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Abstract 

This paper deals with almost periodicity of Lasota-Wazewska dynamic equation on time 

scales. By applying a method based on the fixed point theorem of decreasing operator, we 

establish sufficient conditions for the existence of a unique almost periodic positive 

solution. We also give iterative sequence which converges to almost periodic positive 

solution. Moreover, we investigate the exponential stability of almost periodic solution by 

means of Gronwall inequality. Our study unifies differential and difference equations. 

1. Introduction 

As we know, biology dynamic models are very important and hot research topics. In 

1976, Wazewska-Czyzewska and Lasota [1] investigated the Lasota-Wazewska model 

  ( ) ( ) ( )τ−β−+−=′ tx
betaxtx  (1.0) 

which described the survival of red blood cells in animals. Kulenovic and Ladas [2] have 

investigated the oscillation and global attractivity of the above model. Some generalized 

models have been investigated by many authors, see Graef et al. [3], Kulenovic et al. [4], 

Xu and Li [5], Jiang and Wei [8]. 

 In the real world, some processes vary continuously while others vary discretely. 

These processes can be modeled by differential equations and difference equations, 
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respectively. However, there are also many processes that vary both continuously and 

discretely. Thus an interesting and challenging problem arises: How can we model these 

mixed processes? The theory of time scale calculus and dynamic equations on time 

scales provides us with a powerful tool for attacking such mixed processes. The calculus 

on time scales (see [9, 10] and references cited therein) was initiated by Stefan Hilger in 

his 1988 Ph.D. dissertation [11] in order to unify continuous and discrete analysis, and it 

has a tremendous potential for applications and has recently received great attention. The 

two main features of the calculus on time scales are unification and extension. 

The existence and stability of periodic solution or almost periodic solution for 

differential equations and difference equations are very basic and important problems. It 

is natural to ask whether we can explore such existence and stability problems in a 

unified way and offer more general conclusions. The study of dynamic equations on time 

scales can unify and extend the fields of differential and difference equations. 

Motivated by the above facts, in this paper, we investigate the following 

nonautonomous almost periodic Lasota-Wazewska dynamic equation on time scales 

 ( ) ( ) ( ) ( ) ( ) ( )( ).
1

ttxt
n

i

i
iietbtxtatx

τ−β−

=

∆ ∑+−=  (1.1) 

Almost periodicity is more practical and more close to the reality in biological 

systems [16, 17]. In this paper, we aim to establish sufficient conditions that guarantee 

the existence of unique almost periodic positive solution of model (1.1). The technique 

used in this paper is different from the usual methods employed to solve almost periodic 

cases such as the contraction mapping principle and Liapunov functional. Our method is 

based on the fixed point theorem of decreasing operator. Particularly, we give iterative 

sequence which converges to the almost periodic positive solution. Moreover, we also 

investigate exponential stability of almost periodic positive solution by means of 

Gronwall inequality. The results of this paper complement and extend the previously 

obtained results in [2-5, 8]. Our study reveals that, for the existence and stability of 

almost periodic solution of differential equations and difference equations, it is 

unnecessary to prove results for differential equations and separately again for difference 

equations. We can unify such problems in the frame of dynamic equations on time scales. 
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2. Preliminaries 

In this section, we present some basic definitions and preliminary results from the 

calculus on time scales and almost periodic functions. For more details, see [9, 10, 14, 

15]. 

The symbol T  denotes a time scale, which is a nonempty closed subset of .R   

Definition 1. The forward and backward jump operators TT →ρσ :,  and the 

graininess +→µ RT:  are defined, respectively, by 

( ) { },:inf tsst >∈=σ T   ( ) { },:sup tsst <∈=ρ T   ( ) ( ) .ttt −σ=µ  

A point T∈t  is called left-dense if Tinf>t  and ( ) ,tt =ρ  left-scattered if 

( ) ,tt <ρ  right-dense if Tsup<t  and ( ) ,tt =σ  and right-scattered if ( ) .tt >σ  

If T  has a left-scattered maximum m, define { };m
k −= TT  otherwise, set .TT =k  

If T  has a right-scattered minimum m, define { };mk −= TT  otherwise, set .TT =k  

Definition 2. A function RT →:f  is right-dense continuous provided it is 

continuous at right-dense points in T  and its left-side limits exist (finite) at left-dense 

points in T . If f is continuous at each right-dense point and each left-dense point, then f 

is said to be a continuous function on T . 

Definition 3. For ,: RT →f  we define ( )tf
∆  to be the number (if it exists) with 

the property that for any given ,0>ε  there exists a neighborhood U of t such that  

( )( ) ( )( ) ( ) ( )( ) ( ) ststtfsftf −σε<−σ−−σ ∆       for all  .Us ∈  

We call ( )tf
∆  the delta (or Hilger) derivative of f at t. 

If ( ) ( ),tftF =∆  then we define the delta integral by 

( ) ( ) ( )rFtFssf
t

r
−=∆∫       for  ., T∈rt  

Definition 4. A function RT →:p  is called regressive provided ( ) ( ) 01 ≠µ+ tpt  

for all .T∈t  The set of all regressive and rd-continuous functions RT →:p  will be 

denoted by ( )., RTℜ=ℜ   
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We define the set ( ) ( ) ( ){ }.,01:, TRT ∈∀>µ+ℜ∈=ℜ=ℜ ++
ttptp  

Definition 5. If p is a regressive function, then the generalized exponential function 

pe  is defined as the unique solution of the initial value problem ( ) ( ) ,1, ==∆
syytpy  

where .T∈s  

An explicit formula for ( )step ,  is given by 

( ) ( ) ( )( )






 τ∆τξ= ∫ τµ

t

s
p pste exp,       for all  T∈ts,  

with  

( )
( )







=

≠+
=ξ

.0if,

,0if,
1

hz

h
h

hzLog

zh  

Definition 6. Let RT →:, qp  are two regressive functions, define 

,pqqpqp µ++=⊕   ,
1 p

p
p

µ+
−=�   ( ) .qpqp �� ⊕=  

Lemma 1. Assume that RT →:, qp  are two regressive functions, then 

  (i) ( ) ( ) ;1,,1,0 ≡≡ tteste p  

 (ii) ( )( ) ( ) ( )( ) ( );,1, stetptste pp µ+=σ  

(iii) 
( )

( ) ( )
( )

( );,
,

1
,,,

,

1
tse

tse
steste

ste
p

p
pp

p
�� ===  

(iv) ( ) ( ) ( ) ( ) ( ) ( );,,,,,,, stestesterterseste qpqpppp ⊕==  

 (v) ( ( )) ( );,, stpeste pp =∆  

(vi) If ,,, T∈cba  then ( ) ( )( ) ( ) ( ).,,, bceacesscesp pp

b

a p −=∆σ∫  

Definition 7. [14] Let Γ be a collection of sets which is constructed by subsets of .R  

A time scale T  is called an almost periodic time scale with respect to Γ, if 
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∅≠












∈∀∈τ±Λ∈τ±=Γ
Γ∈Λ

∗
∩ TT tt ,:  

and ∗Γ  is called the smallest almost periodic set of .T  

Definition 8. [14] Let T  be an almost periodic time scale with respect to Γ. A 

function ( ) ( )n
Ctf RT,∈  is called almost periodic if for any given ,0>ε  the set 

( ) { ( ) ( ) }T∈∀ε<−τ+Γ∈τ=ε ∗
ttftffE ,:,  is relatively dense in T ; that is, for 

any given ,0>ε  there exists a real number ( ) 0>ε= ll  such that each interval of length 

l contains at least one ( ) ( )ε∈ετ=τ ,fE  satisfying ( ) ( ) ., T∈∀ε<−τ+ ttftf  

The set ( )ε,fE  is called ε-translation set of ( ),tf  τ is called ε-translation number 

of ( ),tf  and ( )εl  is called contain interval length of ( )., εfE  

Remark. If { }R=Γ  and ,RT =  then ,R=Γ∗  in this case, Definition 8 is 

equivalent to the definition of almost periodic function in [16]. If { }Z=Γ  and ,ZT =  

then Z=Γ∗ , in this case, Definition 8 is equivalent to the definition of almost periodic 

sequence in [19]. 

Definition 9. ([13, 14]) Let ( )tQ  be nn ×  rd-continuous matrix function on T .  

 The linear system 

 ( ) ( ) ( ) T∈=∆
ttxtQtx ,   (2.1) 

is said to admit an exponential dichotomy on T  if there exist positive constants k, α, 

projection P and the fundamental solution matrix ( )tX  of (2.1) satisfying 

( ) ( )( ) ( )( )stkesPXtX σ≤σ α
− ,1

�       for  ( ) ,,, T∈σ≥ tsst  

( ) ( ) ( )( ) ( )( )tskesXPItX ,1 σ≤σ− α
−

�       for  ( ) .,, T∈σ≤ tsst  

Consider almost periodic system 

 ( ) ( ) ( ) ( ) T∈+=∆
ttgtxtQtx ,   (2.2) 

where ( )tQ  is an almost periodic matrix function, ( )tg  is an almost periodic vector 

function. 
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Lemma 2. ([14, 15]) If the linear system (2.1) admits an exponential dichotomy, then 

the almost periodic system (2.2) has a unique almost periodic solution ( )tx  as follows: 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )∫∫
∞+ −

∞−
− ∆σ−−∆σ=

t

t
ssgsXPItXssgsPXtXtx .11  

Lemma 3. [9] Let ( )tQ  be a regressive nn ×  matrix-valued function on .T  Let 

T∈0t  and .0
n

x R∈  Then the initial value problem 

( ) ( ) ( ),txtQtx =∆       ( ) 00 xtx =  

has a unique solution ( )tx  as follows: 

( ) ( ) ., 00 xttetx Q=  

Lemma 4. [14] Let ( )tci  be almost periodic function on ,T  where ( ) ,0>tci  

( ) ,+ℜ∈− tci  T∈∀t  and ( ) .0infmin
1

>








∈≤≤
tci

tni T

 

Then the linear system 

( ) ( ) ( ) ( )( ) ( )txtctctcdiagtx n−−−=∆ ...,,, 21  

admits an exponential dichotomy on .T  

By Lemma 3, we can get  

Lemma 5. Let ( ) ( ) ( )( )....,,, 21 tctctcdiagC n−−−=−  Then ( ) ( )0, ttetX C−=  is a 

fundamental solution matrix of the linear system ( ) ( ) ( )( ...,,, 21 tctcdiagtx −−=∆  

( )) ( ).txtcn−  

Definition 10. Let X be a Banach space and P be a closed, nonempty subset of X. 

Then P is called a cone if (i) 0, ≥λ∈ Px  implies ;Px ∈λ  (ii) PxPx ∈−∈ ,  implies 

.θ=x  ( θ  is zero element.) 

Every cone XP ⊂  induces an ordering in X, we define “ ≤ ” with respect to P by 

yx ≤  if and only if .Pxy ∈−  

Definition 11. A cone P of X is called normal cone if there exists a positive constant 

σ, such that σ≥+ yx  for any .1,, ==∈ yxPyx  
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Definition 12. Let P be a cone of X and PPA →:  be an operator. Then A is called 

decreasing if yx ≤≤θ  implies .AyAx ≥  

The following fixed point theorem of decreasing operator (see [20]) is an important 

tool in our proofs. 

Lemma 6. [20] Suppose that  

  (i) P is normal cone of Banach space X, operator PPA →:  is decreasing; 

 (ii) ,, 0
2 θε≥θθ>θ AAA  where ;00 >ε  

(iii) For ,10 <<<∀ dc  there exists ( ) 0, >η=η dc  such that  

( ) ( )[ ] AxxA
11 −η+λ≤λ       for  dc ≤λ≤∀   and  .θ≤<θ Ax  

Then A has a unique positive fixed point .θ>∗x  Moreover, ( ),,0 ∞→→− ∗
kxxk  

where ( )...,2,11 == − kAxx kk  for any initial .0 Px ∈  

Remark. In Lemma 6, the operator A does not need continuity and compactness. 

3. A Unique Almost Periodic Positive Solution 

In this paper, we use notations: for any bounded function ( ),tf  we denote 

( ),sup tff
t T∈

= ( ).inf tff
t T∈

=  

Throughout this paper, we assume that the bounded almost periodic functions 

( ) ( ) ( ) ( )tttbta iii τβ ,,,  satisfy ( ) ,0 ataa ≤≤<  ( ) ,0 iii btbb ≤≤<  ( ) ≤β≤β< tii0  

,iβ  ( ) iii t τ≤τ≤τ<0  ( )ni ...,,2,1=  and ( ) .+ℜ∈− ta   

Due to biological significance, we restrict our attention to positive solutions of 

equation (1.1). The initial condition associated with equation (1.1) is given by 

( ) ( ) 0; >φ=φ ttx       for  [ ] ,0,
T

∗τ−∈t   { }.max
1

i
ni

τ=τ
≤≤

∗  

Let ( ) ( ) ( ){ }functionperiodicalmostis,,| twCwtwX RT∈=  with the norm 

( ) ,sup tww
t T∈

=  then X is Banach space.     



Zhijian Yao  24 

For ( ) ,Xtw ∈  we consider equation 

 ( ) ( ) ( ) ( ) ( ) ( )( ).
1
∑

=

τ−β−∆ +−=
n

i

ttwt
i

iietbtxtatx  (3.0) 

Since ( ) ,0inf >=
∈

ata
t T

 from Lemma 4 we know that the linear equation 

( ) ( ) ( )txtatx −=∆  admits exponential dichotomy on T . 

Hence, by Lemma 2, we know that equation (3.0) has exactly one almost periodic 

solution: 

( ) ( )( ) ( ) ( ) ( )( ) .,

1

sesbstetx

n

i

ssws
i

t

aw
ii ∆σ= ∑∫

=

τ−β−
∞− −  

We define operator ,: XXA →  

( )( ) ( )( ) ( ) ( ) ( )( ) .,,

1

XwsesbstetAw

n

i

ssws
i

t

a
ii ∈∆σ= ∑∫

=

τ−β−
∞− −  

Obviously, ( )tw  is the almost periodic solution of equation (1.1) if and only if w is the 

fixed point of operator A.  

Define a cone ( ){ }.,0,| T∈≥∈=Ω ttwXww  

Let { }.max,
1

11
i

ni

n

i

ib
a

M β=δ=
≤≤=

∑  

Theorem 1. Assume that .1≤δM  Then equation (1.1) has a unique almost periodic 

positive solution ( ).tw
∗  Moreover, ,0→− ∗

wwk  ( ),∞→k  1−= kk Aww  

( )...,2,1=k  for any initial .0 Ω∈w  

Proof. Firstly, we prove that .Ω⊂ΩA  

For ,Ω∈∀w  then 

 ( )( ) ( )( ) ( ) ( ) ( )( ) .0,

1

>∆σ= ∑∫
=

τ−β−
∞− − sesbstetAw

n

i

ssws
i

t

a
ii   (3.1) 
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In addition, for ,Ω∈∀w  we know that equation (3.0) has exactly one almost periodic 

solution  

( ) ( )( ) ( ) ( ) ( )( ) .,

1

sesbstetx

n

i

ssws
i

t

aw
ii ∆σ= ∑∫

=

τ−β−
∞− −  

Since ( )txw  is almost periodic, ( )( )tAw  is almost periodic. 

This, together with (3.1), implies .Ω∈Aw  So we have .Ω⊂ΩA  

It is clear that Ω  is normal cone, Ω→Ω:A  is decreasing operator. 

Now, we will show that condition (ii) of Lemma 6 is satisfied. 

( )( ) ( )( )tAsbsteb
a

M

n

i

i

t

a

n

i

i θ≥∆σ== ∑∫∑
=

∞− −
= 11

,
1

 

( )( ) ( ) ssbste

n

i

i

t

a ∆σ= ∑∫
=

∞− −
1

,  

( )( ) ,0
1

,

11

>=∆σ≥ ∑∑∫
==

∞− −

n

i

i

n

i

i

t

a b
a

sbste  

which implies .θ>θA  

Moreover, we have   

( )( ) ( )( ) ( ) ( ) ( ) ( )( )
sesbstetA

n

i

ssAs
i

t

a
ii ∆σ=θ ∑∫

=

τ−θβ−
∞− −

1

2 ,  

( )( ) ( ) sesbste
M

n

i

i

t

a
i ∆σ≥ β−

=
∞− − ∑∫

1

,  

( )( ) ( ) ssbstee

n

i

i

t

a
M ∆σ≥ ∑∫

=
∞− −

δ−

1

,  

( )( )tAθε= 0   

this implies ,0
2 θε≥θ AA  here ,

0
M

e
δ−=ε  { }.max

1
i

ni
β=δ

≤≤
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Finally, we show that condition (iii) of Lemma 6 is satisfied. 

Let ,10 <<<∀ dc  for dc ≤λ≤∀  and ,θ≤<θ Ax  we have ≤< x0  

.MA ≤θ  

( ) ( ) ( )( ) ( ) ( ) ( )( )∑∫
=

τ−λβ−
∞− − ∆σ=λ

n

i

ssxs
i

t

a sesbstetxA ii

1

,  

( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )∑∫
=

τ−βλ−τ−β−
∞− − ∆






σ=

n

i

ssxsssxs
i

t

a seesbste iiii

1

1,  

( )( ) ( ) ( ) ( )( ) ( )∑∫
=

βλ−τ−β−
∞− − ∆






σ≤

n

i

Mssxs
i

t

a seesbste iii

1

1,  

( ) ( )( ) ( ) ( ) ( )( )∑∫
=

τ−β−
∞− −

δλ− ∆σ≤
n

i

ssxs
i

t

a
M

sesbstee ii

1

1 ,  

( ) ( ) ( ) .
1 1

tAxe
Mδλ−λ⋅

λ
=                 (3.2) 

Let ( ) ( ) ,1 Mt
tetf

δ−=  we have 

( ) ( ) ( ) ( ) ( ) .1 111 MtMtMt
eMtMteetf

δ−δ−δ− δ−=δ−=′  

Since ,1≤δM  we know ( ) 0>′ tf  for .10 << t    

So we have ( ) ( ) ( ) ( ) ( ) .1100 =<≤λ≤<= fdffcff  

Hence, from (3.2) we get  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tAxdftAxftxA
λ

≤λ
λ

≤λ 11
 

( )

( ) ( )
( )

( ) ( )tAx
d

tAx

df

η+
⋅

λ
=








 −+
⋅

λ
=

1

11

1
1

1

11
 

here ( )
( )

.01
1 >−=η=η
df

d  
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By Lemma 6, we know operator A has a unique positive fixed point ,θ>∗
w  which 

means equation (1.1) has a unique almost periodic positive solution ( ) .tw
∗  Moreover, 

,0→− ∗
wwk  ( ),∞→k  1−= kk Aww  ( )...,2,1=k  for any initial .0 Ω∈w  The 

proof is complete.  

Remark. From the above proof, we have 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )∑∫
=

τ−β−
∞− −

∗∗ ∆σ==
∗n

i

ssws
i

t

a sesbstetAwtw ii

1

,  

( )( ) ( )∑∫
=

∞− − ∆σ≤
n

i

i

t

a ssbste

1

,  

( )( )∑∫
=

∞− − ∆σ≤
n

i

i

t

a sbste

1

,  

.
1

1

Mb
a

n

i

i == ∑
=

 

Moreover, we also have 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )∑∫
=

τ−β−
∞− −

∗∗ ∆σ==
∗n

i

ssws
i

t

a sesbstetAwtw ii

1

,  

( )( ) ( )∑∫
=

β−
∞− − ∆σ≥

n

i

M
i

t

a sesbste i

1

,  

( )( ) ( )∑∫
=

∞− −
δ− ∆σ≥

n

i

i

t

a
M

ssbstee

1

,  

( )( )∑∫
=

∞− −
δ− ∆σ≥

n

i

i

t

a
M

sbstee

1

,  

.
1

1
∑

=

δ−≥
n

i

i
M

b
a

e   
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So we get 

( ) .
1

1

Mtwb
a

e

n

i

i
M ≤≤ ∗

=

δ− ∑  

4. Exponential Stability 

Theorem 2. Assume that .1<δM  Then equation (1.1) has a unique exponentially 

stable almost periodic positive solution. 

Proof. Since the condition 1<δM  is satisfied, by Theorem 1 we know equation 

(1.1) has a unique almost periodic positive solution ( ),tw
∗  and ( )twb

a
e

n

i

i
M ∗

=

δ− ≤∑
1

1
 

.M≤  Let ( )tψ  be the initial function of ( ),tw
∗  ( ) ( )ttw ψ=ψ∗ ;  for [ ] .0,

T

∗τ−∈t  

Now we prove ( )tw
∗  is exponentially stable. 

Suppose ( )tx  is arbitrary positive solution of equation (1.1) with initial function 

( ) ( ) ,0; >φ=φ ttx  [ ] .0,
T

∗τ−∈t     

Let ( ) ( ) ( ),twtxty
∗−=  then we have 

( ) ( ( ) ( ))∆∗∆ −= twtxty  

( ) ( ) ( ) ( ) ( )( )∑
=

τ−β−+−=
n

i

ttxt
i

iietbtxta

1

 

( ) ( ) ( ) ( ) ( )( )













+−− ∑

=

τ−β−∗ ∗n

i

ttwt
i

iietbtwta

1

 

( ) ( ( ) ( )) ( ) ( ) ( )( )∑
=

τ−β−∗ +−−=
n

i

ttxt
i

iietbtwtxta

1

 

( ) ( ) ( )( ).
1
∑
=

τ−β− ∗
−

n

i

ttwt
i

iietb        (4.1) 
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Let      

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ).
11
∑∑

=

τ−β−

=

τ−β− ∗
−=

n

i

ttwt
i

n

i

ttxt
i

iiii etbetbtg  

Then it follows from (4.1) that 

                          ( ) ( ) ( ) ( ).tgtytaty +−=∆        (4.2) 

From (4.2), we know that ( )ty  can be expressed as follows 

  ( ) ( ) ( ) ( ) ( ) ( ) [ ] .0,,,,, 0000
0

T

∗
−− τ−∈≥∆+= ∫ tttssgstetyttety

t

t
aa  (4.3) 

Thus, (4.3) implies that 

 ( ) ( ) ( ) ( )( ) ( ) ( ) .,,
0

000 ∫ ∆+ψ−φ= −−
t

t
aa ssgstettttety   (4.4) 

Note that  

( ) ( ) ( ) ( )( ) ( ) ( )( )∑
=

τ−β−τ−β−






 −=

∗n

i

ttwtttxt
i

iiii eetbtg

1

 

( ) ( ) ( )( ) ( ) ( )( ) .

1
∑

=

τ−β−τ−β− ∗
−≤

n

i

ttwtttxt
i

iiii eetb     (4.5) 

By the mean value theorem, we have 

( ) ( )( ) ( ) ( )( ) [ ( ) ( )( ) ( ) ( )( )]ttwtttxteee iiii
ttwtttxt iiii τ−β−τ−β−=− ∗ξ−τ−β−τ−β− ∗

 

( ) ( )( ) ( ) ( )( )ttwtttxte iiii τ−β−τ−β= ∗ξ−  

( )( ) ( )( )ttwttx iii τ−−τ−β≤ ∗  

∗−β≤ wxi  

∗−δ≤ wx  (4.6) 

in which ξ  lies between ( ) ( )( )ttxt ii τ−β  and ( ) ( )( ).ttwt ii τ−β ∗  
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Hence, by (4.5) and (4.6), we get 

( ) ( ) .

11
∑∑
=

∗

=

∗ −δ≤−δ≤
n

i

i

n

i

i bwxwxtbtg  

It follows that   

( ) .

11
∑∑

==

∗ δ=−δ≤
n

i

i

n

i

i bybwxtg  

Take norm at both sides of (4.4), we obtain 

( ) ( ) ( ) ( )∫ ∆+ψ−φ≤ −−
t

t
aa ssgstettety

0

,, 0  

( ) ( ) .,,

1

0
0

sbystette

n

i

i

t

t
aa ∆δ+ψ−φ≤ ∑∫

=
−−     (4.7) 

From (4.7), we get 

( )
( ) ( )∫ ∑ ∆δ+ψ−φ≤

=−−

t

t

n

i

i
aa

sb
tse

y

tte

ty

0

.
,,

100

 

By Gronwall inequality (see [9]), we obtain 

( )
( )

( ),,
,

0
0

tte
tte

ty

a
γ

−
ψ−φ≤   here .

1
∑

=
δ=γ

n

i

ib  

Hence we get 
( ) ( ) ( )00 ,, ttettety a−γψ−φ≤  

( ) ( )00 ,, ttette a−γψ−φ≤  

( )( )0, tte a γ−−ψ−φ=  

That is  

 ( ) ( ) ( )( )., 0ttetwtx a γ−−
∗ ψ−φ≤−  (4.8) 

From the condition ,1<δM  we know ,1
1

1

<δ ∑
=

n

i

ib
a

 this means .γ>a          (4.9) 
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Hence, (4.8) and (4.9) imply that ( )tw
∗  is exponentially stable. The proof is 

complete.  

Remark. As mentioned in the introduction of this paper, one of our principal aims is 

to unify the existence and stability of almost periodic solution for some differential 

equations and their corresponding discrete analogues. 

If RT =  and ,ZT =  then equation (1.1) reduces to 

( ) ( ) ( ) ( ) ( ) ( )( )
R∈+−=′ ∑

=

τ−τβ−
tetbtxtatx

n

i

ttx
i

ii ,

1

 

and  

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) .,1

1

Z∈+−=−+ ∑
=

τ−β−
kekbkxkakxkx

n

i

kkxk
i

ii  

Our study unifies differential equations and difference equations. 
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