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Abstract

The purpose of the present paper is to introduce and investigate two new
general subclasses MAx, (0, A\;a) and MAx_ (d,\; B) of X, consisting of
holomorphic and m-fold symmetric bi-univalent functions defined in the open
unit disk U. For functions belonging to the two classes introduced here, we
derive estimates on the initial coefficients |d,,+1| and |day,+1]. We get new
special cases for our results. In addition, Several related classes are also

investigated and connections to earlier known outcomes are made.

1 Introduction

Let A denote the class of functions of the form:
o
k(s) = s—i—Zdns", (1.1)
n=2

which are holomorphic in the open unit disk U = {s : |s| < 1}, and let S be

the subclass of A consisting of the form (1.1) which are also univalent in U. The
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Koebe one-quarter theorem [4] states that the image of U under every function k
from S contains a disk of radius 1/4. Thus every such univalent function has an

inverse k1 which satisfies

E N (k(s) =5 (se€U)

and .
Eot o) =r (< m> )
where
EHr) = h(r) = r — dor? + (2d3 — d3) * — (5d3 — 5dads +dy) r* + -+ . (1.2)

A function k € A is said to be bi-univalent in U, if both k(s) and k~!(s) are
univalent in U. We denote by X the class of all bi-univalent functions in U given
by the Taylor-Maclaurin series expansion (1.1). Lewin [7] discussed the class of
bi-univalent functions ¥ and proved that the bound for the second coefficients
of every k € ¥ satisfies the inequality |b2| < 1.51. Motivated by the work of
Lewin [7], Brannan and Clunie [3] hypothesised that |b2] < v/2. Some examples
of bi-univalent functions are t2-, —log(1—s) and 3 log (g) (see also Srivastava
et al. [13]). The coefficient estimate problem involving the bound of |d,|(n €

N\{1,2}) for every k € X is still an open problem [13].
For each function k € S, the function
h(s) = Vk(sm) (seUmeN) (1.3)

is univalent and maps the unit disk U into a region with m-fold symmetry.
A function is said to be m-fold symmetric (see [5], [9]) if it has the following

normalized form:

k(s) =s+ den+1sm"+1 (s € A,meN). (1.4)

n=1

We denote by S, the class of m-fold symmetric univalent functions in U, which

are normalized by the series expansion (1.4). In fact, the functions in the class S
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are one-fold symmetric. Analogous to the concept of m-fold symmetric univalent
functions, we here introduced the concept of m-fold symmetric bi-univalent
functions. FEach function k& € X generates an m-fold symmetric bi-univalent
function for each integer m € N. The normalized form of k is given as in (1.4)
and the series expansion for k=1, which has been recently proven by Srivastava et

al. [14], is given as follows:
h(r)=r— dm+1rm+1 + [(m + 1)d$nJrl — dgmﬂ] p2m+1
B %(m +1)(3m +2)d, 41 — Bm + 2)dmi1damir + dampr | P77 -
(1.5)
where k~! = h. We denote by ¥,, the class of m-fold symmetric bi-univalent

functions in U. For m = 1, formula (1.5) coincides with formula (1.2) of the class
DI

Recently, many penmen inverstigated bounds for various subclasses of m-fold

symmetric holomorphic bi-univalent functions (see [1,2,6,10,11,12,14,15]).

The aim of this paper is to derive estimates on the initial coefficients |d;,+1]
and |d2;,41]| for functions belonging to the new general subclasses M Ay, (6, \; )
and MAy, (6, \; ) of X,,. We get new special cases for our results. In addition,
Several related classes are also investigated and connections to earlier known

outcomes are made.

In order to derive our main results, we have to recall here the following lemma

[4].

Lemma 1.1. Ifp € P, then |c,| < 2 for each n € N, where P is the family of all

Functions p, holomorphic in U, for which
Re(p(s)) >0 (seU)

where

p(s) =14 cis+cas® +---.

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 251-265



254 Ahmed Mousa Ajil Al-Asadi and Najah Ali Jiben Al-Ziadi

2 Coefficient Bounds for the Function Class
MAs, (6, \; «)

Definition 2.1. A function k(s) € ., given by (1.4) is told to be in the class
MAs, (8, \; ) if the following conditions are fulfilled:

arg |(1 - 0) ((1 — K (s) + )\S]]:;S)> ) <(1 — ;)’“;(j)Ak(s)ﬂ ‘ < %” (s € V)
) (2.1)
and
are |(1— 0) <(1 — MK (r) + AZZ&?) +6 <(1 — ;)hqj(l)m(r)” ’ < % (r € U),
) (2.2)

where the function h = k=1 is given by (1.5) and (0 <6 <1;0<A<1;0<a<
1).

Theorem 2.1. Let the function k(s), given by (1.4), be in the class
MAs, (6, \;«). Then

2c
dmy1] <
1] Viem(m — X+ 1)+ aX(2X6 — 20 — A+ 1) + m(m — 2A +2) + (1 — \)?|
(2.3)
and 2( )
20°(m + 1 2c
dom+1] < . 2.4
’2+1|—(m_)\+1)2+(2m_)\+1) ( )

Proof. Let k(s) € MAs,,(6,\; ). Then

(1-0) ((1 — MK (s) + )\S:;S)> +0 ((1 — ;f;(j)xk(s)) = [p(s))*  (2.5)

and

(1-6) ((1 — MR (r) + A%) +4 <(1 — I)h;@m(TQ =[q(r)]*  (2.6)

where h = k=1 and p(s), ¢(r) in P and have the forms

p(s) = 14 pms™ + Pams™™ + pams™™ + - (2.7)
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and
q(r) =1+ gmr™ + qamr®™ + qamr™™ + -+ - . (2.8)

It follows from (2.5) and (2.6) that

(m =X+ 1Ddpmt1 = apm (2.9)
—1
(2m — A+ D) dami1 — ANm — A+ 0)d2, 11 = apam + a(az)pzn (2.10)
—(m—=A+1D)dpnt1 = agm (2.11)
[m(2m — 2\ + 3)+(1 — A)(1 = 0A)]d%,. 1 — (2m — A + 1)domi1
-1
= agom + O‘(O‘Q)qfn. (2.12)
For (2.9) and (2.11), we get
Pm = —Qm (2.13)
and
2(m — A+ 1)%d%, 1 = o (p2, +¢2) - (2.14)

From (2.10), (2.12) and (2.14) we find
[m(2m — 2X +3) + (1 — A)(1 — 6A) — A(m — 6\ + 6)]d2, 4
ala—1) (

5 (O + am) (2.15)
(- 1)

=« (me + q2m) +

= a(pam + ¢2m) + (m—X+ 1)2d3n+1-
Therefore, we have

d2 _ a2 (p2m + q2m)
T malm — A+ 1) + Aa(208 — 20 — A+ 1) +m(m — 22 +2) + (1 — \)2°

(2.16)
Stratifying Lemma (1.1) for the coefficients pa,, and g2, we get
2ce
A1 < >
Vima(m — X+ 1)+ aX(20A — 20 — A+ 1) +m(m — 2A + 2) + (1 — \)?|
(2.17)

The last inequality gives the desired estimate on |dy,+1| given in (2.3).
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Next, the bound on |dan+1] is then found by subtracting (2.12) from (2.10).
2(2m — A+ Ddomy1 — (2m* +3m —mA — A+ 1) d5 4

alazl) 2 2y (2.18)

= (me - q2m) + 9

By using (2.13), (2.14) and (2.18), we get

a2(m + 1) (prQn + qzn) a (p2m - q2m)
4(m —A+1)? 22m - +1)

Stratifying Lemma (1.1) once again for the coefficients py,, pom and gm, gom, we

dama1 = (2.19)

get

202(m + 1) 2

m-—A+12 (2m—-X+1)

This proves Theorem (2.1). O

|dom41| < (

3 Coefficient Bounds for the Function Class
MAZm(57 )‘76)

Definition 3.1. A function k(s) € ¥, given by (1.4) is told to be in the class
MAs, (6, X\; B) if the following conditions are fulfilled:

Re <(1 — ) ((1 — MK (s) + ASk/(8)> ) <(1 — Sk (5) >> >B (sel)
3.1

k(s) X)s + Mk(s)
and
Re <(1 — ) ((1 — MR (r) + A’“Zéfﬁ?) ) ((1 — ;)’i(gh(r))) >B (rel)

(3.2)
where the function h = k=1 is given by (1.5) and (0 <6< 1;,0<A<1;0<8<
1).

Theorem 3.1. Let the function k(s), given by (1.4), be in the class
MAs, (6, \;8). Then

(1-5)
] < 2\/m(2m —3X+3) + (1 =) (1 —25)\) (3:3)
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and
2(1 - B)*(m +1) 21-75)
(m—X+1)2 2m—X+1)

|d2m+1| é

Proof. Tt follows from (3.1) and (3.2) that there exists p,q € P such that

(1-9) ((1 — MK (s) + ASk'(8)> +0 <(1 - 5k (s) ) = B+(1-B)p(s) (3.5)

k(s) A)s + Ak(s)
and
(1-5) <(1 — V() + A’"Séi?) +0 <(1 — ;)fi(i)m(r)> = B+(1-B)q(r) (3.6)

where p(s) and ¢(r) have the forms (2.7) and (2.8). It follows from (3.5) and (3.6),
we find

(m - A + 1)dm+1 = (1 - 5)pm (37)
(2m — A+ Ddami1 — Am — 6+ 8)d2, 1 = (1 — B)pam (3.8)
_(m —A + l)dm+1 = (1 - B)Qm (3.9)

and
[m(2m —2X+3)+ (1 =\ (1 —6N)]d2, 11 — (2m— A+ 1)dami1 = (1—B)gam- (3.10)

From (3.7) and (3.9), we get
Pm = —Qm (3.11)

and
2m — A+ 12d% 1 = (1- B (b + €2 - (3.12)

Adding (3.8) and (3.10), we get
[(2m? + 3m — 2mA) + (1 — A)(L = 6X) — A(m — 6A + 0)] 2,y
= (1= B) (p2m + g2m) - (3.13)

Therefore, we obtain

P (1= B) (p2m + qom)
M T m(2m = 3A £ 3) + (1 - A)(1 - 200)°

(3.14)
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Stratifying Lemma (1.1) for coefficients po,, and ¢o,,, we readily get

(1-5)
|dmr1| < 2\/|m(2m —3A+3) + (1= N (1 —200)]

This gives the desired estimate on |d;,+1| gives by (3.3).
Next, the bound on |dan,+1] is then found by subtracting (3.10) from (3.8).
2(2m — A+ 1) dapmy1 — [m(2m — A+ 3) + (1 = A)|da,
=(1 - 8) (p2m — g2m) - (3.15)
Or equivalently

(m + 1)d72n+1 (1 - B) (p2m - q2m)

dom+1 = 3.16
sl 2 2(2m — A +1) (3.16)
By substituting the value of d?, ; from (3.12), we find
1—B)*(m+1) (p2, + ¢2 1— m — Qom

4(m — A+ 1)? 22m — A +1)
By using Lemma (1.1) once again for the coefficients py,, pam, ¢m and g, we get

2(1 - p)*(m+1) 2(1-5)
(m—X+1)2 (2m—A+1)

|d2m+1| S

This proves Theorem (3.1) O

4 Corollaries and Consequences

If we set 6 = 1 in definition (2.1) and definition (3.1), then the classes
MAs, (6, ;) and MAAy,, (0,A; 3) shorten to the classes MAy, (\;«) and
MAsy, . (\; B) and thus, Theorem (2.1) and Theorem (3.1) shorten to Corollary
(4.1) and Corollary (4.2), respectively.

The classes M Ay, (A\;a) and MAy, (A; ) are respectively defined as follows:
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Definition 4.1. A function k(s) € ¥, given by (1.4) is told to be in the class
MAs, (X «) if the following conditions are fulfilled:

o (e i) | < 5 @m0

sk'(s) o d
ML= N5 + Me(s) 2
where the function h = k= is given by (1.5) and (0 <A< 1;0 < a < 1).

Definition 4.2. A function k(s) € ¥, given by (1.4) is told to be in the class
MAs,  (X; B) if the following conditions are fulfilled:

I“(afiﬁ&u@>>ﬁ and Rﬁ(uiﬁi&um>>5 (s,m € U)

where the function h = k=1 is given by (1.5) and (0 <A< 1;0< B < 1),

Corollary 4.1. Let k(s) given by (1.4) be in the class MAE,,(\;a). Then

] < =
Viem(m — X+ 1) + ad(A = 1) + m(m — 22 +2) + (1 — \)?|

and
202(m + 1) 2

Mt 1?2 @m_rtD)

|d2m+1| S (

Corollary 4.2. Let k(s) given by (1.4) be in the class M Ay, ,(\; 8). Then

(1-58)
(1] < 2\/m(2m =3 +3)+ (1 =) (1-2))

and
2(1 = B)*(m +1) 2(1-5)
(m—XA+1)2 2m—A+1)

|dom+1] <

If we set § = 0 in definition (2.1) and definition (3.1), then the classes
McAs,, (0, ;) and MAy, (5, \; 5) shorten to the classes HAAy, (A;«) and
HAs,, (X\; 5) and thus, Theorem (2.1) and Theorem (3.1) shorten to Corollary
(4.3) and Corollary (4.4), respectively. The classes HAyx, (\; ) and HAy,, (A; )

are respectively defined as follows:
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Definition 4.3. A function k(s) € ¥, given by (1.4) is told to be in the class
HAs, (A «) if the following conditions are fulfilled :

arg ((1 _ K (s) 4+ AS:(S)>‘ < (sev)
" arg ((1 R () + Afﬁéi’?) “2” (r e U)

where the function h = k= is given by (1.5) and (0 < A< 1;0 < a < 1).

Definition 4.4. A function k(s) € X, given by (1.4) is told to be in the class
HAs, (A B) if the following conditions are fulfilled:

sk'(s)
k(s)
where the function h = k=1 is given by (1.5) and (0 <A< 1;0< B < 1).

rh'(r)
h(r)

Re ((1—)\)k’(s)+/\ ) > and Re ((1—)\)h’(7')+)\ ) >pB (s,rel)

Corollary 4.3. Let k(s) given by (1.4) be in the class HAs,, (\;«). Then

dia| < =
Viem(m — X+ 1)+ aA(1 =) + m(m — 2X2 +2) + (1 — \)?|

and
202(m + 1) 2

m-—A+12 (2m—-A+1)
Corollary 4.4. Let k(s) given by (1.4) be in the class HAs,, (\; 5). Then

|dom+1| < (

(1-2)
|| < 2\/m(2m =3\ +3)+(1-X)

and
2(1 = B)*(m +1) 21-5)
(m—X+1)2 (2m—A+1)

|dom+1] <

For one-fold symmetric holomorphic bi-univalent functions, the classes
MAs, (6, \;a) and MAsy, (6,\;5) shorten to the classes MAx (6, A\; ) and
MAAs (6, A; 5) and thus, Theorem (2.1) and Theorem (3.1) shorten to Corollary
(4.5) and Corollary (4.6), respectively.

The classes MAx (9, A\; ) and MAx (5, \; §) are defined in the following way:
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Definition 4.5. A function k(s) € X given by (1.1) is told to be in the class
MAs (0, \; ) if the following conditions are fulfilled:

arg [(1 ) ((1 — MK (s) + ASk/(S)> +6 <(1 - sk (s) )] ’ < (sev)

k(s) A)s + Ak(s) 2
and
arg [(1 —9) ((1 — MR (r) + )\T:;g)> +0 <(1 — j\n)h;(—:))\h(r)ﬂ ‘ < % (rel)
where  the  function h = k=Y is  given by (1.2) and

(0<6<1,0<A<L0<ac<l).

Definition 4.6. A function k(s) € ¥ given by (1.1) is told to be in the class
M pAs (9, \; B) if the following conditions are fulfilled:

Re ((1 —4) ((1 — N (s) + Asl’:é‘;)) +6 <(1 - ;f;(j)Ak(s)>> > 8 (sel)

and
Re ((1 —4) <(1 — NI(r) + ATZS)) +6 <(1 — ;)h;(fm(r)» >B (rel)
where  the  function h = k=Y is  given by (1.2) and

(0<5<1,0€A<1;0<8<1).

Corollary 4.5. Let k(s) given by (1.1) be in the class MAx (6, \; ). Then

2
do| <
da] < \/a(2—)\)—1—04)\(25)\—25—)\4-1)4-(3—2)\)—1—(1—)\)2

and
40 2a

PEPYRNCEPY)
Corollary 4.6. Let k(s) given by (1.1) be in the class MAx.(0, \; B). Then

|ds| <

—B)

a A(1-p)*  2(1-p)
|da] < 2\/‘(5_3/\)+(1_)\)(1—2(5)\)\ "

2-N2 T BN

and  |ds| <

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 251-265
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If we set 6 = 1 and m = 1 in definition(2.1) and definition(3.1), then the
classes MAy, (9, ;) and MAy, (6, \; 5) shorten to the classes MAAx(A; )
and MAyx,(\; 8) and thus, Theorem (2.1) and Theorem (3.1) shorten to Corollary
(4.7) and Corollary (4.8), respectively.

The classes M 4 Ax(A; @) and MpAx(A; 5), are respectively defined as follows:

Definition 4.7. A function k(s) € ¥ given by (1.1) is told to be in the class
MAs (X @) if the following conditions are fulfilled:

s (T )| <5

rh/(r) am
e <(1 = )\)r—l—)\h(r))‘ <5 (&rel)
where the function h = k=1 is given by (1.2) and (0 <A< 1;0 < a < 1).

Definition 4.8. A function k(s) € ¥ given by (1.1) is told to be in the class
MAs(X; B) if the following conditions are fulfilled:

Re ((1 - ;)Ii(—i))\k(s)> >f and  Re <(1 - ;)fi(;)m(r)> >B (srel),

where the function h = k™' is given by (1.2) and (0 <A< 1;0< B < 1).
Corollary 4.7. Let k(s) given by (1.1) be in the class MAx(\;«). Then

2 402 2
Ida| < e and  |dg) <€ —2 4 2
V21 =N (a+2) + X2(a+ 1)

2-XN  @B=X

Corollary 4.8. Let k(s) given by (1.1) be in the class MAx(\; B). Then

-9 10-p)? 201 p)
d2’§2\/(5—3A)+(1—A)(1—2A) md IS Tt e

If we set § = 0 and m = 1 in definition (2.1) and definition (3.1), then the
classes MAy, (9, \; ) and MAsy, (6, A; 5) shorten to the classes HAx(\; ) and
HAs(A; B) and thus, Theorem (2.1) and Theorem (3.1) shorten to Corollary (4.9)
and Corollary (4.10), respectively.

The classes HAx(\; ) and HAx(); B) are respectively defined as follows:
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Definition 4.9. A function k(s) € X given by (1.1) is told to be in the class
HAx(\; ) if the following conditions are fulfilled:

arg ((1 — MR (r) + Aﬁ?) ' < %

arg <(1 — MK (s) + /\S;:;S)> ) < % and

(s,r€U),
where the function h = k= is given by (1.2) and (0 <A< 1,0 < a < 1).

Definition 4.10. A function k(s) € ¥ given by (1.1) is told to be in the class
HAx(X; B) if the following conditions are fulfilled:

sk'(s)
k(s)

Re ((1 MK (s) + A ) >8 and Re ((1 R () + /\Th,(r)> >3

h(r)
(

s,rel),
where the function h = k™' is given by (1.2) and (0 <A< 1;0< B < 1).

Corollary 4.9. Let k(s) given by (1.1) be in the class HAx(\;a). Then

]d2]§ 2
Va2 =X +ar(1-A)+ (B —-2\)+(1-)N)?2
and to? )
BN TN

Corollary 4.10. Let k(s) given by (1.1) be in the class HAx(\; 5). Then

(1-5) s1-p2  20-p)
'd2'§2\/r<5—3x>+<1—w| IS o

Remark 4.1. For m-fold symmetric holomorphic bi-univalent functions:

1. Putting = 0 and X\ = 0 in Theorem (2.1) and Theorem (3.1), we get the

corresponding outcomes given by Srivastave et al. [14].

2. Putting 6 = 0 and A = 1 in Theorem (2.1) and Theorem (3.1), we get the

corresponding outcomes given by Altinkaya and Yalgin [1].
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Remark 4.2. For one-fold symmetric holomorphic bi-univalent functions :

. Putting § =0 and X\ = 0 in Theorem (2.1) and Theorem (3.1), we get the

corresponding outcomes given by Srivastave et al. [13].

Putting 6 = 0 and A = 1 in Theorem (2.1) and Theorem (3.1), we get the

corresponding outcomes given by Murugusundaramoorthy et al. [8] .
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