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Abstract

The purpose of this paper is to use the second kind Chebyshev polynomials
to introduce a new class of analytic and bi-univalent functions associating
bi-starlike and biconvex A-pseudo functions with Sakaguchi type functions
defined in the open unit disk. We determinate upper bounds for the initial

Taylor-Maclaurin coefficients |as| and |as| for functions in this class.

1 Introduction

Let A denote the family of functions f have the type:
f(z) = z+Zanz", (1.1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}.
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According to the “Koebe One-Quarter Theorem” [(] each function f from S

has an inverse f~!, which satisfies

@) =2 (z€U)

and

P ) =u (Il <n(fm(n > §)

g(w) = fHw) = w—asw?+ (2a3 — az) w’* — (5ag — basag + as) w4+ . (1.2)

A function f € A is named bi-univalent in U if together f and f~! are
univalent in U. Let ¥ stand for the class of bi-univalent functions in U given
by (1.1). Beginning with Srivastava et al. pioneering work [15] on the subject,

the large number of works associated with the subject have been presented (see,

for example [1,2,4,9,10, 11-18]. We see that the set ¥ is not empty. We see that
the functions ) )
z +z
=1 d —log(l—
o ghoe(Tn) and g )
are in the set 3 with the corresponding inverse functions
w e —1 e’ —1
1+w’ e 41 and ew '
respectively. But the functions
2
z z
- — d
¢—4 and ——

are not a member of the set X.

The problem to find the bound of |a,|, (n = 3,4,...) of functions f € ¥ is still

an open problem.

Sakaguchi [13] introduced the class S% of functions starlike with respect to

symmetric points, which consists of functions f € S satisfying the condition

Re{f(zf‘i/(;()_z)}>07 zeU.
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Also, Wang et al. [21] introduced the class K of functions convex with respect

to symmetric points, which consists of functions f € S satisfying the condition

(=f'(2)) }
Re{ >0, zel.
(f(2) = f(=2))
Frasin [8] introduced and studied the family S(u,m,n) consisting of functions

f € A which satisfy the condition

for some 0 < p < 1;m,n € C with m # n;|n| <1 and for all z € U.

Recently, Babalola [3] defined the class £ of A-pseudo-starlike functions which
are the functions f € A such that

Re{z(ﬁ(’:))))\} >0, (A>1,z€U).

Let the functions f and g be analytic in U. We say that the function f is said
to be subordinate to g, if there exists a Schwarz function w analytic in U with
w(0) = 0 and |w(z)| < 1 (2 € U) such that f(z) = g(w(z)). This subordination
is denoted by f < g or f(z) < g(2) (z € U). It is well-known that (see [12]),

if the function ¢ is univalent in U, then f < ¢ if and only if f(0) = ¢(0) and
f(U) c g(U).

The importance of Chebyshev polynomial in numerical analysis is increased
in both theoretical and practical points of view. There are four kinds of
Chebyshev polynomials. Several researchers dealing with orthogonal polynomials
of Chebyshev family, contain mainly results of Chebyshev polynomials of first kind
T, (t), the second kind U, (t) and their numerous uses in different applications one
can refer [5,7,11]. The Chebyshev polynomials of the first and second kinds are

well-known and they are defined by

i 1
T,(t) =cosnf and Uy(t) = sm(@; )0 (—l1<t<,
sin
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where n indicates the polynomial degree and t = cosn#.

We consider the function

1 1
H = — —.1 .
(z,t) o5 22 t€<2, ], zeU

We note that if ¢ = cos 3, where 8 € (—%, %), then

1 o~ sin(n + 1)
H(z,t) = -1 SRNT )P el
(2,%) 1 —2cos Bz + 22 +RZ:1 sin 3 ‘ :

Therefore

H(z,t) =1+ 2cosfBz+ (3C082,8—Sin2ﬁ) 24

In view of |

zeU.

|, we can write

H(z,t) =1+U(t)z+Us(t)2® +--- (2€U,te(~1,1)),
where

sin(n arccost)
——————= (neN={1,2,...
viee th2-)
are the Chebyshev polynomials of the second kind. Also, it is known that

Un—l

Un(t) = 2tUp—1(t) — Up—o(t)
and

Ur(t) =2t, Us(t) =4t —1, Us(t) =8t3 —4t,.... (1.3)

The generating function of the first kind of Chebyshev polynomial T,,(t),t €
[—1,1] is given by

o0
1-t¢
3 T(t)2" i
n=0

= —, e U.
1 — 2tz + 22 i

The Chebyshev polynomials of first kind 7,(¢) and of the second kind U, ()
are connected by

dj—st(t) = nUn—l(t)7 Tn(t)

Un(t) — tUp—1(t), 2T,(t) = Up(t) — Up—a(t).
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2 Main Results

Definition 2.1. For 0 < § < 1,A > 1,m,n € C with m # n;|n| < 1 and
te (%, 1], a function f € X is said to be in the class Rx(d, \,m,n;t) if it satisfies

the subordinations:

(m=n)z(f:)" | =) ()
(1-9) f(mz) — f(nz) +9 (f(mz) f(n2)) < Hzt) = 1—2tz+ 22
and
(m =)z g/ ) (m—n) ((wg'(w)))" !
(1-9) g(mw) — g(nw) o (g(mw) — g(nw))’ H(w,t) = 1 —2tw + w?’
where the function g = f~1 is given by (1.2).
In particular, if we choose § = 0,,m = 1 and n = —1 in Definition 2.1,

the family Ry (d, A\, m,n;t) reduces to the family Rg()\; t) of A-pseudo bi-starlike

functions with respect to symmetrical points which satisfying the following

subordinations: \
22 (f'(2)) 1
f(z) = f(=2) < H(zt) = 1—2tz+ 22
and R
22 (¢'(w)) 1
gw) — g(—w) D = T, e

Theorem 2.1. For0 < § <1,A>1,m,n € Cwithm #n; |n| <1andt € (%,1],
let f be in the class Rx (5, \,m,n;t). Then
2t\/2t

4((20+1)(BA=m? =n®> —mn) + (36 + 1) [(m+n)> —=2A(m +n — A+ 1)]
—(6+1)2@Ax=m—n)*)?+ (6 + 1)*(2A —m —n)?

laz| <

and

42 N 2t
(0+1)22x—m—n)?2  (26+1)(BA—m2 —n%2 —mn)’

las| <

Earthline J. Math. Sci. Vol. 18 No. 2 (2023), 497-507



502 Abbas Kareem Wanas and S. R. Swamy

Proof. Let f € Rx(0, A\, m,n;t). Then there exists two analytic functions u,v :
U — U given by

u(z) = urz +ugz? +uz® +--- (2 €0) (2.1)
and
v(w) = viw + vow? +vsw® + -+ (w € V), (2.2)
with ©(0) = v(0) =0, Ju(z)| < 1,|v(w)| < 1,z,w € U such that

/ / NnA
(g @) | m—m) (' (:))

= u\z UQZ
e = o H O Gme = Feay = OO0 ) +

(2.3)

(1) =z () () ((wg'(@)))"

= viw 'U2w
gmw) — glmw) (gl — gty OO

(2.4)

Combining (2.1), (2.2), (2.3) and (2.4), we obtain

(m =)z (1) | 5m —m) (7))
f(mz) — f(nz) (f(mz) — f(nz)) (2.5)
=1+ Ui(t)urz + [Ui(t)ug + Us(t)ui] 2* + -

(1-9)

and

o (m—n)z (¢ (w) A (m—n) ((wg’(w))’)A
=0 ) — glow) ™ (glmw) — glnw)) (2.6)
=1+ Ui()viw + [Ur(t)ve + Us(t)vf] w? + -+ - .

It is well-known that if |u(z)| < 1 and |v(w)| < 1,2z, w € U, then
lu;l] <1 and |y <1 forallieN. (2.7)

Comparing the corresponding coefficients in (2.5) and (2.6), after simplifying, we

have
0+ 1)(2A—m —n)az = Uy (t)uq, (2.8)

http://www. earthlinepublishers.com
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(26 +1) (3X —m* — n® — mn) as
+ 30+ 1) [(m+n)?—2X\(m+n—A+1)] a3
=Un (t)UQ + Ug(t)u%, (2.9)

—(0+1)(2A —m —n)ag = Ui (t)vy (2.10)
and

(26 + 1)(3X\ — m® — n® — mn) (2a3 — a3)
+ 30+ 1) [(m+n)*—2X(m+n—A+1)] a3
=Un (t)’UQ + UQ(t)'U%. (2.11)

It follows from (2.8) and (2.10) that
up = —vy (2.12)

and
200+ 1)%(2A — m — n)?%a3 = UL (t) (u] +v7). (2.13)

If we add (2.9) to (2.11), we find that

(26+1) (BA—m* —n® —mn) + (36 + 1) [(m+n)> —2A\(m +n — A+ 1)]
2((26+1) (BA—=m? —n* —mn) + (36 + 1) [(m+n)* = 2A\(m +n — A+ 1)]) a3
= U1(t) (u2 + va) + Ua(t) (uf + 7).

(2.14)
Substituting the value of u? + v? from (2.13) in the right hand side of (2.14), we
get

2| ((264+1) (BA=m? —n® —mn) + (35 + 1) [(m +n)* —2A(m +n — A+ 1)])
Us(t
—(6+1)2@2N—m — n)Q#’a% = Ui (t) (ug + va2) .
Ui (1)
(2.15)
Further computations using (1.3), (2.7) and (2.15), we obtain
2tv/2t

$ 4((264+1) (BA=m® —n® —mn) + (36 + 1) [(m +n)*> = 2A(m +n — A+ 1)]

laz| <

—(+ 122X —m —n)*) * + (6 + 1)*(2A — m — n)?
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Next, if we subtract (2.11) from (2.9), we deduce that

2(20 + 1) (83X —m? —n® —mn) (a3 — a3) = Ur(t) (uz — v2) + Us(t) (uf — v7).

(2.16)
In view of (2.12) and (2.13), we get from (2.16)
e U (uf +0f) Un(t) (ug — va)
ST+ 122 —m—n)2 220+ 1)(BA—mZ—n2 —mn)’
Thus applying (1.3), we obtain
lag| < 4t? N 2t
a .
H=+122 —m—n)? ' (26+1)(BA—m2—n2—mn)
U
If we put § =0,m =1 and n = —1 in Theorem 2.1, we conclude the following

result.

Corollary 2.1. For A>1 andt € (%, 1}, let f be in the class Rg()\;t). Then

V2t

lag| <
VIOV =2X2 — 1) 12 + A2

and
12 2
+

< — .
sl < N5+ 31

Ifweput § =A=1,m=1and n=—1in Theorem 2.1, we obtain the result

for well-known class F3°(t) which was studied recently by Wanas and Majeed [20].

Corollary 2.2. [20] Fort € (3,1], let f be in the class Fs¢(t). Then

tV/t
V2 =582

las| <

and 3 2
t(3t +

jag| < 2212
12
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If we put A = 1 in Corollary 2.1, we obtain the result for well-known class

D7(1,t) which was considered recently by Wanas [19].

Corollary 2.3. [19] Fort € (,1], let f be in the class D%.(1,t). Then

and

3

V2t

as| <

a2 V22 — 1
las| < t(t+1).

Conclusion

The primary objective was to define the family Ryx (0, A, m,n;t) of analytic and

bi-univalent functions associating bi-starlike and bi-convex A-pseudo functions

with Sakaguchi type functions which governed by the second kind Chebyshev

polynomials. We generated initial Taylor-Maclaurin coefficients inequalities for

functions in this family.
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