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Abstract

The aim of this paper is to study and generalize common fixed point theorems
for four self-mappings compatible of type (C) in the settings of complete
metric spaces. The main idea is the extensions and generalizations of some

fixed point theorems related to compatible mappings.

1 Introduction and Preliminaries

According to Banach [5] “A self map T': X — X from a complete metric space
X into itself has a fixed, if it satisfy the inequality d(Tx,Ty) < qd(z,y) for
all z,y € X and 0 < ¢ < 17. Ever since, its introduction in 1922, sevseral
authors have generalized this theorem and results have been extended for fixed
points in terms of more than one mappings. In this direction Jungck [12] in
1976, introduced the concept of commuting maps for the purpose of calculating
common fixed points on complete metric spaces. Since then many generalizations
of fixed point theorems for commuting maps have appeared. Similarly, the idea of

compatible mappings was introduced by Jungck [13] in 1986. Jungck et al. [11]
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also introduced compatible mappings of type (A) and generalized several theorems
for fixed point resuls. The introduction of the notion of compatibility of mappings
by Jungck has proved a turning point and an essential tool in the area of fixed point
theory for the improvement of fixed point results. Several types of compatible
mappings have now been introduced during the last many years and reults have
been generalized and unified in different directions of which we mention names of a
few authors viz, Chugh and Kumar [6], Fisher [¢], Pant [18], Popa [23], Singh [29].

Our objectives in this paper is the establishement of some common fixed results
for four compatible mappings of type (C) in complete metric spaces. The results
of this paper are motivated by a paper of Mukherjee [17]. The following fixed

point theorem was proved in [17].

Theorem 1.1. [17] Let f and g be mappings of a complete metric space X into
itself with f continuous. Let f and g commute with each other and g (X) C f(X).
Also, let g satisfiy the following conditions:

(d(gz,9y)) < aad(g(z), f (2)) + aad (g (y), f (v))
+azd(g(z), f(y) +oud(g(y), f (z)) (1.1)
+asd (f(x), f (y))
with a; > 0 for all i and a1 +as+as+2a4+as < 1. Then f and g have a unique

common fixed point in X.

Definition 1.1. [/] Let f1 and fa be self mappings of a set X. If y = f1{ =
foC = ¢ for some ¢ € X, then ( is called a coincidence point of f1 and fa and y

is called a point of coincidence of fi and fo.

Definition 1.2. [712] Let (X, d) be a metric space. Two self maps fi, fo: X — X

are said to be commuting mappings if fifox = fofix for all x € X.

Definition 1.3. [28] Two self maps f1 and fa of a metric space (X, d) into itself
are said to be weakly commuting iff d (f1fox, fofriz) < d(fix, fox) for all z € X.

Definition 1.4. [13] Two self maps fi and fo of a metric space X are said to
be compatible if

nILIEOd (fifoxn, fofizn) =0
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where x, € X is a sequence in X such that limy,_, o frx, = lim, o fox, =t € X.

Definition 1.5. [15] Let (X,d) be a metric space. Two self maps fi, fa: X — X

are said to weakly compatible if they commute at their coincidence points, that is,

f1¢ = faC implies f1 fo( = faf1( for some ¢ € X.

Definition 1.6. [//] Two self maps f and g of a metric space (X,d) are
compatible of type (A), if

lim d (ffen, fofizn) =0 and lim d(fifown, fizn) =0

where {x,} is a sequence in X such that limy—soo fizy, = limy, o0 fox, = t for

somet e X.

Definition 1.7. [19] Two self maps f1 and fo of a metric space (X,d) are said
to be compatible of type (P), if

lim d (fifoxn, fofizn) =0

whenever {x,} is a sequence in X such that lim,_, f1z, = lim, o fox, =t for

somet € X.
Definition 1.8. [22] Two self maps fi and fo of a metric space (X,d) are
compatible of type (B), if the given two inequalities are satisfied
lim d (fifoxn, fizn) < 1[hm d (f1forn, fit) + lim d (fit, fiz )]
oo 1J24n, Jodn = 9 lnsoo 1J24n, J1 oo 14 J14n

. Lr.. :
lim d(fofin, flan) < 5[ lim d(fefizn, f2t) + lim d(fit, ffan) |

where {x,} is a sequence in X such that im, o fiz, = lim, oo fox, =t for
somet € X.

Definition 1.9. [2/] Two self maps f1 and fo of a metric space (X,d) are
compatible of type (C), if the following inequalities are satisfied

[hmnﬂoo d (flleina flt) + hmn%oo d (fltv flzxn)
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and

[hmn—>oo d (f2f1xn; th) + limy, 00 d (f2t7 f22$n)

limy, o0 d (fof1Tn, ffzn) < % +1limp o0 d (fot, fEzn)]

where {xn} is a sequence in X such that lim, oo fix, = lim,_oo fox, = t for
somet € X.

Lemma 1.1. [12] Let fi and fa be compatible mappings of a metric space
(X, d) into dtself. If limy, o0 f1x, = limy oo foxn, = ¢, for some ( € X, then

limy, o0 fofixn = f1(, if f1 is continuous.

Proposition 1.1. Let (X, d) be a complete metric space and f: X — X be any

mapping. Then f is continuous iff f is sequentially continuous.
Proposition 1.2. Let f; and fo be mappings from a complete metric space (X, d)
into itself. Then the following are equivalent:
(1) f1 and fo are compatible,
(i) f1 and fa are compatible of type (A),
(73t) f1 and fo are compatible of type (B),
(iv) f1 and fy are compatible of type (C).
Proposition 1.3. [21] Let fi and fa be compatible mappings of type (C) from

a metric space (X,d) into itself. If im, o0 frz, = lim, oo fox, = t for some

t € X, then we have the following:
(1) limy oo fofoxn = fit if fi is continuous at t,
(19) limy,—y00 f1foxn = fot if fa is continuous at t,

(1i1) f1fat = fafit and fit = fot if f1 and fo are continuous at t.

http://www. earthlinepublishers.com



Common Fized Point Results for Compatible Mappings of Type (C) 531

2 Common Fixed Point Results

In this section we obtain coincidence and common fixed point theorems for four
compatible mappings of type (C) in complete metric spaces. We shall extend the
results of Theorem 1.1 to four mappings with the condition of continuity being

imposed on two of the mappings h and k.

Theorem 2.1. Let (X, d) be a complete metric space and let f, g, h and k : X —
X be four self mappings of X into itself satisfying the following conditions:

(i) £(X) Ck(X), g(X) Ch(X),
(ii) either h or k is continuous,

(#i7) {f, k} and {g, h} are two commuting pairs,

() if {f, k} and {g, h} are compatible of type (C) and
(v) for all z,y € X the following inequality is satisfied

d(fz,gy) < kid (hx, ky) + kad (fz, ky)
+ ksd (fz, ha) + kad (hz, gy) + ksd (gy, ky)
where k1, ko, k3, kg, ks > 0, such that 0 < k1 + ko + ks + 2ks + ks < 1. Then f,

g, h and k have a unique common fized point in X.

(2.1)

Proof. Let xp € X be an arbitrary point. We need to prove that the sequence

{yn} with initial point z( is a Cauchy sequence in X.

{ Yn = fxn = ka;n—s—l

forn=0,1, 2, ... (2.2)
Ynt+1l = 9Tp+1 = hTp4o

Now by using condition (2.2) in (2.1) we have

d(fan, 9gxn+1) < kid (hzp, kxpi1) + kod (f2n, kTpi1)
+ ksd (fxn, hay) + kad (hay, gTp+1)
+ ksd (gxn-i-l, kxn-ﬁ-l)
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From the last inequality, we get

d (Ynt1,Yn) < k1d (Yn, Yn—1) + kod (Yn» Yn) + k3d (Yn, Yn—1)
+ k4d (yn+1a ynfl) + k;5d (yn+17 yn)

which yields
d (Yn+1,Yn) < ad (Yn, Yn—1)

kyths+k
where g = 7[(1i (k:+1c54))] <1
d (yn—I—la yn) S qd (yna yn—l) . (2'3)

Therefore, by induction for all n € N, we get

d (Ynt1,Yn) < qd (Yn, Yn—1) < ¢®d (Yn—1,Yn—2) < .. <" d(wo,21).

Now, for any m,n € N with m > n and repeated use of (2.3) we have

dYn,ym) < [d(yn+1ayn>+d(ynaym)]
< d(Yn,Ynt1) + d(Yng1, Yng2) + o +
d(ym—Q’ym—l) + d(ym—lu ym)
< [anrqn—i-lJr +qm—2+qm—1]d(y0’yl)
= ¢"[1+q+@+ . +d"" 2+ d(yo. 1)
< 1
qTL
d (Yn, Yym) < d (Yo, y1) -
= d(Yn,Ym) 1—q (Y0, Y1)

Thus, d(yn,ym) — 0 as n,m — oo.(since 0 < ¢ < 1), hence {y,} is a Cauchy

sequence and by the completeness of X, {y,} converges to some ¢ € X and hence

limy, 00 yn = C.

Next, we shall prove that the point ( € X is the unique common fixed point
of f, g, h and k. For this let ( € X be such that

limy, o0 fn = limy oo kTp 1 = limy 00 9Tp 1 = limy, 00 hrpi2 = C.
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Suppose h is continuous then we have
h¢ = h(limy, o0 hpio) = limy, o0 W22 2.
Also,
h¢ = h (limy 00 gxy) = limy, 00 hgxy, = limy, o0 ghy,.

Since {g,h} is commuting and is compatible of type (C). Hence,
limy, 00 d (ghap, hgx,) = 0 and therefore, lim,_,o ghx,, = h( for some ¢ € X.

Next we use (2.1) we have

d(fhen, grn1) < kid (hhap, kxpi1) + kod (fhay, kxn41)
+ ksd (fhxy, hhay) + kad (hhxy, gTn41)
+ ksd (g-rn-i-l, kxn—i—l) .

On taking limit as n — co we get

d (h¢,¢) < kid (h¢, €) + kad (R, Q)
+ kad (hC, h¢) + kad (hC, ¢) + ksd (¢, C)
= (k1 4 ko + k4) d (h¢, €)
< (k1 + ko + Ky + 2ks + ks) d (hC,C)

Thus,
d(h(,C) < (k1 + ko + ks + 2ky + k5) d (h(, Q) -
Since, (k1 + ko + k3 + 2ks + k5) < 1 so we get
h¢ = C.
Again using continuity of k, we have

_ . _ . 2
k¢ = k(nh_)rrolo kxpi1) = Jl)rgok Tnt1
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and
k¢ = k ( lim fxn> — lim kfz, = lim fka,.
n—oo n—oo n—oo

Since {f, k} is compatible and compatibility implies compatibility of type (C) so,
limy, o0 d (kfxp, fkx,) = 0 and this yields lim,, o fkx, = k(. Now, from (2.1)

we obtain by putting x = x,,, ¥y = kz,4+1 and taking limit as n — co to obtain

d (fxn) gkxn-ﬁ-l) < kld (hl‘n, kkxn-ﬁ-l) + k2d (fl‘n, kkxn+1)
+ ksd (fan, hxy) + kad (hay, gkxni1)
+ ksd (gkni1, kkzni1)

d (¢, kC) < k1d (¢, kC) + kad (¢, kC) + k3d (¢, C)
+ kad (¢, kC) + ksd (K¢, kC)
= (k1 + ka2 + ka) d (¢, Q)
< (ki + ko + ks 4+ 2kq + ks) d (¢, kC) .

Hence,

d(C,kC) < (k1 + ko + k3 + 2ky + ks) d (¢, kC) .
But (ki + ko + ks + 2k4 + ks) < 1 which implies that
k¢ =¢.

And using (2.1) again replacing = by ¢ and y by x,+1 and take limit as n — oo

d(fC¢, grny1) < kid (R, kxpy1) + kad (fC, kxni)
+ k3d (f¢, hQ) + kad (hC, gxnt1) + ksd (9241, k2nit)

d(f¢,C) < kid (h¢, ) + kad (fC, C) + k3d (fC, hQ)
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Now, replace h{ by ¢ we get

d(f¢,¢) < ki1d (¢, Q) + kad (fC,C) + k3d (¢, C)
+ kad (¢, €) + ksd (¢, C)
< (k2 +k3)d(f¢, Q).
And so,
d(f¢,¢) < (k2 +k3)d(f¢, Q).
Since, 0 < (k2 + k3) < 1 and therefore,

fe=¢
Lastly, from (2.1) we have

d(f¢,9¢) < k1d (hC, kQ) + kad (fC, kCQ)
+ k3d (f¢, h¢Q) + kad (RC, gC) + ksd (g€, kC) -
Now, we are using f¢ = h{ = k( = ( to get

d (¢, 9¢) < k1d (¢, Q) + kad (¢, C)
+ k3d (¢, Q) + kad (¢, 9¢) + ksd (g€, C)
= kad (¢, 9¢) + ksd (9¢, C)
= (ks + ks5) d (9¢, Q)
= d (¢, 9¢) < (ks +ks) d (g€, C)
= g¢ =¢C.

Therefore,  is a common fixed point of four self-mappings f, g, h and k compatible

of type (C). Hence,
fC=9C=hC=k(=C(
Uniqueness: For the unicity of common fixed point let us assume that £ is

another common fixed point of f, g, h and k different from {. Then by inequality
(2.1) we have

d(¢,8) = d(f¢, g§) < kid (h(, k§) + kad (fC, KE)
+ k3d (fC, hE) + kad (h¢, g€) + ksd (g€, kE) -
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From which it follows that

d(¢,§) =0e¢=¢

Thus, ¢ is the unique common fixed point of f, g, h and k. O

The following example support our results.

Example 2.1. Let X = [0,1] with the usual metric d(z,y) = |z —y| for all
z,y € X. We can define self maps f,g,h and k : X — X by

f@)=1, g(z)=52, h(z) =22 and k (z) = 22 — 1.

Then f,g, h and k are all continuous. Hence, we can see that {f,k} and {g,h}
are compatible of type (C), since they commute at coincident point x = 1 with
FX)Ck(X)={1} C[-1,1] and g(X) C h(X) = [3,1] € [-1,1].
Now, if {z,} =141 C [0,1] is a sequence in X, then
lim f(x,)=1and lim k(z,)=1.

n—oo n—oo

As a result, we have fx,, kx, > (=1
0= lim |fkx, — kkx,]
n—oo
1r.. . .
< < [ Jim [k, — £ (D] + lim |f (1) = ffan] + lim |f (1) = kkay|| =0
also
0= lim |kfx, — ffan]
n—oo
17, . .
< 3 nlg]go |kfxn, —k(1)] +7~}1_>r20‘k(1) — kkxy,| —i—nh_{rgo |k (1) — ffxn]| =0.

Therefore, the pair {f,k} is compatible of type (C). Again, using the same

sequence T, = 1 + % for n > 1, we have

lim gz, = lim hx, =( — 1.
n—oo n—oo
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Hence,
0= lim |ghz, — hhx,|
n—oo
1
< - [lim |[ghe, —g(1)| + lim |g(1) = ggaa| + lim |g(1) — hhay|| = 0.
3 ln—oo n—00 n—00
Similarly,
0= lim |hgw, — ggan|
n—o0
1. ' .
<3 [nlggo!hgxn —h(1)]+ lim |k (1) = hhay| + lim |A(1) = ggaa|| =0.

Thus, g and h are also compatible of type (C). Hence, all the hypothesis of
Theorem 2.1 are satisfied with 1 as the unique common fixed point of the mappings
f,9,h and k.

Now, we give the special cases of Theorem 2.1 in the form of some corollaries.

3 Corollaries

Corollary 3.1. Let (X,d) be a complete metric space and f, g, h, k: X — X be
self mappings of X into itself satisfying the following conditions:

(i) £ (X) C k(X) and g (X) C h(X),
(ii) either g or h is continuous,

(7i7) {f, k} and {g, h} are two commuting pairs,

() {f, g} and {f, h} are compatible of type (C) and
(v) for all z,y € X the following inequality is satisfied

d(fz,gy) < ad (hz,ky) +bld (fz,hz) + d (gy, ky)]
+cld(fz, ky) + d (hz, gy)]
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where a,b,c >0 and 0 < a+2b+2c < 1, then f, g, h and k have a unique common
fixed point in X.

Proof. If k1 = a, ko = k4 = b and k3 = ks = ¢ in Theorem 2.1, then we have a

result what is known as generalized contraction. O

Corollary 3.2. Let (X,d) be a complete metric space and let f, g,h: X — X be
self mappings of X into itself satisfying the following conditions:

(i) 1 (X) C g (X) or f(X) Ch(X),
(ii) either g or h is continuous,
(#i1) {f, g} and {f, h} are two commuting pairs,
() {f, g} and {f, h} are compatible of type (C) and
(v) for all z,y € X the following inequality is satisfied
d(fx,gy) < ad (hx, hy) + bld (hz, fz) + d (hy, gy)
where a,b >0 and 0 < a+ 2b < 1, then f, g and h have a unique common fixed

point in X.

Proof. If we put k1 = a, ks = ks = b, ki = k4 = 0 and kK = h in Theorem 2.1,

then we have Theorem 2.1 in [1]. O

Corollary 3.3. Let (X,d) be a complete metric space and let f, g,h: X — X be

commuting self maps of X into itself such that
(1) f(X) S g(X) or f(X) S h(X),
(73) either g or h is continuous,

(7it) the pair{f,g} and {f,h} are commuting and compatible of type (C),
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(iv) and satisfy the inequality
d(fz,g9y) < ad (hx, hy) + bld (fz, hy) + d (hx, gy)]
for all x,y € X and a,b > 0 are nonnegative real numbers such that a + 2b < 1,
then f,g, h have a unique common fized point in X.
Proof. If k1 = a, ko = k4 = b, ks = ks = 0 and k = h in Theorem 2.1, then we
have Theorem 2.3 in [1]. O

Corollary 3.4. Let (X,d) be a complete metric space and let f and g : X — X
be four self mapings of X into itself satisfying the following conditions:

(1) f(X) S g(X)

(ii) g is continuous,

(7i1) {f, g} is a commuting pair,

() {f, g} are compatible of type (C) and

(v) for all z,y € X the inequality is satisfied

d(fx, fy) < bld(fz,gz) +d(fy,gy)]

where 0 < b < %, then f, g have a unique common fized point in X.

Proof. If h=g, k= f, ks = ks = b and k; = kg = k4 = 0 in Theorem 2.1, then

we have the Kannan result [10]. O
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