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Abstract

The aim of this paper is to study and generalize common fixed point theorems

for four self-mappings compatible of type (C) in the settings of complete

metric spaces. The main idea is the extensions and generalizations of some

fixed point theorems related to compatible mappings.

1 Introduction and Preliminaries

According to Banach [5] “A self map T : X → X from a complete metric space

X into itself has a fixed, if it satisfy the inequality d (Tx, Ty) ≤ qd (x, y) for

all x, y ∈ X and 0 ≤ q < 1”. Ever since, its introduction in 1922, sevseral

authors have generalized this theorem and results have been extended for fixed

points in terms of more than one mappings. In this direction Jungck [12] in

1976, introduced the concept of commuting maps for the purpose of calculating

common fixed points on complete metric spaces. Since then many generalizations

of fixed point theorems for commuting maps have appeared. Similarly, the idea of

compatible mappings was introduced by Jungck [13] in 1986. Jungck et al. [14]
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also introduced compatible mappings of type (A) and generalized several theorems

for fixed point resuls. The introduction of the notion of compatibility of mappings

by Jungck has proved a turning point and an essential tool in the area of fixed point

theory for the improvement of fixed point results. Several types of compatible

mappings have now been introduced during the last many years and reults have

been generalized and unified in different directions of which we mention names of a

few authors viz, Chugh and Kumar [6], Fisher [8], Pant [18], Popa [23], Singh [29].

Our objectives in this paper is the establishement of some common fixed results

for four compatible mappings of type (C) in complete metric spaces. The results

of this paper are motivated by a paper of Mukherjee [17]. The following fixed

point theorem was proved in [17].

Theorem 1.1. [17] Let f and g be mappings of a complete metric space X into

itself with f continuous. Let f and g commute with each other and g (X) ⊆ f (X).

Also, let g satisfiy the following conditions:

(d (gx, gy)) ≤ α1d (g (x) , f (x)) + α2d (g (y) , f (y))

+ α3d (g (x) , f (y)) + α4d (g (y) , f (x))

+ α5d (f (x) , f (y))

(1.1)

with αi ≥ 0 for all i and α1 +α2 +α3 +2α4 +α5 < 1. Then f and g have a unique

common fixed point in X.

Definition 1.1. [1] Let f1 and f2 be self mappings of a set X. If y = f1ζ =

f2ζ = ζ for some ζ ∈ X, then ζ is called a coincidence point of f1 and f2 and y

is called a point of coincidence of f1 and f2.

Definition 1.2. [12] Let (X, d) be a metric space. Two self maps f1, f2 : X → X

are said to be commuting mappings if f1f2x = f2f1x for all x ∈ X.

Definition 1.3. [28] Two self maps f1 and f2 of a metric space (X, d) into itself

are said to be weakly commuting iff d (f1f2x, f2f1x) ≤ d (f1x, f2x) for all x ∈ X.

Definition 1.4. [13] Two self maps f1 and f2 of a metric space X are said to

be compatible if

lim
n→∞

d (f1f2xn, f2f1xn) = 0
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where xn ∈ X is a sequence in X such that limn→∞ f1xn = limn→∞ f2xn = t ∈ X.

Definition 1.5. [15] Let (X, d) be a metric space. Two self maps f1, f2 : X → X

are said to weakly compatible if they commute at their coincidence points, that is,

f1ζ = f2ζ implies f1f2ζ = f2f1ζ for some ζ ∈ X.

Definition 1.6. [14] Two self maps f and g of a metric space (X, d) are

compatible of type (A), if

lim
n→∞

d
(
f21xn, f2f1xn

)
= 0 and lim

n→∞
d
(
f1f2xn, f

2
2xn

)
= 0

where {xn} is a sequence in X such that limn→∞f1xn = limn→∞ f2xn = t for

some t ∈ X.

Definition 1.7. [19] Two self maps f1 and f2 of a metric space (X, d) are said

to be compatible of type (P), if

lim
n→∞

d (f1f2xn, f2f1xn) = 0

whenever {xn} is a sequence in X such that limn→∞ f1xn = limn→∞ f2xn = t for

some t ∈ X.

Definition 1.8. [22] Two self maps f1 and f2 of a metric space (X, d) are

compatible of type (B), if the given two inequalities are satisfied

lim
n→∞

d
(
f1f2xn, f

2
2xn

)
≤ 1

2

[
lim
n→∞

d (f1f2xn, f1t) + lim
n→∞

d
(
f1t, f

2
1xn

)]
lim
n→∞

d
(
f2f1xn, f

2
1xn

)
≤ 1

2

[
lim
n→∞

d (f2f1xn, f2t) + lim
n→∞

d
(
f1t, f

2
1xn

)]
where {xn} is a sequence in X such that limn→∞ f1xn = limn→∞ f2xn = t for

some t ∈ X.

Definition 1.9. [21] Two self maps f1 and f2 of a metric space (X, d) are

compatible of type (C), if the following inequalities are satisfied

limn→∞ d
(
f1f2xn, f

2
2xn

)
≤ 1

3

[limn→∞ d (f1f2xn, f1t) + limn→∞ d
(
f1t, f

2
1xn

)
+ limn→∞ d

(
f1t, f

2
2xn

)
]

Earthline J. Math. Sci. Vol. 13 No. 2 (2023), 527-542



530 Mumtaz Ali and Muhammad Arshad

and

limn→∞ d
(
f2f1xn, f

2
1xn

)
≤ 1

3

[limn→∞ d (f2f1xn, f2t) + limn→∞ d
(
f2t, f

2
2xn

)
+ limn→∞ d

(
f2t, f

2
1xn

)
]

where {xn} is a sequence in X such that limn→∞ f1xn = limn→∞ f2xn = t for

some t ∈ X.

Lemma 1.1. [12] Let f1 and f2 be compatible mappings of a metric space

(X, d) into itself. If limn→∞ f1xn = limn→∞ f2xn = ζ, for some ζ ∈ X, then

limn→∞ f2f1xn = f1ζ, if f1 is continuous.

Proposition 1.1. Let (X, d) be a complete metric space and f : X → X be any

mapping. Then f is continuous iff f is sequentially continuous.

Proposition 1.2. Let f1 and f2 be mappings from a complete metric space (X, d)

into itself. Then the following are equivalent:

(i) f1 and f2 are compatible,

(ii) f1 and f2 are compatible of type (A),

(iii) f1 and f2 are compatible of type (B),

(iv) f1 and f2 are compatible of type (C).

Proposition 1.3. [21] Let f1 and f2 be compatible mappings of type (C) from

a metric space (X, d) into itself. If limn→∞ f1xn = limn→∞ f2xn = t for some

t ∈ X, then we have the following:

(i) limn→∞ f2f2xn = f1t if f1 is continuous at t,

(ii) limn→∞ f1f2xn = f2t if f2 is continuous at t,

(iii) f1f2t = f2f1t and f1t = f2t if f1 and f2 are continuous at t.
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2 Common Fixed Point Results

In this section we obtain coincidence and common fixed point theorems for four

compatible mappings of type (C) in complete metric spaces. We shall extend the

results of Theorem 1.1 to four mappings with the condition of continuity being

imposed on two of the mappings h and k.

Theorem 2.1. Let (X, d) be a complete metric space and let f, g, h and k : X →
X be four self mappings of X into itself satisfying the following conditions:

(i) f (X) ⊆ k (X), g (X) ⊆ h (X) ,

(ii) either h or k is continuous,

(iii) {f, k} and {g, h} are two commuting pairs,

(iv) if {f, k} and {g, h} are compatible of type (C) and

(v) for all x, y ∈ X the following inequality is satisfied

d (fx, gy) ≤ k1d (hx, ky) + k2d (fx, ky)

+ k3d (fx, hx) + k4d (hx, gy) + k5d (gy, ky)
(2.1)

where k1, k2, k3, k4, k5 ≥ 0, such that 0 ≤ k1 + k2 + k3 + 2k4 + k5 < 1. Then f ,

g, h and k have a unique common fixed point in X.

Proof. Let x0 ∈ X be an arbitrary point. We need to prove that the sequence

{yn} with initial point x0 is a Cauchy sequence in X.{
yn = fxn = kxn+1

yn+1 = gxn+1 = hxn+2

for n = 0, 1, 2 , ... . (2.2)

Now by using condition (2.2) in (2.1) we have

d (fxn, gxn+1) ≤ k1d (hxn, kxn+1) + k2d (fxn, kxn+1)

+ k3d (fxn, hxn) + k4d (hxn, gxn+1)

+ k5d (gxn+1, kxn+1)
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From the last inequality, we get

d (yn+1, yn) ≤ k1d (yn, yn−1) + k2d (yn, yn) + k3d (yn, yn−1)

+ k4d (yn+1, yn−1) + k5d (yn+1, yn)

which yields

d (yn+1, yn) ≤ αd (yn, yn−1)

where q = (k1+k3+k4)
[1−(k4+k5)]

< 1

d (yn+1, yn) ≤ qd (yn, yn−1) . (2.3)

Therefore, by induction for all n ∈ N, we get

d (yn+1, yn) ≤ qd (yn, yn−1) ≤ q2d (yn−1, yn−2) ≤ ... ≤ qn+1d (x0, x1) .

Now, for any m,n ∈ N with m > n and repeated use of (2.3) we have

d (yn, ym) ≤ [d (yn+1, yn) + d (yn, ym)]

≤ d (yn, yn+1) + d (yn+1, yn+2) + ... +

d (ym−2, ym−1) + d (ym−1, ym)

≤
[
qn + qn+1 + ... + qm−2 + qm−1

]
d (y0, y1)

= qn
[
1 + q + q2 + ... + qm−n−2 + qm−n−1

]
d (y0, y1)

≤ qn

(1− q)
d (y0, y1)

⇒ d (yn, ym) ≤ qn

(1− q)
d (y0, y1) .

Thus, d (yn, ym) → 0 as n,m → ∞.(since 0 ≤ q < 1), hence {yn} is a Cauchy

sequence and by the completeness of X, {yn} converges to some ζ ∈ X and hence

limn→∞ yn = ζ.

Next, we shall prove that the point ζ ∈ X is the unique common fixed point

of f, g, h and k. For this let ζ ∈ X be such that

limn→∞ fxn = limn→∞ kxn+1 = limn→∞ gxn+1 = limn→∞ hxn+2 = ζ.
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Suppose h is continuous then we have

hζ = h(limn→∞ hxn+2) = limn→∞ h
2xn+2.

Also,

hζ = h (limn→∞ gxn) = limn→∞ hgxn = limn→∞ ghxn.

Since {g, h} is commuting and is compatible of type (C). Hence,

limn→∞ d (ghxn, hgxn) = 0 and therefore, limn→∞ ghxn = hζ for some ζ ∈ X.

Next we use (2.1) we have

d (fhxn, gxn+1) ≤ k1d (hhxn, kxn+1) + k2d (fhxn, kxn+1)

+ k3d (fhxn, hhxn) + k4d (hhxn, gxn+1)

+ k5d (gxn+1, kxn+1) .

On taking limit as n→∞ we get

d (hζ, ζ) ≤ k1d (hζ, ζ) + k2d (hζ, ζ)

+ k3d (hζ, hζ) + k4d (hζ, ζ) + k5d (ζ, ζ)

= (k1 + k2 + k4) d (hζ, ζ)

≤ (k1 + k2 + k3 + 2k4 + k5) d (hζ, ζ) .

Thus,

d (hζ, ζ) ≤ (k1 + k2 + k3 + 2k4 + k5) d (hζ, ζ) .

Since, (k1 + k2 + k3 + 2k4 + k5) < 1 so we get

hζ = ζ.

Again using continuity of k, we have

kζ = k( lim
n→∞

kxn+1) = lim
n→∞

k2xn+1
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and

kζ = k
(

lim
n→∞

fxn

)
= lim

n→∞
kfxn = lim

n→∞
fkxn.

Since {f, k} is compatible and compatibility implies compatibility of type (C) so,

limn→∞ d (kfxn, fkxn) = 0 and this yields limn→∞ fkxn = kζ. Now, from (2.1)

we obtain by putting x = xn, y = kxn+1 and taking limit as n→∞ to obtain

d (fxn, gkxn+1) ≤ k1d (hxn, kkxn+1) + k2d (fxn, kkxn+1)

+ k3d (fxn, hxn) + k4d (hxn, gkxn+1)

+ k5d (gkxn+1, kkxn+1)

d (ζ, kζ) ≤ k1d (ζ, kζ) + k2d (ζ, kζ) + k3d (ζ, ζ)

+ k4d (ζ, kζ) + k5d (kζ, kζ)

= (k1 + k2 + k4) d (ζ, kζ)

≤ (k1 + k2 + k3 + 2k4 + k5) d (ζ, kζ) .

Hence,

d (ζ, kζ) ≤ (k1 + k2 + k3 + 2k4 + k5) d (ζ, kζ) .

But (k1 + k2 + k3 + 2k4 + k5) < 1 which implies that

kζ = ζ.

And using (2.1) again replacing x by ζ and y by xn+1 and take limit as n→∞

d (fζ, gxn+1) ≤ k1d (hζ, kxn+1) + k2d (fζ, kxn+1)

+ k3d (fζ, hζ) + k4d (hζ, gxn+1) + k5d (gxn+1, kxn+1)

d (fζ, ζ) ≤ k1d (hζ, ζ) + k2d (fζ, ζ) + k3d (fζ, hζ)

+ k4d (hζ, ζ) + k5d (ζ, ζ) .
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Now, replace hζ by ζ we get

d (fζ, ζ) ≤ k1d (ζ, ζ) + k2d (fζ, ζ) + k3d (fζ, ζ)

+ k4d (ζ, ζ) + k5d (ζ, ζ)

≤ (k2 + k3) d (fζ, ζ) .

And so,

d (fζ, ζ) ≤ (k2 + k3) d (fζ, ζ) .

Since, 0 ≤ (k2 + k3) < 1 and therefore,

fζ = ζ.

Lastly, from (2.1) we have

d (fζ, gζ) ≤ k1d (hζ, kζ) + k2d (fζ, kζ)

+ k3d (fζ, hζ) + k4d (hζ, gζ) + k5d (gζ, kζ) .

Now, we are using fζ = hζ = kζ = ζ to get

d (ζ, gζ) ≤ k1d (ζ, ζ) + k2d (ζ, ζ)

+ k3d (ζ, ζ) + k4d (ζ, gζ) + k5d (gζ, ζ)

= k4d (ζ, gζ) + k5d (gζ, ζ)

= (k4 + k5) d (gζ, ζ)

⇒ d (ζ, gζ) ≤ (k4 + k5) d (gζ, ζ)

⇒ gζ = ζ.

Therefore, ζ is a common fixed point of four self-mappings f, g, h and k compatible

of type (C). Hence,

fζ = gζ = hζ = kζ = ζ.

Uniqueness: For the unicity of common fixed point let us assume that ξ is

another common fixed point of f, g, h and k different from ζ. Then by inequality

(2.1) we have

d (ζ, ξ) = d (fζ, gξ) ≤ k1d (hζ, kξ) + k2d (fζ, kξ)

+ k3d (fζ, hξ) + k4d (hζ, gξ) + k5d (gξ, kξ) .
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From which it follows that

d (ζ, ξ) = 0⇔ ζ = ξ.

Thus, ζ is the unique common fixed point of f, g, h and k.

The following example support our results.

Example 2.1. Let X = [0, 1] with the usual metric d (x, y) = |x− y| for all

x, y ∈ X. We can define self maps f, g, h and k : X → X by

f (x) = 1, g (x) = x+1
2 , h (x) = 4x−2

2 and k (x) = 2x− 1.

Then f, g, h and k are all continuous. Hence, we can see that {f, k} and {g, h}
are compatible of type (C), since they commute at coincident point x = 1 with

f (X) ⊆ k (X) = {1} ⊆ [−1, 1] and g (X) ⊆ h (X) =
[
1
2 , 1
]
⊆ [−1, 1] .

Now, if {xn} = 1 + 1
n ⊆ [0, 1] is a sequence in X, then

lim
n→∞

f (xn) = 1 and lim
n→∞

k (xn) = 1.

As a result, we have fxn, kxn → ζ = 1

0 = lim
n→∞

|fkxn − kkxn|

≤ 1

3

[
lim
n→∞

|fkxn − f (1)|+ lim
n→∞

|f (1)− ffxn|+ lim
n→∞

|f (1)− kkxn|
]

= 0

also

0 = lim
n→∞

|kfxn − ffxn|

≤ 1

3

[
lim
n→∞

|kfxn − k (1)|+ lim
n→∞

|k (1)− kkxn|+ lim
n→∞

|k (1)− ffxn|
]

= 0.

Therefore, the pair {f, k} is compatible of type (C). Again, using the same

sequence xn = 1 + 1
n for n ≥ 1, we have

lim
n→∞

gxn = lim
n→∞

hxn = ζ → 1.
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Hence,

0 = lim
n→∞

|ghxn − hhxn|

≤ 1

3

[
lim
n→∞

|ghxn − g (1)|+ lim
n→∞

|g (1)− ggxn|+ lim
n→∞

|g (1)− hhxn|
]

= 0.

Similarly,

0 = lim
n→∞

|hgxn − ggxn|

≤ 1

3

[
lim
n→∞

|hgxn − h (1)|+ lim
n→∞

|h (1)− hhxn|+ lim
n→∞

|h (1)− ggxn|
]

= 0.

Thus, g and h are also compatible of type (C). Hence, all the hypothesis of

Theorem 2.1 are satisfied with 1 as the unique common fixed point of the mappings

f, g, h and k.

Now, we give the special cases of Theorem 2.1 in the form of some corollaries.

3 Corollaries

Corollary 3.1. Let (X, d) be a complete metric space and f, g, h, k : X → X be

self mappings of X into itself satisfying the following conditions:

(i) f (X) ⊆ k (X) and g (X) ⊆ h (X) ,

(ii) either g or h is continuous,

(iii) {f, k} and {g, h} are two commuting pairs,

(iv) {f, g} and {f, h} are compatible of type (C) and

(v) for all x, y ∈ X the following inequality is satisfied

d (fx, gy) ≤ ad (hx, ky) + b [d (fx, hx) + d (gy, ky)]

+ c [d (fx, ky) + d (hx, gy)]
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where a, b, c ≥ 0 and 0 ≤ a+2b+2c < 1, then f, g, h and k have a unique common

fixed point in X.

Proof. If k1 = a, k2 = k4 = b and k3 = k5 = c in Theorem 2.1, then we have a

result what is known as generalized contraction.

Corollary 3.2. Let (X, d) be a complete metric space and let f, g, h : X → X be

self mappings of X into itself satisfying the following conditions:

(i) f (X) ⊆ g (X) or f (X) ⊆ h (X) ,

(ii) either g or h is continuous,

(iii) {f, g} and {f, h} are two commuting pairs,

(iv) {f, g} and {f, h} are compatible of type (C) and

(v) for all x, y ∈ X the following inequality is satisfied

d (fx, gy) ≤ ad (hx, hy) + b[d (hx, fx) + d (hy, gy)

where a, b ≥ 0 and 0 ≤ a + 2b < 1, then f , g and h have a unique common fixed

point in X.

Proof. If we put k1 = a, k3 = k5 = b, k1 = k4 = 0 and k = h in Theorem 2.1,

then we have Theorem 2.1 in [4].

Corollary 3.3. Let (X, d) be a complete metric space and let f, g, h : X → X be

commuting self maps of X into itself such that

(i) f (X) ⊆ g (X) or f (X) ⊆ h (X) ,

(ii) either g or h is continuous,

(iii) the pair{f, g} and {f, h} are commuting and compatible of type (C),
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(iv) and satisfy the inequality

d (fx, gy) ≤ ad (hx, hy) + b[d (fx, hy) + d (hx, gy)]

for all x, y ∈ X and a, b ≥ 0 are nonnegative real numbers such that a + 2b < 1,

then f, g, h have a unique common fixed point in X.

Proof. If k1 = a, k2 = k4 = b, k3 = k5 = 0 and k = h in Theorem 2.1, then we

have Theorem 2.3 in [4].

Corollary 3.4. Let (X, d) be a complete metric space and let f and g : X → X

be four self mapings of X into itself satisfying the following conditions:

(i) f (X) ⊆ g (X)

(ii) g is continuous,

(iii) {f, g} is a commuting pair,

(iv) {f, g} are compatible of type (C) and

(v) for all x, y ∈ X the inequality is satisfied

d (fx, fy) ≤ b[d (fx, gx) + d (fy, gy)]

where 0 ≤ b < 1
2 , then f , g have a unique common fixed point in X.

Proof. If h = g, k = f , k3 = k5 = b and k1 = k2 = k4 = 0 in Theorem 2.1, then

we have the Kannan result [16].

References

[1] Abbas, M., & Jungck, G. (2008). Common fixed point results for noncommuting

mappings without continuity in cone metric spaces. Journal of Mathematical

Analysis and Applications, 341, 416-420. https://doi.org/10.1016/j.jmaa.2007.

09.070

Earthline J. Math. Sci. Vol. 13 No. 2 (2023), 527-542

https://doi.org/10.1016/j.jmaa.2007.09.070
https://doi.org/10.1016/j.jmaa.2007.09.070


540 Mumtaz Ali and Muhammad Arshad

[2] Akkouchi, M. (2011). Common fixed points for weakly compatible maps satisfying

implicit relations without continuity. Demonstratio Mathematica, 44(1), 151-158.

https://doi.org/10.1515/dema-2013-0289

[3] Aamri, M., & El Moutawakil, D. (2002). Some new common fixed point

theorems under strict contractive conditions. Journal of Mathematical Analysis and

Applications, 270, 181-188. https://doi.org/10.1016/s0022-247x(02)00059-8

[4] Anil, K. D., & Urmila, M. (2014). Coincident points and common fixed point results

for three mappings in cone metric spaces, I. International Journal of Nonlinear

Analysis and Applications, 2, 104-110.

[5] Banach, S. (1922). Sur les opérations dans les ensembles abstraits et leur application
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