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Abstract

In the present work, we define two new families of analytic and m-fold
symmetric biunivalent functions in the open unit disk A. Also, for functions
in each of the classes introduced here, we prove upper bounds for the initial
coefficients |by,11| and |boy,41]. Furthermore, we get new special cases for

our results.

1 Introduction

Let A be the class of analytic functions in the open unit disk A = {t : ¢t € C, |t| <
1} and normalized by the conditions g(0) = 0 = ¢’(0) — 1 and having the form

shown below: N
gt) =t+> bnt" (1.1)
n=2
Also, the class of all functions in 4 that are univalent in A is denoted by S.

The Koebe one-quarter theorem [4] ensures that the image of A under every

univalent function g(¢) € A contains the disk of radius 1/4. Thus every univalent
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1

function ¢(¢) has an inverse g~ satisfying

g gt) =t (teA)

and

sla ) =w (Il <rolo) mio) = 7).

g (w) = h(w) = w — byw® + (203 — bg) w® — (563 — 5bobs + bs) wh + -+ . (1.2)

A function g € A is said to be bi-univalent in A, if both g(¢) and g~!(¢) are
univalent in A. We denote by X the class of all bi-univalent functions in A given
by the Taylor-Maclaurin series expansion (1.1). Lewin [7] discussed the class of
bi-univalent functions ¥ and proved that the bound for the second coefficients
of every g € 3 satisfies the inequality |bs] < 1.51. Motivated by the work of
Lewin [7], Brannan and Clunie [3] hypothesised that |b2| < v/2. Some examples

of bi-univalent functions are 1%, —log(1 —t) and § log (Ht (see also Srivastava

1—t
et al. [15]). The coefficient estimate problem involving the bound of |b,|(n €

N\{1,2}) for every g € ¥ is still an open problem [15].

For each function g € S, the function
k(t)= Y/g(t™) (teA, meN) (1.3)

is univalent and maps the unit disk A into a region with m-fold symmetry.
A function is told to be m-fold symmetric (see [5,10] ) if it has the following

normalized form:

g =t + Y bpgat™ (te A, meN). (1.4)

n=1

We symbolize by S, the class of m-fold symmetric analytic univalent functions
in A, which are normalized by the series expansion (1.4). In fact, the functions

in the class S are one-fold symmetric (that is, m = 1).
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Analogous to the concept of m-fold symmetric univalent functions, we here
introduced the concept of m-fold symmetric analytic bi-univalent function. Each
function g € ¥ generates an m-fold symmetric analytic bi-univalent function for
each integer m € N. The normalized form of g is given as in (1.4) and the series

1

expansion for ¢g~', which has been recently proven by Srivastava et al. [16], is

given as follows:

g (w) = h(w) = w — by w™ ™ + [(m + 1)b2, 1 — bomy1] w?™ =
(1.5)

1
§(m + 1)(3m + 2)b?n+1 — (3m + 2)bm+1b2m+1 + b3m+1 wimtHl + e

We symbolize by X,, the class of m-fold symmetric analytic bi-univalent
functions in A. For m = 1, formulation (1.5) synchronizes with formulation

(1.2) of the class ¥. Some examples of m-fold symmetric analytic bi-univalent

1
1 14+tm\|m™
d |=1
with the corresponding inverse functions

1 m 1 m 1
w™ m e —1\m™ q eZw™ 1\ ™
e -+ n e —--
14+ wm ’ ew™ & e2w™ 4 1 ’

respectively. Recently, many authors investigated bounds for various subclasses
of m-fold bi-univalent functions (see [1,2,6,11,12,13,14,17]).

functions are listed below [16]:

= )’;, ~log (1~ 7]

1—-tm

s

The purpose of this work is to introduce two new subclasses of function class
Y and derive estimates on initial coefficients |b,,+1| and |ba;,+1| for functions in
these new subclasses. Many related classes are also found out and connections to
earlier known results are made. We have to remember the following lemma here

so as to derive our basic results.

Lemma 1.1. (/}]) If p € P, then |c,| < 2 for each n € N, where P is the family
of all functions p, analytic in A, for which

R(p(t)) >0 where pt)=1+cit+ct> +--- (t€A).
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2 Coefficient Bounds for the Function Class
LHs, (T,A,0; )

Definition 2.1. A function g(t) € X,, given by (1.4) is told to be in the class
LHs, (1, )\, ;) if the following conditions are fulfilled:

1 tg'(t) (9(t)\’ tg" (D) (o0 an
arg (1—1—7_ (1-=X) o) (t) +)\<1+ FI0) ) (¢’ (1)) —11) <5 (teA)
(2.1)
and
arg <1 + % (1- ,\)% <@) +A (1 + w;/(/fuu)’)) (n' (w))’ - 1]) < % (w € A),

(2.2)
where the function h = g~ is given by (1.5) and (0 < X < 1;6 > 0;7 € C\{0};0 <
a<l).

Theorem 2.1. Let the function ¢(t), given by (1.4), be in the class
LHy,, (1,\, ;). Then

[brmt1]
2a|T|

<
B \/{r [a(2m 4+ 8)(2Am + 1)(m + 1) + a(6 — 1) (2Am2(m + 2) + m(3A6 + 2) 4+ 8)] — (a — 1)[(m + &) (Am + 1)]?|
(2.3)

and
2(m + 1)|7]?a? 2|7
m+06)(Am+ 12 2m+§)2Am + 1)’

|bam1] < 1 (2.4)

Proof. Tt follows from (2.1) and (2.2) that

1 tg'(t) (9(t)\’ tg" (N (o 1| ooy
L+~ (1—=X) o <t> + A (1+ 70 ) (4'(1)" — 1] =[p(H)]* (2.5)
and
/ é wh (w
1+ |a- A)wfig“;) (%ﬂ“”) 2 <1 + h’f(fu))> (W (w)’ - 1] = [g(w))",
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where the functions p(¢t) and ¢(w) are in P and have the following series

representations:
p(t) = 1+ pmt™ + pomt™™ + pamt™™ + - - (2.7)
and
q(w) =1+ g™ + @mw™™ + gamw®™ + - -+ . (2.8)

It follows from (2.5) and (2.6) that

1
;(m +9)(Am + 1)byt1 = apm, (2.9)

1 1
- (2m + 6)(2Am + 1)bayr1 + 5(5 — 1) (2Am?(m + 2) + m(3X6 +2) + 6) b2, 44

= apom + %a(a —1)p2,, (2.10)
_71(771 +0)(Am + 1)byy1 = agm (2.11)
and
% [(2m + 8)(2Am + 1) ((m + 1)b2, 1 — bomt1)
+%(6 — 1) (2xm*(m +2) +m(3X0 +2) + 6) by,
=agam + sola — 1), (2.12)

From (2.9) and (2.11) we get
Pm = —Qm (213)

and (m + 5)2()\ + )2b2
2(m m+ 1)°b;,
2 L=a? (pfn =+ qgn) (2.14)

From (2.10), (2.12) and (2.14), we find

[(m+1)(2m 4 0)(2Am + 1) + (6 — 1) (2Am?(m + 2) + m(3X6 + 2) + )] b2, .,
= a(p2m + q2m) + 04(062_1) (P + din)

— m m 2p2
= o (p2m + g2m) + a(a2 D (2(( s 5)(2272+ L) bm“) : (2.15)
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Therefore, we have
672*n+1 =

202 (p2m + a2m) (2.16)
7 [a@m + 8)(2Am + 1) (m + 1) + a(6 — 1) (2Am2(m + 2) + m(3AS + 2) + )] — (o — D)[(m + 8)(Am + 1)]2 '

Stratifying Lemma (1.1) for coefficients pay,, and qom,, we get

[brm1]| <

2a]7|

\/“r [a(2m + 8)(2Am + 1)(m + 1) + a(6 — 1) (2Am2(m + 2) + m(3X6 + 2) 4+ §)] — (a — 1)[(m + &) (Am + 1)]?|

. (2.17)

The final inequality provides the estimation for |b,,+1| given in (2.3).

Next, in order to find the bound on |bg;,+1|, by subtracting (2.12) from (2.10),
we get,

[2(2m + 6)(2Am + 1)]bami1 — [(m + 1) (2m + 6)(2Am + D]b2,

-
ola—1
= a(p2m — @2m) + (2) (p?n - q,%I) . (2.18)
By using (2.13), (2.14) and (2.18), we get

(m + 1)T2a2 (pgn + qgn) TQ (p2m - q2m)

Dot = L . (2.19)
4[(m + 0)(Am + 1)] 2(2m +0)(2Am +1)
Applying Lemma (1.1) once again for coefficients py,, p2m and G, gam, we obtain
2(m + 1)|7|%a? 2|7 |
|b2m 41| < 3
[(m+d)(Am +1)] (2m +9)(2Am + 1)

This proves Theorem (2.1).

3 Coefficient Bounds for the Function Class
EHZW (7-7 )\7 57 5)

Definition 3.1. A function g(t) € X,, given by (1.4) is told to be in the class
LHs, (1, A, 9;8) if the following conditions are fulfilled:

1 tg'(t) (9’ tg" )\ e
Re (1+T (1-2X) "o <t> +>\<1+ o) > (4'(1)) —1]) > B3 (teA)

(3.1)
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and
Re (1 + l
-

where the function h = g~ is given by (1.5) and (0 < X\ < 1;6 > 0;7 €
C\{0};0 < B < 1).

Theorem 3.1. Let the function g(t), given by (1.4), be in the class
LHs, (T,\,0;5). Then

"(w w)\° wh (w
(1A)w:(fu)) <h(>> +)\<1+£(I(U))) (h/(w))51D S8 (weA)

(3.2)

mH =2 T+ 1) (@2m o+ 0)(2hm + 1) + (0 — 1) (2Am2(m + 2) + m(3)0 + 2) + )]
(3.3)
and

[(m+d)Am+1)]2  2m+)(2ym+1)

Proof. Tt follows from (3.1) and (3.2) that there exists p,q € P such that

/ g "
o 1 ) ]
(3.5)
and
"(w w)\° wh' (w
I+ (1—/\)w:<7§})) <h<w)> +)\<1+ hh;(ij))> (@)’ = 1| = f+(1-Bq(w)

(3.6)
where p(t) and g(w) have the forms (2.7) and (2.8). It follows from (3.5) and
(3.6), we get

L+ 5)m + Vb = (1~ B (3.7)
% (2m + 6)(2Am + 1)boymi1 + %(5 — 1) (2xam®*(m + 2) + m(3X6 +2) +6) b2, 4
= (1= B)p2m (3.8)

- %(m +8)(Am + Dbt = (1= B)gm (3.9)
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and

[(2m + 8)(2Am + 1) ((m + 1)b2, 1 — bapt1)

S

1
+5(0-1) (2Am?(m + 2) + m(3A5 +2) + 6) b2, 4
=(1 = B)gz2m. (3.10)
From (3.7) and (3.9), we find
Pm = —Qdm (3'11)

and 5 272
2(m + ) ()\TZL Db _ (1= 8)% (p2, + ¢2) (3.12)

Adding (3.8) and (3.10), we have

[(m+1)2m+8)(2Am + 1) + (6 — 1) (2Am?(m + 2) + m(3X6 + 2) + 6) | b2, 4
= (1= 8) (p2m + @2m) - (3.13)

Therefore, we obtain

P2 — 7(1 = B) (p2m + g2m)
LT (m 4 1)(2m 4 8)(2Am + 1) + (5 — 1) 2Am2(m + 2) + m(3)\6 + 2) ? 5) ')
3.14

Applying Lemma (1.1) for coefficients pa,, and go.,, we readily get

b |<2\/ 71— 5)
= N+ D@m 4 0)2Am + 1) + (6 — 1) (2Am2(m + 2) + m(3X6 + 2) + )|

The final inequality provides the estimation for |b,,+1| given in (3.3).

Next, in order to find the bound on |by;,+1], by subtracting (3.10) from (3.8),

we get

2(2m + 0)(2Am + 1)bapq1 — (m + 1)(2m + 6)(2Am + 1)b2, 4
T

= (1= 8) (p2m — g2m) - (3.15)
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Or equivalently

(m+1),, 7(1 — B) (p2m — g2m)
bom+1 = b 3.16
2mt 2 T 20m 4 6)(2Am + 1) (3.16)
By substituting the value of b2, 41 from (3.12), we find
1 2 1— 2 2 2 1— _
P G 0 ) (P +a7) | 7(1 = B) (P2 — g2m) (3.17)

A[(m + §)(Am + 1)]? 2(2m+60)(2Am + 1)

Applying Lemma (1.1) once again for coefficients poy,, pm, g2m and g, we easily

obtain
2(m +1)|7)°(1 — B)? 27|(1 - B)
|bam1] < -+
[(m+d)(Am +1)] (2m+6)(2Am + 1)
This proves Theorem (3.1). O

4 Corollaries and Consequences

If we put A = 1 in Definition (2.1) and Definition (3.1), subsequently the classes
LHy,, (1,7, 0;) and LHy,, (7, A, J; B) shorten to the classes LHy,, (7,6;«) and
LHy,, (1,6;5) and thus, Theorem (2.1) and Theorem (3.1) reduce to Corollary
(4.1) and Corollary (4.2), respectively.

The definitions for the classes LHy.,, (7,0; @) and LHsx,, (T, d; B) are as follows:

Definition 4.1. A function g(t) € X, given by (1.4) is told to be in the class
LHy, (1,0;a) if the following conditions are fulfilled:

arg (1 ¥z {(1 + tj;g?) (d(1)" 1])‘ <% (e

arg <1 +% [(1 + w;fgg;”) (W (w))® - 1])‘ < %ﬂ (w e A),

where the function h = g=1 is given by (1.5) and (§ > 0;7 € C\{0};0 < a < 1).

and

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 235-249
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Definition 4.2. A function g(t) € X,, given by (1.4) is told to be in the class
LHs, (7,05 B) if the following conditions are fulfilled:

Re (1 + % Kl + tj/”(%)> (') - 1D >pB (teA)

and

1 wh' (w) N
1+—-1(1 -1 A
Re< —|—T[< + h’(w)>(h(w)) >0 (weA)
where the function h = g~ is given by (1.5) and (§ > 0;7 € C\{0};0< B < 1).
Corollary 4.1. Let g(t) given by (1.4) be in the class LHsy,, (T,0; ). Then

|brmt1] <

20|
\/|T[a(2m+5)(2m+1)(m+1)+a(6—1)(2m2 (m+2)+m(364+2)+6)]— (a—1)[(m+8) (m+1)]?]

and

2|72a?(m + 1) 20|
m+0)(m+1)2  2m+0)(2m+1)

Corollary 4.2. Let g(t) given by (1.4) be in the class LHsy,, (7,0;3). Then

|bam+1] <
" [(

o] §2\/ 71— 8)
((m+ 1)(2m+06)2m + 1) + (6 — 1) (2m2(m + 2) + m(36 + 2) + 0)|

and
2(m+1)|7[*(1 = B)? 2|7|(1 - B)
[(m+d)(m +1)]? 2m+6)(2m+1)

|b2m+1| S

For one-fold symmetric analytic biunivalent functions, the classes
LHs,, (T, 0; ) and LHy,, (7, A, J; 3) shorten to the classes LHx (T, A, ;) and
LHx (7, A, 0; 5) and thus, Theorem (2.1) and Theorem (3.1) shorten to Corollary
(4.2) and Corollary (4.3), respectively.

The definitions for the classes LHx(7, A, ;) and LHx(T,A,0;3) are as

follows:

http://www. earthlinepublishers.com
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Definition 4.3. A function g(t) € X given by (1.1) is told to be in the class
LHs (T, N, 0; «) if the following conditions are fulfilled:

1 tg'(t) (9’ tg" () 1o am
arg<1+7_ (I-=X) ) <t> +)\(1+ g’(t))(g(t)) 1]) <5 (teA)
and
! w)\’° wh' (w o
arg (1 + % (1- )\)w]il(l(;;)) (h(w)> + A (1 + }?(L))> (h’(w))5 -1 ) 5> (we A),

where the function h = g~ is given by (1.2) and (0 < XA < 1;6 > 0,7 €
C\{0};0 <« <1).

Definition 4.4. A function g(t) € ¥ given by (1.1) is told to be in the class
LHs (T, X\, 6; B) if the following conditions are fulfilled:

1 te'(t) (9’ tg”(t)
Re<1+7_ (1-2X) ) (t> +>\<1+ g,(t) ]) (t e A)
and
! s "
Re(l-i—i (1—A)W(h(g)) +A<1+w}?(()) ] wea)
where the function h = g~ is given by (1.2) and (0 < X\ < 156 > 0;7 €

C\{0};0 < B <1).
Corollary 4.3. Let g(t) given by (1.1) be in the class LHx (T, A, ;). Then
o] 2a/T|
S 0 )@ T DT 0 DBA T D) (@ DG T R0 1Y)

and

417|202 2a/T|
[+ 1A+ (6+2)2A+1)
Corollary 4.4. Let g(t) given by (1.1) be in the class LHx (T, \,6;3). Then

|bs| <

|b ’T‘l_

2 1(6+2)(A+1)+6BA+1))[°
and
ArP(1-p)? L Aa =5

‘bS‘ < [((54—1)()\‘1‘1)]2 (5+2)(2)\+1).
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If we set A = 1 and m = 1 in Definition (2.1) and Definition (3.1),
then the classes LHHs, (7, A, ;) and LHEs, (1, A, d; F) shorten to the classes
LHHx(T,6;a) and LHHx(7,0;5) and thus, Theorem (2.1) and Theorem (3.1)
shorten to Corollary (4.5) and Corollary (4.6), respectively.

The classes LHx (T, d; ) and LHx(T,J; 3), are respectively defined as follows:

Definition 4.5. A function g(t) € ¥ given by (1.1) is told to be in the class
LHs(7,8; ) if the following conditions are fulfilled:

arg (1 + % Kl + tj,ﬁ(g)) (g’(t))5 — 1])‘ < % (teA)

and

1 wh' (w) , 5 am

14+ —((1 -1 — A
arg< + . [( + W (w) ) (h (w)) < 5 (w e A)
where the function h = g=1 is given by (1.2) and (6 > 0;0 < a < 1).

Definition 4.6. A function g(t) € ¥ given by (1.1) is told to be in the class
LHx(7,8;B) if the following conditions are fulfilled:

Re (1 + % [(1 + tg:;i?) (@) - 1D >8 (teA)

and

1 wh (w) , 5
2 1(1 _
Re(l—i—T [( + 7 (w) )(h(w)) 1) >0 (weA)
where the function h = g~ is given by (1.2) and (6§ > 0;0 < B < 1).
Corollary 4.5. Let g(t) given by (1.1) be in the class LHx(T,; ). Then

a?|r)? 207
6+1)2 3642

2a|T
ba| < I7|

= /I2a(0+2)20 + 1)) — 4(a—1)(3 + 1)7] and  |bs| <

Corollary 4.6. Let g(t) given by (1.1) be in the class LHx(T,6; (). Then

MSWWO—@ ] < A8 2= )

d+2)(20+1) (0+1)2 3(0+2)

Remark 4.1. For m-fold symmetric analytic biunivalent functions:
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1. For A = 0,0 = 0 and 7 = 1 in Theorems (2.1) and (3.1), we obtain the
corresponding results given by Altinkaya and yalA§in [1].

2. For A\ = 1 and 6 = 0 in Theorems (2.1) and (3.1), we obtain the

corresponding results given by Kumar et al . [6].

3. For 6 = 0 and 7 = 1 in Theorems (2.1) and (5.1), we obtain the

corresponding results given by Sivasubramanlan and Sivakumar [12].

4. For A\ = 0,0 =1 and 7 = 1 in Theorems (2.1) and (3.1), we obtain the

corresponding results given Srivastava et al. [16].

Remark 4.2. For one-fold symmetric analytic biunivalent functions:

1. For A = 0,0 = 0 and 7 = 1 in Theorems (2.1) and (3.1), we obtain the

corresponding results given by Murugusundaramoorthy at el. [9].

2. For A\ = 1 and 6 = 0 in Theorems (2.1) and (3.1), we obtain the

corresponding results given by Kumar at el . [6].

3. For 6 = 0 and 7 = 1 in Theorems (2.1) and (5.1), we obtain the
corresponding results given by Li and Wang [8].

4. For A\ = 0,0 =1 and 7 = 1 in Theorems (2.1) and (5.1), we obtain the

corresponding results given by Srivastava et al. [15].
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