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Abstract

In this paper, the author presents some double inequalities involving a ratio
of v-Gamma and v-polygamma functions. The approach makes use of the
log-convexity property of v-Gamma function and the monotonicity property
of v-polygamma function. Some of the results also give generalizations and

extensions of some previous results.

1 Introduction and Preliminaries

Logarithmically convex (log-convex) functions are of interest in many areas of
mathematics. They have been found to play an important role and have many
applications, especially in the theory of special functions, [3] 6, [9] [15].

Let C' € R be a convex set. The function f : C' — [0, 00) is said to be convex
on C' if it satisfies the inequality

fler+ 1 =0o)t)<cf(r)+(1—c) f(t), riteC, 0<c<1.

Also, a function f : C' — [0, 00) is said to be logarithmically convex (log-convex)

if log f is convex or equivalently it satisfy the inequality
fler+(1=ot) < (f(r)(f)'™ rnteC, 0<e<L

Note that, a log-convex function is convex, and a family of log-convex functions

is closed under both addition and multiplication.
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Perhaps, the most known and used of the special functions is Euler’s Gamma

function. It is defined by

oo
I'(t) = /0 2 te ™" dx, t>0.
The Psi (or digamma) function is defined as the logarithmic derivative of the
Gamma function, and the polygamma function is defined as the rth order
derivative of the digamma function.

The subject of present new inequalities including the Gamma function has
attracted the attention of many mathematicians. For example, Shabani, in [13]

proved the following inequalities:

I'(a+b)° < I'(a + bt)° < ['(a)°

I(d+e)f — T(d+et)f — T(d)f’ t€[0,1] (1)

where a, b, ¢, d, e and f are real numbers such that a+bt > 0, d+et > 0, a+ bt <
d+et,ef >bc>0and ¢(a+bt) >0 or (d+ et) > 0.
Also, Vinh and Ngoc, in [14] proved the following inequalities:

n n

[Ira+e) JJr+ait)

i=1 < i=1 1

< o <
LB+ Z o) T(B+ Z it)
i=1 i=1

where > 1, a; >0, n € N.

Some new extensions of the Gamma function and including inequalities of
them have been given by many researchers, [Il 5l [7, 8, 11l 12], 13]. Recently, a
new one-parameter deformation of the classical Gamma function is introduced as

a v-analogue (v-deformation or v-generalization) of the Gamma function, [4]. It

o] T %,1
Ly(t) = / <—) e “dx, t,v>0.
0

v

is defined as

Note that when v = 1, we have I',(¢t) = I'(t). The logarithmic derivative of T', is

called v-digamma or v-psi function and denoted by 1, and the rth order derivative
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of 1, is called v-polygamma function. The series representations are given in [4]

as
_ hnv+y 1 > 11
olt) = v t +nz::1 [nv t—}—nv] ’ (2)
and
> 1
PO = () 4y (3)
2 Gy

The main aim of the present study is to give some new generalized inequalities
including the functions I, and wz(,r) by using similar methods, used in [10}[13]. This
method is based on some monotonicity properties of certain functions associated

with v-Gamma and v-polyamma functions.
2 Main Results

m l l m
Theorem 1. Let 0 < a; + ijt < d; + Zekt, (Z ek) fi > ij ¢,

j=1 k=1 k=1

m
a;, i, di, fi >0, and ij ¢ >0 fori=1,2,...n. If
j=1

m l
Uy ai—i—ijt >0 or Y, <di+zekt> >0 (4)

j=1 k=1

then the function

Cq

Iy | a; + i bt
F) =11 Sy
=t T, (di + Z ekt)
k=1

is decreasing on [0,00) and the following inequalities bounding a ratio of the

v-Gamma function hold for v > 0:
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Cq

Ty | a;+ Z bj
n 7j=1 L Fv (ai)ci
<F(t) < ——, te|0,1], )

=1 ! Ly (
Ly | di + Z €L
k=1

and
ci

. T, az+§:b]
Fi <] =L te(l00). (6)

l f’L ’
=1
' T, (di -+ Z 6k>
k=1

Proof. Let G(t) =In F(t). Then

n m n !
G(t) :Zcilnrv ai+2bjt —Zfilnl“v (di—FZekt),
i=1 =1 i=1 k=1

m n m l n l
G (t) Z bj) Z [Cﬂ/fv (ai + Z bjt>] - ( €k> |f%¢v <d¢ + Z 6@)]
j= i=1 j=1 k=1 i=1 k=1

I
.
Il 3
MR
1 =

Let ¥y | a; + ijt > 0 for i = 1,2,...n. Since from the equation (2) we
j=1
have that 1, is an increasing function on [0, 00) we get

m l
bo | @i+ D> bit | <1 (di+zekt> ;
=1 k=1
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l

so we have 1, <di + Z ekt> > 0. Then

k=1

m m
> by | ity | @i+ bjt
j=1 i=1

A
NE
QO“

(%)
g
VR
Y
+

MN
=
\T/
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<
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+
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x>

~

~__—

This proves the inequality

m m l l
Z bj | civw | ai + Z bjt | — (Z €k> fithy (di + Z ekt> <0 (7
=1 k=1 k=1

Jj=1

l m

fori=1,2,...n. Now, let i, (di + Zekt> > 0. Then if ¢, [ a; + Y bt | >0,
k=1

we have the inequality with the above discussion.

Jj=1

m l
If ¢y, @i+ bt | <0 with ¢, (di +> ekt> > 0, we can write

j=1 k=1

k=1

! 1 m }
(Z ek> fitho (di + Z 6kt> Z Z bj | cithw (di + Z ept

J=1 J=1

> ib] Cﬂf}v a; +ibjt) s

and the inequality again follows for i = 1,2,...n. Then we have G (t) < 0. It

implies that G and so F' is decreasing on [0, 00). Then for every ¢ € [0, 1], we have
F1) < F(@t) < F(0),
and for ¢t € (1,00) we have
F(t) < F(1),
and the inequalities and @ are valid. ]
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Theorem 2. Let F be a function given in the Theorem[1], where

m l m l
0<ai+2bjt§di+26kt, ij ¢ > <Z€k> fi, ai,ci,di,fi>0, and
j=1 k=1 j=1

k=1

l m l
Zekfi>()f0ri:1,2,...n. If 4, ai—i—ijt < 0 or 1, (di+Zekt><0,
k=1 j=1 k=1

then the function F is decresing for t € [0,00) and the inequalities (@ and (@

hold.
Proof. 1t can be proved by using the similar way in the Theorem O
Now, we give the following remarks by using the Theorems [I] and

Remark 3. If in the Theorem [1] we take n = m =1 = v = 1, we obtain the
inequality .

Remark 4. If we take F : [0,00) — R as any differentiable log-convex function
instead of Ty, satisfying the conditions in the Theorems[1] and [, the results of the
Theorems still hold, since the logarithmic convezity of F' on [0, 00) implies that its
logarithmic derivative is an increasing function on [0,00). For example, one can
take the log-convex function I' or any log-convex generalizations such as I'y, I'y 1,
Iy .k functions instead of Ty, [1), 2, [5)].

Now, we give some inequalities including the v-polygamms functions.
Theorem 5. Let 0 < a+bt < c+dt, a,c,a,8 >0, ab >0 and
H(t [wﬁ") (a+ bt)} )
"= [ ff)(c+dt)r'

If ab< fBd and r =2k + 1, k € NU{0}, then H is decreasing function on [0, c0)
and the following inequalities hold for t € [0,1]:

[ z(;r)(a%—b)r
M < H(t) <
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On Inequalities for the Ratio of v-Gamma and v-Polygamma Functions 127

and if ab > Bd and r = 2k, k € NU {0}, then H is increasing function on [0, c0)

and the inequalities @ are reversed.

Proof. Let I(t) =In H(t). Then

I'tty = ab (T(Jr)l)( ©+0) g q!)i(}T(+)1) S
a+ bt) Yo (c+dt)

ab i (a+ o)yl (e + dt) — pdyi ™ (e + e (a + bt)
o5 (a+ b8yl (e + di) |

Now, by using equation (3|) observe that we have l/Jq(f) > 0 for r = 2k+1, k € NU{0}
and wz(f) < 0 for r = 2k, k € NU{0}. Firstly, let ab < d and r = 2k + 1,
k € NU{0}. Then w&”(a +bt) > 0, ¢£T)(c+ dt) >0, 5" (a + bt) < 0 and
(TH)( +dt) < () T/JUT is decreasing and 1/JU U s increasing. Then we have
W5 (@ +bt) > 0 (e + dt) and 5 (@ + bt) < T (c + dt). Then we have

G e+ dt)pi T (a+bt) < P (e + d)p Y (¢ + db)
O (a4 b)) (¢ + db).

A

Now, using the condition ab < Sd we get

IN

abp( (¢ + dt) I+ (¢ + dt)
abp") (a + b)Y (¢ + dt)
Bd ") (a + b)Y (¢ + dt),

ab ) (¢ + dt)yp Y (a + bt)

IN

IA

that is
ab ) (¢ + dt)pi D (a + bt) — Bd L) (a + b)) (¢ + dt) < 0,

so we have I'(t) < 0. That implies that I is decreasing on [0,00). Hence H is

decreasing on [0,00). Then for ¢ € [0, 1] we have
H(1) < H(t) < H(0),

and the inequalities follow.

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 121-151



128 Inci FEge

Let ab > fd and r = 2k, k € NU {0}. Then we have wq(f)(a +bt) < 0,

wf, (c+dt) <0, w(TH (a+bt) >0 and Q/J(TH)(C +dt) > 0, ¢1(f) is increasing and

1
£r+ ) is decreasing. Then we have

w£r+1) (C + dt)’(/JT()T) (a + bt) < 1/}1()T+1) (C + dt)wff) (C + dt)
< W @ b)) (e + d),

and using the condition ab > Bd we get

ab T (¢ + dt)p (¢ + di)
ab ) (¢ + dt)) (a + bt)

v

BT (c+ dt)yyl (a + bt),

ab ) (@ 4 b)) (¢ + dt)

AV

v

so we have I'(t) > 0, means that I is increasing for t € [0,00). Hence H is

increasing on [0,00). Then the reverse of the inequality (8]) is valid. O
m l

Theorem 6. Let 0 < ai+z bt < CrFZ dit, a;,ci,05,0; >0 fori=1,2,...n

j=1 k=1
r € NU{0} and

O i bt
n —
- H : A

. N
=1
[ S,T) (Cz‘ + Z dﬂ)
k=1 J

m l

If ij a; < 0 and <Z dk> Bi >0 fori=1,2,...n. Then J is increasing
j=1 k=1

on [0,00) and the following inequalities hold on [0, 1]:

Q; 1(17") i+ 3 b;
n |:ng) (az):| n “ ]z::l J
HWSJ@)SH l ayee! (9)
i=1 v (G i=1 S)T) e+ d )
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m l

and if ij a; > 0 and (de> Bi <0 fori = 1,2,...n. Then J is
j=1 k=1

increasing function and the inequalities (@) are reversed.

Proof. Let K(t) =1nJ(t). Then

| 1/J7ET+1) (ai + Em: bjt) t £7.+1) (Ci + zl: dkt)
K'(t) = Z (Z bj) o j=1 - (Z dk) Bi ];:1
‘ Q) (ai +ijt) v (Cz‘ + det)
= k=1

m l

r+1

Sl S o 4 (cr L)
J=1 k=1

Now, observe that < 0 and

m l
ol T (ena)
j=1 k=1

i=1 j=1

< 0.

m l
For the case ij a; < 0 with (de> B;i > 0 fori=1,2,...n, we get
k=1
K'(t) > 0. Then we have J is increasing on [0, c0) and the inequalities @ follow

i=1

m l
on [0,1]. Now, for the second case ij a; > 0 with (Z dk> Bi < 0 for

j=1 k=1
i=1,2,...n, we get J is decreasing and then the inequalities @ are reversed on
[0, 1]. O
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