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Abstract

In this paper, we investigate the generalized Tribonacci polynomials and we
deal with, in detail, two special cases which we call them (r,s,t)—Tribonacci
and (r,s,t)—Tribonacci-Lucas polynomials. We also introduce and investigate
a new sequence and its two special cases namely the generalized co-Tribonacci,
(r, s,t)—co-Tribonacci and (r,s,t)—co-Tribonacci-Lucas polynomials, respectively.
We present Binet’s formulas, generating functions, Simson formulas, and the
summation formulas for these polynomial sequences. Moreover, we give some
identities and matrices related to these polynomials. Furthermore, we evaluate the
infinite sums of special cases of (r,s,t)—Tribonacci and (r, s, t)—Tribonacci-Lucas

polynomials.

1 Introduction: Generalized Tribonacci Polynomials

Recently, there have been so many studies of the sequences of numbers and polynomials
in the literature and they were widely used in many research areas, such as architecture,
nature, art, physics and engineering. The sequence of Fibonacci numbers {F},} is defined

by the second-order linear recurrence sequence
Fn: n71+Fn727 77,22,

with initial conditions Fy = 0, F; = 1. A generalization of the sequence {F,} is sequence

of Fibonacci polynomials which are defined by the second-order linear recurrence sequence
Fo(z) =aF,_1(x) + Fo_a(z), Fo(z) =0, Fi(x)=1, n>2.

The Fibonacci numbers are recovered by evaluating the polynomials F,,(z) at z = 1.

The Fibonacci numbers and polynomials and their generalizations have many interesting

Received: March 12, 2023; Accepted: April 24, 2023; Published: May 10, 2023
2020 Mathematics Subject Classification: 11B37, 11B39, 11B83.

Keywords and phrases: Tribonacci polynomials, Tribonacci-Lucas polynomials, Tribonacci numbers,
co-Tribonacci polynomials.

Copyright © 2023 the Author



2 Yiiksel Soykan

properties and applications to almost every field. For some references on special cases
of second-order linear recurrence sequences of polynomials and numbers, see for instance
for papers and for books.

In this paper, we investigate the third order generalization of Fibonacci numbers and
polynomials.

The generalized Tribonacci polynomials (or generalized (r(x), s(z), t(x))—Tribonacci
polynomials or z-Tribonacci numbers or generalized (r(z),s(x),t(x))-polynomials or

3-step Fibonacci polynomials)
{Wn(Wo(x), Wi(z), Wa(x); r(x), s(x), H(2)) }n>0
(or {W,,(2)}n>0 or shortly {W,,},>0) is defined as follows:

Wi(z) = r(x)Wh_1(z) + s(z2)Wh—2(x) + t(2)Wyh_3(x),
Wo(z) = a(z), Wi (x) = b(x), Wa(x) = ¢(x), n>3 (1.1)

where Wy(x), Wi (x), Wa(x) are arbitrary complex (or real) polynomials with real
coefficients and r(x), s(x) and ¢(z) are polynomials with real coefficients and t(x) # 0.

Special cases of this sequence has been studied by many authors. For some references
on special cases of generalized Tribonacci polynomials, see for example .

The sequence {W,},>0 can be extended to negative subscripts by defining

Wonli) = =5 W_ oy &) = FIW o)) + oW ()

for n =1,2,3,... when t(x) # 0. Therefore, recurrence holds for all integers n. Note
that for n > 1, W_,,(x) need not to be a polynomial in the ordinary sense.

Binet’s formula of generalized Tribonacci polynomials, as {W,} is a third-order
recurrence sequence (difference equation), can be calculated using its characteristic

equation (the cubic equation, auxiliary equation, polynomial) which is given as
23— r(x)2? — s(x)z — t(x) = 0. (1.2)

The roots of characteristic equation of {W,,} will be denoted as a(z) = a(z,r, s,t), B(x) =

Blx,r,s,t),v(x) = y(z,7,5,1).

Remark 1. For the sake of simplicity throughout the rest of the paper, we use

WTL7T7 S7ta W07 Wl7 WQa a?ﬂ?’Y’
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instead of
Wa(z),r(x), s(x), t(x), Wo(z), Wi (2), Wa(x), a(x), B(x), v(x),
respectively, unless otherwise stated. For example, we write
Wo=1Wp_1+sW,_o+tW,_3, Wo=a,Wi=bWy=¢, n>3

for the equation . Also we write Uy, Uy, Uy, Uy instead of Uy, () with initial conditions
Uo(z),Ur(x), Us(x) for any subsequence {Uy(z)} of {Wy}.

The roots of characteristic equation of {W,,} are

a = g + Cy + Oy, (13)
ﬂ = g +wC’1 +w202, (14)
v = g +w?Ch + wCs, (1.5)
where
r3 rs t 1/3 73 rSs t 1/3
Cl = (2,7+6+2+ Al) ,CQ—<27+6+2—\/A1> s

3 2.2 3 2
rot res rst s t
Al = Al(T,S,t):i—i‘Fi_*‘f'

7108 0 6 27 4’
—1+iV3
2

w = = exp(27i/3).

Note that (in the three distinct roots case: a # 8 # «) we have the following formula:

for n =1,2,3,... we have

w8 (B—)p— o™y (@ =) pa+ o (a = B)ps
T ar(B—)p - B (a—)p2+ " (a—B)ps

We have the following identities between «, 3,7 and 7, s, t.

Wn.  (1.6)

Lemma 2. There are close relations between the roots of characteristic equation

and r,s,t as follows.
(a) Arbitrary Roots Case («, 8,7 are arbitrary).

at+f+y=r,
af +ay + By = —s, (1.7)
afy =t.
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(b) Two Distinct Roots Case (o # 3 =1).

a #F B=n
<~
r = a+28,
s = —BR2a+p),
t = apf’

(c) Single Root Case (a =0 =~=1%).

s r=3a, s=-30% t=a°

- T 1275 1 4
—=q, S=—-r", t=—1r".
3 3 27

and

azﬁz’y@Alzclng:O.

Proof. The identities in (|1.7) are well known. In fact, just compare

22 —r2t—sz—t=0

and
(z—a)(z=B)(z—7)=2>— (@ + B+7)22 + (@B + ay + By)z — afy = 0.

Use (1.2)), (1.3)-(1.5) and (1.7) to prove (b) and (c). O

Using the roots of characteristic equation and the recurrence relation of W,,, Binet’s
formula can be given as follows:

Theorem 3. For all integers n, Binet’s formula of generalized Tribonacci polynomials
is given as follows.

(a) (Three Distinct Roots Case: a # [ # ) Binet’s formula of generalized Tribonacci
polynomials is

B pra” p23" 3"
Y o SRR s 1 Sy v vy S
= A"+ A" + A3y,

hitp: //www. earthlinepublishers.com
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where
p1 = Wa—(B+7)Wi+B7Wo, p2 = Wa—(a+7)Wi+ayWo, ps = Wa—(a+B)Wi+afWo,

and

A = P _ Wa— (B+y)W1 + ByWo
(a=p)a=") (a=p)a=n)
(aWsa + a(—r + a) W1 + tWo)
ra2 + 2sa + 3t ’
Ay = p2 _Wo—(a+)Wi+aryWo
B-a)(B=) B=a)(B-)
(BW2 + B(=r + B)W1 + tWo)
rf2 + 2s8 + 3t ’
Ay = Ps3 _ Wa = (a+ B)W1 + aWo
(v =)y = B) (v =)y = B)
(Wa + (=1 + )W + tWo)
Y2 + 25y + 3t ’

(b) (Two Distinct Roots Case: ow # 3 = =) Binet’s formula of generalized Tribonacci polynomials
18

W, = Ala" =+ (A2 —+ Agn)ﬂn (19)
where
4 Wa = 28W1 + 2Wo _ 4AWa — 4(r — a)Wi + (r — @)’ Wo
(8 —a)? (r — 3a)* ’
Ay —Wa 4+ 28W1 — a(28 — o)W _ 4(—Wa + (r — @)W1 + a(—r + 2a)Wp)
(8 — a)2 (r— 3&)2 ’
A _ W2 — (,8 + Oé)Wl + BCYWO _ 2(2W2 — (7” =+ Oé)W1 =+ a(’l" — Oé)Wo)
5 B(B—a) - (r —3a) (r —a) '

c) (Single Root Case: o = B =~ = ") Binet’s formula of generalized Tribonacci polynomials
g 7T=3 g Y

18

W, = (A1 + Aan + A3n2) x (1.10)
where
A = W,
Ay = W +4V;/;2¢ — 3Woa? _ %(—SWQ F AWy — PP W),
Ay = W2z 2”;1;; + Woo® _ %(9% — 6r W1 + 2 Wo).

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 1-120
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Proof. (a) If the roots a, 8, of are distinct, then (the sequences (a")n>0, (8)n>0
and (y™),>0 are solutions of and) the general formula of W), is in the following
form:

Wy = Aja™ + AxB8™ + Agy™

where the coefficients A;, As and A3 are determined by the system of linear

equations
Wy = Ai+Ay+ A3
Wi = Aja+ A+ Azy
Wy = Aja? + A% + Asy.

Solving these three simultaneous equations for Wy, W1 and Wy, we obtain the
required result.

(b) If (1.8) have two distinct roots i.e., « # 8 = ~, then W, is in the following form:
Wn = A1a" + (A2 + Agn) X ﬁn = Ala" + Azﬁn + Agnﬁn

where Ay, A3 and A; are the polynomials whose values are determined by the values
Wo, W1 and any other known value of the sequence. By using the values Wy, Wy
and Ws, we obtain

Wy = A1XOZO+A2XBO+A3XOXBO
Wi = A xal+A; x B+ A3 x1x
Wo = A; xa?+ Ay x B2+ A3 x 2 x 32
ie.,
WO == A1+A2
Wi = Aia+ (A + A3)8 = Ara+ A + A3
W2 = A1a2 + (A2 + 2143)52 = A1a2 + A2ﬁ2 + 2A3ﬁ2

Solving these three simultaneous equations for Wy, W7 and W5, we get the required
result.

(c) If the roots a, B,y of (L.8)) are equal, i.e., « = 8 =+, then W,, is in the following
form:

Wn = (Al + Agn + A3n2) x o

hitp: //www. earthlinepublishers.com
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where Ay, As and As are the polynomials whose values are determined by the values
Wo, W1 and any other known value of the sequence. By using the values Wy, Wy

and Ws, we obtain

Wo = A1 4+0xAs+0x As
Wi = oA+ ady+ ads
WQ = OézAl + 2a2A2 + 40[2A3

Solving these three simultaneous equations for Wy, W7 and Wa, we get the required

result.
O

Remark 4. Note that the Binet form of a sequence satisfying Theorem (@) for
non-negative integers is valid for all integers n (see E/, this result of Howard and Saidak

@ is even true in the case of higher-order recurrence relations).
Note that (a), (b) and (c) of the above theorem can be given as follows:

Ara™ + Ay 4+ Asy™  , if a # B # v (Three Distinct Roots Case)
W, =14 Aja" + (A + A3n)p" , if @ # 8=+ (Two Distinct Roots Case)  (1.11)
(A + Agn + Azn?)a™ | if « = 8 =~ (Single Root Case)

where each triple A1, As, As are given as in Theorem [3[ (a), (b) and (c), respectively.

Lemma 5.

(a) (Three Distinct Roots Case: o # 3 # ) If Ay, Ay and Ag are as in Theorem[3 (a),
then we have
A1 +A2+A3 :W().

(b) (Two Distinct Roots Case: o # 8 =) If A1, A2 and Az are as in Theorem [3 (b),

then we have
—Ws + (a+ B)W1 — B2W,

A+ Ay + As =
P AT Bla—p)
(c) (Single Root Case: ==~ = g) If Ay, Ay and A3 are as in TheoremH (c), then
we have - 5
A+ Ay + A3 = — =S
a T
Proof. Use Theorem [3] O
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Theorem [3] can be given in the following form:

Theorem 6. Binet’s formula of generalized Tribonacci polynomials is given as follows
according to the roots of characteristic equation :

(a) (Three Distinct Roots Case: o # 8 # )
Wy — (B+y)Wi+YWo ., Wa—(a+y)Wi +ayWy

o @ Ba-n "t GowE-n "
+W2 — (Oé + B)Wl + aﬁWO,yn
(v—a)(v—5) ’
i.e.,
- (aWsy + a(—r+ a)W; + tWo)an N (BWa + B(—r+ B)W1 + tWo)ﬂn

ro? + 2so + 3t rf32 + 253 + 3t
(YWa +~y(=r + )W +tWo) ,
ry2 + 25y + 3t ’

+

(b) (Two Distinct Roots Case: o # 3 =1y)
_ Wo —28Wi + B2Wo o —Wa +28W1 —a(28 —a)Wo | Wa — (8 + a)W1 + BaWy

Whn n
(8 — ) * (8- ) G- 7
i.€e.,

W, — AWs — 4(r — a)Wh t (r —a)?Wy o
(r — 3a)
1
+w((*ﬁw2 +2B82Wy + (2rB82 + (r? + 8s)8 + 8t)Wp)
+((38 —m)Wa — (r — 38)(B — 1)W1 — (rB* + (r® + 65)3 + 6t)Wo)n) 8"
(c) (Single Root Case: a = =~ = g)
Whn = %(2052W0 + (—W2 +4Wia — 3W0a2)n + (W2 —2Wia + W0a2)n2)oén72
= %(n(n — )Wy —2n(n — 2)aWi + (n — 1)(n — 2)042W0)a"72
= 1—18(971(71 — )Wy — 6n(n — 2)rW1 + (n — 1)(n — 2)r2Wp) (g)"’2
Proof. Use (1.7) and Theorem O

Note that each of Theorem [3| equations and Theorem |§| have their advantages
to present Binet’s formula of generalized Tribonacci polynomials.

If some of the roots of characteristic equation is 1 then we get the following corollary
as a special case of Theorem [f] .

hitp: //www. earthlinepublishers.com
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Corollary 7. Binet’s formula of generalized Tribonacci polynomials is given as follows
according to the roots of characteristic equation :

(a) (Three Distinct Roots Case: o # #~v=1)
C Wa— (B D)WL+ BWo o, Wa— (a+ D)Wi 4+ aWo ,n  Wa+ (=1 + 1)W1 4+ tWo

W, = o™+ + ,
@-Aa-1) G-a)(-1 " [+
i.€.,
W — (aWsa + a(—r + a)W; +tWo)an+(6W2 + B(—r+ B)W1 + tWo)Bn+Wg + (—r+ )Wy + tWo
" ra? + 2sa + 3t rB2 + 2s83 + 3t r+ 2s+ 3t ’

(b) (Two Distinct Roots Case: ao £ =~v=1)

W, = (1 _1 t)2 ((W2—2W1+W0)Oén+(—W2+2W1+t (t — 2) Wo)+(1 — t) (Wz—(l+t)W1+tWo)n).

(c) (Single Root Case: a=p=vy=1= g)

W, — %(n(n ) Wa — 2n(n — 2)Wi + (n — 1)(n — 2)Wo).
Proof. Use (1.7) and Theorem@ Note that, in (a), since y =1, we get r + s +¢ =1 and
sor+2s+3t—(t—r+2)=2r+2s+2t—2=0,ie,r+2s+3t=1¢t—r+2. O

If some of the roots of characteristic equation is —1 then we get the following corollary
as a special case of Theorem [0}

Corollary 8. Binet’s formula of generalized Tribonacci polynomials is given as follows
according to the roots of characteristic equation :

(a) (Three Distinct Roots Case: o £ #~v=—1)
_ Wa— (B=DWi1 —BWo , Wa—(a— D)Wi—aWo ,, , Wo— (r+ 1)W1 — tWp

Y T By T Gowern 0 r-te2z O
i.e.,
W, = (an —+ a(,»,- + Oé)Wl + tWo)an+ (ﬁWQ + ﬁ(*?” +,3)W1 + tWO),Bn+W2 — (T + 1)W1 —tWy (71)71.

ra? + 2sa + 3t rB2 + 258 + 3t —r+2s — 3t

(b) (Two Distinct Roots Case: o # =~ =—1)

1
W, = (r+3) (W2 +2W3 + Wo)a™ + (W2 + 2W3 + (=% + 2r — 85 + 8t)W0)
r

+((=3 =)Wy + (r + 1)(r + 3)W1 + (> — r + 65 — 6t)Wo)n)(—1)"T1).

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 1-120
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(¢) (Single Root Case: a = =v=—-1= g)

W, = %(n(n ~ DWa +2n(n = 2)Wi + (n— 1)(n = 2)Wp) (-1)" .

o0
Next, we give the ordinary generating function > W,u" of the sequence W,.
n=0

o0
Lemma 9. Suppose that fw, (u) = > Wyu™ is the ordinary generating function of the

n=0

o0
generalized Tribonacci (sequence of) polynomials {W,}n>0. Then, > Wyu™ is given by
n=0

i W, u™ = WO + (Wl - TWO)U + (WQ - T‘Wl — SWO)’LL2

1.12
1—ru— su? —tu3 ( )

n=0

Proof. Using the definition of generalized Tribonacci polynomials, and substracting
rud ol o Wau, su? Y o2  Wyu™ and tud Yoo  Wou from Yo7 Wou™ we get

oo oo oo oo oo
(1—ru— su’ — tu3) Z Wou" = E Wou" —ru g Wou™ — su? E Wou™ — tu® g Wou"
n=0 n=0 n=0 n=0 n=0
oo oo oo oo
1 2 3
= g Weu" —r E Wou ™ — s E Wou T2 — ¢t g W™
n=0 n=0 n=0 n=0

oo oo oo oo
= E Wou" —r g Wh_1u" — s E Wh_ou™ —t E Wo_su"
n=0 n=1 n=2 n=3

= (Wo+Wiu+ W2u2) —r(Wou + W1u2) — sWou?
+ Z(Wn - 7;[/I/n—l - SWn—Q - th—J)Un
n=3

= Wo+ Wiu+ Wau? — rWou — rWin? — sWou?
= Wo+ (W1 —rWo)u+ (Wa —rWi — sWo)u’.

Rearranging above equation, we obtain

i W, u™ = WO + (Wl - TWO)U + (WQ - TWl - SI/I/O)’U,2
— S 1 —ru— su? — tu? ’

O

We next find Binet’s formula of the generalized Tribonacci (sequence of) polynomials

{Wy}n>0 by the use of generating function for W,.

hitp: //www. earthlinepublishers.com
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Theorem 10. (Binet’s formula of the generalized Tribonacci (sequence of ) polynomials
{Wh}ns>o for the three distinct roots case, i.e., a # B # ). For all integers n, we have

qa” 728" "
W, = + + 1.13
@A B-aB-7 G-ae-5 (12)
where
@ = Woa+ (W1 —rWo)a + (W — rWWy — sWp),
g2 = W0ﬂ2 + (W1 - TWO)ﬂ + (W2 —rWy — SWO),
q3 = VV()’)/2 + (Wl - T‘Wo)’}/ + (Wg - ’I"Wl — SW())
Proof. Let

h(u) =1 —ru— su® — tu®.
Then for some «, 8 and v we write
h(u) = (1 = au)(1 = fu)(1 —yu)

ie.,
1—ru—su® —tu® = (1 — au)(1 — Bu)(1 —yu). (1.14)

Hence I, % and % are the roots of h(u). This gives a, 8 and ~ as the roots of

This implies u® — ru? — su —t = 0. Now, by ((1.12) and (1.14)), it follows that

= w Wo+ (Wi —rWo)u + (W — Wy — sWo)u?
;Wnu N (1 —au)(1 — Bu)(1 — yu) '

Then we write

WO + (Wl - T‘Wo)’u + (WQ — ’I"Wl — SWO)U2 Bl Bg B3

B i ) )

(1 —au)(1 - Bu)(l —yu) (1—ou)  (1-pu (1.15)

So
Wo+(W1—rWo)ut(Wa—rWi—sWo)u® = Bi(1—u)(1—yu)+Ba(1—au) (1—yu)+Bs (1—au)(1—Bu).
If we consider u = 1, we get Wo+(Wy —rWo) 2 +(Wo—rW; —sWp) L = By (1-2)(1-2).
This gives

_ a2(WO + (Wl - TWO)% + (W2 —rWy — SWO)%) _ Woa2 + (W1 — ’I”WQ)Oé + (W2 —rWi — SW())

b= (@ B)a—) - (@—B)a—)

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 1-120
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Similarly, we obtain

_ WoB2 + (W1 — rWo)B + (Wa — W1 — sWp) By — Wov? + (W1 — rWo)y + (Wa — W1 — sWp)
B=a)(B—7) ’ (v —a)(y = B) '

Thus (1.15) can be written as

Bs

> W™ = By(1—au)”' + By(1 — Bu) "' + Bs(1 —yu) .

n=0
This gives
Z W, u" = B; Z a™u" + By Z B"u" + Bs Z Yl = Z(Bla” + By" + Bsy™)u".
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

Wn = Bloz” + Bgﬁn + Bg’)/n

where
B - VV()CV2 + (Wl — TWO)OZ + (W2 —rWy — SWO)
' (= B)(a=7) ’
Wo,B2 =+ (W1 — TWO)B =+ (W2 —rW; — SWQ)
BQ = 9
(B—a)(B—1)
VVQ’}/2 + (Wl — TWo)'Y + (WQ —rWy — SW())
B3 = ’
(v—a)(v=58)
and then we get (1.13)). O
Note that from (|1.8]) and (1.13]) we have
Wa — (ﬂ =+ 7)W1 + /B'YWO = W0052 + (Wl - TW())O[ + (WQ —rWy — SW()),
Wy — (@ +7)Wi+ayWo = WoB?+ (W —rWo)B + (Wa — Wy — sWy),

Wy — (a+ B)W1 + afWy Woy? 4+ (W1 — 7 Wo)y + (W — Wy — sWy),

for the three distinct roots case, i.e., a # 8 # 7.

In this paper, we define and investigate, in detail, two special cases of the generalized
Tribonacci (sequences of) polynomials {W,,} which we call them (r, s, t)-Tribonacci and
(r, s, t)-Tribonacci-Lucas (sequences of) polynomials. (r,s,t)-Tribonacci (sequences of)
polynomials {G,, },,>0 and (r, s, t)-Tribonacci-Lucas (sequences of) polynomials {H,, }»>0

are defined, respectively, by the third-order recurrence relations

Gn+3 = ’I’Gn+2 + SGn+1 + tGy, Go=0,G1=1,Gy =, (116)
H,.3 = rHyo+sHy +tH,, —Hy=3H =r Hy=2s+7r> (1.17)

hitp: //www. earthlinepublishers.com
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The sequences {G,, }n>0 and {H, }»>0 can be extended to negative subscripts by defining

S T 1

G, = —-G_ n—1) — -G_ n— -G_ n—3)»
;G- = 76 —(n-2) T G- (n-3)
s r 1

H., = —-H g 1—-H (n —H (n_3),
F (-1 = 7 H(n-2) T 7 H-(n-3)

forn =1,2,3, ... respectively. Therefore, recurrences ([1.16]) and ((1.17)) hold for all integers
n.
Next, we present the first few values of the (r,s,t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas polynomials with positive and negative subscripts:

Table 1: The first few values of the special third-order numbers with positive and negative

subscripts.
n 0 1 2 3 4
G, 0 1 r r24+s r3 4+ 2sr + ¢
G_, 0 1 —5 — & (rt? — $%t)
H, 3 T 2s + 12 r3 + 3sr 4+ 3t r* 4+ 4r2s + 4dtr + 252
H_, -2 (s —2rt) EH(—sP+3rst+3t2)  L(2r%t? — 4Ars’t + st — 4st?)

Note that for all n we have

o =B+ (a—y)p" 4 (B-a)py "
(v =Bamt 4 (a =)+ (B - a)yntt T

Lemma |§| gives the following results as particular examples (generating functions of

(r, s,t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials).

Corollary 11. Generating functions of (r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas

polynomials are

o u
E Gou" =
— 1—ru— su? — tu?’
oo
Z oun 3 —2ru — su?
nU =
— 1—ru— su?—tud’

respectively.

Proof. In Lemma [9] take W,, = G,, with Go = 0,G; = 1,Go = r and W,, = H,, with
Hy =3,H, =r,Hy = 25 + 2, respectively. O
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14 Yiiksel Soykan

For all integers n, Binet’s formula of (r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas
polynomials (using initial conditions in ([1.16)) and (1.17])) can be expressed as follows:

Theorem 12.

(a) (Three Distinct Roots Case: « # B # ~) For all integers n, Binet’s formulas of
(r,s,t)-Tribonacci and (r, s,t)-Tribonacci-Lucas polynomials are

n+1 n+1 n+1
G - I +—
(a=P)a=y) B-a)B-7) (OG-a)y-7H
an+2 Bn+2 ,Yn+2
T a2+ 2sa+ 3t + rB2 4+ 258 + 3t + ry2 4+ 28y + 3t’
respectively.

(b) (Two Distinct Roots Case: o # [ = ~y) For all integers n, Binet’s formulas of

(r,s,t)-Tribonacci and (r, s,t)-Tribonacci-Lucas polynomials are

o™t — (a4 (o~ B))B"

G .
(8 —a)

bl

respectively.

(c) (Single Root Case: o = B = v = f) For all integers n, Binet’s formulas of

(r,s,t)-Tribonacci and (r, s,t)-Tribonacci-Lucas polynomials are

G, - n(n + 1)0/“1 _ n(n+1) (f)n_l ’
2 2 3
H, = a"+p"+~7"=3a",

respectively.

(d) (o, B, : arbitrary)
H, :an+/8n+,yn'

Proof. (a),(b),(c): Use the equations in (L.7) and Theorem [3] (or Theorem [6]) and initial
conditions in ([1.16)) and (1.17). (d) follows from (a), (b) and (c). O
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Generalized Tribonacci Polynomials 15

Note that the above theorem can be given as follows:

an-%—l Jr B7L+l Jr ,Y7L+1
(”‘*ﬁ%*” w*g,)ﬁf[”) (7733%75>’ , if @ # B # « (Distinct Roots Case)
G — raZ+2sa+3t t1r52+235+3t + ry24+2sv+3t’
" & *(;*_’;()3“*”5 , if a # B =~ (Two Distinct Roots Case)
n—1
Ln;l) a" = 7"(71;1) (g) , fa=p=v= % (Single Root Case)

and

where a, 3,7 are arbitrary, i.e.,

a4+ g 4", if a # 8 # v (Distinct Roots Case)
H, = a 4+ 28" , if @ # 8 =~ (Two Distinct Roots Case)
3a™ = 3(%)" , fa=g=vy= g (Single Root Case)

If some of the roots of characteristic equation is 1 then we get the following corollary
as a special case of Theorem [12].

Corollary 13. For all integers n, Binet’s formulas of (r,s,t)-Tribonacci and

(r, s,t)-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: oo # #~v=1)

an+1 ﬁn+1 1
Gn = + +
(a=B)a=1) (B-a)B-1) @A-a)(l-5)
Ckn+2 ﬁn+2 1
= + + :
ra? +2sa+3t  rp2+2s8+3t  r+2s+ 3t
H, = o"+8"+1.

(b) (Two Distinct Roots Case: o £ f=~vy=1)

a"+ ((1—-a)n —a)

G, = ,
(1-a)’
H, = o"+2.
(c) (Single Root Case: a =B =~v=1= g)
_ n(n+1)
G, = 5
H, = 3.
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16 Yiiksel Soykan

If some of the roots of characteristic equation is —1 then we get the following corollary
as a special case of Theorem

Corollary 14. For all integers n, Binet’s formulas of (r,s,t)-Tribonacci and

(r, s,t)-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: ov # f# v = —1)

antl ﬁn—‘,—l (_1)n+1
e IR S VR (e ()
B a"+2 ﬁn+2 (—l)n
N ra2+2so¢+3t+rﬂ2—|—256+3t r—2s43t’
H, = o"+8"+(-1)".

(b) (Two Distinct Roots Case: o # == —1)
a™tt = (a+(at Dn)(=1)"

G, = 5 )
1+ a)
H, = o"+2(-1)".
(¢) (Single Root Case: a =0 =v7=—-1= g)
Gu = gnlnt1) (-,
H, = 3(-1)".

2 Generalized co-Tribonacci Polynomials

In this section, for r, s,t satisfying Eq. (1.1), we define and investigate a new sequence

and its two special cases, namely the generalized co-Tribonacci, (r,s,t)—co-Tribonacci
and (r, s,t)—co-Tribonacci-Lucas polynomials.

For r,s,t satisfying Eq. , the generalized co-Tribonacci polynomials (or
generalized (r,s,t)—co-Tribonacci polynomials or generalized co-3-step Fibonacci
polynomials)

{Y,, (Yo (), Yi (), Ya(x); —s, —t, t*) >0
(or shortly {Y,,(z)}n>0) is defined as follows:
Ya(@) = —s¥u1(2)—rtYo-2(@) 4V a(@),  Yo(o) = d(2), Yi(x) = e(@), Ya(a) = f(z), n>3
(2.1)
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Generalized Tribonacci Polynomials 17

where Yp(z),Y1(z),Ye(x) are arbitrary complex (or real) polynomials with real
coefficients.

The sequence {Y,(z)}n>0 can be extended to negative subscripts by defining

—s 1

— Y (n2)(2) + 2 Y- (n-3) ()

—rt
Yon(z) = —tTY—(n—l)(x) T

for n =1,2,3,... when t # 0. Therefore, recurrence (2.1)) holds for all integer n. Note that

for n > 1, Y_,(x) need not to be a polynomial in the ordinary sense.
Remark 15. For simplicity, throughout the rest of the paper we denote
r=-5,8 = —rt,t1 = t2

and write as

Yo(z) =riYn—1(x)+s1Yn—2(x)+t1Yn_3(z), Yo(z) = d(z), Y1(z) = e(x), Ya(z) = f(z), n>3

(2.2)
unless otherwise stated. So, we can easily use and modify the results which are given in
section Introduction and forthcoming sections, just by setting (substituting) r1,s1,t1 for

T, 8, t.

As {Y,(x)} is a third-order recurrence sequence (difference equation), it’s
characteristic equation is
Y —ry? —siy—t1 =0, (2.3)

ie.,
v+ sy +rty —t2 =0. (2.4)

The roots of characteristic equation of {W,,} will be denoted as

91(5U) = 91(30’7“1751,751) = 91(3:, —S, —rt,tQ),
O2(x) = Oz(x,71,51,t1) = Oa(x, —5, —1t, 1?),
O3(x) = 03(x,r1,s1,t1) = O3(z, —s, frt,tz).

Remark 16. As before, for the sake of simplicity throughout the rest of the paper, we
use
Yo, Yo,Y1,Y2,01,05,03

instead of
Yn('r)a YQ(Z‘), i (JJ), E(x)’ 91(1‘), 02(3:)’ 93(1‘)7
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18 Yiiksel Soykan

respectively, unless otherwise stated. For example, we write
Y, =—sY,_ 1 —rtY,_o + t2Yn737 Yo = da Y = anQ = fa n>3

and
Yo=rYo_1+s1Y o+ 1Y, 3, Yo=dYi=eYo=f n>3

for the equations and . Also we write Vy,, Vo, Vi, Va instead of V,,(x) with initial
conditions Vo(x), Vi(x), Va(x) for any subsequence {V,,(x)} of {Yn}.

The roots of characteristic equation of {W,,} are

0, = %+C3+O4=_?8+03+04,
0y = % + wCsy +w204 = %S + wCsy +w204,
03 = %1 +w?Cs + wCy = %S + w?Cs + wCy,
where
r3 181 1 1 1/3
Cc; = (=L A eyl e VA
3 (27+ 6 + 2) ( s+6rs +2 + 2 )
r3 T181 1 1 1 1/3
Cy = N R L — VA =(-= t 2 — /A
4 (27+ 6 2) ( 27" T g 2) ’
Ay = ity _ ris n risity ﬁ ﬁ LtQ (473t — r?s® — 4s° + 27¢% + 18rst) ,
27 27 1 6 2 108
—1+1iv3
w = %fzexp@m’/@.

We have the following relations between the roots of characteristic equations of

generalized Tribonacci and generalized co-Tribonacci polynomials:

Lemma 17. There are the following relations between v, 3,7 and 61,0, 03:

(a)

91 = 577
02 = O[ﬁ, (25)
05 = ary.

(b)
01# 02 # 03 < a5+
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Generalized Tribonacci Polynomials 19

(c)
0 # 02 =05 < a#p="r.

(d)

91:92:93@a:5:7.
We have the following identities between 61,605,603 and 71, s1, t;.

Lemma 18. There are close relations between the roots of characteristic equation

and r1, 81,t1 as follows.
(a) Arbitrary Roots Case (01,02, 05 are arbitrary).

01+ 0+ 603 =1r = —s,
0165 + 0103 + 0203 = —s1 = rt, (2.6)
010205 = t1 = t%.

(b) Two Distinct Roots Case (01 # 03 = 03).

0, £ 0,=0,

=4
ry = 61+ 205,
S1 = —02 (201 + 92) s
t 6,62
(¢) Single Root Case (01 = 65 = 63).
01 = 6y=205
=1 7'1:391, 81:—39%7 t1:6?
T1 1 1
= E = 91, S1 = —57”%, tl = Eri})

and
01 =05 =03 Ay =C3=C0C4 =0.

Using the roots of characteristic equation and the recurrence relation of Y,,, Binet’s
formula can be given as follows:

Theorem 19. For all integers m, Binet’s formula of generalized co-Tribonacci
polynomials is given as follows.
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20 Yiiksel Soykan

(a) (Three Distinct Roots Case: 01 # 60y # 03) Binet’s formula of generalized

co-Tribonacci polynomials is

407 503 Py
Y, = + + 2.7
(01— 02)(01 — 03) (02— 01)(02 —03) (03— 01)(63 — 0-) @7)

= BiO" + Bol + B30T,

where

pa = Yo—(02+03)Y1+0205Y), ps = Yo—(01+63)Y1+60,03Y0, pe = Yo—(01462)Y1+6102Y0,

and
B, = P4 _ Yo — (02 + 63)Y1 + 0203Y)
(01— 62)(61 — 63) (01— 62)(61 — 63)
(1Yo + 01 (=1 4+ 601)Y1 4 t1Y))
o r10% + 25101 + 31 ’
B, = Ps _ Yo — (61 +63)Y1 + 0103,
(02 — 61)(02 — 63) (02 — 61)(02 — 63)
_ (02Ys + O2(—r1 + 62)Y1 + 11Y0)
7103 + 2510 + 3t1 ’
By = D6 _ Yo — (01 + 62)Y1 + 01602Y0
(03 — 61)(05 — 62) (03 — 61)(05 — 62)

(03Ys + 03(—r1 + 63)Y1 4+ 11Y))
T10§+28193+3t1 ’

(b) (Two Distinct Roots Case: 61 # 02 = 05) Binet’s formula of generalized co- Tribonacci

polynomaals is

Y, = 310111 + (BQ + Bgn)ég‘ (28)

where
B o YQ — 202Y1 —+ 9%}/0 o 4Y2 — 4(7’1 — 01)Y1 + (7"1 — 01)2}/0

1 - - )

(02 — 91)2 (7”'1 — 391)2

B 7}/2 + 292Y1 — 01(202 — 01)YO 4(7Y2 + (7‘1 — 01)Y1 + 91(77’1 —+ 201)Y0)

2 — = )

(92 — 01)2 (’/‘1 — 391)2
By, — Yo — (02 4 61)Y1 + 020,Y0 _ 2(2Y5 — (r1 + 01)Y1 4 61(r1 — 61)Y0)
02 (92 —81) (7’1 —391) (7‘1 —91) '

(c) (Single Root Case: 6, = 0y = 65 = %1) Binet’s formula of generalized co-Tribonacci
polynomials s
Y, = (B + Ban + B3n?) x 07 (2.9)

hitp: //www. earthlinepublishers.com



Generalized Tribonacci Polynomials 21

where

Bl = YE)a
—Ys +4Y160; — 3Yp0? 3 9

2 202 27“f( 3Ys +4m Y1 —riYy),
Yy — 2Y70 Y62 1

B3 = 2 101+ Yo L _7(9Y2767'1Y1 +7’%Yo)

203 22
Note that (a), (b) and (c) of the above theorem can be given as follows:

B0 + By 4+ B30y, it 01 # 63 # 03 (Three Distinct Roots Case)
Y, =19 B0} + (B2 + Bsn)fy , if 01 # 0 = 03 (Two Distinct Roots Case)
(By + Ban + Bsn?)07 if 01 = 65 = 03 (Single Root Case)
(2.10)
where each triple By, By, B3 given as in Theorem [19| (a), (b) and (c), respectively.

Lemma 20.

(a) (Three Distinct Roots Case: 01 # 02 # 63) If By, By and Bs are as in Theorem[19

(a), then we have

By + By + B = Y.

(b) (Two Distinct Roots Case: 01 # 63 = 03) If By, By and Bs are as in Theorem
(b), then we have

—Ys + (01 + 6)Y; — 632Y,
02 (61 — 02)

By + By + B3 =

(c) (Single Root Case: 01 = 03 = 03 = %1) If B, By and B3 are as in Theorem (c),
then we have

Y: 3
&+&+&:f:fm
1 T1

Theorem [19] can be given in the following form:

Theorem 21. Binet’s formula of generalized co-Tribonacci polynomials is given as follows
according to the roots of characteristic equation :
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(a) (Three Distinct Roots Case: 01 # 0o # 03)

Ya — (02 + 05)Y1 + 0203Y,
ST
Yo — (601 + 62)Y1 + 0162Y0
(05 — 01)(03 — 62)
_ (01Y2 + 01 (—r1 + 61)Y1 + t1Y0)9n n (02Y5 + O2(—71 + 02)Y1 + t1Y0)
7’10% + 28161 + 3t1 ! Tlﬂg + 25165 + 3tq
I (03Ya + 03(—71 + 63)Y1 + 1Y)
7103 4 25105 + 3ty

Yo — (61 + 03)Y1 + 0:05Y,
(02 — 61)(02 — 63)

0

03

03

on.

(b) (Two Distinct Roots Case: 01 # 03 = 03)

_ Ys — 26,1 + 602Y, —Y2 +20,Y1 — 0:1(202 — 61)Yo +Y2 — (02 + 61)Y1 + 0201 Y0

Y, o o
(0 — 61)> i+ (02 — 61)> 02 (62 — 01) )0

and

Y, — 4Y5 — 4(7’1 — 91)Y1 + (7’1 — 91)2Y0 0?

(7’1 - 301)2
1
+—————((—02Yo + 203Y7 + (2r103 + (r] + 851)02 + 8t1)Yp)
6‘2 (’1”1 - 392)

+((302 — 1)Ya — (11— 302) (02 — 1) Y1 — (1103 + (r{ + 651)02 + 6t1)Yo)n)05 .
(c) (Single Root Case: 61 = 0 = 03 = %1)

Yn = (QG%YO + (—}/2 + 4Y191 — 3Y09%)n + (YQ — 2Y191 + Yﬁf)rﬂ)&{‘”

1
2
1

= 5(n(n —1)Yy —2n(n —2)0,Y1 + (n — 1)(n — 2)07Y,)07 2
1 2 1 n—2
< On(n— DYz = 6n(n = 2nYi + (0 —1)(n - 2)r?x0) (5)

Note that each of Theorem equations (2.10]) and Theoremhave their advantages
to present Binet’s formula of generalized co-Tribonacci numbers.

If some roots of characteristic equation is 1 then we get the following corollary as a
special case of Theorem

Corollary 22. Binet’s formula of generalized co-Tribonacci polynomials is given as
follows according to the roots of characteristic equation :
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(a) (Three Distinct Roots Case: 01 # 03 £ 03 =1)

Yo — (02 +1)Y1 +62Yy,,, Yo— (61 +1)Y1+60:Y0
Y, = o7 +
(01 —62)(61 — 1) (02 —61)(02 — 1)
Yo+ (—rm+1D)Y1 + 1Y)
+
tl —r1+ 2
(01Y2 + 01 (—r1 +61)Y1 + t1Y0)
7‘19% + 281601 + 3t1
Ya o+ (—r + DY + Yo
r + 251 + 3t1

(b) (Two Distinct Roots Case: 01 # 63 =03 =1) 0 =1,03 =1

0

(02Y2 + O2(—1r1 + 02)Y1 + 11Y))
r19§ + 25165 + 3t

07 + 0y

1 n
Y, = (1—¢ )2 ((Ya—2Y14Y0)07 +(—Yo+2Y1+t1 (t1 — 2) Yo)+(1 — 1) (Yo—(14+¢1)Yi+t1Yo)n).
-t

(c) (Single Root Case: 01 =0y =03 =1= %1)

Y, = %(n(n 1)Y= 2n(n—2) x Y1 + (n — 1)(n — 2)Yy).

If some roots of characteristic equation is —1 then we get the following corollary as a

special case of Theorem [21].

Corollary 23. Binet’s formula of generalized co-Tribonacci polynomials is given as
follows according to the roots of characteristic equation :

(a) (Three Distinct Roots Case: 01 # 02 # 03 = —1)
Yo —(0—-1)Y1 —0Yy,,  Yo— (01 —1)Y1 —01Ys
Yo = o7 + 2
(01 —62)(61 +1) (02 —01)(02 + 1)
Ys — 1Y — 1Y,
_|_2 (rm+1)Y 10(_1)n
ry—1t1+2
(01Y2 + 01 (—r1 +61)Y1 + t1Y0)9n n (02Y5 + O2(—11 + 02)Y1 + t1Y0)
T19% + 28161 + 3t1 ! r10§ + 251605 + 3ty
Y — 1YY — 1Y,
Je-(m+ DYt 0)(71)71.
—r1 + 251 — 3t1

(b) (Two Distinct Roots Case: 01 # 0y = 03 = —1)

02

1
Y, W((YQ +2Y7 4+ Y0)07 + (Yo + 2Y7 + (=12 + 2 — 851 + 8t1)Y))
T1

+((=3 =r1)Ya + (r1 + 1)(r1 + 3)Y1 + (rf — 71 + 651 — 6t1)Yp)n)(—1)" ).
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(c) (Single Root Case: 1 =03 =05 =—1= %1

1 _
Y, = 5 (n(n = D)Y2 + 2n(n = 2)Y1 + (n— 1)(n — 2)¥0) (-1)" 2
o0
Next, we give the ordinary generating function > Y, u™ of the sequence Y;,.
n=0
o0
Lemma 24. Suppose that fy, (u) = > Y,u™ is the ordinary generating function of the

n=0

oo
generalized co-Tribonacci (sequence of ) polynomials {Yy, }n>0. Then, > You™ is given by
n=0

i Vo — Yo + (Y1 —mYo)u+ (Yo — 1Yy — 51Y0)u?
n=0 o 1—riu—sju? —tyu? ’

We next present Binet’s formula of the generalized co-Tribonacci (sequence of)

polynomials {Y;, },>0 by the use of generating function for Y;,.

Theorem 25. (Binet’s formula of the generalized co-Tribonacci polynomials {Yy}n>o.

For all integers n, we have

q407 4505 q60%

Y, = n " 2.11
(01— 02)(61 —03) (02— 01)(02 —03) (05 — 01)(63 — O2) @11)
where
= Yobi+ (Y1 —m1Yo)0h + (Yo —rY: — s1Yp),
q5 = Yoeg + (Y1 —riYp)hs + (Yo — Y1 — s1Yp),
g6 = Yo03+ (Y1 —71Y0)0s+ (Yo — 1Yy —s1Y)).

Note that from (2.7) and (2.11)) we have

Yo — (02 + 03)Y1 + 60205y = Yo7+ (Y1 —m1Yo)01 + (Yo — Y1 — 51Yp),
Yy — (61 +05)Y1 + 0103Yy = Yob3 + (Y1 —r1Y0)0a + (Y2 — 1Y — 51Y0),
Yo — (01 + 602)Y1 + 010,y = Yo02 + (Y1 —r1Yp)0s + (Yo — 71 Y7 — 51Y0).

In this paper, we define and investigate, in detail, two special cases of the
generalized co-Tribonacci polynomials {Y,,} which we call them (r, s, t)-co-Tribonacci (or

(r1, 81,t1)-Tribonacci) and (r, s, t)-co-Tribonacci-Lucas (or (r1, s1, t1)-Tribonacci-Lucas)
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polynomials. (r, s,t)-co-Tribonacci polynomials {U,, },,>0 and (r, s, t)-co-Tribonacci-Lucas
polynomials {S, },>0 are defined, respectively, by the third-order recurrence relations

Uniz = 1mUnq2 +51Upy1 + 101Uy, Uy =0,Uy =1,Uz =1y, (2.12)
Sn+3 = 7’1Sn—i-2 + Slsn+1 + tlSn, S() = 3,51 = ?”1,52 = 281 + 7"%. (213)

The sequences {U, },>0 and {S, }n>0 can be extended to negative subscripts by defining

S1 T1 1

U = ——U_(n—yy— 7U_(n- —U_(n-3),
o R (e R ()
S1 1 1

S.n = ——5_ n—1) — —S_ n— =S n—3)»
70D Ty P O (ne)

forn =1,2,3, ... respectively. Therefore, recurrences (2.12)) and ([2.13)) hold for all integers
n.

The sequences {U,} and {S,} can be written in the following forms:
Uy = —sUp1—71tUp_2+tUs_3, Uy=0,U; =1,Uy = —s,
S, = —8S,_1—71tS,_2+ tQSn_g, So=3,51=—5,5 = —2rt+ s2.
Next, we present the first few wvalues of the (r,s,t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials with positive and negative subscripts (in terms
of 7‘1,81,t1)2

Table 2: The first few values of the special third-order numbers with positive and negative

subscripts.
n 0 1 2 3 4
Un 0 1 r1 r% + s1 r? + 28171 +t1
U_n, 0 % —:—% —#(rlt% — 82t1)
Sn 3 1 281 +T‘% r% + 35171 + 3t1 r‘ll +4r%s1 + 4t17r +23%
S_n —i—i %(s% —2ryt1) %(—s? + 3risit1 + 3t2) %(27‘%1&% — 4r183t1 + st — 4s1t2)

We present the first few values of the (r,s,t)-co-Tribonacci and
(r, s,t)-co-Tribonacci-Lucas polynomials with positive and negative subscripts (in
terms of r, s, t):
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Table 3: The first few values of the special third-order numbers with positive and negative

subscripts.
n 0 1 2 3 4
Uu, 0 1 —s s2—rt —8% + 2rst + t2
v, 0 & 5 k(s +1)
S, 3 -—s —2rt + §2 —5% + 3rst + 3t2 2r2t2 — 4rs?t + st — 4st?
S_n % t% (23 + T2) t% (St + 3rs + r3) %4 (47“25 +Art+ 7t + 282)

For all integers n, Binet’'s formula of (r,s,t)-co-Tribonacci  and
(r, s,t)-co-Tribonacci-Lucas polynomials (using initial conditions in ([1.16) and (1.17))
can be expressed as follows:

Theorem 26.

(a) (Three Distinct Roots Case: 01 # 02 # 03) For all integers n, Binet’s formulas of
(r, s,t)-co-Tribonacci and (r, s,t)-co-Tribonacci-Lucas polynomials are

9n+1 9n+1 9n+1
U, - 1 I 2 i 3
(01— 02)(61 — 03) (02— 01)(62 —03) (03— 01)(03 — 02)
9n+2 9n+2 9n+2
- - 2 + ;
7’191 + 251601 + 3t 7‘192 + 25109 + 3t 7’103 + 28103 + 3t1
Sp = 607 +65+6%,

respectively.

(b) (Two Distinct Roots Case: 61 # 03 = 03) For all integers n, Binet’s formulas of
(r, s,t)-co-Tribonacci and (r, s,t)-co-Tribonacci-Lucas polynomials are

07 — (01 + (01 — 62))05
(6 — 01)?
— POy 0y = 07 4 260,

U, =

)

respectively.
(c) (Single Root Case: 01 = 03 = 05 = %1) For all integers m, Binet’s formulas of
(r, s,t)-co-Tribonacci and (r, s,t)-co-Tribonacci-Lucas polynomials are
n(n+1) nn+1) /m

v, = Hefle R R ()T

S. = 07 +05+ 07 =307,

respectively.
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(d) (81,02,05 : arbitrary)
Sp =607 + 05 +65.

Note that the above theorem can be given as follows:

Bn+1 9n+1 en+1
=00, =03) T 03=09(03=03) T (93=0.9(05=03)"
( 179%1217 3) - (62— eln)if* 3) (03— ;Zﬁ%f 2) if 91 # 09 # 03 (Distinct Roots Case)
1 2 3
+ + — )
Up = 7107+25101+3t7 | r103+25102+3t7 | 1102+2s103+3t1
07T —(01+m(01—02))0%
001)? it 61 # 0 = 63 (Two Distinct Roots Case)
2—Y1

n(nt1) pgn—1 _ n(nt1) (71 n—1
2 1 - 2 o

”
if 61 = 65 = 63 = —- (Single Root Case)
3 3

and
Sp =07 + 05 + 63

where 61,605, 05 are arbitrary, i.e.,

0 + 65 4+ 07 if 61 # 02 # 05 (Distinct Roots Case)
S, = 07 + 263 , if 81 # 05 = 03 (Two Distinct Roots Case)
307 = 3(%1)n 0, =0y =05 = %1 (Single Root Case)

If some of the roots of characteristic equation is 1 then we get the following corollary
as a special case of Theorem [20] .

Corollary 27. For all integers m, Binet’s formulas of (r,s,t)-co-Tribonacci and

(r, 8,t)-co-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: 01 # 03 # 03 =1)

9n+1 0n+1 1
Up = - + 2 +
(01— 02)(01 —1) (B2 —01)(02—1) (1 —61)(1—0s)
0;14—2 951+2 1

7‘19% + 25101 + 31 + 7"19% + 25105 + 3ty + 1+ 281 +3t1’
Sp = 07 +65+1.

(b) (Two Distinct Roots Case: 01 # 0 =03 =1)

07+ (1 —61)n — 6,)
(1—6,)°
= 42

7

Un
Sn
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28 Yiiksel Soykan

(c) (Single Root Case: 6y =05 =05 =1= %1)

U, — n(n—&—l)7

2
S, = 3.
If some of the roots of characteristic equation is —1, then we get the following corollary
as a special case of Theorem

Corollary 28. For all integers n, Binet’s formulas of (r,s,t)-co-Tribonacci and

(r, 8,t)-co-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: 01 # 03 # 03 = —1)

9n+1 0n+1 (_1)n+1
U, = L + . +
(01— 02)(01 +1) (2 —01)(2+1)  (1+61)(1+06s)
I s o1
Tlef + 25161 + 3t1 7"19% + 25165 + 3t1 r1 — 2s1 + 3t ’
Sn = 07 +65+(-1)".

(b) (Two Distinct Roots Case: 01 # 0y = 03 = —1)
6‘?+1 — (01 + (61 + Dn)(-1)"

U, = > ’
(]. + 91)
(c) (Single Root Case: 1 =0 =03 =—1= %1)
U = gnln+1) (1"
S, = 3(-1".

Lemma [24] gives the following results as particular examples (generating functions of

(r, s,t)-co-Tribonacci and (r, s, t)-co-Tribonacci-Lucas polynomials).

Corollary 29.  Generating functions of (r, s,t)-co-Tribonacci and

(r, s,t)-co-Tribonacci-Lucas polynomials are

oo
U U
U™ = = ,
T;) " 1—ru—su?2—tiud 14 su+rtu? —t2us
i S un 3 —2riu — syu? 3+ 2su + rtu?
u = = 5
oy " 1—ru—su? —tiud 14 su+rtu? — 243

respectively.
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3 Connections between G,,, H, and U,, S,

S, can be given as follows.

Lemma 30. (a,(8,7; 601,02,05: arbitrary) For all integers m, we have the following
formula for S, .
Sy =" " 4+ oy + By
Proof. Use the identities
01 =B, b2 =ap, 63 =ay
and
Sp =07 + 05 + 05.

O
For the special cases «, 3, 7; 01,02, 0, Lemma [30| can be written as follows.
Lemma 31. (a) (Three Distinct Roots Case: aw # 3 # 7, 01 # 02 # 03)
Sp =a"f" +a"y" + gy
(b) (Two Distinct Roots Case: o # B =1, 01 # 03 = 03)
S = "B+ "+ B = 207" + 7.
(c) (Single Root Case: a === g, 01 =05 =05 = %1)
S, = a"B" +ay" + By = 3o
We can present the relations between U,, S, and G,,, H,, as follows.
Lemma 32. For all integers n, we have the following formulas:
() Sn = 3(H} — Hap).
(b) U, =t"G_p—1 and U_,, =t "Gp_1.
(¢) S, =t"H_, and S_, =t "H,.
Proof. Use Theorem [12] Theorem [26] and the identities
afy = t,
b = By, b=ap, 05 =ay,
Sn = B"Y"+a"y" +a"p".
O
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4 Simson’s Formulas of Tribonacci Polynomials

The following theorem gives Simson’s formula of the generalized Tribonacci polynomials

{Wn}.

Theorem 33 (Simson’s Formula of Generalized Tribonacci Polynomials). For all integers

n, we have
Wita Wpir W, Wy Wi Wy
Woer Wp  Wuq |=t"| W1 Wy W_q |. (4.1)
Wnp Wa1 Wio Wo W_1 W_o

Proof. Eq. (4.1) can be proved by mathematical induction. For the proof of the case of
generalized Tribonacci numbers, see Soykan Theorem 2.2]. For an alternative proof,
proof by matrix method, see Theorem [57] (b). O

The previous theorem gives the following results as particular examples.

Corollary 34. For all integers n, Simson’s formula of (r,s,t)-Tribonacci and

(r, s,t)-Tribonacci-Lucas polynomials are given as

Gn+2 Gn+1 Gn
Gn+1 Gn Gn—l = _tnilv
Gn Gn—l Gn—2
Hn+2 Hn+1 Hn
Hoo1 H, H,_, | = (—4r’t+r%s®—18rst+4s> - 27t*)t" 2,
Hn Hn—l Hn—2

respectively.

Note also that (4.1) can be written as

Wn+m+2 Wn+m+l Wn+m W2 Wl WO
Wotmit  Wasm  Wagmer | =0T W Wy Wy
Wn+m Wn+m—1 Wn+m—2 WO W—l W—2
for all integers n, m.
We define
Aw(n) = W2+ {t+rs)Wi + W2 — 20 W, (W2, — sW, W2,

+(r? - S)Wn+2WTf+1
+(rt + YW W2y + rtWEiWo o + 2stWE W1 — (3t — r8)Wyga Wiy 1 Wi,
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Then
Aw(0) = W3+ (t+rs)WE+2W3 — 20W W — sWoW3 + (r? — s)WoW? (4.2)
+(rt + s2)WoWE + rtWeWo + 2stWEWy — (3t — rs)Wa W, Wo.
Simson’s formulas of W,,, G,, H,, can be given in the following forms.
Lemma 35. For all integers n, we have
(a) Aw(n) =t"Aw(0), i.e.,
W2 o+ t+rs)WE + W2 —20W, 1 W2, — sW,, W2,
(2 = )W a Wiy (4.3)
+(rt + YW, W2 4 rtWiWapo + 2stWE W1 — (3t — rs)Wypo Wi W,
= (W3 4 (t +rs)WP + 2WE — 2rWi W3 — sWoWi + (r? — s)Wo W}
+(rt + s2)WoWE + rtWeWa + 2stWEWy — (3t — rs)Wa W, Wh).
(b) Ag(n) =t"Ag(0) = t"t1, ie.,

GfH_Q + (t+ rs)Gf’LH + tszL - 27’Gn+1Gi+2 - anGfH_Q

+(r? = 8)GpyaGa g (4.4)
+(rt + sQ)GnG?LJr1 +7tG2 G0 + 25tG2G 1 — (3t — 758)Gry2Gry1Gr
=

(c) Ag(n) =t"Ag(0) = (473t — 252 + 18rst — 453 + 27Tt2)t", i.e.,
H3 o+ (t+rs)H), | +t*H} —2rH, H., , —sH,H.
+(r? — $)HoyoH2 (4.5)
+(rt+ s HoH2  + rtH2 Hpyo + 28t H2 Hy i — (3t — 78)Hypy o Hy 1 Hy
= (4r3t —r2s® + 18rst — 45> + 27411,

Proof. (a) Note that (4.1) can be written in the following form:

Wht2 W1 W,
Wit1 W %(Wn+2 — 1 Wiyp1 — sWy,)
Wn  (Waga =Wy — sWa) 5 (=sWaga + (rs + ) Waga + (s* — rt) W)
Wo W1 Wo
= t"| W, Wo % (Wo — rW1 — sWh)
Wo +(Wa—rWi—3sWo) 15 (—sWa+ tWi + s°Wo +rsWi — rtWo)
= —t"2Aw(0)
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since
Wit = %(Wn+2 = Whi1 — sWy),
Wy — tiz(—swn+2 b (rs 4+ OWiss + (52 — r8) W),
W_, = % (Wy — Wy — sWy),
W_y = tl? (—sWo + tWy + s°Wo + rsWy — rtWo) .
Note also that
W2 Wi W,
W41 W %(Wn+2 — T Whiy1 — sWy)

Wo 1 (Wago —rWaps —sWa) 5 (=sWaia + (rs + ) Wopa + (s? —rt)W,,)
1 .
- _?2(Wn3 o+ (EHT)WE L + WS — 2r W Wiy — sWa Wi + (r° — 8)Wipa Wiy
+(rt + YW W2y + 1t Wi Wso + 25tWe W1 — (3t — 78) Wi a W1 Wa).

So we get the identity (4.3]).

(b) Since
Ag(0) = (G3+ (t+7s)GS + 112G+ (r* — 5)GiGy — 2rG1G3 — sGoG3 + rtGEGy
+(82 + ?"t)GoG% + 2StGgG1 -+ (7"8 — 3t)GOG1G2)
=t

7

we get the identity (4.4).

(c) Since
Ag(0) = (Hy+ (t+rs)H] +t°HS + (r* — s)HiHy — 2rH H3 — sHoH3 + rtHg Hy
+(s2 + rt)HoH? + 2stHZHy + (s — 3t)HoH, H>)
= 413t —1r2s% + 18rst — 45° + 2712,
we get the identity (4.5]). O

We will use the identities (4.3)), (4.4) and (4.5) in Section
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5 Some Identities of Generalized Tribonacci

Polynomials

In this section, we obtain some identities of (r,s,t)-Tribonacci and
(r, s,t)-Tribonacci-Lucas polynomials. First, we can give a few basic relations between

{G,} and {H,}.
Lemma 36. The following equalities are true:

(a) t3H,, = (=83 + 3t% 4+ 3rst)Gpiq + (18® — 5rt? + s2t — 3r2st)Gpaz + (—4st? + 2122 +
st —4rs*)G .

(b) t2H,, = (=2rt + s®)Gpys — (rs® — 2r%t + st)Gpypo + (=% + 3t2 + 3rst)G i1
(c) tH, = —8Gni2 + (3t +78)Gpi1 + (=21t + s*)Gy.

(d) H, =3Gn41 —2rG,, — sGp_q.

(e) H, =rGp +25G,_1 + 3tGp_s.

(f) (—4s3t + 4r3t2 + 2713 + 18rst? — r252t)G,, = (1?5 — 3rt + 482 H, g — (4rs? + 135 —
72t + 6st)H, 3 + (2r3t — r2s% — 45% + 9t2 + 10rst) H,y yo.

(g) (473t — 1?8 — 483 4+ 2712 + 18rst)G,, = — (65 + 2r?)H,p3 + (9t + Trs + 2r3) Hypo +
(r?s — 3rt + 4s*)Hp11.

(h) (473t — r2s% — 453 + 2712 + 18rst)G,, = (9t + rs)Hyyo — (r2s + 3rt + 282)H,q —
(20t + 65st)H,,.

(i) (473t —r?s? — 483 +27t2 + 18rst)G,, = — (=61t + 25?)Hypyq + (rs? — 2r%t + 3st)H,, +
(9% + rst)H,,_;.

(G) (4r3t—r?s2—4s3427t2+18rst)G,, = (—rs?+4r2t+3st)H,+(—28> +9t2+Trst)H,, 1 —
(—67t% + 25%t)H,, 5.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a),

writing

Hn:ax Gn+4+bXGn+3+CX Gn+2

and solving the system of equations

Hy = axGy4+bxG3+cxGy
H1 = CLXG5+bXG4+C><G3
Hy = axGg+bxGs+cxGy
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we find that a = % (—s% + 3t2 4 3rst),b = % (rs® — 5rt? + 2t — 3r?st),c = & (—4st? +
21212 + s* — 4rs®t). The other equalities can be proved similarly. O

Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between {G,,} and {W,}.

Lemma 37. The following equalities are true:

(@) W3+ (t +rs)W3 + 2W3 + (r? — s)WiWy — 2hW W3 — sWoW2 + rtWEW, +
(52 + Tt)W0W12 + 25tW3W1 + (T‘S — 3t)WOW1W2)Gn = (TW12 + tWOZ — WiWs +
SWOW1)Wn+2 + (W22 —rWiWy — sWyWy — tWoWl)Wn+1 + (thz — tWOWQ)Wn.

(b) (W3 + (t + rs)W3 + 2W§ + (r2 — s)WiWy — 2rWiW3 — sWoW3 + rtWEW, +
(82 + rt)WoW2 + 2stWEWy + (rs — 3t)WoW Wa)G,, = (W2 + r2W2 + rtW§ —
2rWiWa — sWoWa+ (rs —t)WoW1 ) Wyg1 + ((t+1s)WE+ stW — sWy Wo —tWoWo +
SPWoW) Wy, + (rtWi + 2Wg — tWiWa + stWoW1) W, _1.

(c) W3+ (t+rs)W? +2W + (r? — s)WEWo — 2rW W3 — sWoW3 + rtWEWo + (s2 +
rt)WoW2 + 2stWEWy + (rs — 3t)WoW1iWa)Gy, = (rW3 + (r3 +t + rs)WE + t(s +
r2YWE — (s+2r2 )W Wa — (t+1r8)WoWa + (r2s+ 5% — rt\WoW1)W,, + (sW3 +r(rs+
OWZR+t(t+rs)W§ — (t+2rs)WiWo — s2WoWo +rs2Wo W1 )W, _1 + (tWE +r2tWE +
rt?We — 2rtWi Wy — stWoWa + t(rs — t)WoW1)W,, _a.

(d) tW,, = (Wy —rWy — sWo)Gpio+ (—rWo +1r2Wy + (t+1r8)Wo)Gry1 + (—sWa + (t+
rs)Wi + (82 — rt)Wy)Go,.

(€) Wy, =WoGpi1 + (W1 —1rWo)Gp, + (Wa — Wy — sWy)Gr—y.

&) W, =W1G, + (Wa — rW1)Gp—1 + tWoGp—oa.

Proof. We prove (f). The other identities can be proved similarly. Writing
Wo=axG,+bxGp_1+cXGpoo

and solving the system of equations

Wo = axGop+bxG_14+ecxG_o
Wi = axGi+bxGog+exG_y
Wo = axGo+bxGi+cexGy
we find that a = Wi,b = Wy — rWy,c = tW. ]
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Now, we present a few basic relations between {H,,} and {W,}.
Lemma 38. The following equalities are true:

(@) W3+ (t+rs)W +2W3 + (r? — s)WiEWy — 2rW1 W3 — sWoW3 + rtWEWs + (s% +
rt)W0W1 + 2stWEWy + (rs — 3O )WoW Wa)H,, = (3W2 + (r? — )W + rtWg —
AWy W —25Wo Wa+ (rs —3t)Wo W1 ) Wi o+ (—2r W2+ 3tW2 — 25T, W — 3tWo Wa +
3rsWE + 2stWg + 2r2Wi Wy + 282 WoWq + rsWoWa + 2rtWoW1 )W i1 + (—sWi +
(52 +rt)WE + 32WE + (rs — 3t) W1 Wa + 2rtWoWa + 4stWoW1)W,,.

(b) (W3 + (t + rs)W3 + 2W§ + (r2 — s)WEWy — 2rWiW3 — sWoW3 + rtWEW, +
(s + rt)WOW1 F2stWREW, + (rs — 3O WoWiWo)H,, = (FPW2 + 7 W2 + 3tW2 +
r2tWE — 2sWi Wy — 3tWoWa + 2rsWE + 2stW — 2r2 W, Wo + 282 W Wy — rsWoWo —
rtWoWi+r2sWoW1 )Wy 1+ (32 WE+2sW3 +1r2sWE—3tWy Wa+rtWE —2s2WoWo —
3rsWiWa + 2rtWoWa + stWoWy + rstWé +rs*WoW1 )W, + (3tW3 +t(r? — s)WE +
rt2W02 — 4rtWy Wy — 2stWoWs + t(rs — 3t) Wo W)W, 1

(c) W3+ (t+rs)W+2We + (r? — s)WEWo — 2rW W3 — sWoW3 + rtWEgWa + (s +
7"t)W0W1 + 2stWEW1 + (rs — 3t)WoW1Wa)H,, = ((r? 4+ 2s)W3 + r(r3 + 3rs + 4t
YWE + t(r® + 3rs + 3t)W§E — (3t + 2r3 + 5rs)WiWa — (r?s + rt + 2s2)WoWo +
(r3s — 1%t + 3rs? + st)WoW1)W,, + ((3t + rs)W3 + (r3s + 2rs? + 2st + r2t) W32 + ¢
(rt +12s + 28 )WE — 2(2rt + 82 + r2s)Wi Wa — s(rs + 5t)WoWa + (253 + r?s? —
S YWoW1) W1 + (rtW3 +(r3 + 3t +2rs) W2 +t2(2s +r2)W§ — 2t (s + r2) W1 W —
t(3t + rs)WoWso + (252 + 125 — rt)\WoW1) W,

(d) (473t —12s2 — 453 +27t% + 18rst)W,, = (=2(r? + 3s)Wa + (2r3 + 9t + Trs) Wy + (45 —
3rt + r28)Wo)Hypyo + (203 + 9t + Trs) Wy — 2(r* 4 4725 + 6tr + s2)Wy — (4rs® +
6ts — tr +1r38)Wo)Hps1 + ((—=3rt + 4s% + r2s)Way — (4rs? +r3s — r2t + 6st) W7 +
(=128 +2r3t + 9t2 — 453 + 10rst)Wo) H

(e) (473t — r2s? — 483 + 27t% + 18rst)W,, = ((9t + rs)Wa — (r?s + 3tr + 2s%)W; — 2t
(3s +r2)Wo)Hpr1 + (—(r2s + 252 + 3rt)Wa + (r3s + 3rs? + r2t + 3st)Wy + (9t +
2r34+7r8)Wo) Hy 4+ (=2t (12 +38) Wa+t(2r2 + 9t +Trs) W +t(4s® +1r2s—3rt)Wo ) H,, 1

(F) (4r3t —r2s? — 453 42712 + 18rst)W,, = (2(3rt — s*)Wa + (3st +1s? — 2r2t) Wy + (9t +
r8)Wo)Hp + ((rs? — 2r2t + 3st)Wa + (2r3t — r2s% + drst — 283 + 9t2) W — t(2s% +
3rt +128)Wo)Hp—1 + ((9t +1r8)Wo — t(r?s + 3rt + 252 )W — 2t2(3s + 72)Wo) H,,—

Proof. We prove (f). The other identities can be proved similarly. Writing

WnZCI,XHn—FbXHn_l—FCXHn_Q
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and solving the system of equations

WQ = GXHO+bXH_1+CXH_2
Wiy = axHi+bx Hy+cx H_4
WQ = axH2+b><H1+c><H0

we find that
2(3rt — s2)Wao + (3st + 182 — 2r2t )Wy + t(9t + rs)Wy

“© = 4r3t — r2s? — 453 + 2712 + 18rst ’

I (rs? — 202t + 3st)Wa + (2r3t — r2s? + drst — 25% + 92 )W — (252 + 3rt + r25)W
4r3t — 1252 — 453 + 2712 + 18rst ’

. t(9t + 7rs)Wa — t(r?s + 3rt + 252 )Wy — 2t2(3s + r2) Wy

4r3t — r2s2 — 483 4+ 27t2 4 18rst

6 Recurrence Properties of (Generalized Tribonacci

Polynomials

Now, we can propose a problem as follows: Whether and how can the generalized
Tribonacci (sequence of ) polynomials W, at negative indices be expressed by the sequence
itself at positive indices?

We present the following result which completely solves the above problem for the
generalized Tribonacci polynomials W, .

Theorem 39. For n € Z, we have

1
W—n = t_n(Wgn — Han + §(H72z — Hgn)Wo)

For the proof of Theorem we need the following lemma.

Lemma 40.

(a) (Three Distinct Roots Case: o # 8 # ) If A1, Aa and Az are as in Theorem[3 (a),
then we have

th—n = A30énﬂn + Aga"'y" + Alﬁn’yn.
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(b) (Two Distinct Roots Case: a # 3 =) If A1, Ay and Az are as in Theorem[3 (b),
then we have

t"W_,

A7 + (Ay — Asn)a" B
= (2a"B" + B*)Wy — na" " Az — 7 Ay — "B Ay — 20" B A,
(c) (Single Root Case: a« ==~ = g} If Ay, Ay and As are as in TheoremH (c), then

we have

t"W_, (Al — Aon + A3n2)a2"

3 2 1 2 2y (2"
= (Wo = 55 (=3 Wa + 4rWy = 1 Wo)n + 5 (OWa — 6rWy + 12 Wo)n?) (5) .

Proof. (a) Since afy =1t and W,, = Aja™ 4+ A28™ + Asy™, we get
W_, = Ao "+ A "4+ Asy™"

and so
t"W_,, = A3a™B" + A2a™y" + A1 87",

(b) Since aBy =t (i.e., a3? = t in this case) and W,, = Aja™ + (A3 + A3n)B™, we obtain

W_n = Al()éin + (A2 — Agn)ﬂin
) e ()

th—n = A1,82n + (A2 - A3n)a"ﬁ".

and so

Note also that by using A;, As and As, we get
AP (Ay—Asn)a™ B = (2" 452" )Wy —na" B Az— B2 Ay —a" B Ay 20" B A

(c) Since afy =t (i.e., a® =t in this case) and W,, = (A; + Aan + Azn?)a™, we get
2n

W_pn = (A1 — Aon + Azn®)a™" = (A, — Aon + A3n?) x %

and so
t"W_,, = (A1 — Aon + A3n2)0¢2".
Note also that by using Ay, As and As, we obtain

3 1 2n
(A1 —Agn+Azn?)a®" = (Wo— —— (—3Wa+4rWi —r2Wo)n+ —= (OWa —6r W1 +r2Wo)n?) (f) .
2r2 272 3

O
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Now, we shall complete the proof of Theorem [39]
The Proof of Theorem [39k

If « # 8 # 7 (i.e., if we have the three distinct roots case) then by using Theorem
(a) (or Theorem [f] (a)), Theorem [12] (a), Lemma[i0] (a), we get, for n € Z,

WyH, = (Aia" + A2B" + A37")(a” + 8" +77)
= A10”" 4 A 4 Agy? 4 A1 B+ Aja™ " 4 A B + AxBmy"
+Aza"y" + A"y
= Wap + 410" B" + A1a"y" + A2a™B" + A2 8"y" + Aza™y" + A3B"y"
= W+ (A1 + Ao+ A3)a" 8" + (A1 + Az + Ag)a™y"
+(Az2 + Az + A1)B"" — (43" 8" + A2a™y" + A1 8"")
= Wap + (A1 + A2 + A3)(a"B" + a"y" + B"7") — (A3a"B" + A2a™y" + A1 8"7")
= Wa, + WoS,, —t"W_,.

If a # 8 = (i.e., if we have the two distinct roots case) then by using Theorem 3| (b)
(or Theorem [6] (b)), Theorem [12] (b), Lemma [40] (b), we get, for n € Z,

WpoH, = (Aia"+ (As+ Asn)p")(a™ +28™)
= %A, + 287 Ay 4 207" As + 20" " Ay + " " Ay + na 7 As
= Ay + %Ay + 2nB% Ag 4 2 Ay + 20" 7 Ay + a" B Ag + na" B As
= (A10®" 4 (Ag + A3 x 2n)B™) + B2 Ay + 20" " Ay + " B" Ay + na™ " Az
= Wapn + 2" As + 20" " A1 + a7 Ay + na " As
= W, + %" Ay + 22" " Ay + a"B" Ay +na" B Az
= Wan + (20"8" + )Wy — (22" " + B> )Wy + 7" Ay 4 20" " Ay
+a" " Ay + na"p" Az
= Wan + WoS, — (22" 8™ + B*™ )Wy 4+ na" B Az + (82" + a" ™) Ay + 20" " Ay
= Wap + WS, — (A1 + (As — Azn)a"B")
= Wa, + WoS, —t"W_,,.

If « = 8=~ = = (i.e., if we have the single root case) then by using Theorem (c) (or

r
3
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Theorem [6] (c)), Theorem [12] (¢), Lemma [40] (c), we get, for n € Z,

wW,H, = %(9”(” — ].)WQ - 6n(n — 2)7"W1 + (n . ].)(TL _ 2)T‘2WO) (g)n—Q
! r\n—2
A st (2 39+ (D)
= %8(9 x 2n(2n — D)Wy — 6 x 2n(2n — 2)rWi + (2n — 1)(2n — 2)r2 W) (g>2n72

Wo x3 (") = (Wo— > (_3Wa + 4rWy — r2W,
+Wo x <3 (Wo 2712( 2 +4rWi —r"Wo)n

1 2 2y ()"
+277“2(9W2 — 67“W1 +r Wo)n ) (g)
= Wo, +WoS, —t"W_,.
Therefore, for all the case of the roots of characteristic equation (polynomial), we have

the identity
W Hy, = Wap + W4 S, —t"W_,,.

Then by Lemma |32 (a), it follows that
1
W, H, = Wa, + §(H;f — Hy )Wy —t"W_,,

and so )
W_p =t " (Way, — H, W, + §(H3L — Hy,)Wo).

This completes the proof of Theorem [l

Next, we present a remark which presents how H,, can be written in terms of W,,.

Remark 41. To express W_,, by the sequence itself at positive indices we need that H,

can be written in terms of Wy,. For this, writing
H,=axWyia+bx Wy +cx W,

and solving the system of equations

Hy = axWy+bxWi+cx Wy

Hi = axWs3+bxWy+ecx W,

Hy = axWi+bxWs+cx Wy
or 1

a Wy W1 Wy Hy

b | =| W Wy, W, H,

c Wy Wi Wy H,
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we find a,b,c so that H, can be written in terms of W, and we can replace this H, in
Theorem [39.

Note that also, Lemma [38] (a) can be used to write H,, in terms of W,,.
Using Theorem [39] and Lemma (38| (a) or Remark we have the following corollary.

Corollary 42. Forn € Z, we have

(a) G-, = tn%((%t — 82)G? + tGay + 3G 12Gy — (3t +78)Gri1Gr).

(b) H_p = -1 (H2 — Hy,).

2tn

7 Linear Sums of Generalized Tribonacci Polynomials
The following theorem presents sum formula >, _, Wy, of generalized Tribonacci
polynomials.

Theorem 43. For all integers m and j, we have

zn: W= Winnamag + Winn—m4t™ + (1= Hop )" Winntj — Wingj — Wi—mt™ + (Hm — 1)W;
P i Hpm + (1— H_p)tm — 1 '

(7.1)

Proof. First, we assume that the roots of characteristic equation of {W,,} are distict, i.e.,
a # B # 7. Then, by using Binet’s formula of {W,,} we get

n n—1 n—1
Z Wink+i = Winaj + Z Wink+i = Wintj + Z(A1Oémk+j + Ap BT 4 ASmG—H)
o™ — 1 ) an -1 ) ,Ymn -1
= Wpnnei + A1ad | ——— Ayl | ——— Az [ ——— ).
+5 T 10‘<am_1>+ 2ﬁ<5m_1>+ 3’7(7,,1_1)

Simplifying the last equalities in the last two expression imply (7.1]) as required. The proof
of the other two cases of the roots of characteristic equation of {W,,} are similar. O

Note that (7.1]) can be written in the following form:

2”: W, o Wmn+m+j + Wmnfm«fjtm + (1 — H_m)thanrj — Wm+j — Wj,mtm —+ tm (H—m —_ 1)W]
L Tkt Hpp + (1— H_p)tm — 1 '

As special cases of the above theorem, we have the following corollary.
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Corollary 44. For all integers m and j, we have

)

Xn: G . Gmn+m+j + Gmn—m-‘,—jtnl + (1 - anL)tme'rH—j - Gm+j - Gj—mtm + (Hm - I)G]
L Tkt Hp + (1 — Hom)t™ — 1

i H ) Hmn+m+j + Hmn—m+jtm + (1 — Hfm)thmn-kj — Hm+j — j—mtm + (Hm - 1)Hj
P i Hop + (1 — H_p)tm — 1 '

8 The Sum Formula > ,_,zfW, of Generalized

Tribonacci Polynomials via Generating Functions

From now on, through the paper, we suppose that z is a real or complex number. So we
may assume that z is a scalar value (real or complex) number or function in z € R, for
example 2 =7, 2 =5—3i, z =sinz, z = 5%, 2 =4 + 23z, 2z = 3 = cos 3z + isin 3z,
2=162' - 925 + 42— 1,2 = 2_}_#962 for x € R. We also suppose that z # 0 if necessary
(needed).

In this section, we present the sum formula ZZ:O 2}, of generalized Tribonacci
polynomials via generating functions. For this, we need another subseqgence of {W,}.

{E)}n>0 is defined by the third-order recurrence relation
Eny3 =1E, 9+ sE 11 +tE,, Ey=1,FE=r—1,FEy=—r+s+r.
The sequence {E, },>0 can be extended to negative subscripts by defining
S r 1
E_, = _EE_("_” — EE_(n_g) + ;E_(n_g).
for n =1,2,3, ... respectively.

Next, we present the first few values of the sequence of polynomials, {E,}, with

positive and negative subscripts:

Table 4: The first few values of E,, with positive and negative subscripts.

n 0 1 2 3 4
E, 1 r—1 —r4+s+7r2 PP —r24+2sr—s+t r—r>+3r%s—2rs+2tr+s>—1t
E_, 0 -1 = (s+1) & (rt — st — s%)

Lemma [J] gives the following result as a particular example.
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Corollary 45. Generating function of {W,} is

= 1—-=2

En2" = .
Z " 1—rz—s22—tz3
n=0

We also need the ordinary generating function of the sequence {z"W,} to find the

sum formula of generalized Tribonacci polynomials. Next, we give the ordinary generating

&)
function Y z"W,u" of the sequence {z"W,}.

n=0

oo
Lemma 46. Suppose that f.nw, (u) = Y 2"W,u" is the ordinary generating function

n=0
o0
of the sequence {z"Wy,}n>0. Then, Y, z"W,u" is given by
n=0

oo

n n Wo+z(Wh —rWo)u + 22(Wa — Wy — sWo)u?
Zz Wou™ = .
1—rzu — sz2u? — tz3u3

(8.1)

n=0
Proof. Note that
2" Wy = 2" (1 Wiyt + sWy_o + tW,_3).

Using the definition of generalized Tribonacci polynomials, and substracting
raud oo o 2" Wou, s2%u? Y007 2" Wou™ and tz3ud Y oo o 2" Wou™ from Yoo o 2" W,un

we obtain

o0
(1 —rzu — s2%u? — tz3u?) E 2"Whu

n=0

oo oo oo o0
= E Z"Woz" —rzu E 2"Wou — sz%u? E "W — t23u3 E Z"Wou
n=0 n=0 n=0 n=0

oo oo oo o0
= E 2"Wou —1r g 2t — s E 2R, U — 23 E 23, w3
n=0 n=0 n=0 n=0

oo o0 o0 oo
= Z Z"Wou —r Z Z"Wph_1u" — s Z Z"Wh_au™ —t Z 2" W _su"
n=0 n=1 n=2 n=3
= (Wo + 2Whu + 2°Wou?) — r(zWou + 2°Wiu?) — s2°Wou?
+ (W — rWasy — sWy_g — tW,,_3)u”
n=3

= Wy + 2Wiu+ 22Wou? — rzWou — r2°Wiu? — sz3Wou?
= Wo+2(Wy —rWo)u + 22(Wa — rWy — sWo)u?.

Rearranging the above equation, we obtain (8.1)). O
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Lemma [46] gives the following results as particular examples.

o0 o0 o0
Corollary 47. Generating functions Y 2"Gpu™, Y, 2"H,u"™ and Y 2z"E,u" are
n=0 n=0 n=0

oo
E Z"Gput = “u
n - b
1 —rzu— sz2u? — tz3u3
n=0
oo
n " 3 —2rzu — sz?u?
Z 2 Hpu" = 2,2 3,,3°
¢ 1 —rzu— sz?u?® —tz3u
n=

o0
Z n n 1—zu
z u" =
" 1 —rzu — sz2u? — tz3u3’
n=0
respectively.

The following theorem presents sum formulas of generalized Tribonacci polynomials

with positive subscripts.

Theorem 48. Let z be a nonzero complex (or real) number.

(a) If 1 —rz— 822 —t22 # 0 then

i W, = *(2) (8.2)

t(1—rz—s22 —t23)

k=0

and
- ¥(2)
k
Wy = 8.3

Zz b s(1—rz—s22 —t23) (8:3)

k=0
where

D(2) = t(22°Wa — 2(rz — )Wy — (822 +rz — )W) + (—t23Wa + t22(rz — 1)W7 +
tz(s22 +rz — 1)Wo)2"Gpyo + (t2%(rz — 1)Wa — t2(rz — 1)2Wy + t2(r — r?z — t2% —
rs22)Wo)2"Grar + (t2(s22 + 1z — D)Wa + tz(r — 12z — t22 — rs2?)Wy + tz(rt2? —
5222 —tz —rsz + 5)Wy)2"G,,

and

U(2) = s(22Wo — 2(rz — 1)W1 — (822 +r2 — 1)Wy) — (2%(s + 3t2)Wo — 2(s+ 3t2) (rz —
D)Wy —t2(252% + 3rz — 3)Wo)2"G 1 + (2(2rt22 +rsz — s)Wa — 2(st2? + 2r2t22 +
82z + 125z — 2rtz — rs)Wi + tz (—r322 — 2%z — sz + 27") Wo)z"G,, — (—t23Wy +
t22(rz — )Wy + tz(s2?2 +rz — 1)Wy) 2" H,.
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(b) If1 —rz—s22 —t2% =u(z —a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0
and a#b+#c, i.e, z=a orz=>b orz=c then

- ®
> AW, = — (2)
= —t(3tz2 +2sz+71)

where

®1(2) = t(2:Wa — (2rz — 1)W1 — (r+2s2)Wo) + t(—2%(n+3)Wa + 2(3rz+nrz —n—
2)W1+(nsz? +3s22 +2rz+nrz—n—1)Wo)2"Gpio—t(2(n—3rz—nrz+2)Wao+(rz—
1) (3rz4nrz—n—1)Wi+(2r?2+3t22+3rsz?+nt2% +nrsz?+nr?z—r—nr)Wo) 2" G, 11

—t((=3s22 —nsz? —2rz—nrz+n+1)Wa+(ntz2+3rsz? +nrsz2+3t22 +2r2 2 +nr2z —
r—nr)Wi+ (35222 —nrtz? —3rtz? +ns?22 + 2tz +ntz+2rsz+nrsz—s—ns)Wo) 2" Gy,

(c) If1—rz—s22—t2> =u(z—a)*(z—b) =0 for some u,a,b € C withu # 0 and a # b,

i.e., z=a or z =0 then for z = a we get

S P (2)
k o 2
D> Wi = —t(2s + 6tz)

where

Oy (2) = 2t(Wy — Wy — sWo) +t(—22(n+3)(n +2)Wa + z(n + 2)(3rz + nrz —n —
D)Wy + (5nsz? +n2s22 + 6522 +n2rz+3nrz+2rz —n? —n)Wo) 2" 1Ghio —t(z(n+
2)(=3rz —nrz+n+ )Wy + (61222 + n2r222 + 5nr22% — drz — 2n%rz — 6nrz +n? +
n)Wi + (5ntz? + 6rsz? + n?tz? + dnrsz? + nrsz? + 6t2% + 3nr?z + n?r?z + 212z —
nr —n?r)Wo)z" " 1Gi1 — t((—6s22 — bnsz? — n?sz? — 3nrz —nrz — 2rz +n? +n)
Wa+(n2t22+5nrsz?+n?rsz?+6t22+5nt2?+6rsz2+2r22+3nr?z+n?r2z —nr—n’r)
Wi+ (63222 + 125222 — 6rtz2 — Snrtz? — n?rtz? + 5ns?22 + 3ntz + 2rsz + nlrsz +
3nrsz + ntz + 2tz — n?s — ns)Wo)z" "G,

and for z = b we get

- ®
Z W = 5 3(2)
P —t(3tz2 +2sz+71)

where

P3(2) = t(2:Wo — (2rz — )Wy — (r +2s2)Wo) +t(—2%(n+3)Wa+2(3rz + nrz —n—
2)Wi+(nsz? +3s22+2rz+nrz—n—1)Wo)2"Gpio—t(z(n—3rz—nrz+2)Wa+(rz—
1)(3rz+nrz—n—1)Wi+(2r22+3t22+3rsz? +ntz? +nrsz?+nr2z—r—nr)Wy) 2" G
—t((=3s22—nsz? —2rz—nrz+n+1)Wo+(ntz? +3rsz? +nrsz? +3t22 +2r2z+nr2z —
r—nr)Wi+ (38222 —nrtz? —3rtz? +ns?2? + 2tz +ntz+2rsz+nrsz—s—ns)Wo) 2" Gy,
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(@) If1 —rz — 822 —t23 = u(z — a)® = 0 for some u,a € C withu # 0, i.e., z = a, then

- Py(z)
k o 4

ZZ Wi, = —6t2

k=0

where

Oy(2) =t(n+1)(=22(n+3)(n+2)Wa+2(n+2)(3rz+nrz—n)Wi + (6522 +5nsz? +
n?s22 +n’rz + 2nrz — n? +n)Wo)2" " 2Gpa2

+t(n+1)(2(n+2)(3rz +nrz —n)Wa — (67222 + n?r222 + 5nr22? — 2n%rz — dnrz +
n? —n)Wy + (—6t2% — n?t2% — bnrsz? — n?rsz? — bntz? — 6rsz? — n?rz — 2nr?z +
n%r —nr)Wo)z" 2Gphi1

+t(n +1)((5ns2? + n?sz2? + 6522 + n?rz + 2nrz — n? + n)Wa + (—n?t2? — Snrsz? —

n?rsz? — 6tz — bntz? — 6rsz? — 2n12z — nr2z +nr —nr)Wy + (5nrtz? + n2rtz? —

65222 —n2s222+6rt2? —5ns?2? —2ntz—n?rsz—2nrsz—n?tz+n’s—ns)Wy)z"2G,,.

Proof. Let

Mn = i ZkW;c.
k=0

(a) Note that using generating functions, we get

1 Wo+z2(Wy —rWo)u + 22(Wa — Wy — sWp)u?

S(u) = iMnu” =1
n=0

—u 1 —rzu — sz?u? — tz3u?
A 4B U 3 — 2rzu — sz2u?
1—u 1 —rzu — sz2u? — tz3u3 1 —rzu — sz2u? — tz3u3
1—zu

+D

1 —rzu — sz2u? — tz3u3
o0 oo oo oo
= A Z u" + B Z Z"Gpu" + C Z Z"Hyu"™ + D Z 2B, u
n=0 n=0 n=0 n=0

= Z (A+ Bz"G, +Cz"H, + Dz"E,)u"

n=0
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where
4 = 22Wy — 2(rz — )Wy — (822 +rz — 1)Wy
N 1—rz—s22—tz3 ’
2(3t2% — 21tz + 52 — sz + s)Wa
+2(=3rt2? + stz + 2r%t2% + %2 + 3tz + r¥sz —rsz — 2rtz + s — rs)Wh
B +tz(rsz? — 2522 4+ 2r22 — 3rz + sz + 3 — 2r)W
- s(1—rz—s22 —t23)
o - _ —t23Wo + t22(rz — 1)Wy + tz(s22 +rz — 1)W,
s(1 —rz—s22 —t23) ’
D - 22(s 4+ 3tz2)Wo — 2(s + 3t2)(rz — 1)Wy — t2(2522 + 3rz — 3)W,
N s(1 —rz— 522 —t23) ’
ie.,
> Muu =Y (A+ Bz"Gy + Cz"H, + Dz"Ey) u".
n=0 n=0

Comparing on both sides, we obtain
S Wi =M, =Y (A+ Bz"G, + Cz"H, + Dz"E,).
k=0 n=0
Since
En = Gn+1 - Gn
we get

n
> Wi = A+ Dz"Gpy1 + (B — D)2"Gy + C2"H,.
k=0

The last formula can be written as (8.3)).

Note that using the identity
tH, = —5Gpyo + (3t +78)Gpy1 + (=2rt + 5°)G,,

we obtain (8.2)).

(b) We use (8.2). For z = a or z = b or z = ¢, the right hand side of the above sum

formula (8.2)) is an indeterminate form. Now, we can use L'Hospital rule. Then we
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get (b) by using

" 4Pz

2= ] —
ikak = 4 G20 ' ’
k=0 H (1 —rz — 522 —123)) 2=b

ickwk = %(I)(Z)

= St —rz =522 —t29))|

(c) We use (8.2). For z = a and z = b, the right hand side of the above sum formula
(8.2) is an indeterminate form. Now, we can use L'Hospital rule (two times). Then
we get (c) by using

S i ®(2)
> A Wi= 5 ’
P (1 —rz—s22 —12%)) | _
and .
S bW = £20)
o A (t(1—rz—s22 — t23)) -

(d) We use (8.2). For z = a , the right hand side of the above sum formula (8.2)) is an
indeterminate form. Now, we can use L’Hospital rule (three times). Then we get

(d) by using

n
k dz3
a ==
2 )

dz3

0 (2) | .

O

From the last Theorem, we have the following Corollary which gives linear sum
formulas of (r, s, t)-Tribonacci polynomials (take W,, = G,, with Gy = 0,G1 =1,G2 = ).

Corollary 49. Let z be a nonzero complex (or real) number.

(@) If 1 —rz — 822 — 123 # 0 then

i ko tz(=2" MGy + (12 — 1)2"Gpyq — t2" 26, + 1)
z Gk == )
pors t(l—rz—s22 —t23)

and

Z G — 2(=2"(s + 3t2) Gy + 2" (2rt — 8% — st2)Gy, + 2" H, + 5)
b s(1—rz—s22 —t23)
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(b) If1 —rz—s22 —t2% =u(z —a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0
and a#b+#c, i.e, z=a orz=>b orz=c then

1
n ke, —
2k=02 G 3tz2 + 28z +r

tz"*2(n +3)G, — 1).

(2" (n+ 2)Ghag — 2"(2rz + nrz —n — 1)Gpyq +

(c) If1—rz—s22—t2®> =u(z—a)*(z—b) =0 for some u,a,b € C withu # 0 and a # b,
i.e., z=a or z =" then for z = a we get

n—1
S0 Gr = m(z(n +2)(n+ 1D)Gpio — (n+ 1)(=n + 2rz + nrz)Gyy1 +
tz2(n+3)(n+ 2)G,).
and for z = b we get
1
Yo 2"Gy (2" (n +2)Gryo — 2" (—n + 2rz + nrz — )G +

T 3122 425zt
t2"2(n + 3)G,, — 1).
(d) If1 —rz —s2® —tz3 = u(z — a)® = 0 for some u,a € C with u # 0, i.e., z = a, then
n 1 n—2
S G = %(nz(n +2)Gpio —n(—n+2rz+nrz+1)Gpi1 +t22(n +
3)(n+2)Gy,).

Taking W,, = H, with Hy = 3,H, = r,Hy = 25 + 2 in the last Theorem, we
have the following Corollary which gives linear sum formulas of (r, s, t)-Tribonacci-Lucas
polynomials.

Corollary 50. Let z be a nonzero complex (or real) number.
(a) If 1 —rz— 822 —t22 # 0 then
. 1
Dheo 2 Hy = TR —— (2" (8224212 —3)Gpyo+ 2" (2r —2r22 —3t2% —

252 —1r822)Gpy1 + 2" (s — 8222 — 3tz + 2rt2? — rs2)G,, — s22 — 2rz + 3)

and
n 1 n n
ShoZFHy = Ty p—————" (2T (6rtz—2282 —rs—9t)Gpy1 — 2" (4rPtz+

3stz — 6rt + 2s% — rs?2)Gy, — t2" (822 + 2rz — 3)H,, + 3s — s%2% — 2rs2).

() If1 —rz—s22 —t23 =u(z —a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0

anda#b+#c,i.e., z=a orz=>b or z=c then

n k[, —
Lo 2 Hi 3t22 + 28z +r
3ntz? — 2nr + 2nsz + nrsz? + 4r?z + 922 + 4dsz + 3rsz? — 2r)Gyq + 2" (ns?2? —
2nrtz? + 3ntz + nrsz — ns + 35222 + 6tz — 6rtz? + 2rsz — 5)Gy, + 2r + 2s2).

(2"(3n—3s2% —4rz—nsz?—2nrz+3)G,a+2" (2n1r% 2+
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(c) If1—rz—s22—t2®> =u(z—a)*(z—b) =0 for some u,a,b € C withu # 0 and a # b,
i.e., z=a or z =" then for z = a we get
1
Lo Hi z (25 + 6tz)
2 (=2n2r —2nr 4+ z(n+2)(2(n + 1) (s +1r2) + 2(3t + 75)(n + 3)))Gpy1 + 2" (—n?s —
ns+z(n+2)((n+1)(3t +rs) + 2(=2rt + s?)(n + 3)))G,, + 252)

(z"(Bn(n+1) — z(n+ 2)(2r + 2nr + 35z + nsz))Gpy2 +

and for z = b we get

o 2N Hy = m(z”(3(n—|—1)—z(4r+2nr+sz(n+3)))Gn+2+z"(—2r(n—|—
D+ 202n+2)(s+72) + 23t +78)(n+3)))Gri1 + 2" (—=s(n + 1) + 2((n + 2)(3t +
rs) + 2(=2rt + s?)(n + 3)))G,, + 2r + 2s2).

(d) If1 —rz—s2? —tz3 = u(z — a)® = 0 for some u,a € C with u # 0, i.e., 2 = a, then

n 1
S 2N Hy = n_—i—t (2"2(3n—3n2+2(n+2)(2nr + 352 +ns2))Gpia +2"2(2nr —

2nr —z(n+2)(2n(s+1r2) +2(3t+78)(n+3)))Gpi1 +2""2(n?s —ns — z(n+2)(n(3t +
rs) + z(=2rt + s?)(n + 3)))Gn).

9 Generalized Tribonacci Polynomials by Matrix
Methods

In this section, we present matrix representations of the sequences W,,, G,, and H,,. We

also introduce Simson matrix and investigate its properties.

9.1 Matrix Representations of the Sequences W,,,G,, and H,

We define the square matrix A of order 3 as:

A—

O = 3

5
0
1

o O o+

such that det A = t. Some properties of matrix A™ can be given as

A" = AT AT 4 pAnTd
An+m — AnAm — 1411114n7
det(A™) = ¢,

for all integers m and n.
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From (|1.1]), we have

Wi ros t Wi
Weer |=[ 1 0 0 W, (9.1)
W, 010 Wi

and using ([9.1) and induction, we have the matrix formulation of W, as

n

Wn+2 r s t WQ
Wn+1 = 1 0 0 Wl . (92)
W, 01 0 W
If we take W,, = G,, in (9.1) we have
G2 r s t Gri1
Gosi | =11 0 0 G, (9.3)
G 01 0 Gn1

We also define
Gn+1 sGp +tGr_1 tGy
Bn = Gn SGn—l + th—2 th—l
anl SGn72 + thffS th72

and
Wper  sW, +tW, 4 tW,,
D, = Wn  sWih1 +tW,_o tW,_4
Who1 sWp_o +tW,_3 tW,_o

Theorem 51. For all integers m,n, we have the following properties:
(a) B, = A", i.e.,
Gn+1 SGn + th—l th

Gn SGn—l + th—Q th—l
anl SGn72 + thffS th72

[= R

- o

o o =
I

(b) DA™ = A"D;.
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(C) Dn—i—m = Dan = BmDn, i.e.,

Wn+m+1 SWner + th+m71 th+m

Wner SWnerfl + th+mf2 thijfl
Wn+m—1 5Wn+m—2 + th—i—m—B th+m—2
Wn+1 SWn —+ th,1 th Gm+1 SGm + tGmfl tGm
= W sWp_1 +tW,_o tWy_y Gm §Gm—1+tGm—2 tGm_1
Wn—l SWn—Q + th—S th—Q Gm—l SGm—Q + tGm—?) tGm—Q
Gm+1 $Gp + tGrm_1 tGo, Wit sWy, +tW,_1 tW,
= Gm SGmfl + tGm72 tGmfl Wn Sanl + th72 th,1
Gm—1 SGm_2+tGpm_3 tGp_2 Who1 sWho+tW,_3 tW,_»
(d)
A" = Gn,1A2 + (SGn,Q + th,;),)A + tG,_ol,
i.e.,
1
A" = 7 (Gpio—1Gri1 —5Gn)A2 4+ (—1Grio+ 712Gy + (rs+1)Gp) A+ (—8Gpio +
(rs +t)Gny1 + (82 —rt)Gp)I),
that is,
1

A" = (Gn+2( —1A—8I)+ Gy (—rA?2 + 12 A+ (rs +t)I) + G (—sA? + (rs +

~
Il

S O =

o = O

—= O O

Proof. (a) We use induction on n. First we assume that n > 0. For n =0, n = 1 and
n = 2, respectively, we get

1 0 O Gl SGO + tG_l tGQ
01 0 = Gy sG_1+tG_5 tG_4 R
0 0 1 G_1 sG_9+tG_3 tG_,
which is true because G_3 = —35,G_2 = % G_1=0,Gy =0,G1 = 1. Suppose that
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the relation holds for all £ with 0 < k < n. Then, we get

n+1 n
r s t r s t r s t
1 00 = 1 0 0 1 0 0
0 1 0 01 0 01 0
Gri1 sGn, +tG,_1 tG, r s t
= G, sGp_1 +tGp_a tGh_1 1 0 0
Gn-1 8Gn_2+tGh_3 tGp_2 0 10
and so
n+1
r s t rGri1 + sGn +tGr_1 tGp + sGpy1  tGpya
1 0 0 = rG, + 8Gph—1 +tGp_o sGp +tG,_q tG,
0 1 0 rGp_1+ 8Gp_o +tGph_3 $Gp_1 +1tGp_o tGnh_1
Gn+2 th + SGnJrl th+1
= Gn+1 sG, +tG,_1 tG,
G, $sGp_1 +tGph_o tGn_1
For n < 0, we use induction on v = |n| = —n. For v = 0, the relation already been

verified. Assume now that it holds for all v with 0 < v < |n|. Then, we obtain

—(n+1) —-n -1
r s t r s t r s t
1 0 O = 0 0 1 0 O
0 1 O 0 1 O 0 1 0
G_n+1 sG_p, +tG_pn_1 tG_n 0 1 0
= G_n $SG_n_1+tG_n—2 tG_p_1 0 0 1
G*’nfl SG*R*Z + tG7n73 tG,n,Q % —% _%
that is
—(n+1
AN Gon  Gompr—1Gr  1G_ns
100 = G—n—l G—n - rG—n—l tG—n—2
01 0 G_n_g G_n_ler_n_Q tG_n_g

Then, using recurrence relation of G, it follows that

—(n+1)
r s t G_, sG_,_1+tG_,—o tG_,_1
1 0 0 = G_n1 sG_p o+tG_,,_3 tG_,_o
010 G_no sG_n 3+tG gy tG_p_3

G_(nt1)+1  SG_(ny1) +1G_(ny1)—1 tG_(n+1)
= G_(n+1)  SG_(ni1)-1 F1G_(ny1)—2 tG_(ni1)—1

G_(ny1)-1 SG_(ny1)—2 H1G_(ny1)—3 tG_(ny1)—2
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which completes the proof by using induction. Note that proof of the case n > 0
can also be given as follows. By expanding the vectors on the both sides of (9.3 to
3-colums and multiplying the obtained on the right-hand side by A, we get

B, =AB,_1.
By induction argument, from the last equation, we obtain
B, =A""'DB;.

But B; = A. It follows that B,, = A™.

(b) Using (a) and definition of Dy, (b) follows.

(c) We have
r s t Wn SWn,1 + th,Q th,1
AD,_; = 1 0 0 Wopo1 sWh_o+tW,_ 3 tW,_o
0 1 0 Wn_g SWn—3 + th_4 th_3

Wn+1 SWn + th,1 th
= W, sWh_1+tW,_o tW,_1 =D,.
Wit sWho +tWy_3 tW,_o

i.e. D,, = AD,,_,. From the last equation, using induction we obtain D,, = A"~ D;.
Now

Dy = A" IDy = A" A™Dy = AV DA™ = D, By,

and similarly

Dysm = BmDn.

(d) Proof can be given by mathematical induction. But, we present a direct proof as
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follows. By using (a), we get

Gn_1A2 + (SGn_Q + th_3)A + th_QI
2

r s i r s t 1 0 0
= Gua| 1 0 0| 4+(Gua+tGus)| 1 0 0 | +tGoa| 0 1 0
010 010 0 0 1
T11 T19 T13 Gpy1 SGp+tGh—1 tG,,
= xo1  SGp_1+tGh_o tGh_1 = G, sG,_1+tGh_o tG,_1
Gpno1 8Gp_o2+tGh_3 tGp_o Gno1 8Gn_2+1tGh_3 tGp_o
r s "
= 1 0 0 =A"
010
where
11 = 12Guo1 +5G_1 +1Gh_o + 175Gy _o +11Gp_3
= r’Gp 1+ 3G 1 +tGpo+75Gp_o + r(Gp —1Gr—1 — $Gp_2)
= rG,+sG,_1+tG_o
= Gny1,
Ty = 82Gp_o4 715G, 1+ 5tGp_3+1Gp 1 = s(rGp_1 + 5Gp_o +1Gp_3) +tGr_1
= sG, +tGn_1,
213 = t(rGp_1+ sGn_o +tG,_3) =tG,,
ro1 = 1Gn_1+8G,_9+tG,_3=0G,.

Then it follows that

A" = %((Gn+2 —7Gy1—8Gp) A2+ (—1Gry2 +12Gy1 + (rs+1)Gr) A+ (—5Grya +
(rs +t)Gpy1 + (82 —1t)Gp)I)

since
1
Gn1 = E(Gn+2 —1Gny1 — 5Gy),
1
Gn2 = tj(—SGnJrz + (rs + 1)Gny1 + (82 —11)Gy),
1
Gn-sz = 273((82 —1t)Gnya + (1t —15° — st)Gry1 + (—5° + 17 + 2rst)Gy,).
1
§Gp—o+1tGp_3 = z(—’l"Gn+2 +12Gpy1 + (rs +1)Gy).
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So, after rearranging, we get

A" = H(Grq2(A? —=rA = sI) + Gpya (-1 A2+ r2 A+ (rs + t)I) + Gy (—sA? + (rs +
t)A + (s — rt)I)).
O

Next, we present matrix formulas for the generalized Tribonacci polynomials and
(r, s, t)-Tribonacci-Lucas polynomials.

In the next Corollary, we use Ay (0) given in , ie.,

Aw (0) = W3 + (t + rs)W3 + 2W3 — 2rW W3 — sWoW3 + (r? — s)WaWE + (rt +
SYWoWE + rtWgWa + 2stWEW, — (3t — rs)Wo W1 W

Corollary 52. For all integers n, we have the following formulas for generalized

Tribonacci polynomials and (r, s, t)-Tribonacci-Lucas polynomials.

(a) Generalized Tribonacci polynomials.

n

1 ailp a2 ais

= a1 Az G23
Aw (0)
a31 asz2 @33

S o3
= O ®
S O <+

where

aj; = (’I"W12 + ﬂ/VO2 — W1W2 + 5WOW1)Wn+3 + <W22 — TW1W2 — SWOW2 —
tWoW1)Whypo + ((WE — tWoWo) W11,

a1 = (’I“W12 + ﬂ/VO2 — W1W2 + SW0W1)W7—L+2 + (W22 — ’r‘W1W2 — SWOW2 —
tWoW1) W1 + (EWE — tWoWa)W,,

azy = (rWE+tWe —WiWa+sWoW1 )Wy, 11+ (W3 —r Wi Wa—sWoWa —tWoW1) W, +
(tWE — tWoWo)W,,_1,

a2 = S((T’le —+ tW02 — WiWy + SWowl)Wn+2 + (W22 — rWiWy — sWoyWy —
tWoWl)Wn+1 + (tW12 - tWOWQ)Wn) + t((’FW12 + tW02 - W1W2 + SWOWl)WnJrl + (
W22 — TW1W2 — SWOW2 — tWoWl)Wn + (tW12 — IfI/V()VI/'g)I/‘/'n,1)7

ags = s((rWE + tWg — WiWsy + sWoW1 ) Woi1 + (W — Wi Wa — sWoWo —
tWoW )Wy, + (tWE — tWoWo)W,,—1) + t(rWE + tWE — Wi Wa + sWoW1)W,, + (
W2 — Wi Wa — sWoWa — tWoW1) W,y + (tW2E — tWoWa)W,,_s),
aza = s((rWg + tWg — WiWy + sWoW)W,, + (W3 — rW Wy — sWoWy —
tWoW1) W1+ (tWE —tWoWo) W, o) +t((rWE +tWg — Wi Wa + sWoW1)W,,_1 +(
W2 — rWiWa — sWoWa — tWoW1)W,,_o + (tWE — tWoWa)W,,_3),
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aiz — t((’/‘W12 + tW02 - W1W2 + SWOW1>Wn+2 + (W - TW1W2
tWoWl)Wn+1 —+ (thz — tW()WQ)Wn),

ag3 = t((?"Wf + tW02 — WiWy + SWOW1)Wn+1 + (W — rW1Wsy
tWoW1)W,, + (tWE — tWoWa)W,,_1),

azz = 15((’I’I/V12 + tW2 WiWs + SW()Wl)W + (W — rWi Wy
tWoW1) W1 + (tWE — tWoWa)W,,_2),
(b) (r,s,t)-Tribonacci-Lucas polynomials.

n

roet 1 bir  bi2
1 00 = Ar3t — 1252 — 483 + 27t2 + 18rst ba1  boo
010 o b

where

bll = (gt + TS) n+3 — (7" s+ 28 + 37't)Hn+2 — 2t(7"2 + SS)Hn+1,

bgl = (gt + T'S) n+2 — (7" s+ 282 + 37’t)Hn+1 — 2t(7"2 + SS)Hn,
(

b31 = (9t +1rs)Hyyq — (125 + 252 + 3rt)H,, — 2t(r? + 3s)H,,_1,

- SWQWQ -

- SWOW2 -

- SWOWQ —

b13
bas3
b33

bia = s((9t+78)Hpyo — (12s+2s% + 3rt)Hy 1 — 2t(r? +3s)Hy, ) + (9t +78)Hyppoq —

(r?s +2s% + 3rt)H,, — 2t(r® + 35)H,,_1),

boo = s((9t +1r8)Hy 11 — (r?s + 2582 + 3rt)H,, — 2t(r? +3s)H,,_1) + t((9 +rs)H,, —

(r?s +2s% + 3rt)H,_1 — 2t(r* + 3s)H,,_2),

bao = s((9t+7rs)Hy, — (r?s+2s? +3rt)H, 1 —2t(r> + 3s)Hp o) + t((9t +rs)H, 1 —

(r?s + 2% + 3rt)H,,_o — 2t(r? + 3s)H,,_3),

bis = t((9 +7r8)Hyio — (125 + 252 + 3rt)H, 1 — 2t(r? + 3s)H,,),
bos = t((9t +rs)Hpy1 — (1%s + 2s% + 3rt)H,, — 2t(r? 4+ 3s)H,,—1),
bss = t((9t + rs)H, — (r’s + 2s* + 3rt)H,—1 — 2t(r? 4+ 3s)H,,—2).

Proof. (a) Use Lemma [37] (a) and Theorem [51] (a).

(b) Use Lemma [36] (h) and Theorem [51] (a) or set W,, = H,, with Hy = 3, Hy = r, Hy =

25 + 1% in (a).

O

Note that, (by using (1.1), a12, ase, asz and bya, bas, bza can be written in the following

form:
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a1 = (SWE+r(t+rs)WE+t(t+rs)WE —(t+2rs)WiWo— s> WoWo+rs2WoW1 )W, 41 +
(tW2 + s(t +rs)W32 + s2tWE — (rt + )W Wa — 2stWoWa + (83 — t2)WoW1)W,, +¢((t +
r8)W32 + stW@ — sWi Wy — tWoWa + s2WoW1)W,,_1,

age = (sWE+r(t+rs)WE+t(t+rs)Wg — (t+2rs)W1Wa — s2WoWa +rs2Wo W1 )W, +
(tWZ +s(t+rs)WE+ s2tWE — (rt + s2) W1 Wa — 2stWoWo + (8% — t2)WoW1)W,,_1 + t((t +
rs)WE + stWg — sWiWa — tWoWa + s2WoW1)W,,_a,

azy = (SWE+r(t+rs)WE+t(t+rs)Wg—(t+2rs)WiWao—s2WoWa+rs>WoW1 )W, _1 +
(tW3 + s(t+rs)W3E + s*tW§ — (rt + s2) W1 Wa — 2stWoWa + (53 — t2)WoW1 )W, o +t((t +
rs)W2 + stWe — sWiWa — tWoWs + s2WoW:1 ) Wi_s,

and
bia = (—28% + 9t2 + Trst)Hy o1 + (t +78)(=3rt + s2)H,, + t(rs®> — 2r% + 3st)H,,_1,
bog = (—28% + 9t2 + Trst)H, + (t + 7s8)(=3rt + s*)H,,_1 + t(rs*> — 2r%t + 3st)H,,_o,

bag = (—28% + 92 + Trst)H, 1 + (t +78)(=3rt + s*)H,,_o + t(rs? — 2r’t + 3st)H,,_3.

Now, we present an identity for W, 4,.

Theorem 53. (Honsberger’s Identity) For all integers m and n, we have

Wn+m = WnGm+1 -+ Wn_l(SGm —+ tGm_l) + tWy oG, (94)

= WnGm+1 + (SWn—l + th—2) G +tWh_1Ga.
Proof. From the equation D,,,, = D,B,, = B,,D, we see that an element of D,
is the product of row D, and a column B,,. From the last equation we say that an
element of D,,,, is the product of a row D,, and column B,,. We just compare the linear

combination of the 2nd row and 1st column entries of the matrices D, ., and D, B,.

This completes the proof. O

Proof can also be given by using induction as follows. For m > 1 and m < 0, we
proceed by induction on m. First we assume that m > 1. For m = 1, (9.4) is true because
we have, by definition of W,, and the values Go =0,G1 =1,G5 =1,

W,Ga + Wn_l(SGl + tGo) + tW,_ oGy =Wy, + sWy_1 +tW,,_o = Wht1.

For m = 2, (9.4)) is true because, we get again by definition of W,, and the values G; =
1,Go =7,G3 = s+ 12,
Wihio = rWypr +sW, +tW,_4
= r(rWy + sWyp_1 +tWy_o) + sW,, +tW,,_1
= (r2 + )Wy + (rs + t)Wy—1 + 1tWy_o
= W,Gs5+ W,_1(sG3 + tG1) + tW,,_2G>.
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For m = 3, (9.4]) is true because, we get again by definition of W,, and the values Gy =
r,Gs=s5+12 Gy =13+ 251 +1t,
Wn+3 = TWn+2 + 3Wn+1 +tW,
= (M4 )Wy + (rs + )Wy 1 +7tW, o) + s(rWy, + sWy_1 + tW,,_o) + tW,
= W,G4+ anl(SGg + tGQ) + tW,,_2G3.

Suppose now that (9.4) holds for all m with 1 < m < k 4 2. Then, by assumption, for
m==k, m=k-+1and m = k + 2, we have, respectively,

Wn+k: = WnGk:+1 + anl(SGk + tkal) + th72Gk;
Wotks1 = WpGrii41 + Woo1(sGry1 +tGry1-1) + tWy_2Grta,
Whtke2 = WpGriat1 + Wih_1(8Gry2 + tGrya—1) + tWy_2Gria.

By adding up these three equations (after multiplying each side of the these three
equations by 7, s, t, respectively), we get
TWhikt2 + SWairr1 + Wnoik
= r(WaGrior1 + Win1(8Gryo +tGrya1) +tWy_2Gry2)
+s(WnGrt1+1 + Wno1(8Grq1 + tGry1-1) + tWy_2Gr41)
+t(WnGrq1 + Wi1(sGi + tGr—1) + tW,,_2Gy)
= Wo(rGrss + sGrq2 +tGri1)
+Wh—1(s(rGria + sGry1 + tGr) + t(rGr41 + sGi + tGi—1))
+tWh—2(rGri2 + sGiy1 + tGy)
= W,Grya + Wi_1(5Gri3 + tGrya) + tWy_2Grys,
ie.,
Whtkts = WnGryst1 + Wino1(8Grq3 + tGrgs—1) + tWn_2Grys,

which yields the (9.4)) for m =k + 3.
Now, if m < 0 then we proceed by induction on |m| = —m = v. For v = 0, that is

m =0, (9.4) is true because

W, Gogr + Wi1(sGo +tGo—1) +tWyn_2Go = W,Gogp1 + Wi_1(sGo + tGo—1) + tW,,_2Go
- Wn - Wn+0

where G_1 = 0,Gy =0 and G; = 1. For v = 1, that is m = —1, (9.4)) is true because

Who1=W,Go+Wy,_1(sG_1 +tG_2) + tW,,_2G_4
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1
where G_o = 7 G_1=0and Gog =0. For v = 2, that is m = —2, || is true because
Wi =WoGo1 + Wyh1(sG_o +1G_3) + tW,_2G o

1
where G_3 = —%, G_o=—-and G_1 =0.
Suppose now that (9.4) holds for all v = |m| = —m with 1 < v < k 4+ 2. Then, by
assumption, for v = k,v = k + 1 and v = k + 2 we have, respectively,

Whr = W,G_k41+ Wn_l(SG_k + tG_k_l) + tWy,_oG_, (9.5)
Wotery = WaG_goyiy41 + Wa1(8G_(og1) + G _(hg1)—1) + W _2G_(341)(9.6)
Wi—ter2)y = WaG_oyoyr1 + Wa1(8G_(pq2) +tG_(hg2)—1) + tWn_2G_(142)(9.7)

We have to show that

Wi—er3) = WaG_gasy41 + Wio1(8G_(ky3y + G _(ry3y)—1) +tWh oG _ (43
= WhG 2+ Wn 1(sG_ 3 +1G_p_4) +tWy_2G_j_3.

By adding up these three equations given in (9.7, and (9.5), (after multiplying each
1

r s

side of the these three equations by DT respectively), we obtain
s T 1

—¥Wn7(k+2) - ;an(kJrl) + ;ank

s
= ——(WnG_(i12)+1 + Wn1(8G_(ky2) +1G_(ry2y—1) + tWn oG _(112))

t
-

_g(Wnt(k+1)+1 + Wh1(8G (1) + tG_(kg1)—1) + tWn_2oG_(141))
1

+¥(WnG,k+1 + Who1(8G_g +tG_j—1) +tW,,_2G k)

1
= ;(Wn(_SG—k—l —rG_j + G pq1) + Wy (H(—1G =2 — sG_p—3 + G_p_1)

+S(—SG,]€,2 — ’I“Gfk71 + G,k)) + th,Q(—TG,k,1 — SG7k72 + G,k))
1

S T 1 S r
= (Wn(_gG—k—l - ;G—k + ;G—k—i-l) + Wn—l(s(_gG—k—2 - ;G—k—l + ;G—k)

‘Hf(_;G—k—?) — ;G—k—z + %G—k—l)) + th—2(_§G—k—2 - gG—k—l + %G—k))
= WGz + Wi 1(5G o3 + 4G 1) + tWp_2G— i3
= WnG_(xi3)11 + Wino1(8G_(ry3) +1G_(hy3)—1) + tWn_2G_(k13),
ie.,
Wi kt3) = WnG_(ig3)41 + Wi 1(8G_(ry3) + tG_(pg3)—1) + Wi oG _ (11 3),
thus we get [9.4) for v =|m| =k +3. O
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Corollary 54. For all integers m,n, we have the following properties:

Gn+m = GnGm—i-l + Gn—l(SGm + tGm—l) + th—2Gm7
Hner = HnGm+1 + anl(SGm + tGmfl) + tHn72Gm-

Proof. Set W,, = H,, with Hy = 3, H; = r, Hy = 2s + 2 and W,, = G,, with

Go=0,G; =1,G, = r in Theorem respectively. [

Corollary 55. For all integers m,n, j, we have the following properties:

Wanrj = Gmn71Wj+2 + (SGmn72 + tGmn73) Wj+1 + tGmn72Wj7
Gmn+j - Gmn—lGj+2 + (SGmn—Q + tGmn—B) Gj+1 + tGmn—QGja
Hmn+j = Gmn—lHj+2 + (SGmn—Q + tGmn—?)) Hj+1 + tGmn—QHj-

Proof. If we make the following changes

n < a
m < b
in , ie.,
Wiam = WnGmi1 + Wy1(8Gry + tGrn—1) + tW, oG,
we get

Wats = WoGpp1 + Wo_1(sGp + tGp—1) + tWo_2Gh.
Now, if we make the following changes
a & j+2
b & mn-—2
in (9.11)) we obtain
Wmn+j = Gmn71Wj+2 + (SGmn72 + tGmn73) WjJrl + tGmn72Wj~

(9.8)
(9.9)
(9.10)

(9.11)

To complete the proof, set W,, = G,, and W,, = H,, in the last identity, respectively. [

9.2 Simson Matrix and its Properties

For n € Z, we define
Wite Wopr Wy
fwn)=1 Woy1 W, W,
W, Wu_1 W2
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We call this matrix as Simson matrix of the sequence W,,. Similarly, as special cases of
W, Simson matrices of the sequences G,, and H,, are

Gn+2 Gn+1 Gn
fG(n) = Gn+1 Gn anl 5
Gn anl Gn72

and
Hn+2 Hn+1 Hn
fH(n) = Hn+1 Hn Hn—l P
Hn Hn—l Hn—2
respectively.

Lemma 56. For all integers n,m and j, the followings hold.

(@) fwn)=rfwrn—1)+sfw(n —2)+tfw(n —3).

(b) fw(n)=Afw(n—1) and fw(n) = A" fw (0), i.e.,

Wn+2 W7z+1 W, r s t Wn+1 W, W1
Wn+1 W, W1 = 1 00 W, Wio1 Wpoa
Wn anl Wn72 0 1 0 anl Wn72 Wn73
and
Wito Wpa W, ros ot Wy Wi Wo
Wppr W Wi =11 00 Wy Wy W_y
Wo Wao1 Wiho 01 0 Wo W_1 W_o

(c) fw(n+m)=A"fw(m) and fw(n+m)= A" fw(n) i.e.,

=

5

Wn+m+2 Wn+m+1 Wn+m S t Wm+2 Wm+1
Wn+m+1 Wner Wn+m71 = 1 0 0 Werl Wi W1
Wn+m Wn+m71 Wn+m72 10 Wm Wmfl Wm

o

and

<

Wm+n+2 Wm+n+1 Wm+n m t
Wm+n+1 Wm—i—n Wm+n—1 = 1 0 0 Wn+1 Wn
W7n+n Wm+n—1 W7n+n—2 1 0

==
D

e}
V]
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(d)

(e)

(f)

and fw(n) = A™ fiy(n —m), i.e.,

m

Wiso Wit Wi ros t Wimis Woomsr  Wam
Wysi W Waa |=] 10 0 Wiomet  Woem  Wiemet
W, W1 Wno 01 0 Wom Wit Wimo
N amn .
fw(mn+j) = A™ fw(j)
and
. 2 m .
fw(mn +j) = (Gn1A” + (sGp_2 + tGr_3)A + tGp_2I)™ f (j).
Wit Wiy W, Grn+1 sGn +tGr_1 tGn Wo Wa Wo
Whs1 Wh Whn-1 = Grn §Gn-1 +tGp_2 tGn_1 Wi Wo W
Wn  Wiow Wihoa Grno1 SGpn_2+tGn_3 tGp_2 Wo W_1 W_,
and
Wintm+2  Wngm+1 Whntm Gnt1 sGn +tGp_q tGn W42  Wmiti1 Wm
Whtm+1 Wytm Wptm—1 = Gn sGp_1 +tGp_2 tGp_ W41 Wm, Wim—1
Whtm Whtm—1 Wnim—2 Gn-1 sGp_2+tGy_3 tGy_o Wm Wm—1 Wm_2
and
Wn+2 Wn+1 Wn G7n+1 sGm + thzfl tGm Wn—7n+2 anmﬁ»l Wn—m
Wn+1 Wn Wn—1 = Gm sGyp—1 +tGm_2 tGm—1 Wn—m«i»l Wn—m Whn—m—1
Wn, Wp_1 Wnp_2 Gm—1  sGpm_2+tGp_3 tGpy_ o Whn—m Whnem—-1 Wn_m—2
Witz Wpi W, 1 ai; a2 a3 Wy Wi W
Wn+1 Wn Wn—l :7/\ (0) as1 Q22 Q23 W1 WO W_1
w
Wn Wn—l Wn_g as1 azz2 ass WO W_1 W_2
and
Whtmt+2 Wanimt1  Waym 1 ai1 @12 413 Wmt2 Wmia Wi
Whitm+1 Whtm Whitm—1 Aw (0) az1 a2 a3 Wi+ Wm Wm—1
w
Woitm  Wiim—1 Wpim—2 asz1  asz ass Wi Wmo1 W2
and
Wn+2 Wn+1 Whn 1 all ai2 ais Wn—m+2 Wn—m+1 Whn—m
Wit Whn Wh-1 Zm a21 a2 a23 Whn—m+1 Whn—m Whn—m-1
w
Wn anl Wn72 asi a3z2 as3 annL anmfl anmf2
where  ay1,as1,a31,a12, 022,032,013, G23,a33  and  Aw(0) are as in

Corollary (a) (in the last identity above, we replace n with m in

aii, azi, asi, 12, a22, a3z, @13, @23, Cl33)-
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(g)

bir b2 bi3 W Wy Wy
- W W ba1  baz  bos Wy Wy W_
2 et " b31 b3z b33 Wo W_1 W_y

Wn+1 Wy, W1 =
Wn anl Wn72

4r3t — r2s2 — 483 + 272 4+ 18rst

and
bir b1z bis Wiz Wiyt Wi
W W - ba1 bao  bos W+ Wi W1
s At ek bs1  b3a b33 W W1 Wm_o

Wn+m+1 Wn+m Wn+m—1
Wn+m Wn+m71 Wn+m72

473t — r2s2 — 483 4+ 2Tt2 + 18rst

and
bi1 b1z bis Wiemize Wiimpr Waim
W - W bo1  ba2  bos Wiem+1 Waem Wiom—a
2 e " b1 b3z bss Wi—m  Woem—1 Wa—m—2

Wit Wh Wh—1 =
Wn Wit Waoo

473t — r252 — 453 + 2Tt2 + 18rst

where b11,ba1, b31, bi2, bag, b3a, b3, bag, b3z are as in Corollary (b) (in the last
identity above, we replace n with m in by, ba1, b1, b2, bag, b3z, bis, bas, bss ).

Proof. (a) Use (L.1), i.e. W,, = rWy,_1 + sWy_o +tW,,_3.

(b) By using the definition of W, i.e., W, = rW,,_1 + sW,,_o + tW,,_3, we get

roos ot W1 Wn, W, 1
10 Wn Wp_1 Wp_2
0o 1 o w, Wy, o2 W,_3

n—1

(=}

Afw(n —1)

Wil +sWn +tWy 1 7Wn + Wy g +tWy 2 mWy g + Wy o +tW, 3
= Wrnt1 Wn W, _1
Wn, Whn—1 Wn—2

( Winta Wy Wn )

= W41 Wn Wn -1
Wn Wn—1 Wy —2
= fwn).

Now it follows that fy(n) = A™ fw (0).
(¢) By using (b) we get
fw(n+m) = A" fiy(0) = A"A™ fi (0) = A" fu (m).

By interchanging m and n in fyy(n + m) = A" fw(m), we get fw(n +m) =
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Then it follows that

fwn+m) = A"fw(m) e A" fw(n+m) = fw(m)
& A"fw(-m+n)=fw(n) & fwn)=A"fw(n —m).

(d) By using Theorem [51] (d), i.e.,
Gp 1A%+ (8Gp_o +tGp_3)A+1G, ol = A™
and the identity in , ie.,
Winn+j = Gmn—1Wito + (sGmn—2 + tGmn—3) Wjt1 + tGmn—2Wj,
we get

(C"Yn71142 + (SGn72 + th73)A + th72I)me (])

= A™fw(j)
Gt SGmn +1Gmn1 G Wisa Wi W,
= Gomn $SGmn-1 +tGmn_2 tGmn_1 Wit W; W;_1
Gmn,1 SGmn72 + tGmn,;), tGmn,Q Wj Wj,1 Wj,Q

Winntjtz  Wntitr  Wingj
= Wmn+j+1 Wmn+j Wanrjfl
Wmn+j Wmn+j—1 Wmn+j—2
fw(mn+ j).

Note that A™ fu(4) = fw(mn + j) also follows from the identity fu (n 4+ m) =
A" fyy (m) which is given in (c¢), by replacing n and m by mn and j respectively in
fwn+m)=A"fy (m).

(e) Use (b), (c) and Theorem [51| (a) which states that

n

s t Gn+1 sG, +tG,_q tG,
0 0 = Gn Sanl + th72 th,1
1 0 Gp_1 8Gp_o+tGh_3 tGnh_2

A =

S = 3

(f) Use (b), (c) and Corollary [52] (a).

(g) Use (b), (c¢) and Corollary [52| (b).
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Note that since

1
W_1 = ;(WQ — T’W1 — SVV())7
1
W_, = t—Q(—SWQ + (rs + )Wy + (52 — rt)Wp),
we get
Wy Wy Wo Wy Wi Wo
Wi WO W_1 = \4% Wo %(Wz —rWi — SW())
Wo W_1 W_o Wo %(Wg —rWi — SW()) t%(_SWQ + (TS =+ t)Wl + (82 — ’r't)Wo)

Taking the determinant of both sides of the identities given in Lemma we obtain

the following Theorem.
Theorem 57. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:
det(fw (n +m)) = t" det(fw(m)),

and
det(fw (n)) = t™ det(fw (n —m)),
i.e.,
Wn+m+2 Wn+m+1 Wn+m Wm+2 Wm+l Wm
Wn+m+1 Wner Wn+m71 =t" Werl Wm Wmfl 5
Wn+m Wnerfl Wn+m72 Wm Wmfl Wm72
and
Wn+2 Wn+1 Wn Wn7m+2 Wn7m+1 anm
WnJrl Wn anl =t Wn7m+1 anm anmfl
Wn Wn—l Wn—Q Wn—m Wn—m—l Wn—m—2

(b) (see Theorem[33) Simson’s (or Cassini’s) Identity:

det(fw (n)) = t" det(fw (0)),

i.e.,
Wogo Wppr W, Wy Wy Wy
Wn+1 W, Whot | = " Wi Wo W_4
Wn Wn— 1 Wn—2 WO w_ 1 W—2

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 1-120



66 Yiiksel Soykan

Proof. (a) Taking the determinant of both sides of the identities
fwn+m)=A"fi(m)
and
fw(n) = A™ fw (n —m)

which are given in Lemma [56| (¢), we get the required results.
)

(b) Take m = 0 in det(fw(n + m)) = t" det(fw(m)) in (a) or take the determinant of
both sides of the identity fu (n) = A™fu(0) which is given in Lemma [56 (b).
O

Remark 58. To prove the second matriz identity in Lemma (d), we used a consequence
(Comllary of Honsberger’s Identity (Theorem. However, firstly, the second matriz
identity in Lemma (d) can be proved by induction and then Honsberger’s Identity, i.e.,
Wm+n = WerQanl + Werl (SGn72 + th73) + thGn72
= WerQanl + (SWm+1 + th)Gn72 + th+1Gn737

can be obtained just comparing the linear combination of the 3rd row and 1st column

entries of the matrices.

From the last Theorem, we have the following Corollary which gives determinantal

formulas of (r, s, t)-Tribonacci polynomials (take W,, = G,, with Gy = 0,G1 =1,G2 = ).
Corollary 59. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:
det(fa(n+m)) = t" det(fg(m)),

and
det(fg(n)) = t™ det(fa(n —m)),
i.e.,
Gn+m+2 Gn+m+1 Gn—i—m Gm+2 Gm+1 Gm
Gn+m+1 Gn+m Gn+m71 =t" Gerl Gm Gmfl 5
Gn+m Gn+m71 Gn+m72 Gm Gmfl Gm72
and
Gn+2 GnJrl Gn anm+2 anm+1 anm
Gn+1 Gn Gn—l =t Gn—m+1 Gn—m Gn—m—l
Gn Gn—l Gn—2 Gn—m Gn—m—l Gn—m—Z
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(b) Simson’s (or Cassini’s) Identity:

det(fa(n)) = t" det(fc(0)),

i.e.,
Gnt2 Gpiy1 Gy
Gni1 Gn Gpa
G, Gpo1 Gp_o

715”71.

Taking W,, = H,, with Hy = 3, H; = r, Hy = 2s + r? in the last Theorem, we have
the following Corollary which gives determinantal formulas of (r, s, t)-Tribonacci-Lucas
polynomials.

Corollary 60. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:
det(frr(n + m)) = " det( for(m)),

and
det(fg(n)) =t"det(fu(n —m)),
i.e.,
Hn+m+2 Hn+m+1 Hn+m Hm+2 Hm+1 Hm
Hn+m+1 Hn+m Hn+m—1 =t" Herl Hm Hmfl 5
Hner Hnerfl Hn+m72 Hm Hmfl Hm72
and
Hn+2 Hn+1 Hn Hn—m+2 Hn—m+1 Hn—m
HnJrl H, H, , |= tm Hn7m+1 Hy, Hy,
Hn anl Hn72 anm anmfl Hn7m72

(b) Simson’s (or Cassini’s) Identity:
det(fr(n)) = " det(fu(0)),
i.e.,

Hn+2 Hn+1 Hn
Hpi1 H, H,_ |=(?s*+4s>—4r3t — 18rst — 27t*)t" 2
Hn Hn—l Hn—2
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10 The Sum Formula > ;_, Zkak+j of Generalized

Tribonacci Polynomials via Matrix Methods

In this section, we give the sum formula Y, _, 2*Wnk+; of generalized Tribonacci
polynomials via matrix methods. First, we need to present matrix notations to use linear

algebra (matrix) method. Suppose that M is a n x n matrix. Then
MAdj(M) = det(M)T

where [ is the identity matrix and Adj(M) is the adjugate of M. The adjugate or classical
adjoint of a square matrix M is the transpose of the matrix of cofactors of M. The i, j
cofactor M;; of M is the scalar (—=1)""7 det M (i|j), where M (i|j) denotes the matrix
that you obtain from M by removing the ith row and jth column. Since,

det(I — M)I = (I — M)Adj(I — M)
and

(Zn: Mk> (I—M)=(I—-M"H1
k=0

for any square matrix M, we get
n
(Z M’“) det(I — M) = (I — M™1)Adj(I — M). (10.1)
k=0
Note also that

Wire Wi W;

fw(i) = Wipn  W; Wi
Wi W1 Wi
Wiio Wit W;
= Wi W; Witz —rWips — sWj)
Wi Wiz —1Wis1 —sWj) g (=sWigz + (rs + )Wjg1 + (s° — rt)W;)
where
1
Wi = ;(ij — W1 — sWj)
1
W_o = t—Q(—stJrg + (rs + t)Wjg1 + (s* — rt)Wj).
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If
r s t "
M = zA"=z| 1 0 0
0 1 0
Gm+1 sG +tG—1 tGon,
= =z Gm SGm—l + tGm—Q tGm—l )
Gr-1 8Gm—2o +1tG—3 tGy_2
where
1
Gm-1 = g(Gm+2 - TGm+1 - SGm)v
1
G = t—Q(—sG"H_Q + (rs + t)Gmg1 + (52 = 11)Gp),
1
Gm—g = t—g((s2 — 1) Gya + (r%t — 182 — 5t)Grpr + (=83 + 12 + 2rst)G),

then we have

det(I — zA™) (Z zkAmk> = (I — 2" LA™ ™) Adj(T — zA™),
and then, since fy (mk + j7) = A™ fy,(j) by Lemma [56] (d), we get

det(I — zA™) <§n: 2k f (mk + j)) det(I — zA™) (Z zkAmk> ()

k=0
(I - Z71+1Am”+m)Adj( — ZAm)fW(])

10.1 The Sum Formula ZZ:O szmkﬂ- of Generalized Tribonacci
Polynomials in Terms of Generalized Tribonacci
Polynomials

By using Corollary (a), we can give the sum formula >, _, szmk+j of generalized
Tribonacci polynomials via matrix methods (in terms of elements of the sequence of

generalized Tribonacci polynomials).

Theorem 61. For all integers m and j, we have the following sum formulas.
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(a) If 23Ty + 2°To + 23 + Ty # 0 then

Z”+3@1 + Zn+2@2 + Zn+1@3 + 22@4 + 205 + B¢

k
Wnkti = 10.2
kZ:OZ ket Z3F1 + Z2F2 + ZF3 —|— F4 ( )

_ Ow (z)
Lw(2)
where
Ow(z) = 2"30; + 2" 20, + 2"T10O3 + 220, + 205 + O,
230 = 2P WWE o Wigmnte + (=Wipr + rWiH)W2 oWindmnt1 +

(~Wita + vWiga + sWi)W2  oWoimn + (=Wiga + sWi)W2 Wi ymni2 —
(t + TS)WJ'WSL+1WM+mn+1 + (SWj+2 - (t + TS)Wj-i-l - 32W7')W731+1Wm+mn -
tWrQnWj+1Wm+mn+2 + t(_Wj+2 + TWjJFl)WT%LW”LJanJFl - tQWjW%Wm—&-mn
(Wis1 + W)W oWo it Winpmnt2 + (Wiga — rWip )W o Wo Wi 42
(_SWj+1 + th)Wm+1Wme+mn+2 + (Wj+2 - TQWJ)Wm+2Wm+1Wm+mn+1
(=Wt + (2 + s)Wjip1 + W) WopaWoWingmni1 + (—sWja + (¢
rs)Wit1  —  rtWi)WotiWoWhtmnt1  +  mWitoaWhsa Wit o Wiimn
tWWos it WhngoaWehgmn —  7sWiWo i WhioaWingmn  — TQWj+1Wm+1Wm+2
Wingmn + tWis1 — W) WinsaWWonimn + t(Wjpa — Wi — 2sW))
Wm+1Wme+mn)7

220, = 2" P2 ((=WoWjpo+ (rWo—W1) W1+ CWa—r W) W) Wi aWontmn 2+
CWiWjpe + (sWo — W)Wt — (rWa + 2sWi + tWo)W;) ) Wi 1 Wingmn+2 +
(_WQWJ‘+2+(TWQ+SW1 +2tWO)Wj+1—tW1 Wj)Wme+mn+2+((TWO—Wl)Wj+2+
(2Wa —12Wo — sWo) W1 + (—2rWa + 12 W1 —tWo )W) W soWintmni1 + (= Wa +
SWo)Wiipo— (rsWo+tWo) W1+ (r2 Wa+2(t+rs) W1 +rtWo) W) )W 1 Wantmnt 1+
(rWa+ sWi + 2tWo)Wjia — (r*Wa + rsWy + 2rtWo + sWo + tW1 )W 1 + t(rWy —
WQ)Wj)Wme+mn+1 + ((2W2 — TWl)Wj+2 + (7‘2W1 —2rWs — tWO)Wj+1 —+ (’I“SWl —
25Wao — tWy + rtWo )W) )Wt oWontmn + (—(1Wa + 2sWy 4+ tWo)Wjpo + (r?Ws +
2(t + rs)Wi + rtWo)Wis1 + ((rs — )Wa + 28 Wy + 2stWo) W)W 1 Wongmn, +
t(7W1Wj+2 + (’I’Wl — WQ)Wj+1 + (’I’WQ + 28W1 + 2tW0)Wj)Wme+mn),

2Oy = 2 (WoWa — W2)Wj g+ (—tWE + Wy Wa — rWoWa — sWoW1) W1 +
(—W2 + sW2 + rWiWs + tWoW1) W) Wintmmsa + (—EWE + WiWs — rWoWs —
sWoW1)Wiiso+ (—WE+rtWi+ (r2+s)WoWa+ (t+1rs)WoW1) W1+ (rW3 — (rs+
t)W12 — r2WiWo + tWoWsy — rtWoW)W; ) Watmnt1 + ((—W22 + SW12 + rWi Wy +
tWoW1)Wso+ (rWi — (rs + )WE — 2 Wi Wo + tWoWa — rtWoW1 )W + (sW3 —
SPWE — 2WE + (t — rs)WiWo — rtWoWao — 2stWoW1 )W ) Wontmn )

o4+ +
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2’2@4 = 22((W0Wj+2 + (W1 - TWO)WjJ,_l + (WQ - ’I"Wl — SWQ)W]')W%_FQ + ((W2 —
sWo)Wigo+(tWo+rsWo) W1+ (82 Wo+(rs+t) Wi —sWa) W )W2  +t(Wi W10+
(Wo—rWh) W1 +tWoW; ) W2 +(—(W1+rWo)Wpo+ (r*Wo—Wa) W1 +(—rWa+
7'2W1 + (’I“S — t)Wo)Wj)Wm+1Wm+2 + ((TWl — WQ)WJ‘+2 + (TWQ - (S + TQ)Wl -
tWQ)Wj+1 +t(’l“W0 — Wl)Wj)Wm+2Wm + ((SW1 — tWo)Wj+2 + (SWQ — (7“5 +t)W1 +
rtWo)Wjsr + t(—Wa + Wi + 25Wo)W;) Wit Win),

205 = 2((WE = WoWo)Wjia+ (tWE — W1 Wo+rWoWa + sWoW1 )W + (—2W3 —
r2WE —trWg +3rWiWa + 2sWoWa + (2t — sr)YWoW1) W)W qo + (tWg — W1 Wa +
TWoWs + sWoW1)Wjta + (W3 — (12 + s)WoWa — (rs + )WoW1)Wsq + (rW3 —
2(t + rs)WE — 2stWg + (25 — r?)WiWo + (2t — rs)WoWa — (2s% + rt)WoW1)W;)
Wint1 + (WG — sWE —rWiWa — tWoW1)Wpo+ (—rW3 + (rs+ )W +r2 W, Wo —
tWoWs + rtWoW1)Wji1 + t(—rW3E — 2tW§ + 2W 1 Wa — rWoWa — 2sWoWh)W;)
W — rtWEW, 1 Wini1),

O = (W3 + (t +rs)W + 2W3 — 2rW W2 — sWoW2 + (r? — s)WEWy + (52 + rt)
WoWE + rtWigWs + 2stWEW7 + (rs — 3t)Wo W1 Wa) W,

and
FW(Z) = 23F1 + 22F2 + ZF3 + F47

2301 = 23(—tm (W5 + (t +rs)WP + 2W3 + (r2 — s)WEWs — 2rW W3 — sWo W3 +
TtWOzWQ + (82 + Tt)W0W12 + QStW(?Wl + (7‘8 — 3t)WOW1W2)),

22F2 = 22((3W2 — 27"W1 — SW())WEHJFQ + ((T2 — S)WQ + (37”'8 + St)Wl + (82 + Tt)W())
W2 .1+ trWs + 2sWy + 3tWo)W2 + (—4rWs + 2(r2 — s)Wy + (rs — 3t)Wp)
Wina2Wma1 + (=2sWa + (rs — 3t)Wq + 2rtWo) W oWy, + ((rs — 3t)Wa + 2(s? +
’I"t)Wl + 4StWO)Wm+1 Wm),

ZFg = Z((73W22+(57T2)W12*t’f’WOZ+4T’W1W2+2SW0W2+(3t*ST)W0W1)Wm+2+
(2rW3 — (3rs+3t) W32 —2stWe + (25 —2r2) W1 Wa + (3t —1s) W Wa —2(s2 +1rt) Wo W)
Wm+1 + (SW22 — (82 + Tt)WIQ — 3t2W02 + (?)t — 'I"S)W1W2 — 2TtWOW2 — 4StWOW1)
Win),

Ty = W5+ (t+rs)We+ 2We — 20Wi W3 + (r2 — s)WEWs — sWoW3 + (s +
Tt)W0W12 + TtWO2W2 + QStWOZI/Vl + (7’8 — 3t)WOW1W2.

(b) If 23Ty + 22Ty + 23 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with
u#0anda#b#c, ie,z=aorz=>borz=c then

i W (n+3)2"201 + (n+2)2"1 0y + (n +1)2"03 + 220, + 65.
e + 3221 + 2205 + T3
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(c) If 23Ty + 2%To + 23 + Ty = u(z — a)?(z — b) = 0 for some u,a,b € C with u # 0 and

a#b,ie,z=aorz=>bthen for z=a we get

zn: Wi = (n+3)(n+2)2""10; + (n+2)(n+1)2"Oz + (n + 1)nz""103 + 20,
k=0 ! 62F1 + 2P2 ’

and for z = b we get

z": HW (n+3)2""201 + (n +2)2" 1Oy + (n + 1)2"O3 + 2204 + O
e 322y + 220 4+ I's '

(d) If 2Ty + 22Ty + 23 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., z = a,
then

i Wi s = m+3)(n+2)(n+1)z"01 + (n+ 2)(n + D)nz""102 + (n + )n(n — 1)2" 203
mk+j = .
6I'1
k=0

Proof. (a) We set

G7n+1 SG’H’L + tG’m—l tGm
M = zA" =2 G $SGp—1 +tGp—a tG_1
Gmfl SGm72 + tGmfiS tGm72

1 ailp a2 ais
ZX = az1 Q22 Q23
Aw(0)

az1 asz2 ass

in (10.1)), where a1y, as1, as1, a12, a2z, asz, a13, azs, ass and Ay (0) are as in Corollary
(a) (by replacing n with m in ay1, a1, asi, a12, a2, asa, a13, a3, ass). Also, use

the identities

Wm+3 = erJrQ + SWerl + th7
1
Wmfl - ;(Wm+2 - TWerl - SWm)a
1
Wipea = t—Q(—sz+2 + (rs +t)Wig1 + (s2 —rt) W),
Wipes = t—B((s2 — ) Wingo + (1%t — s — st) Wiy + (=5 + 12 + 2rst) W),

in the formula of A™ and as well as in ai1, a1, as1, a12, a2, asse, a3, a3, ass. After

some calculations, we see that

det(I — zA™) — ﬁ(mfw(z) -

3T T s +T
AW(O)(Z 1+ 219+ 213+ 4)
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and the 3rd row and 1st column entry of matrix (I—2z" LA™ ™) Adj(I—2A™) fw ()

is equal to

1
Aw (0)

where Ty (2) = 2301 + 22Ty + 203 + Ty, 23T, 2%T'g, 2'3, Ty, and Oy (2) = 2730, +
2209 + 2" O3 + 2204 + 205 + O, 27304, 2" T20,, 277103, 220y, 205, O, are
as in the statement of (a) of Theorem.

Note that, since det(I — zA™) (Y p_, 2" fw (mk + j) = (I — 2" A™ ™) Adj(I —
zA™) fw (j), i.e., matrices over the either side is equal, the 3rd row and 1st column
entry of matrix of matrix det(! — zA™)(X}_, 2" fw (mk + j)) is equal to the 3rd
row and 1st column entry of matrix (I — 2" LA™ T™) Adj(I — 2A™) fw (5). So, to
complete the proof, we will just compare the linear combination of the 3rd row and
1st column entries of the matrices. Then, we get

(Zn+3@1 + Zn+2@2 + Zn+1@3 + 22@4 + 205 + @6)

1 1

n
(Z3F1+22F2+ZF3+F4) Z Zkak+j (Zn+3@1+2n+2®2+zn+1@3+22®4+z®5+@6)

Aw (0) = ~ Aw(0)
and so
z": Sy 01 4 2m120, 4 2710, + 2704 + 265 + O
k=0 mh 2301 + 22T + 23 + Ty
_ Sw(?)
Tw(z)

(b) We use (10.2)). For z = a or z = b or z = ¢, the right hand side of the above sum
formula (|10.2) is an indeterminate form. Now, we can use L’Hospital rule. Then
we get (b) by using

zn: k7 d%(z’”?’@l + Zn+2®2 + Zn+1@3 + 2’294 + 205 + @6)
a
k=0 b d%(z?’E + Z2F2 + ZF3 + F4)

z=a

 (n+3)2"201 + (n+2)2" T Os 4 (n + 1)2"O3 + 220, + O3

N 3221 + 2205 + I3 )
i PW. = (n+3)2" 201 + (n +2)2"" Oy + (n +1)2"O3 + 2204 + O3
A 3220 + 2215 + '3 )
z": N U 3)2"120; + (n 4 2)2" 10y + (n +1)2"O3 + 2204 + O5
A 3220 + 2215 + '3 .

(c) We use (10.2). For z = a and z = b, the right hand side of the above sum formula
110.2)) is an indeterminate form. Now, we can use L’Hospital rule (two times). Then
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we get (c) by using

zn: kW, & (27430, + 27120, 4 2105 + 2204 + 205 + O)
a" Wy, = ‘ ’
2 L (23T + 22T + 213 + T4) i—a
and
i bW, A (24301 + 2720, + 2" 105 + 2204 + 205 + O)
k =
2 A (23T + 22T + 203 + [y) 2=b

(d) We use (10.2)). For z = a , the right hand side of the above sum formula ([10.2)) is an
indeterminate form. Now, we can use L’Hospital rule (three times). Then we get

(d) by using

z": - L (20430, + 27120, 4 2105 + 2204 + 205 + O)
a k= ;
= L (2371 + 22T + 215 +T'y) .

Note that from Theorem [61] (a) we see that

'y = Aw(0),
©¢ = TuW; =Aw(0)W;,
Iy = —t"Ty=—-t"Aw(0),

where Ay (0) is given in (4.2).
Now, we consider special cases of Theorem

Theorem 62. We have the following sum formulas.
(a) (m=1,j=0).
(i) If 22(—t) + 22(=1)s + 2(=1)r + 1 # 0 then

- )
kW — 1
,;Z FTBE0 + 2(— s+ 2(D)r + 1

where
0 = zn+3(_1)th 4 2" t2 (’I“WnJrl — Wn+2) 4z (—1)Wn+1 + 2’2(W2 —rWi —
sWo) + z(Wy — riVy) + Wh.
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(i) If23(=t)+22(=1)s+2(=1)r+1 = u(z—a)(z—b)(2—c) = 0 for some u,a,b,c € C

(iii)

(iv)

(b) (m =

withu#0 anda #b#c, i.e., z=a orz=>b or z=c then

" Q
k _ 2
I;OZ W = s T 205 + (<)

where

Qo = (n+3)2" P2 (= )tW,,+(n+2) 2" (r W, 1 — Wi o)+ (n+1)2" (= 1) W, 1 +
22(Wy — Wy — sWy) + (W1 — rWy).

If 23(=t) + 22(=1)s + z(=1)r + 1 = u(z — a)*(z — b) = 0 for some u,a,b € C
with uw #0 and a # b, i.e., z=a or z = b then for z = a we get

& Q3
ZZW’“ o+ 2(-1)s

where
Q3 =n+3)(n+2)2" T (=DtW,, + (n+2)(n+ 1) 2" (W1 — Wyio) + (n +
Dz (= 1) Wiy + 2(Wa — 1 Wy — sWp)

and for z = b we get

n i B Q4
IR ve s ey sy e

k=0
where
Q= (n+3)2" P2 (= 1)tW, 4+ (n+2) 2" (r W1 = Wyio)+(n+1) 2" (= 1) W1 +
22(Wo — Wy — sWy) + (W7 — rWh).

If 23(=t)+22(=D)s+z(-=D)r+1=u(z—a)® = 0 for some u,a € C with u # 0,

i.e., z = a, then
- Q
Z kW, 5
=
k=0

where
Qs = (n+3)(n+2)(n+1)2"(—=1)tW,+ (n+2)(n+ 1)nz" "L (rWyp1 — Wyio) +
(n+Dn(n —1)2""2(=1)Wyy1.

2,7 =0).

(1) If 23(—t%) + 22 (—2rt + s*) + 2(—=1)(2s + %) + 1 # 0 then

szW i
TSR (2t + ) + 2(—1)(2s +12) + 1
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where

Ql = Zn+3(71)t2W2n + Zn+2(SW2n+2 — (’]"8 —+ t)WQnJrl — TtWQn) +
2T (1) Wap o+ 22 (—sWa+ (t+18) W1 + (82 —rt) W) +2(Wa — (r? +25) W) +
Wo.

(i) If 23(—t?) + 22 (—2rt+ s*) +2(—1)(2s+7r*) + 1 =u(z —a)(z = b)(z —¢) = 0 for

(iii)

(iv)

some u,a,b,c € C withu #0 anda #b#c, i.e., z=a or z=">b or z = c then

n
ZZkW% = i,
pre 322(—12) 4+ 2z(—2rt + s2) + (—1)(2s +12)

where

Qo = (n+3)2"T2(=1)t2Wo, + (n+2)2" T (sWapio — (rs+1)Wop 1 —1tWay,) +
(n+1)2"(=1)Wapq2+22(—sWat (t+r8) Wi+ (82 —rt)Wo) +(Wa— (12 +25)Wp).
If 23(—t?)+ 22 (=2rt+ 52+ 2(=1)(2s +72) +1 = u(z —a)?(2 — b) = 0 for some
u,a,b € C withu#0 and a # b, i.e., z=a or z =10 then for z = a we get

- Q

E: kY. 3
=
kZOZ T 62(—2) + 2(—2rt + 52)

where

Q3 = (n+3)(n+2)2"TH(=1)2Wa, + (n+2)(n+1)2" (s Wapyo — (rs+1)Wap 11 —
rtWay) + (n + 1)nz" "1 (=1)Wapyo + 2(—sWa + (t + rs) Wy + (5% — rt)Wy)
and for z = b we get

isz = Qy
2 2k 322(—t2) 4 22(—2rt + s2) + (—1)(2s + r?)

where

Q= (n+3)2"T2(=1)2Way, + (n+2)2" T (sWapto — (rs+t)Wap 1 —rtWay, ) +
(n+1)2"(=1)Wapyo+22(—sWa+ (t+rs) Wi+ (s2—rt)Wo) +(Wa— (12 +25)Wp).
If 23(—t%) + 22(=2rt + s%) + 2(=1)(2s + %) + 1 = u(z — a)® = 0 for some
u,a € C with u # 0, i.e., z = a, then

- Q
k 5
Wap =
Z R T )
k=0

where
Qs = (n+3)(n+2)(n+1)2"(=1)t2Wap, + (n+2)(n+ 1)n2""1 (sWap 0 — (rs+
OWani1 — 1tWay) + (n+ Dn(n — 1)2""2(=1)Wapya.
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(¢) (m=2,j=1).
(1) If 23(=t%) + 22(=2rt + s%) + 2(=1)(2s + %) + 1 # 0 then

zn:sz = 0
i 2k+1 23(—t2) + 22(—27“t + 82) =+ Z(—l)(Qs T 7’2) T

where
D = 2"~ t2Wapa1) + 22 (—tWapio + (82 — 1) Wapyr + stWay,) +
2 (1) (rWapgo + sWani1 + tWay,) + 22t (W — r Wy — sWo) + 2(rWy — (12 +
s)Wy +tWy) + Wi

(ii) If 23(=t2) + 22 (=2rt+s%) + 2(=1)(2s +72) +1 = u(z —a)(z = b)(z — ¢) = 0 for
some u,a,b,c € C withu #0 anda #b#c, i.e., z=a or z=">b or z = c then

szwzkﬂ = L
pard 322(—12) 4+ 2z(—2rt + s2) + (—1)(2s +12)

where
Qo = (n+ 3)2"P2(—t2Wani1) + (n + 2)2" T (—tWap o + (82 — rt)Wopi1 +
stWap) + (n+1)2"(=1) (1 Wapio + sWapi1 + tWayp,) + 226(Wo — rWy — sWy) +
(rWa — (12 + )Wy + tWp).

(i) If 23(—t2)+ 22(=2rt+s2) +2(—1)(25s+7?) +1 = u(z —a)?(z — b) = 0 for some
u,a,b € C withu #0 and a # b, i.e., z=a or z =10 then for z = a we get

- Q
k 3
E 1% =
= M 62(—t2) + 2(—2rt + s?)

where

Q3 = (n+3)(n + 2)2" " (—2Woni1) + (n + 2)(n + 1)2"(—tWapyo + (82 —
Tt)W2n+1 =+ Sthn) + (n + 1)n2"_1(—1)(rW2n+2 + SW2n+1 =+ tWQn) + 2t(W2 —
TWl — SW())

and for z = b we get

ZZkW2k+1 = L
prd 322(—12) + 2z(—2rt + s2) + (—1)(2s +12)

where

Q= (n+ 3)2" P2 (=t Wani1) + (n + 2)2" T (—tWap o + (82 — rt)Wopiy +
stWap) + (n+1)2" (1) (rWapio + sWapi1 + tWayp,) + 228(Wo — rWy — sWy) +
(rWa — (12 + s)Wy + tWp).
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(iv) If 23(—t?) + 22(=2rt + 8?) + 2(=1)(2s + ?) + 1 = u(z — a)® = 0 for some
u,a € C with u # 0, i.e., z = a, then
- Q
k 5
ZZ Woks1 = — o~
k=0 6(~2%)
where
Q5= (n+3)(n+2)(n+1)2"(=t2Wapy1) + (n + 2)(n + D)nz"" L (—tWa, 40 +
(52 77‘t)WQn+1+StWQn)+(n+1)n(nf1)2“72(71)(TWQn+2+SW2n+1 +tW2n).
(d) (m=-1,=0).

(i) If 23(=1) + 2%r + 2s + t # 0 then

- Q
k 1
W_. =
Zz F 23(=1) 4+ 22r+zs+t
where
O = 2" (=)W + 2" P2 (W = W 1) + 2" (1) (W e — 7 W1 —
SW_p) 4+ 22Wy + 2(Wy — rWy) + tWy.

(i) If22(-1)+2%r+zs+t =u(z —a)(z —b)(z —c¢) = 0 for some u,a,b,c € C with

(iii)

u#0anda#b#c,ie,z=ao0rz=>borz=cthen

= Q
Z kY 2
_ =
k:oz F 322(—=1) 4+ 2zr +s

where

Q = (n+ 3" P(=DWop + (n + 22" Wy — Woppn) + (n +
D2"(=1)(W_pyo — Wy — sW_p) + 22W1 + (Wo — rW7).

If 23(=1)+ 2%r+ zs +t = u(z — a)*(z — b) = 0 for some u,a,b € C with u # 0

and a # b, i.e., z =a or z = b then for z = a we get

" 0
k o 3
kZ:OZ Wer = G v

where

Q3=n+3)(n+2) 2" (-DW_, +(n+2)(n+1)2"(rW_,, = W_11) + (n+
Dnz"" Y (=1)(W_,0 —W_pi1 — sW_,) + 2W;
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(iv)

(e) (m=

and for z = b we get

- Q
k 4
W_y =
kZ:OZ F 322(=1) 4+ 2zr+s

QY = 0+ 3)2"P2(-1)W_, + (n + 22" W_,, — W_,11) + (n +
1)2"(—1)(W_n+2 —rW_p41 — SW_n) + 2z2W1 + <W2 — ’I“Wl).

If 22(=1) + 2%r + 2zs +t = u(z — a)® = 0 for some u,a € C with u # 0, i.e.,

z = a, then

" Q
Z kyy 5
k=0

where
Q5 = (n+3)(n+2)(n+1)2"(=1)W_,, +(n+2)(n+1)nz""t(rW_,, —W_,,11) +
(n+1)n(n—1)z2""2(=1)(W_,y0 —rW_, 11 — sW_,,).

—2,j=0).

(i) If 23(—=1) 4 22(r? + 25) 4+ z(2rt — s2) + t2 # 0 then

(ii)

ZZ’“W,% = fh
— 23(=1) + 22(r2 4+ 2s) + z(2rt — s2) + ¢2

where
O = 2" (=1)W_g, + 2" T2 (1) (=sW_op, + (t +18)W_op 1 + 1tW_o, o) +
Z"+1(—1)t2W_2n_2 + 22W2 + Z(—SWQ + (t + TS)Wl + TtWo) + t2W0.

If 23(=1) + 22(r? + 25) + 2(2rt — s2) + t?=u(z — a)(z — b)(z — ¢) = 0 for some
u,a,b,c € Cwithu#0 and a #£b#c, i.e., z=a or z =0 or z = c then

- Q

§ : k”r 2
_ =
k:Oz 2k 322(—1) + 22(r2 + 2s) + (2rt — s?)

where
Qo = (n+3)2"2(=1)W_g,, + (n+2)2" 1 (=1)(=sW_g, + (t +78)W_o,, 1 +
TtW_op_2) + (n+1)2"(=1)t2W_o, o + 2:Wa + (—sWo + (t +78) W1 + rtWp).
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(iii)

(iv)

If 23(=1) + 22(r? + 2s) + 2(2rt — s*) + t*= u(z — a)?*(z — b) = 0 for some

u,a,b € C withu #0 and a # b, i.e., z=a or z =0b then for z = a we get

u Q
k o 3
kZ:OZ Woae = 62(—1) + 2(r2 + 2s)

where

Q3 = (n+3)(n+2)2"TH=1D)W_o, + (n+2)(n + 1)2"(=1)(=sW_o, + (t +
r8)W_op_1 + 1tW_o,_2) + (n+ 1)nz""H(=1)t>W_g,_o + 2W>

and for z = b we get

n Q
x _ 4
2 W = e B )

where
Q= (n+3)2""2(=1)W_a, + (n+2)2" 1 (=1)(=sW_g, + (t +78)W_2,_1 +
TtW,Qn,Q) + (n + ].)Zn(—].)tQW,Qn,Q +22Ws + (_SWQ + (t + TS)Wl + T‘tVV()).

If 23(=1) + 22(r? + 2s) + 2(2rt — %) + t2= u(z — a)® = 0 for some u,a € C

with uw # 0, i.e., z = a, then

n Qr
k o
E z W,Qk =
k=0 6(-1)

where
Qs =n+3)(n+2)(n+1)z"(—1)W_gp, + (n+2)(n+ 1)nz""1(—=1)(—sW_ap, +
(t+78)W_op_1 +1tW_o9, 2) + (n+ Dn(n — 1)2"2(=1)t2W_o,_».

) (m=-2,7=1).

(1) If 23(=1) 4 22(r? + 25) 4+ z(2rt — s2) + t* # 0 then

L™ T T A1) + 2207 4 25) + 2(2rt — 87) + £2

where

D o= 2"P3(=1)(sWeogno1 + tW_opo + 1W_g,) + 2"T2(—tW_g, + (s* —
TW_gn_14+8tW_o, o)+ 2" T (=1)t2W_o,_1 + 22 (rWa+sWi +tWy) + 2 (tWa+
(rt — s> )Wy — stWp) + t2W7.
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(i) If 23(—=1) + 22(r* +25) + 2(2rt — s*) + t* = u(z — a) (2 — b)(z — ¢) = 0 for some

u,a,b,c € Cwithu#0 and a #£b+#c, i.e., z=a or z="0 or z = c then

Z KW g1 = L
— 322(—1) + 22(r2 + 2s) + (2rt — s?)

where

Oy = (n—|— 3)Zn+2(—1)(8W,2n,1 +tW_o9p—_o -‘r’I"W,Qn) + (n—|— 2)2n+1 (—tW,Qn +
(82 — ’I“t)W_Qn_l + StW_Qn_Q) + (n + 1)2"(—1)t2W_2n_1 + 2Z(’I“W2 + sWi +
tWo) + (tWQ + (T‘t - 52)W1 - StWO)

(iii) If 23(=1) + 22(r® + 2s) + 2(2rt — s%) + t2 = u(z — a)*(z — b) = 0 for some

(iv)

u,a,b € C withu #0 and a # b, i.e., z=a or z =0b then for z = a we get

" Q
k o 3
kZ:OZ Wezer1 = 62(—1) + 2(r2 + 2s)

where

Qs = (n+3)(n+2)2" T (=1)(sW_gp_1 + tW_9p_2 +7W_2,) + (n + 2)(n +
1)2”(—tW,2n + (82 — Tt)W,anl + StW,Qn,Q) + (n + 1)nz"*1(—1)t2W,2n,1 +
2(rWy + sWy + tWO)

and for z = b we get

n
Q
k 4
Z 2°W_opy1 =
k=0

322(—1) 4+ 22(r? + 2s) + (2rt — s2)

where

Q= (n+3)2"2(=1)(sW_gp_1 +tW_g, o +1W_o,)+ (n+2)2"TH(—tW_o, +
(82 —rt)W_opn_1 + stW_o,_2) + (n + 1)2" (= 1)t?W_gp,_1 + 22(rWo + sW7 +
tWo) + (tWa + (1t — s2)W; — stWy).

If 23(=1) + 22(r? 4+ 2s) + 2(2rt — %) + t2 = u(z — a)® = 0 for some u,a € C
with u # 0, i.e., z = a, then

- Q
D Woziepr = 6(_51)
k=0

where

Qs = (n+3)(n+2)(n+ 1)2"(—=1)(sW_ap—1 + tW_g,_2 +17W_9,) + (n +
2)(n + Dnz""H(—tW_g, + (s> — 1t)W_2,_1 + stW_9,2) + (n + 1)n(n —
1)z"‘2(—1)t2W_2n_1.
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10.2 The Sum Formula ) ), z*W,;;; of Generalized Tribonacci
Polynomials in Terms of Generalized Tribonacci
Polynomials and (r, s, t)-Tribonacci Polynomials

By using Theorem (a), we can give the sum formula Y";'_; 2*W,,4; of generalized
Tribonacci polynomials via matrix methods (in terms of elements of the sequence of

generalized Tribonacci polynomials and (r, s, t)-Tribonacci polynomials).

Theorem 63. For all integers m and j, we have the following sum formulas.

(a) If 23Ty + 22Ty + 23 + Ty # 0 then

n n+3® n+2® n+1@ 2@ ) (e
szka—i-j _ 2 1+2 2+ 2 3+ 2704 + 205 + Og (10.3)
0 Z3F1 + Z2F2 + ZFg + F4

_ 9a(2)
La(z)

where

@G(Z) = Zn+3@1 + Zn+2@2 + Zn+1®3 + 2’2@4 + 205 + Og,

Zn+3@1 = Zn+3((—WjG$n+2 + (—Wj+2 + SWj)G?n_‘_l — th+1G3n + (Wj+1 + ’I“Wj)
Gm+2Gm+s1 + Wigo — rWit1)Grms2Go + (—sWip1 +tW;) Gt 1Gm) Gt mnt2 +
(W1 +1W))Gh g — (E+18)W;Gh g + (=W + 1 W1 Gh + (Wi — 72 W)
Gm2Gmi1+ (—TWj+2 + (7“2 + S)Wj+1 +th)Gm+QGm + (—SWj+2 + (t+T8)Wj+1 —
1tW;) Gt 1Gn) Grnpmns 1+ (= W2 Wi 1 +5W5) G2, o H(sWio—(t4Hr8) Wi —
SQW]‘)G%H_l — thQng + (Wj+2’/‘ — ’I"QW]‘_H + (t — TS)Wj)Gq;L+2Gm+1 + t(Wj+1 —
TWj)Gm+2Gm + t(Wj+2 — TWj+1 — QSWj)Gm+1Gm)Gm+nLn),

220y = 2P(((rWy — Wit1)Grga + @Wjpo — Wi — (7% + 25)W;) Gt +
(=rWita+ (r? + 8)Wjp1 —tW;)Gm) Grgmnt2 + ((2rWis1 — Wjgo —12W;)Grnga +
(=rWita + (r® + 2t + 2rs)W;)Gy1 + ((r? 4+ s)Wjgo — (r® + 2rs + t)W;1)Gr)
Grmnt1 + (1 Wiga = Wips — (rs + )W) Grnso + (= (r? +28)Wjpa + (r® + 2rs +
2t)Wj+1 + (1"25 + 2¢% — Tt)Wj)G7n+1 + ZSthGm — tGij+2 + TZthGm)Gm+mn),
Zn+1®3 = Zn+1((*Wj+2 + TWj+1 + SWj)Gm+mn+2 + (TWJ'+2 — 7’2Wj+1 — (’I’S +
t)Wj)Gm+mn+1 + (SWj+2 - (TS + t)WjJrl - (32 - Tt)Wj)Gm+mn)7

22@4 = 22(G2,1+2Wj+1 + (T‘Wj+2 + th)G72n+1 + tGTQnWjJrg — (TWj+1 +
Wit2)Gmi1Gmya — (sWi1 +tW;)GrnGrga + (sWiga — tW;411) G Grntr),

205 = 2(Wjy2 = 7Wj1)Gmya + (= Wjpa + 72 W1 — 2tW;) g1 + (—sWjg2 +
(th_H + TSWj+1) + Tth)Gm),
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C—
and

Lg(z) =T1(2) 4+ Ta(2) + I's(z) + Ta(2),
220 = 23(—tm+1),

22Ty = 22(rG?, o + (r* 4+ 2rs + 3t)G2, + (r?t + 2st)G2, — 2(r* + 8)Gms1Gmy2 —
(rs + 3t) G Gya + (125 + 252 — 1) G Gong1),

23 = 2(8Gmi2 — (rs + 3t)Gry1 + (2rt — 82)G),
T, =t

(b) If 2°T1 + 22T + 23 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with

u#0anda#b#c, ie, z=aorz=>borz=c then

zn: szmH' _ (n+3)2"*201 + (n+ 2)2"+ 10, + (n + 1)2"03 + 2204 + @5.
k=0 ! 3221 + 225 + Iy

(c) If 2Ty + 2°Ta + 23 + 'y = u(z — a)*(z — b) = 0 for some u,a,b € C with u # 0 and
a#b,i.e,z=aorz=>bthen for z =a we get

zn: FW L (n43)(n+2)2""01 + (n+2)(n+1)2"02 + (n + 1)nz""'O3 + 20,
L™ Tmhtd 6211 + 2T2 ’

and for z = b we get

zn: KW = (n+3)2""201 + (n +2)2" 1Oy + (n + 1)2"O3 + 220, + @5’
e 3221 + 2215 + '3

(d) If 23Ty + 2°To + 23 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., z = a,

then
i S _ (n+3)(n+2)(n+1)z"01 + (n+2)(n+ Dnz""'02 + (n+ L)n(n — 1)2" 203
mk+j — .
6I'1
k=0

Proof. We only prove (a). The proof of (b), (c) and (d) are as in Theorem [61] (b), (c) and
(d), respectively.
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Proof of (a). We use the same method as in Theorem [61| by setting

Gm+1 sG +1tGm—1 tGo,
M = zA™ ==z G, SGm—1 +tGm—2 tGp_1
Gm—l 5Gm—2 + tGm—3 tGm—2

Gerl Gm+2 - TGm+1 tGm
= z Gm Gmi1 —7rGm Goyo — Gy — 171Gt
€31 €39 €33
in (10.1), by using
1
Gm—l = ;(Gm+2 - TGm+1 — SGm),
1
Gp—o = ﬁ(—$G7yl+2 + (rs +t)Gmg1 + (82 = 1)Gp),
Gy = (82— 1)Gss + (12— 18% — s)Grnss + (—8% + 12 + 2r5)Gn)
m-3 = 3 §° = 1t)Gpya + (1t —rs® — st) G4 —s rst)Gp,),
where
1
€31 = _2 (SGm - Gm+2 + TGm—i—l) y
1
e = < (tGm + 1° G — 1Grg2 + 175G,
1
€33 = E ( 2Gm — SGm+2 + tGm+1 —rtG, + TSGm+1) .
Then we get
fir fiz fi3
I—2zA" = for fo2  fo3
fa1 fa2 f33
where
fii = *(ZGm-H - 1)7
fo1 = —2Gp,

fa1 = Zt_l(—Gm+2 + rGmy1 + $Gm),

fi2 = Z(—Gm+2 + TGm+1)7

foo = —2G 41 + 172G, + 1,

fao =2t (rGrso — 12Gi1 — (t+78)G),

fiz3 = —t2Gp,,

foz = Z(—Gm+2 + 7Gmt1 + SGm),

faz3 =t (s2G a2 — 2(t +78)G g1 + 2(rt — 8%)Gp, + 1).
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After some calculations, we see that

det(I — zA™) = %(23(4?,&2 (1) Gy — 2GR, 4 2 Gy 1 GPrrs + 5GnC

—(r® = 8)Gmi2Gon i1 — (1t + 82)GnGoy iy — 171Gy Grnga — 251G Grng
+(3t = 18)Gm+2Gm+1Gm)

+22(rG2, o + (r° + 2rs 4+ 3t)Go iy + (r°t 4 25t)G2, — 2(1° + 8)Gont1 G2
—(rs + 3t)GmGmy2 + (r2$ +252 — 7t)GmGm+1)

+2(sGmia — (15 4 3t)Gmsr + (2t — 57)Gon) + 1).

Since

—G L, — (t+78)GE ) —12GE + 2rGn1G2 Ly + 8GRGE Ly — (17 — 8)Gny2G2 4

—(rt + s*)GGoy — 1tG2Gryo — 25tGoGrgr + (3t — r8)Gpy2Gny1Gr
_ _tm-&-l,

see (4.4)), it follows that

det(I — zA™) = (")
+2°(rG o + (r® + 2rs + 3t) Gy + (Pt + 2s)GY,
—2(r® + 8)Gmi1Gmra — (rs 4 3)GmGmio + (s + 25> — 1) GnGmi1)
+2(8Gm+2 — (rs + 3t)Gmsr + (2rt — 7)Gim) + 1)

1 1 -
= zl"g(z) = ¥(23F1 +2°T2 + 203 +T4)

where Ty (2) = 23Ty + 22Tg + 23 + [y, 23Ty, 22T, 23, T are as in the statement of (a)
of Theorem.
The 3rd row and 1st column entry of matrix (I — 2" A™" ™) Adj(I — zA™) fw (j) is

equal to

1
;(z"”’@l + 220, + 2" O5 + 220, + 205 + Og)

where O (2) = 2"T30, 4+ 2"T20, + 2"Hles + 2204 + 205 +
g, 2" 1301, 271204, 2" 7103, 220, 205, O, are as in the statement of (a) of Theorem.
Note that, since det(I — zA™)(>p_y 2" fw (mk + j) = (I — 2" LA™ ™) Adj(T —
zA™) fw (j), i.e., matrices over the either side is equal, the 3rd row and 1st column entry
of matrix of matrix det(I — zA™) (Y y_, 2" fw (mk + j)) is equal to the 3rd row and 1st
column entry of matrix (I — 2" Tt A™ ™) Adj(I — 2A™) fw (§). So, to complete the proof,
we will just compare the linear combination of the 3rd row and 1st column entries of the
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matrices. Then, we get

1 u 1
E(zBFl +22F2+2’F3+F4) Z Zkak+j = ;(Zn+3@1 —|—z"+2@2+z"+163+22®4+z@5+®6)
k=0

and so

zn: X 2"30; + 2" 204 + 2" T1O4 + 2204 + 205 + O
P mk-+ 230 + 22T + 25 + Ty

Now, we consider special cases of Theorem [63}
Theorem 64. We have the following sum formulas.
(a) (m=1,j=0).

(i) If 22(=1)t + 2%(=s) + 2(—7) + 1 £ 0 then

- Q)
k _ 1
;{Z Ve S 2 F A 4 1

where

Q1 = 2" 3 ((=Wo + Wy + sWo)Graa + (rWe — r2Wy — (rs + t)Wo)Gra1 +

(sWo = (rs + )Wy + (rt — s2)Wo)Gr) + 2" T2((=Wi + 1Wy)Grpa — (Wa —

2rW1+12Wo) Gyt +(rWo—12W1 — (rs+t)Wo) Gy )+ 2" TH(=Wo G o+ (— W1 +

TWo)Gri1+(—WatrWi+sWo)Gp)+22(Wo—1r Wi —sWo)+2(W1 —rWo) +W.
(i) If 22(=1)t+2%(=s)+2(—r)+1 = u(z—a)(z—b)(2—c) = 0 for some u,a,b,c € C

withu #0 anda#b#c, i.e., z=a or z=05b or z = c then

n B QQ
kZ:OZkW’“ T 32(—1)t + 22(—s) + (1)

where

Qo = (n+3) 2" 2((—Wo+rWi+5Wo)Gpio+ (rWo —r2 Wi — (rs+1)Wo)Gry1 +
(sWa— (rs+t)W1+ (rt —s2)Wo)Gp) + (n+2)2" (= W1 +1Wo)Gppa — (Wa —
2rW1 +12Wo)Gri1 + (rWa —r2Wy — (rs+ )W) Gn) + (n+ 1) 2" (= WoGhpyo +
(—=Wi+rWo) G H(—Wotr Wi +sWo) G ) +22(Wa —1r Wi —sWo )+ (W1 —rWh).
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(b) (m =

(iii)

(iv)

If 22(=1)t + 22(=s) + 2(=r) + 1 = u(z — a)?(z — b) = 0 for some u,a,b € C
withuw #0 and a # b, i.e., z=a or z = b then for z = a we get

Q
szW’“ (—1)t 3+ 2(—s)

where

Q3 = (n+3)(n + 2)2" (=W + rW1 + sWo)Gry2 + (rWo — Wy — (rs +
OW0)Gry1 + (sWa — (rs + 1)W1 + (1t — sH)Wo)Gp) + (n+2)(n+ 1) 2" (=W +
™Wo)Gpia — (Wa — 2rWy + r2Wo)Grpr + (rWa — r2Wy — (rs + t)Wo)Gy) +
(n+ Dnz""Y(=WoGpio + (W1 + 7Wo)Gpi1 + (=Wa + 7W7 + sWo)G,) +
2(Wy —rWy — sWy)

and for z = b we get

Qy
szw’“ = 32D+ 2a(s) 4 (1)

where

Qg = (n+3) 2" 2((=Wo+rWi+5Wo)Gpio+ (rWo—12 Wi — (rs+t)Wo) Gyt +
(sWa— (rs+ )Wy + (rt — s )Wo)Gp) + (n+2) 2" T ((=W1 +1Wo)Gpyo — (Wa —
2rW1 +12Wo)Grgq + (rWo —r2Wy — (rs +t)Wo)Gr) + (n+ 1) 2" (= WoGryo +
(=W1+rW0)G g1 +H(—WotrWi+sWo) Gy ) +22(Wo—rWi —sWo )+ (W1 —rWp)
If 22(=1)t+2%(=s) +2(—r) + 1 = u(z —a)® = 0 for some u,a € C with u # 0,

i.e., z = a, then

Wy, = L
kz:% P oe(—1)t
where
Q5 = (n+3)(n+ 2)(Tl+ 1)2”((7W2 +7’W1 + SWO)Gn+2 —+ (’I"WQ - T2W1 — (7’5+
t)VV())GnJrl-F(SWQ—(7"S+t)W1+(Tt—82)W0)Gn)+(n+2)(n+1)n2n71((_W1+
TWo)Gn+2 — (W2 — 27"W1 +T2WO)Gn+1 + (TWQ —T2W1 — (TS +t)W0)Gn) + (TL+
l)n(n — 1)Zn_2(—W0Gn+2 + (—Wl + TW())Gn_H + (—WQ +rWy + SWO)Gn)

2,7 =0).

(1) If 23(=1)#2 + 22(s® — 2rt) + 2(—(r? +25)) + 1 # 0 then

Q
k 1
Zz W = —1)t2 4 22(s%2 — 2rt) + 2(—(r2 +25)) + 1
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where
Q1 = 2" 3((=Wa + W1 + sWo)Gapyo + (rWo — r2Wy — (t +178)Wo)Gant1 +
(sWo— (t+18)Wi+(rt—s2)Wo)Gan )+ 2" P2 (=1 Wa+ (12 +8) W1 —tWo)Gap o+
((r? + s)Wa — (13 + 2rs + t)W1)Gapy1 + t(=Wa + 2sWy + 72W5)Gan) +
(W1 Gongo + (rWy — Wo)Gaoni1 — tWoGay) + 22(—sWa + (rs + )Wy +
(% —rt)Wo) + 2(Wa — (2 + 25)Wp) + W.

(i) If 23 (=182 + 22(s? = 2rt) + 2(—(r?* +2s)) + 1 = u(z —a)(z — b)(z — ¢) = 0 for
some u,a,b,c € C withu#0 anda #b#c, i.e., z=a or z=>b or z = c then

zn:sz = Qs
o 32 DR 207 - 20 + (—(7 4 29))

where
Qo = (n + 3)2"T2((—Wo + rWy + sWy)Gapio + (rWo — 72Wy — (t +
78)Wo)Gang1+ (sWa — (t+78)W1 + (1t — 82)Wo)Gap) + (n+2) 2" ((—rWa +
(r? 4+ 8)W1 — tWo)Ganya + (12 + 8)Wa — (12 + 2rs + t)W1)Gapt1 + t(—=Wa +
2sWo + r*Wo)Gan) + (n+ 1) 2" (= W1Gapg2 + (rWi1 — Wa)Gapi1 — tWoGay) +
22(—sWa + (rs + t)Wy + (52 — rt)Wo) + (Wo — (r? + 25)Wy).

(iii) If 23(=1)t2 + 2%(s? = 2rt) + 2(—(r?> +25)) + 1 = u(z — a)®(z — b) = 0 for some
u,a,b € C withu #0 and a # b, i.e., z=a or z =10 then for z = a we get

- Q
k 3
E Wop, =
k:oz 2k 62(—1)t2 + 2(s? — 2rt)

where

Q3 = (n+3)(n + 2)2" T ((=Wa + W1 + sWo)Ganga + (rWa — r2Wy — (t +
78)Wo)Gang1+ (sWa—(t+rs)Wi+(rt—s?)Wo)Gap )+ (n+2) (n+1) 2" ((—rWa+
(r? + s)Wy — tWo)Gansa + (12 + s)Wa — (r3 + 2rs + t)W1)Gapi1 + t(—Wa +
25sWo+12Wo)Gap)+(n+1)nz""H (=W Gapyo+ (1W1 —Wo)Gapy1 —tWoGay ) +
2(—sWa + (rs + t)Wq + (s2 — rt)Wp)

and for z = b we get

n Q,

szw%’ ~ 3.2 2 2 2
P 322(—1)t2 4+ 22(s2 — 2rt) + (—(r2 + 2s))

where
Oy = (n + 3)Zn+2t((—W2 + rWi + SWO)G2n+2 + (’I“WQ — T2W1 — (t +
r8)Wo)Gani1+ (sWa — (t+1rs)Wy + (1t — s2)Wo)Gayp) + (n+2) 2" FH((—rWo +
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(iv)

(7‘2 + S)W1 — tW0>G2n+2 + ((7‘2 + S)W2 — (7’3 + 2rs + t)W1)G2n+1 + t(—WQ +
2sWy + T2W0)G2n) -+ (Tl -+ 1)2”(*W1G2n+2 + (TWl - WQ)G2n+1 - tW()GQn) -+
22(—sWa + (rs + t)W1 + (s2 — rt)Wo) + (Wa — (r? + 25)Wp).

If (= 1)t2+22(s? = 2rt) + 2(— (r* +25)) + 1 = u(z —a)® = 0 for some u,a € C
with u # 0, i.e., z = a, then
. Q
k _ 5
D W = 6(—1)2
k=0
where
Q5 = (n+3)(n+2)(n+ 1)2"t((=Wa + rW1 + sWo)Gapya + (rWe — r2Wq —
(t + rs)Wo)Gani1 + (sWa — (t + rs)Wy + (1t — s2)Wo)Gayp) + (n + 2)(n +
Dnz"=L((—rWa + (r2 + s)W1 — tW)Ganyo + ((r2 + 8)Wo — (13 + 2rs + )W)
G2n+1 +t(—W2+2SWo+7‘2WO)G2n)+(n+1)n(n—1)2"72(—W1G2n+2+(TW1—
W2)Gont1 — tWoGan).

(1) If 23(=1)t2 + 22(=2rt + s2) + 2(=1)(r* +2s) + 1 # 0 then

(ii)

2 2k+1 23(—1)2 + 22(=2rt + 82) + 2(—1)(r2 + 25) + 1

where

Q1 = 2" (—WoGanya + (rWo — W1)Gang1 + (=Wa + 7Wi 4 sWo)Gan)
+ 2" 2((sWa — (rs + )Wy —1tWo)Gapnya + (—(rs + ) Wa + s(r? + s) Wy +t(s +
Tz)Wo)G2n+1 +t(—rWay+ (T2 + S)Wl —tWy)Gay) + Zn+1(—W2G2n+2 — (sW1 +
tWO)G2n+1 —thng)—FZZt(WQ —rW; —SWO) +Z(7“W2 — (T‘2—|-5)W1 +tWO)+W1.

If (=)t + 22(=2rt + %) + 2(=1)(r?* +2s) + L =u(z —a)(z = b)(2 —¢) =0
for some u,a,b,c € C withu #0 anda #b#c, ie., z=aorz=borz=c

then
Qy

szW2k+1 =
k=0 322(—=1)t2 + 22(—2rt + s2) + (=1)(r2 + 2s)

where

Qo = (n+3)2" 212 (—WoGanio+ (rWo —W1)Gaopy1 + (—Wa+1Wi +sWy)Gay)
+(n+2)2" T ((sWa — (rs+ )Wy —rtWy)Ganya+ (—(rs+t)Wa +s(r? + )Wy +
t(s+72)Wo)Gani1 +t(—rWa+ (r? 4 8) Wi —tWo)Gap) + (n+1)2" (—WaGap o —
(sW1+tW0)Gang1—tW1Gap )+ 22t (Wo—rWi —sWo)+ (rWa— (r2+s) W1 +tWy).

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 1-120



90

Yiiksel Soykan

(iii) If 22(—1)t? + 22(=2rt + s?) + 2(=1)(1? + 2s) + 1 = u(z — a)*(z — b) = 0 for

some u,a,b € C with u #0 and a # b, i.e., z =a or z = b then for z = a we
get
- Q
k 3
W =
kzzoz 2kt 62(—1)t2 +2(—2rt + s2)

where

Q3 = (n+3)(n+ 2)2" 2 (=W Ganta + (rWo — W1)Gaony1 + (—Wa +rW1 +
sW0)Gan)+(n+2)(n+1)2"((sWa — (rs+t)W1 —rtWy)Gapia+ (—(rs+t) Wa +
s(r? + )Wy +t(s + rH)Wo)Gang1 + t(—rWa + (12 + )Wy — tWy)Gay) + (n +
Dz Y =WoGapio — (W1 + tWo)Gapi1 — tW1Gay) + 2t(Wo — rWy — sWy)

and for z = b we get

Z ZkWQk_,’_l =
= 32(-1) 4 22(=2rt 4 57) + (“1)(% + 29)

where

Qq = (n+3)2" 22 (=W Ganya+ (rWo — W1)Gany1 + (= Wa+ 1 Wi+ sWo)Gan)
+(n+2)z" L ((sWa — (rs+t)W1 —rtWo)Gapya + (—(rs+ ) Wa + s(r? +s)Wy +
t(s+12)W0)Gany1 +t(—rWa+ (r2 + )Wy —tWo)Gan) + (n+1)2" (= WaGaypyo —
(sW1+tW0)Gany1—tW1Gap ) +22t(Wo—1r W1 —sWo)+(rWo—(r2+8) Wi +tWp).

(iv) If 22(=1)t2 + 22(=2rt + s%) + 2(=1)(r* + 28) + 1 = u(z — a)3 = 0 for some

u,a € C with u # 0, i.e., z = a, then

n
Q
k 5
ZZ Waj1 = 2
Pt 6(—1)t

where

Qs = (n+3)(n+2)(n + 1)2"2(—WoGapnia + (rWo — W1)Gaps1 + (=Wa +
Wi + sWo)Gap) + (n + 2)(n + D)nz""1((sWa — (rs + )Wy — 71tWo)Gapia +
(—(rs + t)Wo + s(r? + s)Wy + t(s + 72)Wo)Gany1 + t(—rWao + (r? + s)W;p —
tWo)Gan) + (n+ 1)n(n —1)2""2(=WaGapia — (sW1 +tWo)Gani1 — tW1Gay,).

(d) (m=—1,j=0).

(i) If 22(—=1) + 2%r + zs +t # 0 then

= Q
k 1
E ( W_, =
: F 23(=1) 4+ 22r+zs+t
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where
O = 2" (—WoG_py1 + (tWo — W1)G_py + (—Wa + Wi + sWo)G 1) +
2P2((=W + rW)G g1 + (—Wa + 2Whr — Wor?)G_,, + (rWo — r2W; —
(rs + YWo)G _p—1) + 2" PH((=Wa + rWq + sWo)G_py1 — (—rWa + r2W; +
(t+718) Wo)G_p + (sWa — (t+78)W1 + (rt — s)Wo)G_ 1) + 22W1 + 2(Wa —
rWy) + tW.

(i) If 22(=1)+2%r+ zs+t =u(z —a)(z —b)(z — ¢) = 0 for some u,a,b,c € C with
ut0anda#b#c, ie,z=aorz=>borz=c then

- Q
2: kyy 2
_ =
kzoz F 322(—1) 4+ 2zr+s

where

Qo = (n+3)2"2(=WoG _pp1 + (rWo —W1)G_py + (—Wo +1W1 4+ sWo)G 1

)+ (n+2) 2" L (= Wi +rWo)G a1+ (=W +2Wir—Wor?) G, + (rWo—r2 Wy —

(rs+t)Wo)G_p_1)+(n+1)2"((—Wo +rWi + sWo)G_pi1 — (—rWo +12W; +

(t+1rs) Wo)G_p+(sWo—(t+rs)Wi+(rt—s>)Wo)G_p_1)+22W1+(Wo—1rWr).
(iii) If z3(=1) +2°r + 2s +t = u(z —a)*(2 — b) = 0 for some u,a,b € C withu # 0

and a # b, i.e., z=a or z = b then for z = a we get

Q3
k
ZZWk_ (—1)+2r

where

Q3= (n+3)(n+2)2" " (~WoG_pi1+ (W —W1)G_p + (—Wo +1W7 + sWp)
G_n-1) + (n+2)(n + 1)2"((-W1 + rWo)G_py1 + (—Wa + 2Wir — Wor?)
G_p + ("Wo —2Wy — (rs + )Wo)G_p_1) + (n + D)nz""Y((-Wa + rWy +
sW0)G i1 — (—rWo +12Wy + (t +1r8) Wo)G _y + (sWo — (t+18)Wy + (rt —
sYWo)G_p_1) + 2Wy

and for z = b we get

- Q
k 4
E W_, =
k:oz F 322(—1) + 2zr +s

where

Qs = (n+3)2" T2 (= WoG i1+ (rWo —W1)G_py + (—Wa +1W1 + sWo)G 1
)+ (n+2) 2" (=W 4rWo) G g1+ (= Wa+2Wir—Wor?) G+ (rWo—r? Wy —
(rs+t)Wo)G_pn_1)+ (n+1)2"((=Wa +1rW1 + sWo)G_ i1 — (=7 Wa +1r2W7 +
(t +7rs) Wo)G_p+(sWo—(t+rs)Wi+(rt—s2YWo)G_p_1)+22W1 +(Wo—1W7).
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(iv) If 23(=1) + 2°r + 2s + t = u(z — a)® = 0 for some u,a € C with u # 0, i.e.,

z = a, then
- 0
Z kyy 5
_ =
ST
k=0

where

Q5 = (n+3)(n+2)(n+1)2" (=WoG 1+ Wo—W1)G _y+(=WotrWi+sWp)
G 1)+ (m+2)(n+ Dnz""L((=W1 +1Wo)G_pni1 + (=Wa + 2Wir — Wor?)
G_n+ (TWo—r?* Wi — (rs+t)Wo)G_pn—1) + (n+1)n(n—1)2""2((-Wa+rW; +
sWo)Gpi1 — (= Wa +12Wi + (t +18) Wo)G—py + (sWa — (t+78)W7 + (rt —
2 )Wo)G_p_1).

(e) (m=-2,j=0).

(i) If 23(=1) 4+ 22(2s + 12) + z(2rt — s2) + t2 # 0 then

Z'sz*Zk = h
— 23(—=1) 4+ 22(2s + 72) + 2(2rt — s?) + t2

where

Q1 = 2" 3 (1) (W1G o+ (Wo —rW1)G _op_1 +tWoG _op_o) + 2" T2((—rWa +
(r? +8)W1 —tWo)G—2n+ ((r*+s)Wa — (13 +2sr+t)W1)G_2p—1 +t(—=Wa+(r? +
25)W0)G_on—2)+ 2" T ((—Wa+1W1 4+ sWo)G oy + (rWo —r? Wi — (t+15) W)
G_on_ 1+ (sWo— (rs+ )Wy + (rt — s2)Wo)G _9n_2) + 22Wa + 2(—sWo + (s +
Wy + rtWy) + t2Wy.

(ii) If23(—=1) +22(2s+1r?) +2(2rt — s*) +t2 = u(z — a)(z = b)(z — ¢) = 0 for some

u,a,b,c € C withu#0 anda#b#c, i.e., z=a or z=0>b or z=c then

n Q,

k
W_ =
kZZ%Z 2k 322(—=1) 4+ 22(2s + 1r2) 4+ (2rt — s2)

where

Qo = (n+3)2"P2(=1)(W1G _2p, + Wo — rW1)G o1 + tWoG _9,_2) + (n +
2)2"F((—rWa + (r? + 8)Wy — tWo)G_ap, + (12 + s)Wa — (r® + 287 + )W)
G_on_1+t(—Wat(r?+25)Wo)G_0p—2)+(n+1)z"t((—WatrW1+sWy)G_a, +
(rWo —12Wy — (t+718)Wo)G_ap_1+ (sWa — (rs +t)W71 + (1t — s2)Wy)G _2p_2)
+ 2z2Wo + (—sWa + (rs + t) Wy + rtWy).
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(iii) If 23(=1) 4+ 2%(2s + 72) + 2(2rt — s?) + t* = u(z — a)?(z — b) = 0 for some
u,a,b € C withu #0 and a #b, i.e., z=a or z =10 then for z = a we get

zn:sz = s
prs -2k 62(—1) +2(2s +r?)

where

Q3 = (n+3)(n+2)2" T (=1)(W1G_2p+(Wo—1W1)G _9p 1 +tWoG oy _2)+(n+
2)(n+1)2"((—rWa + (r2 4+ s)Wy —tWo)G_ap + ((r? + s)Wo — (r3 + 257 + )W)
G_on_1 + t(=Wa + (1% + 28)Wy)G _2n—2) + (n + Dnz""1t((-=Wo + rW; +
sWo)G_ap + (rWo — 12Wq — (t +rs)Wo)G _2p—1 + (sWa — (rs + t)Wy + (rt —
sHYWo)G —ap—2) + 2Ws

and for z = b we get

n
QO
k 4
_ =
kZ:OZ 28 = 30311 + 22(25 +12) + (20t — 52)

where

Qs = (n+3)2"T2(=1) (W1 G_on + (Wa — rW1)G_2p_1 + tWG_2p_2) + (n +
2)2" T ((—rWa + (12 4+ )Wy — tW)G_an + ((r* + s)Wa — (13 + 2sr + )W)
G_on_1+Ht(=Wa+(r2+2s)Wo)G_2y—2)+(n+1) 2"t ((—=Wa+1rW1+sWo)G _2, +
(rWo —12Wy — (t+718)W0)G _2n_1+ (sWa — (rs+t) W1 + (rt — s2)Wo)G 2y, _2)
+22Wo + (=sWo + (rs + t) Wy + rtWy).

(iv) If 23(=1) + 22(2s + 7?) + 2(2rt — 82) +t? = u(z — a)® = 0 for some u,a € C
with w # 0, i.e., z = a, then

n
Q
k 5
S -
k=0 6(-1)

where

Qs = (n+3)(n+2)(n+1) 2" (—1)(W1G _an+(Wa—rW1)G _op_1+tWoG _ap_2)+
(n+2)(n+1)nz""t((—rWa+ (r? +s)W1 —t W) G _apn + ((r* + 8) Wa — (r3 +2sr+
OW1)G _ap—1 +t(=Wa + (r2+28)Wo)G _2n—2) + (n+1)n(n—1)2""2t((- Wy +
Wi+ sWo)G _an + (rWa —r2Wy — (t +18)Wo)G_op_1 + (sWa — (rs + )W +
(rt — sH)Wo)G _an_2).

() (m=—-2,j=1).
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(1) If 23(=1) 4+ 22(2s + 1) 4+ 2(2rt — s?) + t* # 0 then

= —2ktl 23(=1) + 22(2s + 1r2) + z(2rt — s2) + ¢2

where

Oy = 23 (=1)(WaG _gp + (sW1 +tW0)G _0p 1 +tW1G _9y o) + 2" T2 ((sWo —
(rs + )Wy — rtWo)G o + (—(rs + t)Wa + s(r? + s)Wi + t(r? + s)Wp)
G_on_1+t(=War+(r? +s)W1 —tWo)G _g,_2) + 2" TH=1)t2(WoG _a, + (W7 —
TWo)G—2n—1— (—Wa+1W1+sWo)G_2y—2) + 22 (rWa + sWi +tWy) + 2(tWa +
rtWy — s2Wy — tsWy) + t2Wy.

(ii) If 23(—1)+ 2225+ 72) + 2(2rt — s?) + t* = u(z — a)(z — b)(z — ¢) = 0 for some

(iii)

u,a,b,c € C withu#0 anda #£b+#c, i.e., z=a or z="0 or z = c then

szWf%Jrl = {2,
prs 322(—1) + 22(2s +r2) + (2rt — s2)

where Qo = (n+3)2"2(=1)(WaG _ap, + (sW1 +tW0)G _op_1 +tW1G 2, o) +
(n + 2)2" Y ((sWy — (rs + )Wy — 1tWo)G _an + (—(rs + t)Wo + s(r? +
Wi+ t(r? 4+ s)Wo)G_on_1 + t(—War + (r? + s)W1 — tWy)G_2p—2) + (n +
12" (=1 t2(WoG _op + (W1 —1W0)G _2n1 — (—Wa +17W1 + sWo)G _2,_2) +
22(rWo + sWy + tWy) + (tWo + rtWy — s2W — tsWp).

If 23(=1) + 2225 + 72) + 2(2rt — s%) + 2 = u(z — a)?(z — b) = 0 for some
u,a,b € C withu #0 and a #b, i.e., z=a or z =10 then for z = a we get

= Q
k 3
Wogp1 =
kzzoz 2T 6 (C1) + 2(25 + 12)

where

Q3 = (n+3)(n+2)2" T (=1)(WaG_gp + (sW1 + W) G _2p—1 +tW1G _2n—2) +
(n+2)(n + 1)z"((sWa — (rs + )Wy — rtWo)G_ap, + (—(rs + t)Wa + s(r? +
SYW1 + t(r? + s)Wo)G—_opn_1 + t(—=War + (r? + s)Wy — tWy)G _2,—2) + (n +
Dnz" Y =12 (WoG _an+ (W1 —rW)G _on_1— (—Wo+ W1 +sWo)G _9,_2)+
21 W + Wy + W)

and for z = b we get

D AW = s
P 322(—=1) 4+ 22(2s + 12) 4+ (2rt — s?)
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10.3

(iv)

where

Q = (n+ 3)2"T2H(=1)(WaG_a, + (sW1 + tWo)G_2n_1 + tW1G_2,_2) +
(n + 2)2" Y ((sWoy — (rs + )Wy — 1tWo)G_ap + (—(rs + t)Wo + s(r? +
)Wy + t(r? 4+ s)Wo)G _an_1 + t(=War + (r2 + s)Wy — tWo)G _2,—2) + (n +
Dz (—= )2 (WoG _on + (W1 — rWo)G _9n 1 — (=W + W71 + sWo)G 2y o) +
22(rWy + sWy + tWy) + (tWa + rtWy — s2Wy — tsWy).

If 23(=1) + 2225 +72) + z(2rt — s%) + t2 = u(z — a)® = 0 for some u,a € C
with w # 0, i.e., z = a, then

n

Q
ZZkW_Qk-i-l = 6(—51)
k=0

where

Qs = (n+3)n + 2)(n + 1)2"(=1)(WaG_2, + (sWy + tWo)G_2,_1 +
tW1G_2p—2) + (n+2)(n+ 1)nz""1((sWa — (rs + ) W1 — rtWy)G _ap + (—(rs +
Wy + s(r? + )Wy + t(r? + $)Wo)G _an_1 + t(—=War + (r2 + s)W7 — tWy)
G_2n—2)+(n+1)n(n—1)2""2(=1)t2(WoG_on+ (W1 —1Wo)G_2p_1 — (—=Wa +
rWi + sWo)G_apn_2).

The Sum Formula Y, _, z*W,,..; of Generalized Tribonacci

Polynomials in Terms of Generalized Tribonacci

Polynomials and (7, s,t)-Tribonacci-Lucas Polynomials

By using Corollary [52| (b), we can give the sum formula Y ,_ 2*W,,,4; of generalized

Tribonacci polynomials via matrix methods (in terms of elements of the sequence of

generalized Tribonacci polynomials and (r, s, t)-Tribonacci-Lucas polynomials).

Theorem 65. For all integers m and j, we have the followings sum formulas.

(a) If 23Ty + 22Ty + 23 + Ty # 0 then

n n+3 n+2 n+1 2
szka—H _ z O1+ 2 3@24’2 O3 + 204 + 205 + O (104)
=0 23+ 22T + 23+ Ty

_ Sw(?)

where
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@W(Z) = Zn+3®1 + Zn+2@2 + Zn+1@3 + 2’2@4 + 205 + Og,

230 = TI((-WiHZ o + (—Wjgo + sWy)HZ ., — tW 1 H2, + (W1 +
TW) HyyoHpyr + (Wj+2 - TW]-H) HyioHp, + ( 5WJ+1 + tW) Hp11Hp, )
Hyppmnso + (=Wigr +rWy)Hp o — (E+rs)WiHD oy + (= Wigo + Wi ) HE +
(Wjt2 =12 Wj) Hyppo Hynor + (=1 Wiga + (7% +8) W1 +tWj) Hyp o Hy + (=5 Wiga +
(TS + t)WJJrl rtW; )HerlH )Hm+mn+1 + (( Wj+2 + TWJ+1 + SWj)H721L+2 +
(sWiso — (rs + )W — *Wy)HZ, ., — Wit?HZ + (rWige — Wi + (t —
r$)W;)HpyoHp1 +t(Wip1 —r W) Hpp o Hyy +t (W2 —rWip1 — 2sW;)Hy 1 Hpy)
Hm+mn)v

220y = 2"TE(((=3Wisa + 2rWig1 + (r? + 4)W)Hpppo + (2rWjgs + (s —

TQ)WJ'+1 - ( +4T‘S+3t)W )Hm+1 +( (7"2 +2$)Wj+2 + (7" +37‘5+6t>WJ+1 77’th)

Ho) Hingemnt2 + ((2rWige — (r? = $)Wja — (r® + 3t + 4rs)Wj) Hyngo + (—(r° —

$)Wita—=3(t+rs)Wis1+r(r3+4rs+5t)W;) Hyg1 +((r3+3rs+66)Wipo— (rt+4r?s+

25% + Trt)Wis1 — 2stW;)Hy ) Hyppmnt1 + (12 + 48)Wigo — (r® + 4rs + 3t) W, —

(r?s —2rt +4s*)W;) Hppqo + (—(r® + 4rs + 3t)Wipo + (r* + 4r2s+ 5rt) W1 + (r3s —
12t +4rs? + 4st)W; ) Hypg1 +H(—rWiso —2sWip1 + (r3 +4rs +66)W;) Hyp) Hytomn )

2105 = 2" TH((2(8s + r2)Wjpe — (2r® + Trs + 9) W1 — (r?s — 3rt + 4s*)W;)

Hoppmnte + (—(2r° + 9t + Trs)Wjio + 2(r* + 4r?s + 61t + s*) W1 + (rds — r?t +

4rs? + 6st)W VHommni1 + (—(r?s = 3rt +4s)Wiio + (r3s —r?t +4rs® +6st) W1 +

(=2r3t + 1r?s% + 45% — 9% — 10rst)W;) Hpptmn )

220, = ((SWJJrz — 2rWig — sW;)H m+2 + ((r? — $)Wisa + 3(rs + )W +

(2 +rt)W;)HZ, 11+ t(rWiso +2sW; 1 + 3tW,) HZ + (—4rWipo + 2(r? — s)Wp1 +

(rs = 3t)W;)HmyoHpmi1 + (—25Wiipo + (rs — 3t)Wiyq + 2rtW;)Hyro Hyy, + (s —

3)Wiio + 2(s% + rt)Wj1 + 4stW,)Hp i1 Hp),

205 = z((=2(r* 4+ 3s)Wyo + (2r3 + Trs + 9) W1 + (r®s — 3rt + 4s*)W;) Hyppo +

(23 + Trs + 9)Wpo — 2(r* +4r2s + 61t + s)Wip1 — (rPs + 4rs? — r?t + 6st)W;)

Hppp14 ((r2s+4s% = 3rt)Wiga — (4rs? +1r3s —r2t +6st) W1 — 2t (r3 +drs +9t)W;)

Hp),

Op = (4r3t — r?s? — 453 + 27t + 18rst)W;,

and

Fw(z) = Fl(Z) + FQ(Z) + Fg(z) + F4(Z)7

23T = 23(—t™(4r3t — r2s? + 18rst — 453 + 27t%)),

22Ty = 22((r? 4+ 3s)HZ 5 + (r* + 4r?s + s2 + 6rt)H2, | + t(r® + 4rs + 9t)HZ,
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(23 + Trs + 9t)HyyoHypy1 — (r%s + 452 — 3rt)Hpy o Hpp + 78(1? + 48)H oy 1 Hyy, —
t(r? — 6s)Hpy1Hp),

23 = 2(—4r3t + r2s® + 4s3 — 272 — 18rst)H,,,
Iy = 473t — r2s% 4+ 18rst — 453 + 27t2.

(b) If 23Ty + 22Ty + 23+ Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with

ut0anda#b#c, ie,z=aorz=>borz=cthen

zn:sz = (n+3)2""201 + (n +2)2""1Oy + (n + 1)2"O3 + 2204 + @5.
R 3221 + 2215 + '3

(c) If 23T + 2%Ty + 23+ Ty = u(z — a)?(z — b) = 0 for some u,a,b € C with u # 0 and
a#b,ie,z=aorz=>bthen for z=a we get

zn: WL (n+3)(n+2)2""01+ (n+2)(n+1)2"O2 + (n + 1)nz""'03 + 20,
Pt mbts = 6211 + 219 ’

and for z = b we get

2": W (n+3)2"20; + (n+2)2" 0y + (n +1)2"03 + 220, + 65.
R 322T + 2205 + '3

(d) If 2Ty + 22Ty + 203 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., z = a,
then

zn: R _ (n+3)(n+2)(n+1)z"01 + (n+2)(n+ Dnz""102 + (n+ L)n(n — 1)2" 203
mk+j — .
6I'1
k=0

Proof. We only prove (a). The proof of (b), (c) and (d) are as in Theorem [61] (b), (c) and
(d), respectively.
Proof of (a). We use the same method as in Theorem [61| by setting

Gm+1 SGm + tGm,1 tGm
M = zA™ ==z G SGm—1 +tGm—2 tGp_1
Gm-1 SGm—2+1tGp—3 tGp_2

b b b
1 11 012 013

= zx byt b b
WS — 2 A ot 4 dspst | 02U

31 b3z b33
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in (10.1), where b1y, bar, bs1, bi2, baz, bs2, bz, bas, bss are as in Corollary[52] (b) (by replacing
n with m in bll; le, b31, blg, bQQ, bgg, blg, b23, bgg). AAISO7 use the identities

Hytys = rHpyo+sHp41 +tHy,

Hp 1 = %(Hmﬁ —rHpy1 — sHpy,)

H, > = tlz(—sHerg + (rs + t)Hpy1 + (s* — rt)H,y,)

H,_ 3 = %3((52 —rt)Hppyo + (12t — rs® — st)Hyypq + (—8° + 12 + 2rst)H,,)

in the formula of A™ and as well as in blla bgl, b31, 612, b22, b32, b13, b23, b33.

After some calculations, we see that

1
I
4r3t — 1252 1 18rst — 453 + 2782 ¥

(2)
1

— 3 2
= ISy st S p e ¢ LA Te el )

det(I — zA™) =

and the 3rd row and 1st column entry of matrix (I — 2" LA™ ™) Adj(1 — zA™) fw (j) is

equal to

1
4r3t — 1252 4 18rst — 453 + 272

(Zn+391 + Zn+2@2 + Zn+1@3 + 22@4 + 205 + @6)

where Ty (z) = 23T + 22Ty + 213 + Ty, 23T, 22T, 213, Ty, and O (2) = 230, +
2"204 4 27103 + 2204 + 205 + O, 2" 1301, 271204, 27103, 2204, 205, O, are as in
the statement of (a) of Theorem.

Note that, since det(I — zA™)(3Xj_o 2" fw (mk + j) = (I — 2" LA™ ™) Adj(T —
zA™) fw (j), i.e., matrices over the either side is equal, the 3rd row and 1st column entry
of matrix of matrix det(I — zA™) (Y }_, 2" fwr (mk + j)) is equal to the 3rd row and 1st
column entry of matrix (I — 2" Tt A™ ™) Adj(I — 2A™) fw (j). So, to complete the proof,
we will just compare the linear combination of the 3rd row and 1st column entries of the

matrices. Then, we get

473t — 1252 + 18rst — 483 + 27¢2 (2" + 27T 4 213 +T'a) Z 2" Wink+j
k=0
1

= T e Ty (2301 + 2205 + 2" 103 + 2204 + 205 + Of)
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and so
Zn: FWorsy = 000 + Zn+(2@2 + 2"1103 4 2°04 + 205 + O
k=0 ! 23]_"1 + Z2F2 + ng —+ F4
_ Ow()

O

11 Generating Function of Generalized Tribonacci

Polynomials

In this section, we present generating function of the sequence W,,,1; and its special

cases.

11.1 Generating Function of Generalized Tribonacci Polynomials
via Generalized Tribonacci Polynomials

o0
Next, we give the ordinary generating function > Wi,y ;2™ of the sequence W,y (in
n=0

terms of elements of the sequence of generalized Tribonacci polynomials).

Lemma 66. Assume that |z| < min{|a|™™,|8]"",|y|"™}. Suppose that fw,,,, (z) =

[ee]

Winng;2" is the ordinary generating function of the generalized Tribonacci (sequence
n=0

of) polynomials {Winy;}. Then, Y Wiy ;2™ is given by
n=0

> n 22@4 + 205 + B¢
Z Winj2" = — 2
ne0 z F1+Z F2+ZF3+F4

where (as in Theorem[6]] (a))

2204 = 22(WoWjqo + Wi — rWo)Wig1 + (Wo — rWy — sWo)W;)W2 L, + (Wa —
sWo)Wita + (tWo + rsWo)Wigr + (82Wo + (rs + t)Wy — sWo)W;)W2 4 + (W1 W40 +
(W —rW)Wjg1 + tWoWHW2 + (—(Wh +rWo)Wipa + (r?Wo — Wa) Wiy + (—rWa +
Wi+ (rs—t)Wo)W; ) W1 Wino + (rWi = Wo) Wi o+ (rWa — (s+12) Wy —tWo)Wip1 +
t(?"WO — Wl)Wj)Wm+2Wm + ((SWl — tWo)Wj+2 + (SWQ — (7"8 + t)Wl + T'tW())Wj.A,_l +
H(—Wa + Wi + 25Wo)W;) W1 W),

295 = Z(((WE — WOWQ)Wj+2 + (tVVO2 - W1W2 + ’I“W()WQ + 8W0W1)Wj+1 + (—2W22 —
PEW2 — trWE + 3rWiWa + 2sWoWa + (2t — sr)Wo W1 )W) Winis + (W2 — WiWs +
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TWQWQ + 8WOW1)Wj+2 + (W22 — (7’2 + S)W()Wg — (’/‘8 + t)WoWl)Wj+1 + (TWQQ — Q(t +
rs)WE—2stW@ + (25 —r2)WiWa + (2t — rs)WoWa — (282 +rt)WoW1) W) Woi1 + (W3 —
sW2 —rWi Wy — tWoWh)Wiia + (—rW3 + (rs + )W + r2Wi Wy — tWoWy + rtWoWy)
Wisr + t(—rW2 — 2WE + 2Wi Wy — rWoWa — 25Wo W1 )W) Wi, — 1t WEW; 41 Winsr),

O = (W3 + (t +1rs)W3 + 2W5 — 20W W3 — sWoW3 + (r? — s)WEWs + (82 + rt)
WoW2 + 25tW2Wy + rtWEWs + (rs — 3t)Wo W1 Wa) W,

and

23Ty = 2(—t™(W35 + (t+rs)WE + 2WE + (r® — s)WiW,y — 2rW W3 — sWo W3 +
rtWEWs + (82 + rt)WoW? + 2stWEW5 + (rs — 3t)Wo W1 Wa)),

22Ty = 22((8Wo — 2rWy — sWo)W2 1o + ((r* — s)Wa + (3rs + 3t)W1 + (s + rt)Wp)
W2 L+ t(rWo+2sWy + 3tWo)W2 + (—4rWa +2(r? — s)Wy + (rs — 3t)Wo) Wi 4o Wins1 +
(—25Wa+(rs—3t) W1 +2rtWo )Wy o Wi+ ((rs—3t) Wa+2(s2 +1t) Wy +4stWo ) Wo 1 Wi )

2T3 = 2((=3WZ + (s —r)WE —trWg + 4rWiWo + 2sWoWo + (3t — sr)Wo W1 ) Wi i0 +
(2rW3 — (3rs + 3t)W32 — 2stW§ + (25 — 2r2)W 1 Wy + (3t — rs)WoWa — 2(s2 + rt) W W)
Wina1 + (sW3 — (82 +rt)W32 — 3t2WE + (3t — rs)WiWa — 2rtWoWa — 4stWoW1) W),

Dy = W3+ (t+rs)WE+2W —2rWi W3 + (r2 — s)WEiWa — sWoW3 + (s2 +rt) Wo Wi +
rtWEWs + 2stWEW1 + (rs — 3t)Wo Wi Wa.

Proof. Proof. Use Theorem [61] (a) and Theorem [6] O
Now, we consider special cases of Lemma [66]

Corollary 67. The ordinary generating functions of the sequences Wy, Way,, Wani1,
W_pny, W_on, W_o,11 are given as follows:

(a) (m=1,j=0,z] <min{la| ", |87, 17"},

n 22(W2 — ’I"Wl — SWO) + Z(Wl — ’I’WQ) + VV()
E W, z" = .
2(=t) + 22(-Ds+z(-1)r+1

(b) (m=2,j=0,|2] <min{la| . [8]*,|]y]*}).

i Wor 2™ — 22(—sWo + (t +78)W1 + (82 — 1t)Wo) + 2(Wa — (72 + 25) W) + W
~ 2n - 2,’3(—t2) —+ 22(_27«t + 82) + Z(—l)(28 + T2) +1 .

(¢) (m=2,j=1,]z <min{la| (8], 4|}

i Wont12" = 22t (W — rWh — sWo) + 2(rWa — (r* + ) W1 +tWo) + Wi
2 w412 = 23(—12) 4+ 22(—2rt + s2) + 2(—1)(2s +r2) + 1 -
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(d) (m=-1,j=0 |z <min{|al,|B],[7[}).

i W 2Wy + 2(Wy — W) + tWy
v T B (=D 22r s+t

(e) (m=—-2,j=0,z| <min{la*, 5", [7[*}).

i W oM = 22W2 + Z(—SW2 -+ (t + rs)Wl + TtWO) 4 t2WO
n=0 o 23(=1) 4 22(r2 + 2s) + z(2rt — s2) + t2 :

(£) (m=-2,j=1,|z| <min{la*, 8", 7[*}).

i W PWa ot sWi W) + (8 + (1t — 8 Wi — stWo) + W,
2 o1z = 23(—1) 4 22(r2 + 25) + 2(2rt — s2) + 12 .

Proof. Proof. Use Lemma [66] (or Theorem [62). O

Lemma [66| gives the following results as particular examples (generating functions of

(r, s,t)-Tribonacci and (r, s,t)-Tribonacci-Lucas polynomials).

Corollary 68. Assume that |z| < min{|a|™™,|8]"™,|7|”™}. Generating functions of
(r,s,t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials are given, respectively, as

follows:

(a)

= mnty - 230 + 22T + 25 + Ty

where (as Theorem[6]] (a))

2204 = 22(G},15G 1 + 176G 1 Gl + UG G+ UG G2 — Gy 1Grg2Glan +
8GmGm+1Gjr2 — 1Gpmy1Gmi2Git1 — SGnGmi2Gip1 — tGn Gy Gipr —
tG 1 Gry2Gy),

295 = Z(Gm+2Gj+2 — T'Gm+1Gj+2 — TGm+2Gj+1 - SGmGj+2 + TgGerlGjJrl —
2tG;G i1 + (t +175)GnGjp1 + 1rtG,Gj),

O¢ = tGj,
and

2T = 23 (—tm L),
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22Ty = 22(rG2, o+ (P + 2rs + 31)G2, . + t(r? + 25)G2, — 2(r* + 5) Gy 2Gr1 —
(3t +78)Gmy2Gm + (125 + 252 — 1t)G i 1Gm),
23 = 2(8Gmi2 — (rs + 3t)Grp1 — (82 = 2rt) G,
T'y=t.

(b)

i I o 22@4 + 205 + Og
0 mn+J a 23F1 + 22F2 + ZF3 + F4
where (as Theorem[61] (a))

2’2@4 = 22((3Hj+2—27“Hj+1—SHj)Hsl+2+((7"2—S)Hj+2+3(TS+t)Hj+1+(S2+Tt)Hj)
HZ +t(rHjpo +2sHj 1 +3tH;)HZ + (—4rHj 1o +2(r* — s)H; 1 + (rs — 3t)H;)
Hm+2Hm+1+(—2$Hj+2+(TS—3t)Hj+1 +2’I”tHj)Hm+2Hm+((T’S—3t)Hj+2 +2(82+
Tt)Hj.A,.l + 45tHj)Hm+1Hm)a

205 = 2((—2(r? + 3s)Hj1o + (2r3 + Trs + 9t)H, 11 + (r’s + 4s*> — 3rt)H;)Hpyo +
+((2r® + Trs + 9t)H o — (2r* + 8r%s + 3rt + 2s*)Hj 1 — (r3s + 4rs® — 12t + 6st)
Hj)Hypi1+ ((r?s —3rt +4s?)Hj o — (r3s+4rs? —r?t+6st)Hj 1 — 2t(r® +4rs+9t)
Hj)Hm — 9TtHj+1Hm+1),

O = (473t — r2s? — 483 + 272 + 18rst)H;,
and
23T = 23(—t™(4r3t — r?s% + 18rst — 453 + 27t%)),

22Ty = 22((r?+3s)H2 o+ (r* +4r2s+ 2 +6rt)HZ, | +t(r® +4rs+9t)H2, — (2r3 +
Trs+9t)HyyoHp1 — (r2s—3rt+452)H,yyo Hpp + (135 + 418 — 1%t +65t) Hppy 1 Hy ),

23 = 2(—4r3t + 1252 4+ 453 — 27t% — 18rst)H,p,,

Iy =4r3t — r2s? — 453 + 27t2 + 18rst.

Proof. In Lemma take W,, = G,, with Gog = 0,G; = 1,G3 = r and W,, = H,, with
Hy=3,H =r,Hy =25+ r?, respectively. O

Now, we consider special cases of Corollay [67| (or Corollary . (Note that we have

already presented the case m = 1,7 = 0 in Corollary

Corollary 69. The ordinary generating functions of the sequences Gy, Gon, Gont1, G-,

G_on, G_on+1 and Hy,, Hop, Hopny1, H_p, H o4, H 9,41 are given as follows:
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(a) (m=1,j =0,z <min{la|"", 18], | }).

- z

E Gzt =
— 1—rz—s22 —t23’
o0
ZH n 3—2rz — s2?

2" = .

. " 1—rz— 522 —1t23

n—=

(b) (m=2,j=0,]z] <min{]a| >8], ]7|*}).

> n rz + tz?
Zngz - 2 2,2 _ 42,3’
o 1—(2s+7r2)z—(2rt — s2)z2 — 22

> . 3-2(2s+71%) 2z — (2rt — s%)2?
ZHQ"Z = 2 2\,2 _ 423"
o 1—(2s+1r2)z— (2rt — s2)22 — 122

(¢) (m=2,j =1z <min{la|*,|8]7%, 1|7}

iG o 1—s2

n=0 o 1= (28 + TQ)Z - (27% — 82)22 2,37
3 n r+ (3t +rs)z — stz?
ZH2n+1z = 5 - —-
n=0 1—(2s4+r2)z— (2rt — s?)22 — t22

(d) (m=—1,j=0,[z| <min{lal, 8], 7]})-

G_p,z" =
HZ:O n? t+ sz 4122 =23
iH n 3t + 2sz +rz?
a2t = )
o " t+sz+rz2— 23

(e) (m=—-2,j=0,z[ <min{la*, 8", ]7]*}).

> n tz +rz?
Z Goonz" = 2 2 2 _ .3’
= 2+ (2rt —s2)z+ (r2+25)22 — 2

> n 3t2 + (4rt — 25%)z + (r? + 2s)22
ZH—%Z - 2 2 2 2 _ 3
— 2+ (2rt —s?)z+ (12 +25)22 — 2

Earthline J. Math. Sci. Vol. 18 No. 1 (2023), 1-120



104 Yiiksel Soykan

(£) (m=-2,j=1,|z| <min{la|*, 5], 7[*}).

= n t2 + (2rt — s2)z + (1% + 5)22
Z Goont12" = 5 3 5 T 3>
o 2+ (2rt —s?)z+ (r2 4+ 25)22 — 2

i I n rt? + (—rs? + 2r%t — st)z + (r3 + 3rs + 3t)2?
Cont12" = .
— 2+l t2 4+ (2rt — s2)z + (12 4 28)22 — 23

Proof. Use Corollay [67] (or Corollary . O

11.2 Generating Function of Generalized Tribonacci
Polynomials via Generalized Tribonacci Polynomials and
(r, s,t)-Tribonacci Polynomials
o0
Next, we give the ordinary generating function )" Wy,,4;2" of the sequence Wi,y

n=0
(in terms of elements of the sequence of generalized Tribonacci polynomials and

(r, s,t)-Tribonacci polynomials).
Lemma 70. Assume that |z| < min{|a|™™,[8]7™,|y|”™}. Suppose that fw,,,.  (z) =

o0
> Wint;2" is the ordinary generating function of the generalized Tribonacci (sequence
n=0

of ) polynomials {Wnij}. Then, Y Winq ;2" is given by

n=0

s " 22@4 + 205 + B¢
Z Winj2" = — 2
ne0 z F1+Z F2+ZF3+F4

where (as inTheorem [63 (a))

22@4 = ZZ(G%LJrQWJpH + (’I"Wj+2 + th)ng+1 + tG%leJrQ — (TWJ‘+1 +
Wj+2)Gm+1Gm+2 - (SWj-i-l + th)Gme-i-? + (SWj-i-? - th+1)Gme+1)7

205 = 2(Wjta — rWt1)Gmga + (—rWiga + 12 Wig1 — 2tW;)Grog1 + (—sWiga +
(W1 +rsWjg1) +rtW;)Gp),

O = th,

and

Ty = 23(—tm+),

22Ty = 22(rG2, 45 + (r® 4+ 2rs + 36)G2, 1 + (r’t + 2st)G2%, — 2(r? 4 )G i1 Gtz —
(rs + 3t)GrnGsa + (125 + 252 — 1) GGt 1),

2T3 = 2(8Gps2 — (rs + 3t)Gop1 + (2rt — $2)G),

ry=t.
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Proof. Use Theorem [63] (a). O

Lemma gives the following result as particular example (generating functions of
(r, s, t)-Tribonacci-Lucas polynomials).
Corollary 71. Assume that |z| < min{|a|™™,|8]"™, |y|™™
(r, s,t)-Tribonacci-Lucas polynomials is given, as follows:

}. Generating function of

> n 2’2@4 + 205 + B¢
Z Hinntj2" = —3 2
=0 z F1+Z F2+ZF3+F4

where (as in Theorem[63 (a))

2204 = 22(G o Hjp1 +(rHj o +tH) G HGo Hy o —(rH 1+ Hj2) G 1 Grna —
(sHj1 + tH;) GGz + (sHjio — tHj11)GmGmyir),

205 = 2((Hjp2—1Hj41) G2+ (—rHjpotr? Hjpy —2tH;) G 1 +(—sHjpo+ (EH 1 +
rsHji1) +rtH;)Gp),

O = tH;,

and

22T = 23(—tmHL),

22Ty = 22(rG2, 45 + (r® 4+ 2rs + 36)G2, 1 + (r’t + 2s1)G2%, — 2(r? 4 8)Grni1 Gtz —
(rs + 3t)GnGsa + (125 + 252 — 1) GGt 1),

2T3 = 2(8Gmi2 — (rs + 3t)Gop1 + (2rt — $2)G),

ry=t.

Proof. In Lemma take W,, = H,, with Hy =3, H, =r, Hy = 25 + 2. O]

Note that if we take W,, = G,, with Gy = 0,G; = 1,G2 = r in Lemma [70] then we
get Corollary [68| (a).

11.3 Generating Function of Generalized Tribonacci
Polynomials via Generalized Tribonacci Polynomials and
(r, s, t)-Tribonacci-Lucas Polynomials

o0

Next, we give the ordinary generating function )" Wy,,4;2" of the sequence Wi,
n=0

(in terms of elements of the sequence of generalized Tribonacci polynomials and

(r, s, t)-Tribonacci-Lucas polynomials).
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Lemma 72. Assume that |z| < min{|a|™™,|8]"",|y|"™}. Suppose that fw,,,,, (z) =

o0

Winn4j2" is the ordinary generating function of the generalized Tribonacci (sequence
n=0

of) polynomials {Win+i}. Then, Y Wiy i2™ is given by

n=0

gy 2204+ 205 + 04
nz_% Mt T 8T 4 22T, + 2T + Ty
where (as in Theorem[65] (a))

2204 = 22((3Wjp2 =20 W1 —sWj) Hpy, o+ ((r? =) Wjsa +3(rs+t) W1 +(s* +rt) ;)
HZ 4 (Wi + 2sWjgq + 3tW))HZ + (—4rWjpo + 2(r? — s)Wjj1 + (rs — 3t)Wj)
HppioHpi1 + (—25Wiga + (rs — 3t) W1 + 2rtW;) Hyp o Hp + ((rs — 3t)Wjga + 2(s? +
T‘t)Wj+1 + 48th)Hm+1Hm),

205 = 2((=2(r? + 38) W2 + (2r3 + Trs + 9)W;1 + (r?s — 3rt + 4s*)W;)Hpppyo +
(2r3 4+ Trs+9t)Wjito —2(r* +4r2s+ 6rt + s ) W1 — (r3s+4rs? — r?t + 6st)W;) Hypp1 +
((r%s + 4s% — 3rt)Wjio — (4rs® +1r3s — r2t + 6st)Wj 11 — 2t(r® + 4drs + 9)W,)H,,),

Op = (4r3t — r?s® — 453 + 27t + 18rst)W;,

and

25T = 23(—t"(4r3t — r2s2 4+ 18rst — 453 + 2712)),

22Ty = 22((r?+3s)H2, o+ (r* +4r2s+s2+6rt)H2, +t(r3+4rs+9t)HZ — (2r® + Trs+
9)HproH s — (r?s+48% = 3rt)Hypyo Hyy +18(r? +48)Hy o1 Hy, — t(r? — 68)Hyp1 Hp),

23 = 2(—4r3t + r2s? + 453 — 27t2 — 18rst)H,,,

Ty = 4r3t — 1252 + 18rst — 4s® + 27t2.

Proof. Use Theorem [65| (a). O

Lemma gives the following result as particular example (generating function of

(r, s,t)-Tribonacci polynomials).

Corollary 73. Assume that |z| < min{|a|™™,|8]"™,|7|"™}. Generating function of
(r, s,t)-Tribonacci polynomials is given, as follows:

> n 2’2@4 + 205 + B¢
Z Grn4j2" = —3 2
"0 ZF1+Z F2+ZF3+F4

where (as in Theorem [65 (a))
22@4 = 2’2((3Gj+2 — 2’)“Gj+1 — SGj)HsfH»Q + ((7“2 — S)Gj+2 + 3(TS + t)Gj+1 + <82 +
T‘t)Gj)H?n_H + t(TGj+2 + 23Gj+1 + StGJ)HER + (—47“Gj+2 + 2(’/‘2 — S)Gj+1 + (’I“S — St)Gj)
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HppioHpmi1 + (—28Gj2 + (rs — 3t)Gjq1 + 2rtG)HppoHp + ((rs — 3t)Giia + 2(s* +
rt)Gjy1 + 4stGj)Hpy1 Hn),

205 = 2((—=2(r® + 38)Gjs2 + (2r + Trs + 9)Gj 11 + (rs — 3rt + 45*)G)Hpgz +
(2r3 +Trs+91)Gjpa — 2(r* +4r?s+ 6rt + s%)Gjp1 — (r3s +4rs> —r?t +6st)G;j) Hppy1 +
((r%s + 4s% — 3rt)Gjyo — (4rs® +1r3s — r?t + 6st)Gj11 — 2t(r + 4rs + 9)G;)Hy),

Op = (4r3t — r?s? — 453 + 27t + 18rst) Gy,

and

23T = 23(—t™(4r3t — r?s? + 18rst — 453 + 27t%)),

22T9 = 22((r?+3s)H2, o+ (r* +4r2s+s2+6rt)H2, | +t(r3+4rs+9t)HZ — (2r3+Trs+
9)HproHpy1 — (r?s+45% —3rt)Hy o Hyy +18(r2 +48)Hyy o1 Hy, — t(r? — 68)Hy1 Hp),

23 = 2(—4r3t + r2s? + 453 — 27t2 — 18rst)H,,,

Iy = 4r3t — r2s% 4 18rst — 453 + 27t2.

Proof. In Lemma [72] take W,, = G,, with Go =0,G; =1,G2 =1 O

Note that if we take W,, = H,, with Hy = 3, H; = r, Hy = 25 + 2 in Lemma[72] then
we get Corollary [68] (b).

12 A Special Case of Generating Function of
Generalized Tribonacci Polynomials: The Case
r=s=t=1

In this section, we present a special case of the ordinary generating function of generalized

Tribonacci polynomials.

12.1 Generating Function of Generalized Tribonacci Numbers:
The Case r=1,s=1,t =1

In this subsection, we consider the case r = 1,s = 1,t = 1. A generalized Tribonacci

sequence {Wy}tn>0 = {W,(Wo, W1, Wa)},>0 is defined by the third-order recurrence

relations

Wo=W, 14+Wh_ o+ W,_3 (12.1)

with the initial values Wy = ¢q, W1 = ¢1, W5 = ¢ not all being zero.

The sequence {W,, }n>0 can be extended to negative subscripts by defining

W_pn=-W_1y—W_(no2y + W_(n_3)
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for n = 1,2,3,.... Therefore, recurrence (|12.1)) holds for all integer n.Binet formula of

generalized Tribonacci numbers can be given as

bia™ by 3™ b3y™

o T AN e By I ey o) (122
where
by = Wo— (B+7)Wi+ ByWo, (12.3)
by = Wy — (Oé + ’}/)Wl + ayW, (12.4)
by = Wy — (Oé + B)WI + afWy. (12.5)

Here, «, 8 and ~y are the roots of the cubic equation

22—z —-1=0.

Moreover
1+ V/19+3v33+ V19 -3V33
= ; ,
5 - 1+wv/19+3v33 4+ w?v/19 — 3v/33
= 5 ,
. 1+ w?v/19 4 3v33 +wv/19 — 3/33
= 5 ,
where
—1 )
w= %\/g = exp(27i/3).

Two special cases of the sequence {W,} are the well known Tribonacci sequence
{T,}n>0 and Tribonacci-Lucas (Tribonacci-Lucas-Lucas) sequence {K,, },>0. Tribonacci
sequence{T;, } >0, Tribonacci-Lucas sequence {K,},>o are defined, respectively, by the

third-order recurrence relations

Tuss = Tnso+Tps1+ T, To=0,Ty=1,Tp =1, (12.6)
Knys = Knyo+ Koyt + Kn, Ko=3K =1, Ky =3, (12.7)

The sequences {7}, }n>0, {Kn}n>0, can be extended to negative subscripts by defining

T, = _T—(n—l) - T—(n—2) + T—(n—?))a (128)
K., = K (no1)— K_(n-2) + K_(n_3), (12.9)

for n =1,2,3, ... respectively. Therefore, recurrences ((12.6)-(12.7) hold for all integer n.
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For all integers n, Tribonacci and Tribonacci-Lucas numbers can be expressed using
Binet’s formulas as

_ an+1 Bn—i—l ,yn-&-l
S P (Y MR ey -y B vy oy
Kn - an+6n+’7na

respectively. Here, G,, =T, and H, = K,.

(o]
Next, we give the ordinary generating function ). Wy,pn4;2" of the generalized
n=0
Tribonacci numbers {Wp,4;}.

Lemma 74. Assume that |z| < min{|a|™™,[8]"™,|y|"™}. Suppose that fw,,..  (2) =

oo}

Winn+32" is the ordinary generating function of the generalized Tribonacci (sequence
0

n=

of ) polynomials {Wnij}. Then, Y Winq 2" is given by
n=0

iw . 2204 + 205 + O
0 + z31"1 + 22F2 + ZF3 + F4

where

2204 = 2 (WoWj 2+ (W1 —=Wo)Wj 1+ (Wo— W1 =Wo)W;)W2 Lo+ ((Wo—Wo) Wi o+
(Wo + Wo)Wjs1 + (Wo + 2Wy — Wo)W))W2y + (WiWjia + (Wa — W)Wty + WoW;)
W2 + (—=(W1 + Wo)W,o + (Wo — Wa)Wig1 + (—Wa + W)W W1 Wiz + (W1 —
Wo)Wjpo+ (Wa—2W1 — Wo)Wjaq + (Wo — W)W, ) Wi sa W + (W1 — Wo) Wy + (Wa —
2W1 + Wo)Wiga + (=Wa + Wy + 2Wo )W) ) Wi 11 W),

205 = 2((W2 = WoWo) W+ (WE— Wy W+ WoWa+ WoW1) W1+ (—2W2 - W2 —
W2 + 3W1 Wy + 2Wo Wy + WoW1 )W) Wi g + (W2 — Wi Wy + WoWa + WoW1)Wj4o +
(W2 — 2WoWy — 2WoW1)Wjg1 + (W2 — AW2 — 2W2 + Wi, + WoWa — 3WW1)W;)
W1 + (W2 = W2 = Wi Wy — WoW)W,ig + (—W2 + 2W2 + Wi Wy — WoWs + WoWy)
Wiy + (=W2 = 2W2 + 2W, Wy — WoWa — 2WeW1)W;) Wy, — WEW, 41 Wins1),

Op = (WE+2WE+WE—2W, W2 —WoW2+2WoW 2+ WEWo+2W2W, —2W Wy Wa) W,

and

2Ty = 23(—1) (W3 + 2W3 + W — 2W, W2 — WoW2 + 2WoW2 + W2W, + 2W2W; —
AW, W, Wa),

22Ty = 22((3Wa — 2Wq — Wo)W2 o + (6W1 + 2Wo)W2  + (Wa + 2W5 + 3Wo)W2 +
(=AW — 2Wo) Wiy aWini1 + (—2Wa — 2W + 2Wo)Wins o Wi + (—2Wa + 4W; + 4W,)
Wm+1Wm)a
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2I'g = Z((—3W22 — W02 + AW Wo 4 2WoWo + 2W0W1)Wm+2 + (2W22 — 6W12 — 2W02 +
2WoWso — 4WOW1)Wm+1 + (W22 — 2W12 — 3W02 + 2W1 Wy — 2WyWo — 4WOW1)Wm),
Iy = W23+2W13+Wg) —2W1W22 — W0W22+2W0W12 +W02W2 +2W02W1 —2Woa W1 Ws.

Proof. Set r=1,s =1,t =1,G,, =T, and H = K,, in Lemma [66] O
Now, we consider special cases of the last Lemma.

Corollary 75. The ordinary generating functions of the sequences Wy, Wayn, Wapni1,
W_pn, W_opn, W_o,11 are given as follows:

(a) (m=1,7=0,|z| < |a| ™" ~0.543689).

2(Wy — Wy — Wo) + 2(Wy — Wo) + W
ZW & 2(=1)+22(-1)+2(-1)+1

(b) (m=2,j=0,|z| < |a| " ~ 0.295597).

ZW n W2+2W1)+Z(W2*3W0)+W0
an 23(—1) 4+ 22(—1) + 32(—1) + 1

() (m=2,j=1,1z| < |a| * ~ 0.295597).

> n 22(W2 - W1 W()) + Z(WQ - 2W1 + WO) + Wl
E W2n+12 = 3
23(=1) + 22(=1) + 32(-1) + 1

(d) (m=-1,j=0,|z| <|8] = |y| ~0.737352).

- n ZWi+z(Wa — W) + W
g W_,z" = .
B(=1)+22+2+1

(€) (m=—2,7=0,]z <|B]> = |7> ~ 0.543689).

= . PWa+ z(— W2+2W1+W0)+W0
> Wope =
23(=1)+322+2z+1

(f) (m=-2,j=1,1z] < |8]* = |7]* ~ 0.543689).

> o 22(Wo + Wy + Wo) + 2(We — Wo) + Wy
E W_2n+12’ = 3 2 .
23(-1)+322+2z+1
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The last Lemma gives the following results as particular examples (generating

functions of Tribonacci and Tribonacci-Lucas numbers).

Corollary 76. Assume that |z| < min{|a|™™, |87, |v|""}. Generating functions of

Tribonacci and Tribonacci-Lucas numbers are given, respectively, as follows:

(a)

(b)

> n 22@4 + 205 + Og
ZT’""HZ =3 2
o 2+ 22T+ 23+ Ty
where
2204 = 2T, 9T + To 1 Tive + T3 0Ty + ToTjye — Tnp1Tong2Tyy2 +

T Tn1Tj42 — Tong1 Ton2Tj1 — T T2 T4 — T T 1 L1 — T Trnge2 1),
205 = 2(Tm42Tj42 — Tmi1Tjr2 — T2 Tj11 — T Tjio + T 1 Tjr — 27T g1 +

2ijy+l + TmTj)7

Q¢ = Tj,
and
Z3F1 = 23(—1),

22Ty = 22(T2 o + 6T2 | + 3T2 — ATy 19T i1 — AT 10T + 2T 1T,

2I'g = Z(Tm+2 - 4Tm+1 + Tm);
Iry=1.

o0
D Koy =

n=0

where

22@4 = 22((3Kj+2 — 2Kj+1 — Kj)KTQn+2 + (6Kj+1 + 2Kj)K72n+1 + (Kj+2 + 2Kj+1 +
3KJ)K21 + (—4Kj+2 — 2Kj)Km+2Km+1 + (—2Kj+2 - 2Kj+1 + 2Kj)Km+2Km +
(2K 12 +4Kj11 +4K;) K1 Ko ),

2’65 = Z((—SKj+2 + 18Kj+1 + 2Kj)Km+2 + (18Kj+2 — 15Kj+1 — 10Kj)Km+1 +

22@4 + 205 + B¢

2311 + 22Ty + 23 + Ty

(2K 15 — 10K, 1 — 28K,) Ky, — 9K 41K 1),

O¢ = 44K,
and

23F1 = 23(—44),
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22Ty = 22(4K2, o +12K2, | +14K2 — 18K 0 Ky 1 — 2K om0 K + 10K, 11 Ky,

2T3 = 2(—44) K,
Ty = 44.

Now, we consider special cases of the last two corollaries.

Corollary 77. The ordinary generating functions of the sequences Ty, Toyn, Tont1, T—pn,
T on, Tony1 and Ky, Koy, Kopi1, K_p, K_op, K_9,11 are given as follows:

(a) (m=1,7=0,|z| < |a|™" ~0.543689).

> z

Tnzn = —_—m
nzfo 1—2z—22-2%
oo
ZK n 3—22—22

z = e — .

‘ " 1—2—22-23
n—=

(b) (m=2,j=0,|z| <|a| " ~ 0.295597).

ni:oTW" = 1731_—73
(c) (m=2,7=1,1z| < |a|? ~ 0.295597).
éTwz" - e

(d) (m=-1,j=0,|z| <|8] = || ~0.737352).

T, = —
RZ:O n® 1+2+422-23
iK o 3+ 2z + 22
v " 14z 2223
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(e) (m=-2,7=0,|z] < |8)° = |7|* ~ 0.543689).

> z+ 22
T ogps" = — 212
nZ:() n? 1+24+322—-23
o0
3+2 322
SOK g = oA
oy 1+2+322—2

(f) (m=—-2,j=1,]2| < |B]* = |7]* ~ 0.543689).

iT o 1+ 2+ 222
—anl 142432223
n=0
> 1+ 722

K gpiqz" = — 1'%
ngo an1% 1424322 —23

From the last corollary, we obtain the following results for Tribonacci and

Tribonacci-Lucas numbers.

Corollary 78. Infinite sums of Ty, Ton, Tont1, T—n, T—on, T—on+1 and Ky, Kop, Koni1,

K_,, K_on, K_o,41 are given as follows:

1
(a) z= 7
[e%} Tn
o= 4,
2”
n=0
o Kn
— = 14.
2n
n=0
(b) z=-.
15, 20
gn 11
n=0
= 4n 11
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(c) z=

oo

Sl B8
—o4n
X Koptt _ 124
e U T
1
d) z= 3
T _ 2
o1y
— on 13
(e) z=-
iT,Qn 6
= o 17’
— o 17
1
£) z= 3
iT_QnH 16
— on T
i K_opp1 _ 22
o 17

13 Some Remarks

When we defined the generalized Tribonacci polynomials in , we supposed that
Wo, W1, Wy are arbitrary complex (or real) polynomials with real coefficients and r, s and
t are polynomials with real coefficients with ¢ # 0. However, if we take Wy, Wy, Wa, r, s
and t are arbitrary complex or real functions (with real coefficients) and z are arbitrary

complex or real number (function), then we can apply to the results obtained in the
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previous sections (when we check the proofs, we see that proofs work for these Wy, Wy, Wa,
r,s,t and z). Now, we present some special cases of Wy, Wy, W, r, s,t and z as examples

of functions.

13.1 The Case r =x +sinz, s=x+cosz,t=1, xr €R

If we set
r = x+sinz,
s = x+cosu,
t = 1,
r € R,

in (1.1) then we get,

Whis = (z +sinx)W, 0 + (z + cosz) W1 + W,

with Wy = a(x), Wi = b(x), Wy = ¢(x) and

Gnis = (x+sinz)Gpio+ (v + cosx)Gpy1 + G,
Go = 0,G1=1,Gy =z +sinz,
H,is = (v+sinz)H,42+ (x4 cosz)H,11 + Hy,
Hy = 3,H, =ax+sinx, Hy = 2(x +cosz) + (z +sinz)?.

We can apply to the results of previous sections for the functions r,s,t, z. For example,
for all integers n, we get, by Theorem [51] (a),

r+sinz x+coszr 1 " Gnt1 (x4 cosz)Gp + Gt G,
1 0 0 = Gn (r+cos)Gro1+Gno2 Gn1 |,
0 1 0 Gno1 (x4cosx)Gpo+ Gnog Gp_o
for all z € R.

We now apply to Theorem [62] for the case r =z +sinz, s =z +cosz, t =1, z € R.

Theorem 79. We have the following sum formulas.

(a) (m=1,7=0). If 23(=1) + 22(=1)(z + cosz) + z(=1)(z + sinx) + 1 # 0 then

Z kG = —2"3G, 4+ 2" ((x 4 sin @) Gy — Gya) — 2" Grja + 2
—23 — 22(x 4 cosx) — z(xz +sinx) + 1 '
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(b) (m=1,7=0). If 23(=1) + 2%(=1)(z + cos z) + z(—1)(x + sinx) + 1 # 0 then

E:Z Hy = —5—— - : .
paars —23 — 22(x 4 cosz) — z(x +sinz) + 1

where

Q= —2"BH, +2"2((x+sina)Hy, 1 — Hyyo) — 2" T Hy g — 22 (w4 cosx) — 2z (2 +
sinx) + 3.

If we set z =1 in the last theorem, we get the following Corollary.
Corollary 80. We have the following sum formulas.

(a) (m=1,7=0). If -2z — cosz —sinx # 0 then

iG —Gpi2—Gn+ (—14+ 2 +sinz)Gpiq + 1
k = .

—2x —cosx —sinx
k=0

(b) (m=1,7=0). If =22 — cosx — sinz # 0 then

E":H  —Hypo+ (-1+2x+sinx)H,y — H, —2sinz —cosx — 3z + 3
P k= —2x —cosx —sinx '

If we set 2 = 3% = cos3x + isin3x (for € R) in the last theorem, we get the

following Corollary.
Corollary 81. We have the following sum formulas.

(a) (m=1,7=0). If =% — €5 (z + cosz) — 3@ (x +sinx) + 1 # 0 then

Zn:e?)ikak _ _eSi(n+3):cGn + e3i(n+2)a:((x + sin l’)Gn-Q—l _ Gn+2) _ eSi(n+1)xGn+l 4 631'9: .

— —e%7 — b2 4 cosx) — e3®(x +sinz) + 1

(b) (m=1,7=0). If —e%® — 5% (2 + cosx) — €3*®(x +sinz) + 1 # 0 then

n Q

e3ierk — i i :
P —e%m — 017 (x4 cosx) — e3(x + sinz) + 1

where

O = _e3i(n+3):cHn + eSi(n+2)x<(x 4 sin .’Iﬁ)Hn+1 _ Hn+2) _ e3i(n+1):cHn+1 _ eﬁix(x +

cosz) — 2e%®(x + sinx) + 3.
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13.2 The Caser=1,s=1,t=1
For the case r =1, s = 1, t = 1,we now apply to Corollary [77] for specific z.

Corollary 82. We have the following infinite sum formulas for T, Ton, Tont1, T—n,
T72n7 T72n+1 and Kn7 KZ’I’L) K2n+17 K,n, K72na K72n+1:

(a (m=1,7 =0,z = co2sm7‘z| = ‘002533‘ < |a|™" ~ 0.543689). We can define two
functions f,g: R — R by
L /cosT\ " 8cosx
= TTL - I
1(@) nz:% ( 2 ) 14 — (2 4+ cosz) cos 2z — 9cosx
L fcosT\ " 46 — 16 cosx — 2 cos 2z
— K, = .
9(x) 7;0 ( 2 ) 14 — (2 4+ cosx) cos 2z — 9 cos x
() (m =2, =0,z = 51295"2' = 51230 < la|™® ~ 0.295597). We can define two

functions f,g: R — R by

= [sinz\" 64sinx — 8cos2z + 8
- Ty, = ,
/(@) 7;0 ( 4 ) 2 8 cos 2z — 195 sinx 4+ sin 3z 4 248
(x) = i sina\" B 8 cos 2z — 384 sinx + 760
e\ 2"~ Rcos 22 — 195 sina + sin 3z + 248°
() (m=2,j=1,2= W%,M = smx—k% < la|™® ~ 0.295597). We can

define two functions f,g: R — R by

>, /sinz + cosz\"
o = S (e

n=0
128 (cosx + sinz — 8)
sin 3z + 16 sin 2z + 387 sinx — cos 3z + 387 cosx — 1008’
o0 . n
sSiInx + cosx
g(x) = Z (8) Kont1

n=0

16 (—32cosx — 32sinx + 2 cos x sinz — 63)
sin 3z + 16sin 2z + 387 sinx + 387 cos z — cos 3z — 1008

sin x
2 + 32

(d) (m=-1,j =02 = 2T | = ‘

= 932 < |B] = |y| ~ 0.737352). We can
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define two functions f,g: R — R by

flz) = Z<2in322) T

n=0

—2(3z% + 2)(—1 + cos 2z)
(3624 + 4822 4 13) sinx + sin 3z — 2(322 + 2) cos 2z + 1086 + 216x* + 15022 + 36’

> sinz \"
9(x) = Z(2+3x2) Kn

n=0

2 (32” +2) (4(32® + 2) sinx — cos 2z + 54z” + 722> + 25)
(3621 + 48x2 + 13) sinz + sin 3z — 2(3z2 + 2) cos 2z + 10826 + 216z + 150x2 + 36

el cos 2z + isin 2z et 1

(e) (m = —2j = 0.5 = 57 = SEREIME py_JCE) b — ot
0.543689). We can define two functions f,g: R — C by
X 2inx 2ix ( ,2ix
e 3e* (e + 3)
— 7T_ f— - - T
f(l') nz:% 3n 2n 27 + Qe2iz + Qediz _ er:p’
o e2ine 81 4 1862 4 9¢tie
= LK., = , : .
g(x) T;) 3n 2 27 + Qe2ix + Qediz _ pbix
(F) (m=—2,j =12 = — |z| = |——| < |8 = ||* ~ 0.543689). W defi
m=—2j= ’z_2+:c2’z_2+:c2 =|y|" ~0. . We can define
two functions f,g : R — R by
0 2 4 2
_ + 2)((z* + 5z* + 8)
— 2 2 nT_ n _ (Z‘
/(@) T;)( T e = S g 1T
o 2 2 4
_ +2)(4x® 4+ z* + 11)
— 9 2 N n — (:L‘ )
9(z) 7;( +o7) 2t 8 + 7zt + 1922 + 17
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