly contractive

mapping.
Definition 1.7 ( [6]). A function u : [0,00) — [0,00) is called an altering distance
function if the following properties are satisfied

(a) p is monotone increasing and continuous;

() p(t) =0 if and only if t = 0.

Definition 1.8 ( [7]). Let (X,d) be a metric space. A map T : X — X s called
a (p,)-generalized f-weakly contractive mapping if for each xz,y € X

p(d(T2, Ty) < u( Gld(f. 7o) +d(f3.To)] ) = 0(d(f2, Ty), d(fy,Tx)
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where f : X — X is a self-mapping, u : [0,00) — [0,00) is an altering distance
function and ¢ : [0,00)% — [0,00) is a lower semi-continous mapping such that

Y(x,y) =0 if and only if x =y = 0.

Remark 1.9. If f is the identity mapping in the above definition, then a
(1, ) -generalized f-weakly contractive mapping is a (u,)-generalized weakly

contractive mapping.

Definition 1.10 ( [3]). Let M be a nonempty subset of a metric space (X,d). A
point x € M is a common fized (coincidence) point of f and T if v = fo = Tx
(fr=Tz).

Definition 1.11 ( [8]). Let M be a nonempty subset of a metric space (X,d).
T,f: Mw— M are called commuting if T fx = fTx for all x € M.

Definition 1.12 ( [8]). Let M be a nonempty subset of a metric space (X,d).
T,f: M~ M are called compatible if im d(T fx,, fTz,) = 0 whenever {x,} is

a sequence such that limTx, = lim fx, =t for somet in M.

Definition 1.13 ( [3]). Let M be a nonempty subset of a metric space (X,d).
T,f: M~ M are called weakly compatible if they commute at their coincidence
points, that is, T fr = fTx whenever fo =Tx.

Definition 1.14 ( [8]). Let (X, <) be a partially ordered set and T, f : X — X.
A mapping T is said to be monotone f-nondecreasing if for all z,y € X, fx < fy
implies Tx < Ty.

Remark 1.15. If f is the identity mapping in the above definition, then T is

monotone non-decreasing.

Definition 1.16 ( [3]). A subset W of a partially ordered set X is said to be

well-ordered if every two elements of W are comparable.

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 243-256



246 Clement Boateng Ampadu

2 Main Result

Definition 2.1. A map T : X — X will be called (1, 1)-generalized weakly Reich

contractive if for each x,y € X

p(d(T,79)) < p( 3ld(f. Ta) + d(7y. T) + d( o, £))
— 9(d(72, Ta).d(fy, Ty),d(fz, fy)

where

(a) p:[0,00) — [0,00) is an altering distance function;

(b) 1 :[0,00)3 = [0, 00) is a lower semi-continuous function with 1 (x,y,z) = 0

if and only if t =y =2=0.

Theorem 2.2. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a complete metric space. Suppose that T
and f are self-mappings on X, T(X) C f(X), T is a monotone f-nondecreasing

mapping and

p(d(T2,Ty) < u( Gld(f. 7o) + d(Fy, Ty) + d( . /)
~ 9(d(72, 7). d(fy, Ty),d(Fz. f)

where

(@) p:[0,00) — [0,00) is an altering distance function;

(b) ¥ :[0,00)3 = [0,00) is a lower semi-continuous function with ¥(z,y, z) =0

if and only if t =y =2=0.

If {fzn} C X is a nondecreasing sequence with f(x,) — f(z) in f(X), then
f(zn) < f(2) and f(2) < f(f(z)) for every n. Also, suppoe that f(X) is closed.
If there exists an o € X with f(xg) < T(xg), then T and f have a coincidence

http: //www. earthlinepublishers.com



Fized Point Theory for (u,)-Generalized Weakly Reich Contraction ... 247

point. Further, if T and f are weakly compatible, then T and f have a common
fized point. Moreover, the set of common fized points of T and [ is well-ordered

if and only if T and f have one and only one common fized point.

Proof. Let xp € X such that f(z¢) < T(x0). Since T(X) C f(X) we can choose
x1 € X so that fxy = Txg. Since Tx; € f(X), there exists xo € X such
that fxe = Txy. By induction, we can construct a sequence {z,,} € X such that
fany1 = Ty, for every n > 0. Since f(zo) < T'(xg), Tzo = fx1, f(x0) < f(x1), T
is monotone f-nondecreasing mapping, T'(xo) < T'(x1). Similarly, f(z1) < f(x2),
T(x1) <T(x2), f(x2) < f(x3). Continuing, we obtain

T(l’o) < T(xl) < T(Q?Q) <-... < T(g}n) < T(xn—&-l) < ...

We suppose that d(T'z,, Tzp+1) > 0 for all n. If not, then Tz, = Tz, for spme
n, Taxpt1 = frpy1, that is, T and f have a coincidence point x,41, and so we

have the result. Now we have

H(AT 041, T00) < (Ao, Tar) + (0, )+ fni, )
(A f 1, Tns1), d(fn, Tan), d(Fonsn, fn)

< u(;[d(Tmn, Tansr) + d(Tan1, Tan) + d(Tan, Txn_l))
—Y(d(Txyp, Txpyr), d(Tep—1,Txy), d(Tzy, Txy—1))

1
< (G (T, i) + AT, T) + (T T )

1
< M(3[3d(T$n, Txn_l)]>
= w(d(Txy, Trp—1)).
Since p is a non-decreasing function for all n = 1,2, - -+, we have d(Txp41,Tzy) <

d(Txp, Txp—1). Thus, {d(Tzp4+1,Tz,)} is a monotone decreasing sequence of

non-negative real numbers and hence is convergent. Hence there exists r > 0 such
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that d(Txp41,Txy) — 7. Now, since
1
(d(T a1, Ty)) < u<3[d(T:nn, Tapi1) + d(Ton 1, Tan) + d(Ty, Ta:nl)>

—(d(Txn, Trns1), d(Trp—1,Txy), d(TTpn, Tan_1)).

If we take limits in the above inequality as n — oo we get that
1
u(r) < (G0 +r 1) = 0lrr)
= M(T) - w(rv T, ’l”)

which implies that ¢ (r,r,r) < 0. Thus r = 0, and hence lim,,_,o0 d(T'Tp41,TTy) =
0. Now we show that {Tx,} is a Cauchy sequence. If otherwise, then there
exist ¢ > 0 for which we can find subsequences {Tz,,4} and {Tw,4} of
{Tzn} with n(k) > m(k) > k such that for every k, d(Txpm), TTpw)) >
6d(T k), TTr(k)—1) < € So we have,

o

€ < d(Tp (k) T r))
< d(Tpiys Tn(ry)—1) + AT Ty -1, TTn(1))
< e+ d(Trpmy—1, TTnr))-

Letting n — oo and using d(Tw,—1,Tw,) — 0, we have, im d(Txp, 1), T ) =
€ = lim d(T, k), TTpk)—1)- Now we have

1(€) < u(d(TT k), Topr)))
1
<p (3 [A(f 2y, TTm)) + ATy, TTn) + A(f Ty, f%(k)))

- 1/}( (fgcm (k)> Ty, k)) (fxn Tﬂjn(k ) (f$m ) fxn(k)))

which implies that
1
< /L<3[d(T$m(k)—lv T2 ky) + ATy k)1, TZpi)) + AT 1)1, Tivn(k)—ﬂ)

— (AT iy =15 TTm(i))s AT T () —15 TTr(1))s AT T () =15 T (1)—1))-
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If we take limits in the above inequality and wusing the fact that

limy, o0 d(TZp41,Txy) = 0 we deduce the following
1
u(e) < u(50+0+d) ~6(0,0.0
1
(k)00
3
< /L(E) - ¢(07 07 E)
which implies that (0,0,€¢) < 0, which is a contradiction since € > 0. Hence
{Tx,} is a Cauchy sequence and therefore is convergent in the complete metric
space (X,d). As f(X) is closed and fx, = Txn_1, {fzn} is also a Cauchy
sequence, there is some z € X such that lim fz,,11 = lim Tx,, = fz. Since {fx,} is

a non-decreasing sequence and lim fz,1 = fz, f(z,) < f(2) and f(2) < f(f(2))

for every n. Now we have
W(A(T2, fron)) = p(d(T2,T,)
< (372 T2) + d(fon, Tza) + d(f2, f22)) )
B(d(f2, T2),d(fam, Tan), d(F 2 f0)
= (3l 72) + (i, i) + dlf2, f2))
({2, T2),d(fm, i), A2 ).
Now taking limits as n — oo we deduce the following
p(d(T2, 12)) < p( d72.T2)) = 0(d(F2,72).0,0)
< u(d(r72)) - w(d(£72),0,0)
which implies (d(fz,T2),0,0) < 0. Hence, d(fz,Tz) = 0, thus, fz = Tz, and

hence z is a coincidence point of T" and f. Now suppose that T" and f are weakly
compatible. Let w = T'(z) = f(z), then T(w) = T(f(z)) = f(T(z)) = f(w) and
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J(2) < F(F()) = f{w). Now we have,
HA(T2Tw) < 7. 72) + d(fw. Tw) +d(f2 fw)
—p(d(f2, T2), d(fw, Tw), d(f2, fu))
_ u(é[d(Tz, T2) + d(Tw, Tw) + d(T>, Tw)])
— (d(T=, T2),d(Tw, Tw), d(Tz, Tw))

_ u(;d(Tz,Tw)) (0,0, d(T=, Tw))

< u(d(T=Tw) ) = 5(0,0,d(T=,Tw))
which implies that ¢(0,0,d(Tz,Tw)) < 0. Hence, d(Tz,Tw) = 0. Therefore,
Tw = fw = w. Now suppose that the set of common fixed points of 7" and f
is well-ordered. We claim that the common fixed points of T" and f is unique.

Assume on contrary that, Tu = fu = v and Tv = fv = v but u # v. Now observe

we have the following
p(d(u,v)) = p(d(Tu, Tv))

< u(;[d( fu,Tw) +d(fo, To) + d(fu, fv)]>
—¢(d(fu, Tu),d(fv, Tv),d(fu, fv))

< (5 ldCusu) + d(w,v) + du. )
— p(d, ), d(v, v), d(u, v)

- u(;[o +0+ d(u, v)]) (0,0, d(u, v))

< p(d(u,v)) — (0,0, d(u,v))

which implies that ¢(0,0,d(u,v)) < 0. Therefore d(u,v) = 0, and hence v =
v. Conversely, if T and f have only one common fixed point, then the set of
common fixed point of 7" and f being a singleton is well-ordered, and the proof is
finished. O
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Corollary 2.3. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a complete metric space. Suppose that T is a

self-mappings on X, T is a monotone nondecreasing mapping and

W(d(Te, Ty) < o 5ld(e. o)+ d(y. T9) +d(w. )] ) = 0(d(a, Tx), d(y. Ty). d(z )

for all x,y € X for which x > y where

(a) p:[0,00) — [0,00) is an altering distance function;

(b) 1 :[0,00)3 = [0, 00) is a lower semi-continuous function with 1 (x,y,z) = 0

if and only if t =y =2=0.
If either

(1) {zn} C X is a nondecreasing sequence with x, — z in X, then x, < z for

every n or

(1) T is continuous.

If there exists an xzo € X with xog < T(xg), then T has a fized point. Moreover,
for arbitrary two points x,y € X, there exists w € X such that w is comparable

with both x and y, then the fized point of T is unique.

Proof. TIf (i) holds, then taking f to be the identity mapping in the above theorem,
we get the result. If (ii) holds, then proceeding as in the above theorem we can
prove that {T'z,} is a Cauchy sequence, z = limz,4+1 = limT(z,) = T'(limz,) =
Tz, and hence T has a fixed point. Let v and v be two fixed points of T" such that

u # v. We consider two cases

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 243-256
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(a) If uw and v are comparable. We have

u(d(w,v)) = u(d(Tu, Tv))
< u(;wu, Tu) + d(v, Tv) + d(u, v>1)
—Y(d(u, Tu),d(v, Tv),d(u, fv))
1
< (3w )+ dv,0) + du, o)
- ¢(d(u7 u)a d(”? 1)), d(ua Q}))
1
— 500+ 0+ d(w0)]) = ¥(0,0,d(u. )

< pd(u,v)) = (0,0, d(u,v)

which implies that (0,0, d(u,v)) < 0. Thus, d(u,v) = 0, hence u = v.

(b) If u and v are not comparable. Choose an element w € X comparable with
both of them. Then also v = T™u is comparable to T"w for each n. Now

we have

p(d(u, T"w)) = p
=L

(d(T"u, T"w))
(d(TT"  u, TT" tw))
u(; [d(T™ Y, T™u) 4 d(T" Y, Tw) + d(T" u, T“—lw)]>
— (AT tu, T™), d(T™ L, T"w), d(T™ tu, TV Lw))
< u(;’[d(u, w) + d(T" L, T"w) + d(u, T”_lw)]>

—y(d(u,u), (T w, T"w), d(u, T w))
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( [0+ d(T"w, T"w )+d(u,T"‘1w)]>
— (0, d(T" Yw, T™w), d(u, T 'w))
( AT, ) + d(u, T"w )—|—d(u,T”_1w)]>
e
u, T 'w))

and hence we get d(u,7"w) < d(u,T" 'w). This proves that
the nonnegative decreasing sequence {d(u,T"w)} is convergent. Let
d(u, T"w) — r. Since,

(s, T"0)) = p(d(T", ")
u(;[o AT, T™w) + d(u, T”_lw)])

— (0, d(T" Yw, Tw), d(u, T" w)).

If we take limits in the above inequality as n — oo we get that

p(r) < M(;(O + 2r + r)) —(0,2r,7)
= ,U/(T) - 1/1(0, 2r, 7")

which implies that ¢ (0,2r,r) < 0. Thus r = 0, and hence d(u, T"w) — 0..
Analogously, it can be proved that d(v, T"w) — 0. Since the limit is unique

we get that u = v.

If u(t) = t, then we have the following result

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 243-256



254 Clement Boateng Ampadu

Corollary 2.4. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a complete metric space. Suppose that T is a

self-mappings on X, T is a monotone nondecreasing mapping and
1

for all x,y € X for which x > y where

(a) p:[0,00) — [0,00) is an altering distance function;

(b) 1 :[0,00)3 = [0, 00) is a lower semi-continuous function with 1(x,y,z) = 0

if and only if t =y =2z = 0.
If either

(1) {zn} C X is a nondecreasing sequence with x, — z in X, then x, < z for

every n or

(13) T is continuous.

If there exists an o € X with xog < T(xg), then T has a fized point. Moreover,
for arbitrary two points x,y € X, there exists w € X such that w is comparable

with both © and y, then the fized point of T is unique.

If (z,y,2) = (é - k) (x +y + z), then we have the following result

Corollary 2.5. Let (X, <) be a partially ordered set and suppose that there exists
a metric d on X such that (X,d) is a complete metric space. Suppose that T is a

non-decreasing self-mapping of X, and T satisfies
d(Tx, Ty) < kld(z,Tx) + d(y, Ty) + d(,y)]

for all x,y € X for which x >y where 0 < k < é If either
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(1) {zn} C X is a nondecreasing sequence with x, — z in X, then x, < z for

every n or

(13) T is continuous.

If there exists an xg € X with xo < T(x¢), then T has a fized point.

References

1]

Alber, Y. 1., & Guerre-Delabriere, S. (1997). Principles of weakly contractive maps
in Hilbert spaces. In I. Gohberg & Yu. Lyubich, (Eds.), New results in operator
theory and its applications (Vol. 8, pp. 7-22). Birkhéduser, Basel. https://doi.org/
10.1007/978-3-0348-8910-0_2

Choudhury, B. S. (2009). Unique fixed point theorem for weakly C-contractive
mappings. Kathmandu University J. Sci. Engg. Tech., 5(1), 6-13. https://doi.
org/10.3126/kuset.vb5il.2842

Rhoades, B. E. (2001). Some theorems on weakly contractive maps. Nonlinear Anal.,
47, 2683-2693. https://doi.org/10.1016/50362-546X(01)00388-1

Ciric, L., Hussain, N., & Cakic, N. (2010). Common fixed points for Ciric type
f-contraction with applications. Publ. Math. Debrecen, 76, 31-49. https://doi.
org/10.5486/PMD.2010.4317

Chandok, S. (2011). Some common fixed point theorems for generalized f-weakly
contractive mappings. J. Appl. Math. Informatics, 29, 257-265.

Khan, M. S., Swaleh, M., & Sessa, S. (1984). Fixed point theorems by altering
distances between the points. Bull. Aust. Math. Soc., 30, 1-9. https://doi.org/
10.1017/80004972700001659

Chandok, S. (2011). Some common fixed point theorems for generalized nonlinear
contractive mappings. Comput. Math. Appl., 62, 3692-3699. https://doi.org/10.
1016/j.camwa.2011.09.009

Earthline J. Math. Sci. Vol. 14 No. 2 (2024), 243-256


https://doi.org/10.1007/978-3-0348-8910-0_2
https://doi.org/10.1007/978-3-0348-8910-0_2
https://doi.org/10.3126/kuset.v5i1.2842
https://doi.org/10.3126/kuset.v5i1.2842
https://doi.org/10.1016/S0362-546X(01)00388-1
https://doi.org/10.5486/PMD.2010.4317
https://doi.org/10.5486/PMD.2010.4317
https://doi.org/10.1017/S0004972700001659
https://doi.org/10.1017/S0004972700001659
https://doi.org/10.1016/j.camwa.2011.09.009
https://doi.org/10.1016/j.camwa.2011.09.009

256 Clement Boateng Ampadu

[8] Chandok, S. (2013). Some common fixed point results for generalized weak
contractive mappings in partially ordered metric spaces. Journal of Nonlinear
Analysis and Optimization, 4, 45-52.

This is an open access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted, use,
distribution and reproduction in any medium, or format for any purpose, even commercially

provided the work is properly cited.

http://www. earthlinepublishers.com


http://creativecommons.org/licenses/by/4.0/

	Introduction and Preliminaries
	Main Result

