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Abstract

This paper deals with almost periodicity of Lasota-Wazewska dynamic equation on time
scales. By applying a method based on the fixed point theorem of decreasing operator, we
establish sufficient conditions for the existence of a unique almost periodic positive
solution. We also give iterative sequence which converges to almost periodic positive
solution. Moreover, we investigate the exponential stability of almost periodic solution by

means of Gronwall inequality. Our study unifies differential and difference equations.

1. Introduction

As we know, biology dynamic models are very important and hot research topics. In

1976, Wazewska-Czyzewska and Lasota [1] investigated the Lasota-Wazewska model

x'(t) = —ax(t) + pe PX(1=T) (1.0)

which described the survival of red blood cells in animals. Kulenovic and Ladas [2] have
investigated the oscillation and global attractivity of the above model. Some generalized
models have been investigated by many authors, see Graef et al. [3], Kulenovic et al. [4],
Xu and Li [5], Jiang and Wei [8].

In the real world, some processes vary continuously while others vary discretely.

These processes can be modeled by differential equations and difference equations,
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respectively. However, there are also many processes that vary both continuously and
discretely. Thus an interesting and challenging problem arises: How can we model these
mixed processes? The theory of time scale calculus and dynamic equations on time
scales provides us with a powerful tool for attacking such mixed processes. The calculus
on time scales (see [9, 10] and references cited therein) was initiated by Stefan Hilger in
his 1988 Ph.D. dissertation [11] in order to unify continuous and discrete analysis, and it
has a tremendous potential for applications and has recently received great attention. The

two main features of the calculus on time scales are unification and extension.

The existence and stability of periodic solution or almost periodic solution for
differential equations and difference equations are very basic and important problems. It
is natural to ask whether we can explore such existence and stability problems in a
unified way and offer more general conclusions. The study of dynamic equations on time

scales can unify and extend the fields of differential and difference equations.

Motivated by the above facts, in this paper, we investigate the following

nonautonomous almost periodic Lasota-Wazewska dynamic equation on time scales
n
x2(1) = =al)x(r) + Y by () P, (1.1)
i=1

Almost periodicity is more practical and more close to the reality in biological
systems [16, 17]. In this paper, we aim to establish sufficient conditions that guarantee
the existence of unique almost periodic positive solution of model (1.1). The technique
used in this paper is different from the usual methods employed to solve almost periodic
cases such as the contraction mapping principle and Liapunov functional. Our method is
based on the fixed point theorem of decreasing operator. Particularly, we give iterative
sequence which converges to the almost periodic positive solution. Moreover, we also
investigate exponential stability of almost periodic positive solution by means of
Gronwall inequality. The results of this paper complement and extend the previously
obtained results in [2-5, 8]. Our study reveals that, for the existence and stability of
almost periodic solution of differential equations and difference equations, it is
unnecessary to prove results for differential equations and separately again for difference

equations. We can unify such problems in the frame of dynamic equations on time scales.
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2. Preliminaries

In this section, we present some basic definitions and preliminary results from the
calculus on time scales and almost periodic functions. For more details, see [9, 10, 14,
15].

The symbol T denotes a time scale, which is a nonempty closed subset of R.
Definition 1. The forward and backward jump operators 0, p: T — T and the

graininess (L : T — R* are defined, respectively, by
o(f)=inf{s OT:s>1}, p(t) =sup{s OT:s <1}, u(t) = o(r) -t

A point ¢t OT is called left-dense if t>inf T and p(t) =t, left-scattered if

p(¢) < t, right-dense if t <sup T and o(t) = ¢, and right-scattered if o(t) > t.

If T has a left-scattered maximum , define TF = T — {m}; otherwise, set T* =T,
If T has aright-scattered minimum m, define T, =T — {m} otherwise, set T, = T.

Definition 2. A function f:T — R is right-dense continuous provided it is

continuous at right-dense points in T and its left-side limits exist (finite) at left-dense
points in T. If fis continuous at each right-dense point and each left-dense point, then f

is said to be a continuous function on T .

Definition 3. For f : T - R, we define f2(¢) to be the number (if it exists) with

the property that for any given € > 0, there exists a neighborhood U of ¢ such that
A
| (f(a(®)) = £(s)) = () (olt) = 5) | < e ot) =s|  forall sOU.
We call £2(t) the delta (or Hilger) derivative of fat t.

It F2(r) = £(¢), then we define the delta integral by
t
j F(s)bs = F(t)- F(r) for ,rOT.
.

Definition 4. A function p : T - R is called regressive provided 1+ u(t) p(¢) # 0
for all ¢ O T. The set of all regressive and rd-continuous functions p : T — R will be

denoted by O = 0O(T, R).
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We define the set 07 = O (T, R) ={p 00 : 1+ p(t) p(r) > 0, Or OT}.

Definition 5. If p is a regressive function, then the generalized exponential function
e, is defined as the unique solution of the initial value problem v = p(t)y, v(s) =1,
where s U T.

An explicit formula for e, (z, 5) is given by

e,(t, s) = exp{J.tEu(T)(p(T)) AT} forall s,t 0T

with

h

Log(1 + hz) .

———= it h#0,
€n(z) = '

Z, if h=0.

Definition 6. Let p, ¢ : T — R are two regressive functions, define

14

- . Og=pU0d(Ogqg).
T+ pOg=p0O(©gq)

pUqg=p+q+ypg, op =

Lemma 1. Assume that p, g : T — R are two regressive functions, then
() ep(t, s) =1, e,(t.1) =1

(ii) e, (o). s) = (1 + () p(t)) e, (2. 5):

(iii) ﬁ = e®p(t, s), ep(t, s) = e—) = e®p(s, t);

@iv) ep(t, s)ep(s, r) = ep(t, r), ep(t, s)eq(t, s) = equ(t, s);

W) (e, (z, ))? = pe,(t, s);

i) If a, b, c OT, then J.:p(s)ep(c, o(s))As = ep(c, a) - ep(c, b).

Definition 7. [14] Let " be a collection of sets which is constructed by subsets of R.

A time scale T is called an almost periodic time scale with respect to I, if
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FD={1TD ﬂ/\:tirD’H‘,DtDT}iD
AOr

and T s called the smallest almost periodic set of T.

Definition 8. [14] Let T be an almost periodic time scale with respect to I'. A

function f(¢) O C(T, R") is called almost periodic if for any given € >0, the set

E(f,e)={t1Or":| f(r +1) - £(t)| <& Or OT} is relatively dense in T that is, for
any given € > 0, there exists a real number [ = [(g) > 0 such that each interval of length

[ contains at least one T = 1(¢) U E(f, €) satisfying | f(r +1) - f(t)| <&, Or OT.
The set E(f, €) is called &-translation set of f(t), Tis called &-translation number

of f(t), and [(g) is called contain interval length of E(f, €).

Remark. If T ={R} and T =R, then r“=R, in this case, Definition 8 is

equivalent to the definition of almost periodic function in [16]. If [ ={Z} and T = Z,

then T” =7, in this case, Definition 8 is equivalent to the definition of almost periodic

sequence in [19].
Definition 9. ([13, 14]) Let Q(¢) be n x n rd-continuous matrix function on T .
The linear system
L) =0@)x(t), tOT 2.1)

is said to admit an exponential dichotomy on T if there exist positive constants k, O,

projection P and the fundamental solution matrix X (¢) of (2.1) satisfying
| X(r) PX 7' (0(s)) || < keo (1, o(s))  for t=0(s), s, ¢OT,
| X()(1 - P)X " (0(s)) || < keog(0(s). 1) for 1< o(s). s ¢OT.
Consider almost periodic system

() = 0(0)x() + g(). 10T 22)

where Q(f) is an almost periodic matrix function, g(¢) is an almost periodic vector

function.
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Lemma 2. ([14, 15]) If the linear system (2.1) admits an exponential dichotomy, then

the almost periodic system (2.2) has a unique almost periodic solution x(t) as follows:
t +00
s(0) = [ x(@Px o) gl)as=[ X - P X7 (0(s)) g(s) s

Lemma 3. [9] Let Q(t) be a regressive nxn matrix-valued function on T. Let

to OT and xq O R". Then the initial value problem

) =00 <), (o) = xo

has a unique solution x(t) as follows:

x(1) = ep(t, 19) xp.
Lemma 4. [14] Let ¢;(t) be almost periodic function on T, where c;(t) >0,

-¢;()00%, OrOT and min {inf cl-(t)} > 0.
1<i<n OT

Then the linear system

x() = diag(=¢,(¢), =e2(1). -, =, (1)) x(t)
admits an exponential dichotomy on T.
By Lemma 3, we can get
Lemma 5. Let —C = diag(=c,(t), =c,(t), ..., =¢,,(t)). Then X(t) = e_c(t, ty) is a
fundamental solution matrix of the linear system x™(t) = diag(~c,(t), —c(t), ...,

=y (1)) x(2).

Definition 10. Let X be a Banach space and P be a closed, nonempty subset of X.
Then P is called a cone if (i) x O P, A = 0 implies Ax O P; (ii)) x O P, —x O P implies

x = 0. (8 is zero element.)

Every cone P [1 X induces an ordering in X, we define “<” with respect to P by
x < yifandonlyif y —x 0O P.

Definition 11. A cone P of X is called normal cone if there exists a positive constant
o,suchthat || x + y||2 o forany x, yOP, | x| =] y| =1



An Almost Periodic Lasota-Wazewska Dynamic Model on Time Scales 23

Definition 12. Let P be a cone of X and A : P — P be an operator. Then A is called
decreasing if 8 < x < y implies Ax = Ay.

The following fixed point theorem of decreasing operator (see [20]) is an important
tool in our proofs.

Lemma 6. [20] Suppose that

(1) P is normal cone of Banach space X, operator A : P — P is decreasing;
(ii) AG >0, A%0 > €0AB, where €, > 0;
(iii) For 00 < ¢ < d <1, there exists N =n(c, d) > 0 such that
AMx) s [N1+n)"Ax  for Oc<A<d and 6<x< AB.

Then A has a unique positive fixed point x° > 8. Moreover, [| X = X | - 0, (k - ),
where x;, = Axy—y (k =1, 2, ...) for any initial x, O P.

Remark. In Lemma 6, the operator A does not need continuity and compactness.
3. A Unique Almost Periodic Positive Solution

In this paper, we use notations: for any bounded function f(t), we denote

f =sup £(t), £ =inf £(r).
(0T T

Throughout this paper, we assume that the bounded almost periodic functions

a(t), b;(¢), Bi(r), 1;(¢) satisfy 0 <a<alr)<a, 0<b <b(r)< b, 0< Bi <Bi(r) <

Bl" 0< Ti < Ti(t) < Ti (l = 1, 2, vees n) and —a(t) | D+.

Due to biological significance, we restrict our attention to positive solutions of
equation (1.1). The initial condition associated with equation (1.1) is given by

(@ =¢r)>0 for 1O[-1% 0]y, 1= max{T;}.
1<i<n

Let X ={w(t)|wOC(T, R), w(¢) is almost periodic function} with the norm

[ w| = sup| w(t)|, then X is Banach space.
(aT
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For w(t) O X, we consider equation
A1) = =ale)x() + Y by (o) B C0), (3.0)

Since inf a(t) =a >0, from Lemma 4 we know that the linear equation
(aT

x2(r) = =a(t) x(r) admits exponential dichotomy on T

Hence, by Lemma 2, we know that equation (3.0) has exactly one almost periodic

solution:

e—q(t, 0(s)) Z bi(s) RO

i=1

t

x,(t) = j

—00

We define operator A: X - X,

(Aw)(r) = j’ e-a(t. o) Y bi(s)e PO OAs wOx,

i=1
Obviously, w(t) is the almost periodic solution of equation (1.1) if and only if w is the
fixed point of operator A.

Define acone Q ={w|wO X, w(t) =0, t O T}.

I s- a
Let M = E;bi, o= ll’éliaé);{ﬁi}.

Theorem 1. Assume that OM < 1. Then equation (1.1) has a unique almost periodic
positive solution  w(t). Moreover, [ wie —wD” -0, (k> ), w=Aw,_
(k =1, 2, ...) for any initial wy O Q.

Proof. Firstly, we prove that AQ [ Q.

For Ow O Q, then

(4w)0) = | gt 0() Y i(s)e BTN > 0, 3.1)

i=1
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In addition, for Ow [0 Q, we know that equation (3.0) has exactly one almost periodic

solution
t n
x,(t) = j et 0(s)) > by(s)e Pile) il
- i=1
Since x,,(z) is almost periodic, (Aw)(z) is almost periodic.
This, together with (3.1), implies Aw [ Q. So we have AQ [ Q.

It is clear that Q is normal cone, A : Q — Q is decreasing operator.

Now, we will show that condition (ii) of Lemma 6 is satisfied.

- ézb— - I’m eyt o(s))zn:b_,.as > (A8)(r)
—i=l

i=1

:I e_,(t, o(s Zb
2.[ e_z(t, o(s ZbAs— Zb >0,

which implies A6 > 6.

Moreover, we have

(4%0)() = Ijm e_q(t, o(s))Zn:bl.(s)e—ﬁi(‘v)(AG)(s—T,-(s))AS

i=1

= £9(A6)()

this implies A%0 > €0AB, here g, = oM. 5= max{E,-}.
1<i<n
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Finally, we show that condition (iii) of Lemma 6 is satisfied.

Let 00<c<d<l, for Oc<A<d and 6<x<AB, we have 0<|x|<
| AB| <M.

A()\x)(t)zj‘_t e_,(t, o(s Zb )M(s=Ti(s))

S et o3 (,,i (5) B0 K619 AN B x(s—ri(s))) A
- i=1

<[ et o(s))z(bi(s)e—s,m x(s-Ti(s)) (HmM) As

i=1
S172) 5MI e (t, O(S))Zbi(s)e—ﬁi(s)x(s—Ti(s))As
i=1

= % AN (4 (7). (3.2)

Let f(t) = 1170 e have
1 (l‘) 1 t)dM 6Mt€(1 oM _ (1 _ 6Ml‘) e(l—t) 6M‘
Since dM <1, we know f'(t) >0 for 0 <r <1.

Sowe have 0 = £(0) < f(c) < f(A) < f(d) < £(1) =

Hence, from (3.2) we get

AN () 5 5 S0 (49)(0) = 5 £(2) (49 )
1 1 1
P (90 = B s (490)

A N

heren:n(d):L—1>O.

f(d)
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By Lemma 6, we know operator A has a unique positive fixed point w > 0, which

means equation (1.1) has a unique almost periodic positive solution wD(t). Moreover,

[we =w"] = 0, (k - @), wy = Awe (k =1,2,..) for any initial wy 0 Q. The

proof is complete.

Remark. From the above proof, we have

wH(r) = (AwD) (¢) I_ e_,(t, o(s ))Zn:bi(s)e—ﬁi(S)wD(s—Tl-(s))AS

i=1

< | jw e (t, o(s))Zn: by(s) s
i=1

<| jooe_g(t, o(s))zn: b
i=l

X =w

Ial»—

Moreover, we also have

n

w0 = (a0 = [ et o) bi(s)e PO blag

i=1
> j ; e_,(t. o(s))Zn: bi(s) e PM g
> ¢ ;o e (t, o(s))zn: bi(s) s
i=1

t n
> oM j et o)) by s
i=1
v 1<
l:
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So we get
1 n
M N b<wr) <M.

a
i=1

4. Exponential Stability

Theorem 2. Assume that &M < 1. Then equation (1.1) has a unique exponentially

stable almost periodic positive solution.

Proof. Since the condition dM <1 is satisfied, by Theorem 1 we know equation

. . o . —sm 1 <
(1.1) has a unique almost periodic positive solution WD(t), and M Ezlﬁ < wD(t)
i=1

< M. Let g(r) be the initial function of wH(r), w{(; @) = @(r) for + O[T, 0]y

Now we prove w'(¢) is exponentially stable.

Suppose x(¢) is arbitrary positive solution of equation (1.1) with initial function

x(t; @) = ¢r) > 0, t O[-T° 0]r.
Let y(r) = x(t) = wH(r). then we have

y2(0) = (x(1) = wH{0)

_ Z b, (t)e_Bi(l) WD("Ti(f))‘ 4.1
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Let
6 = 3 1) BOTTD) -3 () BOWT0)
i=1 i=1
Then it follows from (4.1) that
Y2(1) = =ale) y(r) + g (). (4.2)
From (4.2), we know that y(t) can be expressed as follows
9(0) = et 1) y(r0) + | : e_alts $)g(s)Bs,  (210) 1o O[<10 0]y (4.3)
0
Thus, (4.3) implies that
t
(1) = e=gt 10) (@lt0) = W) + [ e-ale. 5) 8(s) s (44
0
Note that
le(t)| = ibi(t)(e_ﬁi(t)x(t_Ti(t)) _ e‘ﬁi(’)WD(f—Ti(f))j‘
i=1
< Zn:bi ()] B0 _ B i) | @5)
i=1
By the mean value theorem, we have
BT - BTN | 2| —~Ep (1) o(e - 1) )|
= 78| By (1) (e - () = By () wHr - 1, (1))
< B x(t ~ (1) - wHe - 1) |
< Bl x-v"|
<O x- wD|| (4.6)

in which & lies between B; (1) x(r — T;(¢)) and B;(t) w(t - 1,()).
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Hence, by (4.5) and (4.6), we get
n 0 . n _
lg(0) < D ()3 x = w| < & x = w| Db
i=1 i=1
It follows that
. n _ n _
lg@ <8 x-w > b =8y b
i=1 i=1
Take norm at both sides of (4.4), we obtain

OIS e-ale ) 0=0 1+ [ eoule )l (5)]as

t L
<e gt o)l 0wl + [ eyt 5)8 v Y B
0 i=1

From (4.7), we get

I y@)] <|o-u| +J't L"){,Zn:zim,
i=1

e-alt- 10) 0 eals: 10

By Gronwall inequality (see [9]), we obtain

| y(@)| <| 7
— < |lo-W eyt tp), here y=3) b;.
e—a(t’ tO) Y ; l

Hence we get

Iy < o= Wwlley(r, 1) e-a (. 1)
<le-wley(r to) eyt 10)

= @=wlle-(g-y)(t 10)
That is
| x(t) = wHe) | <110 = W le—(umy) (. 10)-

n p—
From the condition dM < 1, we know 612191- <1, this means a > Y.

4=z

“4.7)

(4.8)

4.9)
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Hence, (4.8) and (4.9) imply that w'(f) is exponentially stable. The proof is

complete.

Remark. As mentioned in the introduction of this paper, one of our principal aims is
to unify the existence and stability of almost periodic solution for some differential

equations and their corresponding discrete analogues.

If T=R and T = Z, then equation (1.1) reduces to
n
x'(¢) = —a(t) x(z) + Zbi(t)e_Bi(T)x(t_Ti(l)), tOR
i=1

and

x(k +1) = x(k) = —a(k) (k) + D b(k)e PR gz,
i=1

Our study unifies differential equations and difference equations.
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