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Abstract 

In this paper, an extensive analysis of mixed convection effects on steady two-

dimensional stagnation point flow of a Casson fluid over a heated horizontal sheet has 

been numerically investigated. The governing Navier-Stokes equations of the present 

problem are transformed into nonlinear ordinary differential equations by applying a 

similarity transformation. A numerical solution of the problem has been obtained by 

employing the linearization technique along with the finite difference discretization. The 

impact of the Casson fluid parameter, the thermo-radiative parameter, the mixed 

convection parameter, the slip parameter, and the Prandtl number on the fluid motion and 

temperature is studied through graphical data. The convection parameter, the slip 

parameter and the Casson fluid parameter tends to accelerate the flow. The temperature 

distribution is however reduced by the convection parameter, slip parameter, thermal 

radiation and the Prandtl number. 

This work is based on [25] in which micropolar fluid flow over a heated surface was 

investigated by using the homotopy analysis method. We have extended the problem by 

considering the combined impact of mixed convection and thermal radiation on the 

Casson fluid flow towards a heated shrinking sheet, by using a numerical method. 

Introduction 

Fluids can be categorized as per the viscosity concept in two groups of Newtonian 

fluidics and non-Newtonian fluidics. Research into this area has been developed by the 

extensive uses of non-Newtonian fluids in different disciplines of engineering and 
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industry. The flow patterns of Casson fluidic are investigated in this paper with different 

flow assumptions.  

The physics of non-Newtonian fluid flows is widely considered to be a unique 

challenge to scientists, mathematicians, and engineers. Because of the complexity of 

these fluids, there is no one constitutive equation that illustrates all of their properties. 

Many non-Newtonian fluid models have been developed over the process. Among these, 

the Casson fluid [1] has piqued the public’s curiosity. The yield stress is present in the 

Casson fluid. Casson fluid is widely known to be a shear-thinning fluid [2,3], and it acts 

like a solid while the yield stress is greater than the shear stress, but it begins to move 

when the shear stress is high [4]. 

Obalalu et al. [5] analytically and quantitatively showed the compressed Casson fluid 

flow with heat radiation. A differential system was used to regulate the model, which 

proved successful. As a consequence of the analysis, the following observations were 

made. They observed that the presence of squeeze numbers is critical, and that raising the 

squeezing parameter enhances the temperature of the fluid. Higher values of variable 

viscosity have a substantial effect on skin friction. 

Reddy et al. [6] have examined the growth of heat transfer rate in Casson fluidic over 

the upper surface of a parabolic volume. Oyelakin et al. [7] considered the unstable two-

dimensional viscous flow of Casson nanofluid via a stretched surface with the control of 

buoyant force and radiation of heat. Ullah et al. [8] examined the heat transfer rate of 

Casson with suspended nano-sized particles through wedge-shaped objects with effects of 

various body forces like buoyancy and Lorentz force.  

There are a lot of reviews existing in the literature of non-Newtonian fluids for the 

flow and thermal transfer analysis with varying boundary conditions and thermos 

physical parameters, (see [9-17]). 

Casson fluid could be described as a shear diminishing fluid, assuming that it has a 

non-flowing infinite viscosity, under low values of yield stress, there is no flow and an 

infinite shear rate with no viscosity. Casson fluid is also regarded as an infinite-viscosity 

dilatant fluid at null shear values. The pattern of Casson fluid is used for characterizing 

the behavior of the non-Newtonian fluidic. In the temperature field equation, thermal 

radiation expression will be used. Numerical results of these equations are then achieved. 

In particular, stretching/shrinking surfaces with different non-Newtonian fluids have 

many practical uses in metallurgical instrumentations, polymer dispensation, food 
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production, boiler, biotech, biomedical devices, artificial heat designing, etc. [18-19]. 

Magyari and Keller [20] considered the boundary stream-line flow of non-Newtonian 

fluid over a nonlinearly stretching surface with a variable temperature distribution and 

obtained analytical and numerical solutions simultaneously. 

Pramanik [21] used a porous stretching sheet to examine the thermal effects on flow 

and heat transfer in Casson fluid in the presence of suction/injection at the surface. 

Bhattacharya et al. [22] scrutinized the slip boundary flow effects on the Cason fluidic 

over an impervious shrinking sheet.  

Our efforts in this work are to discuss the behaviour of a novel prototype for the 

Casson fluid to analyze the mixed convection flow in the vicinity of stagnation point 

through a heated shrinking surface. The impact of buoyant forces on the boundary 

stream-line flow with velocity slip parameter would be examined numerically by 

applying the quasi-linearization method embedded with a finite difference algorithm 

based on MATLAB simulation tools used in the works of Ali et al. [23,24]. 

This research paper presents a novel numerical investigation of mixed convection 

effects on the two-dimensional stagnation point flow of a Casson fluid over a heated 

horizontal sheet. By considering the combined impact of mixed convection and thermal 

radiation, the study extends the findings of a previous work on micropolar fluid flow. The 

analysis employs a similarity transformation and linearization technique for solving the 

governing Navier-Stokes equations, providing valuable insights into the influence of 

various parameters on fluid motion and temperature distribution. This study contributes 

to the understanding of complex fluid dynamics and heat transfer phenomena, presenting 

significant implications for engineering applications involving Casson fluids and similar 

systems. 

Mathematical Modeling and Numerical Solution 

Let start with the governing equations of the problem: 

����� + ����� = 0           (1) 


� ����� + 
� ����� = − �� ���� + � �1 + ��� ������ + ���� − ���     (2) 

��� �
� ���� + 
� ����� = � ������ − �!"��  .       (3) 

The boundary conditions for the velocity and temperature analysis of the Casson fluid 
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are: 

% 
��&, 0� = () + (*, 
��&, 0� = 0, ��&, 0� = � 
��&, ∞� = , = -&,                            ��&, ∞� = ��..           (4) 

We use the following new variables to transform the proposed model: 

%/ = 012  3,    4�&, ∞� = 4 − �1�
� �&� + 3��,    5�/� = �6�7�86�7
��&, 3� = -&9:�/�,                          
��&, 3� = −√-< 9�/� =.         (5) 

Eq. (1) is uniformly satisfied under the similarity transformation defined in eq. (5) and 

justifying the possible fluid motion. 

The radiative function of heat flux >? is formulated by conferring to the Rossland 

approximation equation defined as 

>? =  6@A∘
CD�∘

��E
�� ,                                     (6) 

where F∘ is the Stefen-Boltzman constant and ��∘ is the absorption coefficient. �@ can be 

expressed as a linear function of temperature. Talyor series can be employed to expand �@ about �� and truncating the order greater than �@-terms, we have 

�@ = 4��C  � − 3��@ .                                                         (7) 

Applying eq. (5) in eq. (2) and eq. (3), we found the following set of ODEs: 

�1 + ��� 9::: + 99::−9:� + I5 + 1 = 0,            (8) 

�J + @C� 5:: + J4?95: = 0.              (9) 

Conditions on the boundaries in eq. (4) in view of the transformation set given in eq. (5) 

can be written as: 

9�0� = 0, 9:�0� = K1 = L + MN9::, 9:�∞� = 1,   5�0� = 1, 5�∞� = 0.          (10) 

Here 

4O = PQRS8  is the Prandtl number, J = D8D�∘@A�7T  is the thermal radiative parameter, 

I = U?V�WXV�� is the buoyancy parameter (where ]O� = ^�8��86�7��T
2�   is the Grashoff number 

and J_� = `�2   is the Reynold number). 
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Methodology  

For solving the transformed set of ODEs (with one being non-linear in nature), we 

consider two sequences of vectors a9���b and a5���b which converge to the numerical 

solutions of the above equations. The first one is obtained by linearizing eq. (7) as 

follows: 

c1 + 1�d 9��e��
′′′+ 9��e��

′′9��� − 29��e��
′9���

′+ 9��e��
′9�g�

′′ 
= h9���

′i� − 9���9���
′′+ I5��e�� + 1.                                          (11) 

Eq. (11) brings about a linear system of ordinary differential equations with 9� as a 

numerical solution of jkℎ equation. Linear ODEs obtained can be solved numerically by 

discretization using the central differences.  

On the other hand, the heat equation is linear and the sequence a5���b can be 

generated as: 

�1 + @C J� 5��e��′′ + J4O9��e��5��e��′ = 0.                            (12) 

This algebraic system of equations resulting after discretization may be solved by many 

well-known numerical techniques (for example, the successive over relaxation method or 

Gauss elimination method with Pivoting, to ensure stability). 

Results and Discussion 

In this section of the paper, we provide a visual display of our numerical findings to 

analyse the impact of the governing parameters on the thermal and flow characteristics of 

the problem. For a better understanding of the thermo-physical properties of the flow, we 

have focused on the impacts of the Casson fluid parameter �, the thermal radiation 

parameter J, the mixed convection parameter I, the slip parameter MN, the 

shrinking/stretching parameter L, and the Prandtl number 4O. 

Influence of the Casson fluid parameter � on the normal velocity and stream-wise 

velocity profiles is illustrated in Figures 1-2. From the graphs, it is clear that both 

velocity components tend to increase by enhancing the values of the Casson fluid 

parameter �. Further, it may be noted from the governing equations that, as � → ∞, the 

nature of fluid tends to the pure Newtonian fluid.  
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Figures 3-5 represent the effect of the mixed convection parameter I on both the 

components of velocity and the temperature profile as well. It has been perceived from 

the graphs, the growth in the value of I causes a remarkable raise in the velocity profiles. 

It is obvious fact that the buoyant forces accelerate the fluid motion. The influence of I 

on the temperature distribution is relatively opposite to that on the velocity profiles.  

Figure 6 shows the effectiveness of J on the temperature profile. The increment in 

the values of J lowers the temperature profiles. Similarly, the influence of 4O on the 

temperature profile is shown, for the fixed values of L, �, J,  and  I, in Figure 7. The 

sketched graph indicates a clear-cut decline in the heat profiles with increasing values of 4O.  

In Figures 8-10, the impact of MN (the slip parameter) on the normal velocity, stream 

wise velocity and temperature profiles has been shown. It is easy to note from the graphs 

that both velocity profiles exhibit an increasing trend for larger values of MN, where as an 

opposite tendency has been seen for the temperature profiles.  

Finally, Figures 11-13 display the impact of L on the velocity and temperature 

distributions. It is see that fluid velocity raises with increment in the values of the 

stretching parameter while temperature reduces as L increases. 

In Figure 14, the temperature profile indicates a decrement with evolving �. Figures 

15-16 are graphed to observe the effectiveness of J on the momentum curves. Both the 

velocity components tend to decrease by increasing the value of J. 

All the values of the parameters are taken for air at room temperature, then the 

parameter values are varied to draw the graph (e.g., Casson fluid parameter, the thermal 

radiation parameter, the mixed convection parameter, the slip parameter, the 

shrinking/stretching parameter, and the Prandtl number).  
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Figure 1: Normal velocity profiles for various �. 
 

 

 

Figure 2: Streamwise velocity profiles for various �. 
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Figure 3: Normal velocity profiles for various I. 
 

 

Figure 4: Streamwise velocity profiles for various I. 
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Figure 5: Temperature profiles for various I. 
 

 

Figure 6: Temperature profiles for various J. 
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Figure 7: Temperature profiles for various 4O. 

 

 

Figure 8: Normal velocity profiles for various MN. 
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Figure 9: Streamwise velocity profiles for various MN. 
 

 

 

Figure 10: Temperature profiles for various MN. 
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Figure 11: Normal velocity profiles for various L. 

 

 

 

Figure 12: Streamwise velocity profiles for various L. 
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Figure 13: Temperature profiles for various L. 

 

 

Figure 14: Temperature profiles for various �. 
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Figure 15: Normal velocity profiles for various J. 

 

Figure 16: Streamwise velocity profiles for various J. 
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governing Navier-Stokes equations are transformed, and the solved numerically. 

Influence of the non-dimensional parameters has been investigated through normal 

velocity, stream-wise velocity and temperature profiles. Following conclusions may be 

drawn: 

• Both the convection parameter and the Casson fluid parameter tend to accelerate 

the flow. 

• The temperature distribution is reduced by the convection parameter, thermal 

radiation and the Prandtl number. 

• Both velocity profiles exhibit an increasing trend for larger values of the slip 

parameter whereas an opposite tendency has been seen for the temperature 

profiles.  

• Flow velocity rises with the stretching parameter while temperature reduces. 
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