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Abstract

This paper is on the stability of a high order stiffly stable parameter
dependent nested hybrid multistep method for the numerical integration of
stiff initial value problems (IVPs) in ordinary differential equations (ODEs).
The method incorporates one or more off-step points for better stability
properties. The stability properties of the methods were investigated and
the intervals of absolute stability of the methods with step number k£ < 6
are presented using the boundary locus techniques. The method is A-stable
and A(«)-stable which makes the methods more suitable for stiff initial value

problems.

1 Introduction

This paper is on the stability of a high order stiffly stable parameter dependent
nested hybrid multistep method. Nested method was introduced in [6] and further
works on nested method can be found in [4] and [7-10]. Nested method is an
extension of the general linear method (GLM) in [3]. The purpose for the nested

method is to by-pass the order barrier in multistage and multivalue algorithm.
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An example of nested multistage method can be found in the work of [2] and [5].
Also, an example of nested multivalue method can be found in the work [11] and
[12].

The general form of the k-step higher order is given below:

Yo = Z?:o GiYn+j + e frrks Yo = Ynteo

Yit1 = Yn+k-1 + Zf 090an+] +hoif (Yi); 1=01)s=1; Yit1="Ynteo

Yntk = Yntk—1 + Zj 0 0iYntj + hOs_1f (Yoo1) + by (frgr + afnsrk—1); 0<c S(l;)

The stability region of the formula in (1) depends on the choice of the

parameter “a”. It is obvious that during the application of the methods for
the numerical integration of stiff IVPs, errors are bound to occur at some stages
of the computation due to inaccuracy inherent in the formula and the arithmetic
operations adopted during the computer implementation. The magnitude of the
error determines the degree of accuracy and stability of the method [10]. The
minimum properties a numerical method could possess are stability properties
[1].

Some of the advantages of this work are that it is of high order and stiffly
stable and it has a better stability function. The better stability function of the

[43 77

method was made possible because of the present of a parameter which lies
between 0 and 1 and it helps to obtain a better stability function thereby leading

to a smooth stability curve.

2 Order Conditions

Expanding the local truncation error by Taylor’s series technique, the stage

method and the output method in (1) at z,, gives the following order conditions:

Z§:0 ¢J - 17 qo = 07
W Zf 1j¢j+)‘k:co’ q =1, (2a)
0
qo'zj 177 ¢J+( LA 1)\19—%' g =2,3,...
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The error constant of the method in (1) is

1 u co+l

1
Copt1 = — Y 0+ —k00N = ——— + O (h®™). 2b
T (go +1)! ;‘7 & o T (g + 1) ( ) (2b)

Equations (2a) is the order condition of the first input method Yy in (1) while
(2b) is the error constants of the first input method Yp in (1).

The order conditions and error constants of the second input method Y;;; in
(1) are

Z;?:Ogoj—f—pozll—cl, i=1,2,...,8, i=0(1)s—1,
. k . 2
h? Zj:l Jpj + copo =8 — %7 qi =1, (3a)
sz i i—1 _ <’ 64, . —93
q;! j:l] (p] +p000 - qi! + qi!’ qi = 4,9, ...

The error constant of the method in (1) is

it L6
(i +1! (¢ +1)!

k

1 . . )

Cov1 = ( E 7%t 5 + pock = +0 (h%F1) . (3b)
=0

¢ +1)! =
For the output method 4k in (1), the order conditions and error constants are

Yo di+mw=1 p=0
Z?:1j5j +w(b+a)=c, p=1

h,pl k . _ —1 (4&)
b 21 3P0+ i1
oo @=L+ RP T R e =1 p=2.3,.
and
1 < 1
_ p+ls o
Cp+1 - (p+ 1)' Z] 5,] + p| esflcg—l
7j=1 (4b)
42 (a(—=1+ k)P + kP) k] + 0O (hPt1)
“Aal— -
ol R Y
respectively.

Earthline J. Math. Sci. Vol. 18 No. 2 (2023), 431-449



434 A. G. Akhanolu and G. U. Agbeboh

3 Stability Analysis of the Methods

In this research work, an investigation will be under taken to establish the stability
of high order stiffly stable parameter dependent nested hybrid linear multistep
methods by applying the method (1) on step numbers k;’s Vi = 1(1)6 to the

standard scalar test equation [9]
v =Xy, Re()\) <0 (5)

which gives the general stability polynomial of the algorithms in (1) stated below

k—2
m(w,z) = wht — Z 8jwj — 20, 1f (R1 (Yso1) — 2m (wk + awkil) =0, 0<c<k
J

(6a)

where

k
Yo = Z pjw! + 2wk (6b)
j=0
k
Yipr = 0" ) pjud 4+ zpif (V7). (6c)
=0

For better understanding of this work, it is important to give some definitions
as it relates to the stability properties of the method (1) and the definitions can

be seen in [11].

Definition 1. A numerical method in (1) is said to be zero stable if the roots
|w;i| <1 of the stability polynomials (6) are inside the unit circle with simple roots

on the unit circle, where
k
p(w) = ajuw’
§=0

is the first characteristics polynomial for the numerical method in (1).

Definition 2. A numerical method in (1) is said to be A-stable if the region

of absolute stability lies in the entire left half plane of the z complex region.

http://www. earthlinepublishers.com
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Definition 3. A numerical method is said to be A(a)-stable if for some
a € [0,7/2), i.e., if a lies between 0 and 7/2 in the region of absolute stability.
The largest o (aumax) is regarded as the angle of absolute stability on the argument
of stability.

Definition 4. A numerical method is said to be A-stable if the absolute
value of the root(s) of the stability polynomial lies in the open left half of the

complex plane of the stability region.
Examples of A-stable methods can be found in the work of [2,4]. Definition

of stiff stability show that stiff stability implies A(«)-stability.

Derivation of the Method in (1)

Fork:zl,s:l,p:q—i—lz&coz%anda:%gives;

Yo =1 (Wn +3ynt1) = §fars w0=2, C3=g 1 o
, 4= —. 7
Ynt1 = Yn + <2(11_ia)) hf(Yo); p=2 C3=g; 2
2 2

Applying the method in (7) for k =1 and s = 1 to the test equation in (5) gives
the stability polynomial

mi(w,z) =w—1— 200 (Ri1(w, 2)) —zn(w+a) =0, z=A\h, (8a)

where

k
Ry(w,2) = dwl + 28w (8b)
j=0

setting z = 0 in (8a) and (8b) gives the stability polynomial for £ =1
m(w) =w—-1=0. (9)

The boundary locus plot of the stability polynomial for k£ = 1 is given below
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Figure 1: The stability region of the method (1) for k = 1.

The stability region is the exterior of the closed curves.

Again, for method k =2,s=2,p=qg1 =qo+1=4,¢g = Z and ¢; = %,a: %,
Yo = o (=3 + 28yns1 + 231ynss — 42hfurs): Ci= ——, g0 =3
0= 956 Yn Yn+1 Yn+2 n+2); 4= 5048’ q0 =
1 179
Y = — (—h 30h — 13h 32hf (Yp)); Cs=-——+ =
1= Yn+1 + 96( Jn =+ 30 fni1 foy2 +320f (Yo)): Cs 9160’ &
2 1—a 8 —da 1
n+2 = Yn o\ hfn— ———hf ————h(fa n ;
Yn+t2 y+1+9< _2+af ot a f(1)> 6(—2 1 a) (fat2 + afat1)
C4 = 874, P = 3.
(10)
Applying the method in (10) to (5) when k = 2 gives the stability polynomial
0 -
mo(w,2) = w® —w — zZéij — 201 (Ra(w, 2)) — 272 (w2 +aw) =0, z=Mh
=0
(11a)
where
2 -
Ri(w,z) = Z ngjwj + Z)\zw2 (11b)

J=0
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2
Ro(w,2) = | w+2Y_ pjuw + zpy (Ri(w, 2)) (11c)
j=0

setting z = 0 in (11a), (11b) and (11c) gives the stability polynomial for k = 2.

mo(w) = w? —w = 0. (12)

Plotting the stability polynomial 7o(w) in boundary locus sense gives the plot

in Figure 2.

Figure 2: The stability region of the method (1) for k = 2.

The stability region is the exterior of the closed curves.

For k =3,s=3andp=q¢@ =q =q+1=5c¢=5,a=7, and
@z%,a:%, we have a method of order five,

Yo = 19152 (7T0yn — 483yn+1 + 2070yy42 + 47495y, 4.3 — 4830h fr43) ;
161 .
57 9621447 T
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Vi = iz garao s — oo bt + S0 by — SO L
82Z325 hf(¥o);  Co = 406986100’ =5
Yo = Ynsa g = o Rt 4 o s — iR + SRS (V1)
41
6= Jgos0’ 2= 9,
ks = Yy — ?thn - thnﬂ - m” (¥2)
+ 3(31+a)h(fn+3 +afni2); Cs= %, p=4.

(13)
Applying the method in (13) to (5) when k = 2 gives the stability polynomial

1
m3(w, 2) = w — w? — zZéjwj — 205 (R3(w, 2)) — 273 (w® + aw®) =0, 2= A\h

j=0

(14a)

where

3 .
Ri(w,z) = Z pjw’ + 2Azw? (14b)
j=0
3 . 3 .
Ro(w,z) = w? + 2 Z ojw’ + zpo Z pjw’ + zAzw? (14c)
=0 j=0
3 .
Ry(w,z) = | w’ +2)_@juw + 2p1 (Ra(w, 2) (Ri(w, 2))) (14d)
5=0

setting z = 0 in (14a), (14b), (14c) and (14d) gives the stability polynomial for
k=3.

m3(w) = w® —w? = 0. (15)

Plotting the stability polynomial 73(w) in boundary locus sense gives the plot

in Figure 3.
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Figure 3: The stability region of the method for k = 3.

The stability region is the exterior of the closed curves.

Fork=4,s=4p=g=@=qa=q+1=6c=32c=2c="2 and

c3 = %, gives the method of order six,

oo 725 325 44415 , 80597
0= 7335544327 T 200715271 T 838860872 T 20971527713
83107745 458055, . _ 30597 .
33554432774 7 3388608 "t 70 T 2684354560 LT
136493 675857 9320297 27461
Yy = s — hf, Bfpyg — 20 L 2
1= Yns ~ paaeiie0 ™ T 31652160 /! T 30474240 2 T 55206+
6820457 940562 20953037
O O (Yy): O = 0L G,
589824017 T 500085 (Y005 O = TeiTo3030807
681 3867 669 33273
Yy =gy 0L gy, 3867, 669 . 33213,
2= Ynt3 ~ 3y7aa0™n T+ 535500 H T To0a0 e T 7igg M
537 18876 34537
- h n hf (Y ) = 5 =0,
1ogo e+ gpgps i (V)5 Cr = geiisgy @ =6
11 589 131 6347
Ya = Ui — — B fo 4 — Bfiit — = B 4
3= Yn+3 = 3156070+ G3360 /m ! T 3360/ n 2 F Tragg
997 520 757
-t oo hf (V2); Cr= o =6,
11500 s T ogrghf (V2)5 O = q5eoegy a3 =6
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1
L(57 — 59a) 4(—232 + 237a)
Ynta = Ynt3 = oo v a) U T T as0(—a g a)
4(118 — 1194 4(646 — 251a
- ghfnw - ghf (Y3)

90(—4 + a) B5(—4 +a)

179 13

VY VER h/ n n ; = ’ =9
360(—4 + a) (fors+afuss)s Co= 70 P=5

(16)
Also, applying the method in (16) to (5) for k = 4 gives the stability
polynomial

2
m(w, z) = wt —w® — zZéjwj — 203 (Ra(w, 2)) + 274 (w* + aw®) =0, z=Ah

j=0
(17a)
where
4
Ri(w,z) = Z pjw’ + zAqw? (17b)
§=0
4 4
Ro(w, 2) = w® + 2 Z pw! + zpo Z pjw + A qw? (17¢)
j=0 J=0
4 4 4
Ry(w,z) = w3 + 2 Z <pjwj +zp1 [ W+ 2 Z gojwj + zpo Z qﬁjwj + 2z w?
=0 =0 =0
(17d)
4
Ry(w,z) = [ w3 + 2 Z ojw’ + zpa (R3(w, 2) (Ra(w, 2) (Ry(w, 2)))) (17e)
5=0

setting z = 0 in (17a), (17b), (17c), (17d) and (17e) gives the stability polynomial
for k = 4.
m(w) = w' — w3 = 0. (18)

The boundary locus plot of the stability polynomial for k£ = 4 is shown in
Figure 4.
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Figure 4: The stability region of the method for k = 4.
The stability region is the exterior of the closed curves.
Fork=5s=5p=qu=@=@=qg=q+1="Tc=32c="12 and

cq = % gives the method of order seven,

1570863 9833355 4381881 19822795

= 120496729607" 343507383687 T 1204967296772 8589934502 7+
40285035 171257055123 29767217,
n+53

+ 8589934502 /"4 T 1717986918400 8539934502
11893677

~ 549755813888

Yo

7 7q0:67

151234285 2928519075 826756935

Y, — hf, — h it )
1 =Ynta F osorsatTe " T 338630120384 " T Trss0057824 2
2352809825 31979005155 4530823545hf
n+5

_ £9928UI08Y o h _
19730006016 Jns + 58250493952 Jna 1879048192
1680435380 21529183055 7

q = 1,

O F (Vo) O =
ssaroor7s 1 (Y0)i - Os = Saoaei3isR0512"

20953037 19334231 191274881

Y:n T ananmenmanlIn T T A S Ano1antdn T aorimoion tdn
2 =Yn+a+ TioT0750720 /" T 69693120 /™ T 1435476480+
327513697 302153677 197301587

Skl iy Bty
2925527040 Jois + 566231040 Jota 188743680 Jot
68317816 212521897

2 (v : = _ZEoe oI
* 16616715 Fa); G 289910292480’

5

QQ:77
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34537 670599 951159 21893

Y3 = n n — h n ———h n —————h n
8 =Un+4 T+ 50278880 71106560 /™1 T 36378240 /"2 ~ 220376 I+
7971207 858693 1579568
e O e T k() s
16056320 7+ ~ 2203760 "5 T 9270005 (Y2
1217123 .
& = 2055208060° LT C
757 4933 35417 62941
Y1 =yn hfn — hfn hfnia — hfn
1 =Yn+a+ oo n ~ Ge7es0™ 1+ Tr7a080 "2 T 1198960
374357 24131 63104
e hfid — o hfpes + ——— hf (Ys):
067680+ ~ 3928605 T 7gs07 " (1)
13025 .
8T 13352064 T O
(53 — 58a) (=90 + 97a) (37 — 39a)
n —UYn ——————h n —————h n N n
Ynts =Yntt = 500075 10y T 8005 £ 0) U T 12025 1 0y
8 (475 + 248 )
589 79 ( “5+a
hf, hf (Y.
1080 T 36(-5+a) Jrs & 2835 S (¥4)
79 373
— e (fass +afara); Cr=SSo p=6.
120(—5 1 o) Unts Tafura)s Cr=smess P

(19)
Applying the method in (19) to (5) for k = 5 gives the stability polynomial

3
m5(w, 2) = w® — w* — dejwj — 204 (Rs(w, 2)) + 275 (w5 + aw4) =0, z=MAh

=0

(20a)
where
5 .

Ri(w, z) = Z pjw! + 2A5w° (20b)

j=0

5 . 5 .
Ro(w, z) = w' + z Z wjw! + zpo Z pjw’ + zAsw° (20c)
5=0 j=0
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5 5 5

R3(w, z) = wt + 2 Z apjwj +zp1 W+ 2 Z gojwj + zpo Z quwj + 25w’
5=0 §=0 =0
(20d)
5 ' 5 ‘ 5 ‘
Ry(w,2) = w* + 2 Z pjw! + zpy | wt + ZZ ojw! +zpy | w + ZZ puw’
§=0 §=0 j=0
5 .
+2po Z pjw’ + 2A5w° (20e)
§=0
5 .
Rs(w,z) = [ w' +2) " pjuw! + z2p3 (Ra(w, 2) (Rs(w, 2) (Ra(w, 2) (Ra(w, 2)))))
=0
(20f)

setting z = 0 in (20a), (20b), (20c), (20d), (20e) and (20f) gives the stability
polynomial for k£ = 5.
m5(w) = w® — wt = 0. (21)

The boundary locus plot of the stability polynomial for £ = 5 is given in Figure

10 © T T v T T
| | R | I I |
| e R e | |
8lL—————= = - -~ R S E——— e S (SRR U A -
= | I | e |
| | I I I I
77777777 oS s e e S e s e S S R S IS e s R e o S e LG (e s a4
2 | | | | | \4\
| | | | | |
0 T SRR | TR R i S W I - . -
| | I | I |
E | | I I | I
e B e e fEsas Cras Casns e S R R L\
I | I I | I
I | | | | |
{5 3 SNESCRESCISCRN (IS (S S e 1 S e (R
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Figure 5: The stability region of the method for k = 5.

The stability region is the exterior of the closed curves.
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Fork=6s=6p=¢g=u=@=@=qa=qgp+1=8c==232 .=

%,02 = %,03 = %, cq = %,65 = 1—21 and a = % gives the method of order eight,

920819977 9950051601 62236597269

T 14073748855328 " * 175921860444160 7! ~ 281474976710656 7"+
9232305005 124963246485 50382007313

17592186044416yn+3 B 140737488355328yn+4 * 35184372088832 Ynts
1406111442098517 1058022153573 hf
n+6;

T 1407374883553280 70 T 70368744177664
151146021939

~ 36028797018963968’

154807620931445 63190231095911

h h
159180696309642624 /" + 7365628304471424 /7!
135853459989697 8617444950372269 hf
n+3

— h
3925256511160320 Jnzt 99228175627714560
4888541658041807 22765089824959 hf
n+5

- h
59323975112785020 /"4 T 33482006972160
9927780212406839 11133442789211

hf (Yo);

— hfie —
2078076976496640 Juee 2116044307146
579847204017222941

~ 1021416395487628492300°

21529183055 26368680175 510362966625

hfn hfni1 — hfn
22969485099008 Jut 3186865733632 Jn 15272903704576 T2
47985404975 8342970875 1087915714125 hf

n+5

O Y g — P00 g SOOI AY
571230650368 Fots 51539607552 Fovat 1864015806464
268443523825 42776282075

hf(Y1);

Tt it
120259084288 Juto + 15901846149
537129214325

T 985162418487296°

78297541 607633957 62270551

hfn hfn+1 — 5o=a5mmaon Mn
90596966400 Jut 79524003840 fut1 2013265920 fut2
16619460683 9466381001 2851105271

e s — o gt e By
512902871040 /" ~ 62411243520 " T 5033164800 "
17453299073 11822902

hf(Y2);

bttty o
18119393280 Juto + 8632725
277769237291

~ 556627761561600°

Y =

8 q0:7a

Y1 = Ynis—

9 Q1 =8,

Yy = Yn+5 —

9 q2 =8,

YE’) = Yn+5 —

9 q3 = 8,
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1217123 1493419 28986429

Y = s — " pf b o pf o TR g
1= Yn+5 ~ Toare07500 " + 23851020 /7! T 1137700960 "
13694887 4720003 1926315
e s — e hfaga R
511025920/ ~ 36700160/ "+* T 36700160 "
9504393 9910172
— ="t ————hf(Y3);
7320032 /6 T T5oams05 ™ (¥s)
37641013 4
9= 939524006000 © T
13025 5351 11621 68239
Yy = s — hf, Bfpit — ———hf, Bl
5= Yn+5 = 3p510622 " T 1631304 ~ Sg0160 /2 T 1035360 /"
63461 173617 514019 63104
O e 2 e e T B (Ya):
860160+ * 30080+ ~ Trataae e t args0r (V)
2961281 4
9~ 148635648000 T °
—453 + 533a 8304 — 9619a 9(—263 + 2984)
Ynt6 = Ynt5 + S060(=6 + a) " T 90720(=6 + @) U T T8a0(—6 + a) "+
984 — 10794 24487 915

—————~h/n hfn
1680(—6 + a) Jns ¥ 30000 224(—6 + a) Tna

16 (19087 + 43112 183
Y5) = ——7———h(/a n+5)
* 218295 M (5) = a6 a)"t Unse T afuis)
Co-urr
7 947520

(22)

Applying the method in (22) to (5) for k = 6 gives the stability polynomial

4
m6(w, 2) = wb — w® — zZéjwj — 205 (Re(w, 2)) + 276 (w° + aw®) =0, z=2Ah

3=0

(23a)

where

6
Ri(w, z) = Z pjw + 2Aew® (23b)
j=0
6 6
Ro(w,z) = w® + 2 Z pw! + zpo Z pjw’ + zAew® (23c)
J=0 J=0
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6 6 6
R3(w, z) = w’ + 2 Z apjwj +zp1 | W’ + 2 Z gojwj + zpo Z quwj + 2 w’
=0 =0 =0
(23d)
6 . 6 . 6 '
Ry(w,z) =w® + z Z pu! + zpa w® + z Z pjw! + zp1 w’ + 2 Z pw’
j=0 j=0 Jj=0
6
+2zpo Z pjw! + g’
j=0
(23e)
6 ' 6 4 6 )
Rs(w, z) =w® + ZZ pjw! + zp3 w® + ZZ%‘U)J +2p2 | w® + ZZ‘ijj
§=0 j=0 J=0
6 . 6 .
+zp1 | W’ + 2 Z wjw’ + zpo pjw! + 2w’
j=0 §=0
(23f)
6 .
Re(w,z) = | v’ + ngojwj
§=0 (23g)

+2B41 (Rs(w, 2) (Ra(w, 2) (Ra(w, 2) (Ra(w, ) (R (w, Z)))))))

setting z = 0 in (23a), (23b), (23c), (23d), (23e), (23f) and (23g) gives the stability
polynomial for k = 6.

m(w) = w® —w® = 0. (24)

Plotting the stability polynomial 7g(w) in boundary locus sense gives the plot

in Figure 6.
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Figure 6: The stability region of the method for k = 6.

The stability region is the exterior of the closed curves.

Table 1: The value of “a” for the k;,i = 1(1)6 and the stability properties of the
method (1).

k| a Stability properties

1| 1/2 | A-Stable (—o0,0]

2| 1/4 | A(a)-Stable (o = 89.9°)
3| 1/2 | A(a)-Stable (a = 47.1%)
4| 1/2 | A(a)-Stable (a = 82.5)
5| 1/2 | A(a)-Stable (o = 61.9°)
6 (a)- ( )

1/4 | A(a)-Stable (a = 58.2°

4 Discussion of Results

The various boundary locus plots of the stability polynomial of our method on the
stability of a high-order stiffly stable parameter dependent nested hybrid linear
multistep method for step number 1 < k < 6 as shown in Figures 1 to 6 clearly
shows that our method is A-stable and A(a)-stable.
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5 Conclusion

Finally, it has been established from Figures 1 to 6 above that the stability
properties of method (1) is found to be of high order and stiffly stable as it is
found to be A-stable and A(«)-stable in the region of absolute stability. Hence
the high order stiffly stable parameter dependent nested hybrid linear multistep
method is recommended for all ODE solvers as an instrument for determining the
stability of real life problems. The method is therefore suitable for solving stiff

initial value problems.

References

[1] Ajie, Self-starting implicit one-block methods for stiff Initial Value Problems (IVPs)
in Ordinary Differential Equations (ODEs), Ph.D. Thesis, Uniben, Benin, 2016.

[2] R.I. Okuonghae and M. N. O. Ikhile, A class of hybrid linear multistep methods with
A(«)-stability properties for stiff IVPs in ODEs, Journal of Numerical Mathematics
21(2) (2013), 157-172. https://doi .org/10. 1515/ jnum-2013-0006

[3] R. I. Okuonghae, A-stable high order hybrid linear multistep methods for stiff
problems, Journal of Algorithms & Computational Technology 8(4) (2014), 441-469.
https://doi.org/10.1260/1748-3018.8.4.441

[4] P. Olatunji, Nested GLM’s for stiff differential algebraic equations, Ph.D. thesis,
2021.

[5] P. Olatunji, Nested second derivative general linear methods, Science Research
Annals 10 (special edition) (2019), 26-32.

[6] P. Olatunji, M. N. O. Ikhile and R. I. Okuonghae, Nested second derivative two-step
Runge-Kutta methods, International Journal of Applied and Computational
Mathematics 7 (2021), 249. https://doi.org/10.1007/s40819-021-01169-1

[7] P. Olatunji and M. N. O. Ikhile, Second derivatives multistep method with nested
hybrid evaluation, Asian Research Journal of Mathematics 11(4) (2018), 1-11.
https://doi.org/10.9734/arjom/2018/41601

http://www. earthlinepublishers.com


https://doi.org/10.1515/jnum-2013-0006
https://doi.org/10.1260/1748-3018.8.4.441
https://doi.org/10.1007/s40819-021-01169-1
https://doi.org/10.9734/arjom/2018/41601

On the Stability of a High Order Stiffly Stable Parameter ... 449

[8] P. Olatunji and M. N. O. Ikhile, Variable order nested hybrid multistep methods
for stiff ODEs, Journal of Mathematics and Computer Science 10 (2020), 786-94.
https://doi.org/10.28919/jmcs/4147

[9] 1. M. Esuabana and S. E. Ekoro, Hybrid linear multistep methods with nested hybrid
predictors for solving linear and non-linear IVPs in ODEs, Mathematical Theory and
Modeling 7(11) (2017).

[10] S. E. Ekoro, M. N. O. Ikhile and I. M. Esuabana, Implicit second derivative
LMM with nested predictors for ODEs, American Scientific Research Journal for
Engineering Tech. and Science (ASRJETs) 42(1) (2018).

[11] G. Yu. Kulikov, Embedded symmetric nested implicit Runge-Kutta methods of
Gauss and Lobatto types for solving stiff ordinary differential equations and
Hamiltonian systems, Computational Mathematics and Mathematical Physics 55
(2015), 983-1003. https://doi.org/10.1134/s0965542515030100

[12] G. Yu. Kulikov, Nested implicit Runge-Kutta pairs of Gauss and Lobatto types with
local and global error controls for stiff ordinary differential equations, Computational
Mathematics and Mathematical Physics 60 (2020), 1134-1154. https://doi.org/
10.1134/s0965542520070076

This is an open access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted,
use, distribution and reproduction in any medium, or format for any purpose, even commercially

provided the work is properly cited.

Earthline J. Math. Sci. Vol. 18 No. 2 (2023), 431-449


https://doi.org/10.28919/jmcs/4147
https://doi.org/10.1134/s0965542515030100
https://doi.org/10.1134/s0965542520070076
https://doi.org/10.1134/s0965542520070076

	Introduction
	Order Conditions
	Stability Analysis of the Methods
	Discussion of Results
	Conclusion

