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Abstract

In this paper we introduce a concept of (v, p)-generalized weakly Reich
contraction mapping and obtain a fixed point theorem. Some corollaries

are consequences of the main result.

1 Introduction and Preliminaries

Theorem 1.1 ( [l], [2]). Let (X,d) be a complete metric space. If T : X — X
satisfies

d(Tz,Ty) < kld(z, Tz) + d(y, Ty)]
where 0 < k < % and x,y € X, then T has a unique fixed point.

Theorem 1.2 ( [3]). Let (X,d) be a complete metric space. If T : X — X
satisfies
d(Tz, Ty) < kld(z, Ty) + d{y, T)]

where 0 < k < % and x,y € X, then T has a unique fixed point.
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Definition 1.3 ( [1]). A self mapping T on a metric space X is called weak
-contraction if there exists a function 1 : [0,00) — [0,00) such that for each
z,y€e X

d(Tz, Ty) < d(z,y) — p(d(z,y)).

Definition 1.4 ( [5]). Let (X,d) be a metric space. A mapping T : X — X is

said to be weakly C-contractive (or a weak C-contraction) if for all z,y € X
1
d(Tz, Ty) < 5d(z,Ty) + d(y, Tw)] — p(d(z,Ty), d(y, T'z))

where ¢ : [0,00)? +— [0,00) is a continuous function such that ¢(x,y) = 0 if and

only if t =y = 0.

Definition 1.5 ( [0]). Let (X,d) be a metric space. A mapping T : X — X is

said to be generalized f-weakly contractive if for all x,y € X

AT, Ty) < S[d(fr, Ty) + d(fy, To)] ~ pd(fr, Ty), d( fy, Tr)

where o : [0,00)% = [0,00) is a continuous function such that o(z,y) = 0 if and

only if t =y = 0.

Remark 1.6. If f is the identity mapping in the above definition then generalized

frweakly contractive mapping is weakly C-contractive.

Definition 1.7 ( [7]). The function ¢ : [0,00) — [0,00) is called an altering

distance function if the following properties are satisfied

(a) 1 is continuous and non-decreasing.
(b) () =0 if and only if t = 0.

Definition 1.8 ( [8]). A map T : X — X is called (¢, p)-generalized f-weakly

contractive if for each x,y € X

v(d(Ta, Ty)) < ¥ 5ld(fo. Ty) + d(fy. 7o) ) - p(d(fo. Ty),d(1y.T2))

where
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(a) 1 :]0,00) — [0,00) is an altering distance function;

(b) ¢ :[0,00)2 = [0,00) is a continuous function with ¢(t,s) = 0 if and only if
t=s5=0.

Remark 1.9. If in the above definition we take 1¥(t) = t, then (¢, ¢)-generalized

f~weakly contractive mapping is generalized f-weakly contractive.

Definition 1.10 ( [8]). Let X be a nonempty set. A point x € X is a coincidence
point (common fized point) of f: X — X and T : X — X if fr =Tz (x = fo =
Tx).

Definition 1.11 ( [8]). Let X be a nonempty set. The pair {f,T} is called
commuting if T fx = fTx for all x € X.

In this paper we study some common fixed point theorem for (1, ¢)-generalized

weakly Reich contraction in metric spaces.

2 Main Result

Definition 2.1. A map T : X — X will be called (1, p)-generalized weakly Reich

contractive if for each x,y € X
w(d(Te,Ty) < o Gldf2,T2) + dlfy. Ty) + d(f. )

—p(d(fz,Tx),d(fy, Ty),d(fz, fy))

where

(a) 1 :]0,00) = [0,00) is an altering distance function

(b) ©:[0,00)3 + [0,00) is a continuous function with ¢(z,y,2) = 0 if and only
ifr=y=2=0.
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Theorem 2.2. Let (X,d) be a metric space. Let f, T : X — X satisfy T(X) C
f(X), (f(X),d) is complete and for each z,y € X

U(d(Ta, Ty) < b Sld(fo, Ta) + d(fy. Ty) + d( o, £1))
~ p(d(fr, o), d(fy, Ty), d(F, )

where

(a) 1 :]0,00) — [0,00) is an altering distance function,
(b) ©:[0,00)3 > [0,00) is a continuous function with ¢(z,y,2) = 0 if and only

ifr=y=2=0,

then T and f have a coincidence point in X. Further, if T and f commute at

their coincidence points, then T and f have a common fized point.

Proof. Let g € X. Since T(X) C f(X), we can choose 21 € X so that fz1 = Tzo.
Since Tx; € f(X), there exist x9 € X such that fze = Tz1. By induction we
construct a sequence {x,} in X such that fx,; = Tz, for every n > 0. Since T

is a (¢, ¢)-generalized weakly Reich contraction, we deduce the following

V(T 1, T0) < 6 A 000, Tonsr) + dF, Ton) + dFznia, f22) )
— Gld(F 1, Ter), d(fn, T, d( s, )
< ¢<;[d(Ta:n, Trpi1) + d(Txp—1,Tzy) + d(Txp, Txnl))
— o (d(Tx, Tns1), d(Tnr, Tn), d(Tn, Tn1))

(A(Tn, Tons1) + d(Tn 1, Tan) + d(Ta, Txnl))

[Bd(Txp, Txn_1)>
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Hence for all n = 1,2,---, we have d(Txp4+1,Tx,) < d(Txy,,Txn—1). Since
1 is a non-decreasing function.  Thus, {d(Tzp+1,Tx,)} is a monotone
decreasing sequence of non-negative real numbers and hence is convergent. Let

limy, 00 d(TZp41, Txy) = r. Now, since

W d(Tznsr, Tan)) < 0 <:1))[d(Ta:n, Tapir) + d(Ton 1, Tan) + d(Ta, T;pn_l))

—o(d(Txn, Trps1),d(Txn-1,Txy),d(Txn, Trn_1)).

If we take limits in the above inequality as n — oo we get that

vr) <6 (30 +r40) = el
= $(r) — p(r,7,7)

which implies that ¢(r,r,7) < 0. Thus r = 0, and hence lim,, oo d(Txp+1,Tzy) =
0. Now we show that {Tx,} is a Cauchy sequence. If otherwise, then there
f
{Tz,} with n(k) > m(k) > k such that for every k, d(Txy), TTpm)) >
6A(TT (1), TTr(r)—1) < €. So we have,

exist € > 0 for which we can find subsequences {Tx,,} and {Tw, @)}

o

< d(Txppys Tonmy-1) + ATTny -1, TTn(k))
< e+ d(Trppy—1,TTnm))-

Letting n — oo and using d(Tw,—1,T2n) — 0, we have, im d(Txy,x), TTn1)) =
€ = Hm d(T'z, (), Ty (r)—1). Now we have

Y(e) < Y(A(T ) TTpr)))
<¢<1[ [Ty, TZmr)) + ATy, Tk )"’_d(fxm(k)afxn(k)))
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which implies that

¥(e) < ATy, Tony))
< w(?)[d(Txm(k)—l? T %)) + AT Ty ey—1, T (ky) + AT (1)1, Twn(k)—l))
— (AT iy =1, TTm())> AT (e)—1, Tr(i))s AT T (1) —15 T (i) -1)) -

If we take limits in the above inequality and wusing the fact that

limy, 00 d(TZp41, Txy) = 0 we deduce the following

00 < 0 (50+0+4) - 40,0,

(5¢) - #l0.0.0

(6) - QO(O’ 07 6)

which implies that ¢(0,0,¢) < 0, which is a contradiction since ¢ > 0. Hence
{Tz,} is a Cauchy sequence and therefore is convergent in the complete metric
space (X, d). Since fx, = Txn—1, {fxn} is a Cauchy sequence in (f(X),d) which

is complete. Thus there is 2z € X such that limy,_e fZn = f2. Now we have
V(T fani)) = YT Ta)
< 0(Gldlf=T2) + dfn Ta) + (52 )
— (2, T2) (o, T, (2, f)
= 0(5ld0F2.T2) + d(fn, fansn) + d(f2 F20)
— (2, T2, d fan, fans),d(F2, fra)

W =

—_

Now taking limits as n — oo we deduce the following

W(d(T=, f2)) < w(id( fz,Tz)) ~ o(d(f2T2),0,0)
< @Z)<d(fz, Tz)) —(d(fz,Tz),0,0)
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which implies ¢(d(fz,T%),0,0) < 0. Hence, d(fz,Tz) = 0, thus, fz = Tz, and
hence z is a coincidence point of T' and f. Now suppose that T and f commute

at z. Let w =Tz = fz, then T(w) =T(f(z)) = f(T'(2)) = f(w). Now we have

V(L= Tw) < 6 (37 T2) + d(fw. Tw) + d(72 fw))
—(d(fz,Tz),d(fw,Tw),d(fz, fw))
—y (;[d(Tz, T2) + d(Tw, Tw) + d(T>, Tw)])
— o(d(T=,T), d(Tw, Tw), d(T=, Tw))
- w(;d(Tz,Tw)> — (0,0, d(T=, Tw))

< w<d(Tz, Tw)) — (0,0, d(T2, Tw))

which implies that ¢(0,0,d(Tz,Tw)) < 0. Hence, d(Tz,Tw) = 0. Therefore,
Tw = fw = w and the proof is finished. O

Corollary 2.3. Let (X,d) be a complete metric space. If T : X — X satisfies

1
Y(d(Tz,Ty)) < ¢<3[d(fm Tx)+d(y, Ty)+d(z, y)]) —p(d(z,Tx),d(y, Ty), d(z,y))
where

(a) 1 :]0,00) — [0,00) is an altering distance function
(b) ¢ :1]0,00)3 > [0,00) is a continuous function with ¢(z,y,z) = 0 if and only
fr=y=2=0

then T has a unique fized point.

Proof. 1t follows by taking f to be the identity mapping in the above theorem.
The uniqueness of the fixed point follows from the contractive condition of the

Corollary. n
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Corollary 2.4. Let (X,d) be a metric space. Let f, T : X — X satisfy T(X) C
f(X), (f(X),d) is complete and for each z,y € X

d(Tz, Ty) < %[d(f%Tw)+d(fy,Ty)+d(fx,fy)]—w(d(f%Tx),d(fy,Ty%d(fx,fy))

where ¢ : [0,00)3 + [0,00) is a continuous function with p(x,y,z) = 0 if and only
ifr=y=2=0, then T and f have a coincidence point in X. Further, if T and

f commute at their coincidence points, then T and f have a common fized point.

Proof. Let 1(t) =t in the above theorem. O

Corollary 2.5. Let (X,d) be a complete metric space. If T : X — X satisfies for
allz,y € X,

d(Tx,Ty) < %[d(w‘, Tx) +d(y, Ty) + d(z,y)] — p(d(z, Tz),d(y, Ty), d(z,y))

where ¢ : [0,00)3 + [0, 00) is a continuous function with p(x,y, z) = 0 if and only

ifx =y=2=0, then T has a unique fized point.

Proof. 1t follows by taking f to be the identity mapping in the above Corollary.
The uniqueness of the fixed point follows from the contractive condition of the

Corollary. O
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