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Abstract

In this paper, we find upper bounds for the first two Taylor-Maclaurin |a,,,;| and
|@2m 41| for two new families Ly, (8,y; @) and Ly (8,y; ) of holomorphic and m-fold
symmetric bi-univalent functions associated with the Bazilevic convex functions defined

in the open unit disk U. Further, we point out several certain special cases for our results.

1. Introduction

Let A be the family of functions f that are holomorphic in the open unit disk
U={z€C :|z| <1} and normalized by the conditions f(0) = f'(0) —1 =0 and

having the form:

f@=z+ ) azk. (11

We also denote by S the subfamily of A consisting of functions satisfying (1.1)

which are also univalent in U.

A function f € A is called starlike of order § (0 < 6§ < 1), if

zf'(z)
Re{m} >4, (zelU).
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Singh [10] introduced and studied Bazilevic function that is the function f such that

R {Zl‘yf%z)
NF@)

According to the Koebe one-quarter theorem (see [8]), every function f € S has an

}>o, (zeU,y = 0).

inverse f~1 which satisfies

@)=z (zeU)

and

1
fUrw) =w, (|W| <ro(f)r(f) = Z)'
where
gw) = f7E(w) = w — a;w? + (2a% — as)w? — (543 — 5a,a3 + a)w?* + . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.
We denote by X the family of bi-univalent functions in U given by (1.1). For a brief
history and interesting examples in the family X see the pioneering work on this subject
by Srivastava et al. [25], which actually revived the study of bi-univalent functions in
recent years. In a considerably large number of sequels to the aforementioned work of
Srivastava et al. [25], several different sub families of the bi-univalent function family X
were introduced and studied analogously by the many authors (see, for example,
[1,2,3,5,9,10,11,15,19,23,28,29,30,33]).

For each function f € S, the function h(z) = "\/f(z™), (z € U,m € N) is univalent
and maps the unit disk U into a region with m-fold symmetry. A function is said to be m-
fold symmetric (see [12]) if it has the following normalized form:

fz)=z+ Z Amp112™*, (z€eU,meN). (1.3)

k=1
We denote by S,,, the family of m-fold symmetric univalent functions in U, which are
normalized by the series expansion (1.3). In fact, the functions in the family S are one-

fold symmetric.

In [26] Srivastava et al. defined m-fold symmetric bi-univalent functions analogues
to the concept of m-fold symmetric univalent functions. They gave some important
results, such as each function f € X generates an m-fold symmetric bi-univalent function
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for each m € N. Furthermore, for the normalized form of f given by (1.3), they obtained
the series expansion for £~ as follows:

g(W) =w- am+1wm+1 + [(m + 1)a$n+1 - a2m+1]W2m+1

1
- E(m +DBm+2)ag 1 — Bm+ 2)ami10omer + g | W+, (14)

where f~! = g. We denote by X, the family of m-fold symmetric bi-univalent functions
in U. It is easily seen that for m = 1, the formula (1.4) coincides with the formula (1.2) of
the family 2. Some examples of m-fold symmetric bi-univalent functions are given as
follows:

1 1
z™ \m 11 1+z™\|» d [ log(1 m)i
T—zm) + [2'08\1=m)| andl-les@ -2l

with the corresponding inverse functions

1 1 1
wm m eZWm —1\m q e,wm —1\m
1+wn) ' \ezwm 1) 1 ew™ |’

Recently, many authors investigated bounds for various subfamilies of m-fold bi-
univalent functions (see [4,7,13,18,20,21,24,26,27,31,32]).

respectively.

In order to prove our main results, we require the following lemma.

Lemma 1.1 [3]. If h € P, then |ci| < 2 for each k € N, where P is the family of all
f all functions h holomorphic in U for which

Re(h(z)) >0, (zel),
where

h(z) =14 cyz+ 2% + -+, (z€el).

2. Coefficient Estimates for the Function Family Ly _(9,y; a)

Definition 2.1. A function f € X, given by (1.3) is said to be in the family
Ly, (6,7;0) 0 <a<10<6<10<y<=<1)ifitsatisfies the following conditions:

Earthline J. Math. Sci. Vol. 14 No. 1 (2024), 105-117
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zYYf'(2) z27Vf"(2) am
arg| 1= L2 50+ 2L 50N Gewy @
(F@)"™” (@) )| 2
and
wl Vg’ (w) w2V g" (w) ar
arg| 1=6)————=+6(1+—) || <=, weuln), (22
(gw)"” (wg'w) )| 2

where the function g = f 1 is given by (1.4).
In particular, for one-fold symmetric bi-univalent functions, we denote the family

Ly, (6,v;a) =Ly (6,7; ).

Remark 2.1. It should be remarked that the family Ly (6, y; @) is a generalization of
well-known families consider earlier. These families are:

(1) For 6 =0, the family L;(&,y; @) reduce to the family Ps(a,y) which was
introduced by Prema and Keerthi [17];

(2) For 6 =1, the family Ly(8,y; a) reduce to the family By(y,a) which was
introduced by Sakar and Wanas [22];

(3) For6 =y =0, the family Lz(5,y; @) reduce to the family Sy(a) which was
given by Brannan and Taha [6];
(4) § =0 and y = 1, the family L;(6,y; @) reduce to the family H§ which was
investigated by Srivastava et al. [25].
Theorem 2.1. Let f € Lzm(&y;a) 0<a<1,0<6<1,0<y<1 meN)be
given by (1.3). Then

2a
lamq] < (2.3)

J 2a [(1 -6)(2m+y)+2mé2m+1) +%(1 -NHy-1D2Mm+y)+ )/)]|
4 2a

+(1-)[(1—-8)(Mm+y)+dm(m+ 1)]?
|a2m+1| < [(1 —8)(m+ 2 + — '
Y)+ém(m+ 1?2 (1-8)Cm+y)+2mé(2m+1)

and

(2.4)

Proof. It follows from conditions (2.1) and (2.2) that
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1~y £1 2—y g1t
1-6) # +6(1+ (ZZJCZ% = [p()] (2.5)

and

1-y 1 2-y g
1-0) % +6(1+ (‘:’vg,y(+)§zv_)y = [qw)]%, (2.6)
where g = f ™! and p, q in P have the following series representations:

p(2) = 14 ppz™ + pomz®™ + Py z>™ + - (2.7)

and
qw) =1+ gquw™ + @omw?™ + qppw™ + - . (2.8)

Comparing the corresponding coefficients of (2.5) and (2.6) yields
[(A=8&)(m +y) +dm(m + 1)] apyy = app, (2.9)

[~ 8)(@m +7) + 2m@m + Dlagmas +53 (1~ )¢ ~ D@ + 1) + Pauss

ala—1)
= Py + ——— P (210)
~[(1 = 8)(m +y) + m(m + Dlamss = adm (211)
and
[(1=&)@2m +7y) +2mE2m + D](2a%11 — Gzme1)
1 ) ala—1) ,
+5A =0 - DM +Y) +V)ans = adom + ———— - (2.12)
Making use of (2.9) and (2.11), we obtain
Pm = —qm (2.13)
and
2[(1 - 8)(m +7) + 6m(m + D)]%a%; = a?(pZ + 43). (2.14)

Also, from (2.10), (2.12) and (2.14), we find that

2 [(1 -6)(2m+y)+2mé(2m+1) +%(1 -y -DQ2m+7y) +y)|a%i.

Earthline J. Math. Sci. Vol. 14 No. 1 (2024), 105-117
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ala—1)
= a(Pzm + Gzm) +——5— (P + dm)
(a—D[A=8)(m+7y)+m(m+ 1)]?
= a(Pam + q2m) + . A1
Therefore, we have
2 az(pZm + q2m)

(2.15)

Un+1 =

2¢[(1=8)@m+y) +2m5@m+1) +2(1 = §)(y - D@ +7) +7)|
+(1-a)[(1=8)(m+y)+ dm(m + 1)]?

Now, taking the absolute value of (2.15) and applying Lemma 1.1 for the coefficients

Pom and q,p,, We obtain

2a
lams] < .

\/ 2a [(1 —-6)(2m+y)+2mé(2m+1) +2i(1 -Hy-D2m+y)+ )/)]|

+(1 -1 -8&)(m+y)+dm(m+ 1)]?
This gives the desired estimate for |a,,41]| as asserted in (2.3).

In order to find the bound on |a@,,, 411, by subtracting (2.12) from (2.10), we get
2[(1 = 8)2m +y) + 2m82m + 1)](azm+1 — An+1)

ala—1)

= a(P2m — G2m) + T(pfn —q7).  (2.16)

It follows from (2.13), (2.14) and (2.16) that

B a’(pm + q7) N a(P2m — d2m)
Bomi1 = [T = 8)m +y) + om(m + D2 2[(1 — 8)(Zm + 1) + 2md2Zm + D]’

(2.17)
Taking the absolute value of (2.17) and applying Lemma 1.1 once again for the
coefficients p,,, Pam»> @m and gy, We obtain

4a? 2a
amerl S (T =5y m 47y + omGm + D T (A= 0)@m +7) + 2mo@m + 1)

For one-fold symmetric bi-univalent functions, Theorem 2.1 reduces to the following
corollary:

Corollary 2.1. Let f €L;(6,7;0) 0<a<10<6§<1,0<y <1) be given by
(1.1). Then

http:/fwww.earthlinepublishers.com
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2a
laz| <

\/|2a[(1 -8)Q2+y)+68 +§(1 -Hy-DCA+M +Y) + A - )[A -8 +y) +26]
and

42 2a
(=014 +20F d-0)2+7) 465"

las| <

Remark 2.2. In Corollary 2.1, if we choose

(1) 6 = 0, then we have the results obtained by Prema and Keerthi [17, Theorem
2.2];

(2) 6 = 1, then we have the results obtained by Sakar and Wanas [22, Theorem 2.2];

(3) 6 =y =0, then we have the results obtained by Murugusundaramoorthy et al.
[16, Corollary 6];

(4) 6 =0 and y = 1, then we have the results obtained by Srivastava et al. [25,
Theorem 1].

3. Coefficient Estimates for the Function Family Ly _(8,vy; B)

Definition 3.1. A function f € X, given by (1.3) is said to be in the family
Ly (6,7;8) (0=<p<1,0<6<10<=<y<1)ifitsatisfies the following conditions:

217 f'(2) 227 f"(2) }
Re{(1-8)———=+8(1+———=); > B, (3.1)
{ (F@)™" (zf' @) "
and
wlg'(w) w27 g" (w) }
Re{(1-68)——=—+86(1+————=): > B, (3.2)
{ (gw))” (wg'w))' ™"

where the function g = f~1is given by (1.4).

In particular, for one-fold symmetric bi-univalent functions, we denote the family
Ly, (,v:B) = L5 (8,v; B).

Remark 3.1. Tt should be remarked that the family L} (8, y; ) is a generalization of
well-known families consider earlier. These families are:

Earthline J. Math. Sci. Vol. 14 No. 1 (2024), 105-117
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(1) For 6 = 0, the family L5(&,y;8) reduce to the family Py(B,y) which was
introduced by Prema and Keerthi [17];

(2) For § =1, the family L3(6,y;B) reduce to the family ﬁi(y;ﬁ) which was
introduced by Sakar and Wanas [22];

(3) For § =y =0, the family L5(8,y; 8) reduce to the family Sz () which was
given by Brannan and Taha [6];

(4) For § =0 and y = 1, the family L3(8,y; B) reduce to the family Hx(f) which
was investigated by Srivastava et al. [25].
Theorem 3.1. Let f €Ly (5,7;8)(0<p<10<6<1,0<y<1mEeN) be
given by (1.3). Then

lamsal < 2d _ﬁl) (3.3)
|4 =8)@m+y) + 2ms(@2m + 1) +5(1 - &) - DM +7) +7)|

and

0y | < 4(1-p)? 4(1-p)
AL Z 11 -8 (m+y) +dm(m+ D2 (1-8)@2m+7y) +2msC2m+1) "

(3.4)
Proof. It follows from conditions (3.1) and (3.2) that there exist p, g € P such that

z 7V f'(2) N 227V f"(2)

(1—5)W 5(1 +W) =B+ A -=pBp(2) (3.5)
and
1-y 4/ 2=y 11
(- 6)”{(]@—?’)&”_? 5(1+ W) =B+ (1-Raw),  (36)

where p(z) and q(w) have the forms (2.7) and (2.8), respectively. Equating coefficients
(3.5) and (3.6) yields

[(1 = 8)om+ 1) + 6mm + iy = (1~ Bpw (37)
[~ 8)@m + 1) + 2m8@m + Dz +5 (1~ ) ~ DM+ 1) + V)auss

=1 =Bram, (3.8)

http:/fwww.earthlinepublishers.com
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—“[A=8m+y)+dmim+ D]aps, = (1 —Bgnm (39)
and

[((1=8)2m+y) +2ms@2m + D](2ap11 — A2m+1)

1
+5A =) -DRMm+y) + N1 = (1= B)qzm- (3.10)
From (3.7) and (3.9), we get

Pm = —Am (3.11)

and

2[(1 = 8)(m +7) + md(m + D]2aZ,, = (1 - B2(Z + q2). (312)
Adding (3.8) and (3.10), we obtain

2 [(1 -80)C2m+y)+2mé(2m+1) +%(1 -y -1DQ2m+y) +y)|a?iq

=1- B)(pZm + QZm)- (3.13)

Therefore, we have

2 (1= )Pz + Gom) |
" 2la -8 @m+y) +2ms@m+ 1) +1(1- 8 - D@+ ) +7)]

Applying Lemma 1.1 for the coefficients p,,, and g,,,, we obtain

2(1-p)
+1l = |
s J|(1 - 8(2m+y)2ms(2m + 1) +§(1 - -DRm+y)+ y)|

This gives the desired estimate for |a,,41| as asserted in (3.3).
In order to find the bound on |a,;, 411, by subtracting (3.10) from (3.8), we get

[(1—=8)2m +y) +2m8@2m + D](azms1 — A1) = (1 = B D2m — d2m),

or equivalently

. 2t (1= B)P2m — 92m)
amil = EmAL T (1 —8)2m+y) +2mSCm + 1)

Upon substituting the value of a2, from (3.12), it follows that

Earthline J. Math. Sci. Vol. 14 No. 1 (2024), 105-117
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- (1= B)?(ph + ai) N (1= B)D2m — Gom)
AL T =8 (m+y) +dm(m+ D2 T 1-86)Q2m+y) +2msQ2m + 1)

Applying Lemma 1.1 once again for the coefficients py,, P2m» @m and g, we obtain

|aymar| < 41 - p) n 4(1-p)
=T —)(m+y)+omm+ D2 (1-8)Cm+y) +2méQ2m+ 1)’

which completes the proof of Theorem 3.1.

For one-fold symmetric bi-univalent functions, Theorem 3.1 reduces to the following
corollary:

Corollary 3.1. Let f € L3 (5,y;8) (0<<1,0<6§ <1,0<y <1) be given by
(1.1). Then

ol < 20-P)
T la-oen res+ia -0 -DEA+N +p)

and

4(1-pB)? 41-p)
[(A=-86)A+y)+256]12 (1-6)Q2+y)+65°

las| <

Remark 3.1. In Corollary 3.1, if we choose

(1) 6 = 0, then we have the results obtained by Prema and Keerthi [17, Theorem
3.2];

(2) 6 = 1, then we have the results obtained by Sakar and Wanas [22,Theorem 3.2];

(3) 6 =y =0, then we have the results obtained by Murugusundaramoorthy et al.
[16, Corollary 7];

(4) 6§ =0 and y = 1, then we have the results obtained by Srivastava et al. [25,
Theorem 2].

4. Conclusion

The present study has introduced a new subfamilies Ly (8,y;a) and Ly, (8,y; B) of
2. for normalized holomorphic and m-fold symmetric bi-univalent functions defined by
the Bazilevic convex functions and investigated the initial coefficient bounds |a,, .| and
|@2m+1]| for functions in each of these new subfamilies.
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