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Abstract

In this paper, we investigate the generalized Tribonacci polynomials and we

deal with, in detail, two special cases which we call them (r, s, t)−Tribonacci

and (r, s, t)−Tribonacci-Lucas polynomials. We also introduce and investigate

a new sequence and its two special cases namely the generalized co-Tribonacci,

(r, s, t)−co-Tribonacci and (r, s, t)−co-Tribonacci-Lucas polynomials, respectively.

We present Binet’s formulas, generating functions, Simson formulas, and the

summation formulas for these polynomial sequences. Moreover, we give some

identities and matrices related to these polynomials. Furthermore, we evaluate the

infinite sums of special cases of (r, s, t)−Tribonacci and (r, s, t)−Tribonacci-Lucas

polynomials.

1 Introduction: Generalized Tribonacci Polynomials

Recently, there have been so many studies of the sequences of numbers and polynomials

in the literature and they were widely used in many research areas, such as architecture,

nature, art, physics and engineering. The sequence of Fibonacci numbers {Fn} is defined

by the second-order linear recurrence sequence

Fn = Fn−1 + Fn−2, n ≥ 2,

with initial conditions F0 = 0, F1 = 1. A generalization of the sequence {Fn} is sequence

of Fibonacci polynomials which are defined by the second-order linear recurrence sequence

Fn(x) = xFn−1(x) + Fn−2(x), F0(x) = 0, F1(x) = 1, n ≥ 2.

The Fibonacci numbers are recovered by evaluating the polynomials Fn(x) at x = 1.

The Fibonacci numbers and polynomials and their generalizations have many interesting
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properties and applications to almost every field. For some references on special cases

of second-order linear recurrence sequences of polynomials and numbers, see for instance

[4,5,6,14,18,19] for papers and [1,3,8,9,10,15,17] for books.

In this paper, we investigate the third order generalization of Fibonacci numbers and

polynomials.

The generalized Tribonacci polynomials (or generalized (r(x), s(x), t(x))−Tribonacci

polynomials or x-Tribonacci numbers or generalized (r(x), s(x), t(x))-polynomials or

3-step Fibonacci polynomials)

{Wn(W0(x),W1(x),W2(x); r(x), s(x), t(x))}n≥0

(or {Wn(x)}n≥0 or shortly {Wn}n≥0) is defined as follows:

Wn(x) = r(x)Wn−1(x) + s(x)Wn−2(x) + t(x)Wn−3(x),

W0(x) = a(x),W1(x) = b(x),W2(x) = c(x), n ≥ 3 (1.1)

where W0(x),W1(x),W2(x) are arbitrary complex (or real) polynomials with real

coefficients and r(x), s(x) and t(x) are polynomials with real coefficients and t(x) 6= 0.

Special cases of this sequence has been studied by many authors. For some references

on special cases of generalized Tribonacci polynomials, see for example [2,11,12,13].

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n(x) = −s(x)

t(x)
W−(n−1)(x)− r(x)

t(x)
W−(n−2)(x) +

1

t(x)
W−(n−3)(x)

for n = 1, 2, 3, ... when t(x) 6= 0. Therefore, recurrence (1.1) holds for all integers n. Note

that for n ≥ 1, W−n(x) need not to be a polynomial in the ordinary sense.

Binet’s formula of generalized Tribonacci polynomials, as {Wn} is a third-order

recurrence sequence (difference equation), can be calculated using its characteristic

equation (the cubic equation, auxiliary equation, polynomial) which is given as

z3 − r(x)z2 − s(x)z − t(x) = 0. (1.2)

The roots of characteristic equation of {Wn} will be denoted as α(x) = α(x, r, s, t), β(x) =

β(x, r, s, t), γ(x) = γ(x, r, s, t).

Remark 1. For the sake of simplicity throughout the rest of the paper, we use

Wn, r, s, t,W0,W1,W2, α, β, γ,
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instead of

Wn(x), r(x), s(x), t(x),W0(x),W1(x),W2(x), α(x), β(x), γ(x),

respectively, unless otherwise stated. For example, we write

Wn = rWn−1 + sWn−2 + tWn−3, W0 = a,W1 = b,W2 = c, n ≥ 3

for the equation (1.1). Also we write Un, U0, U1, U2 instead of Un(x) with initial conditions

U0(x), U1(x), U2(x) for any subsequence {Un(x)} of {Wn}.

The roots of characteristic equation of {Wn} are

α =
r

3
+ C1 + C2, (1.3)

β =
r

3
+ ωC1 + ω2C2, (1.4)

γ =
r

3
+ ω2C1 + ωC2, (1.5)

where

C1 =

(
r3

27
+
rs

6
+
t

2
+
√

∆1

)1/3

, C2 =

(
r3

27
+
rs

6
+
t

2
−
√

∆1

)1/3

,

∆1 = ∆1(r, s, t) =
r3t

27
− r2s2

108
+
rst

6
− s3

27
+
t2

4
,

ω =
−1 + i

√
3

2
= exp(2πi/3).

Note that (in the three distinct roots case: α 6= β 6= γ) we have the following formula:

for n = 1, 2, 3, ... we have

W−n =
1

tn
βnγn (β − γ) p1 − αnγn (α− γ) p2 + αnβn (α− β) p3

αn (β − γ) p1 − βn (α− γ) p2 + γn (α− β) p3
Wn. (1.6)

We have the following identities between α, β, γ and r, s, t.

Lemma 2. There are close relations between the roots of characteristic equation (1.2)

and r, s, t as follows.

(a) Arbitrary Roots Case (α, β, γ are arbitrary).
α+ β + γ = r,

αβ + αγ + βγ = −s,
αβγ = t.

(1.7)
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(b) Two Distinct Roots Case (α 6= β = γ).

α 6= β = γ

⇔

r = α+ 2β,

s = −β (2α+ β) ,

t = αβ2.

(c) Single Root Case (α = β = γ = r
3).

α = β = γ

⇔ r = 3α, s = −3α2, t = α3

⇔ r

3
= α, s = −1

3
r2, t =

1

27
r3.

and

α = β = γ ⇔ ∆1 = C1 = C2 = 0.

Proof. The identities in (1.7) are well known. In fact, just compare

z3 − rz2 − sz − t = 0

and

(z − α) (z − β)(z − γ) = z3 − (α+ β + γ)z2 + (αβ + αγ + βγ)z − αβγ = 0.

Use (1.2), (1.3)-(1.5) and (1.7) to prove (b) and (c).

Using the roots of characteristic equation and the recurrence relation of Wn, Binet’s

formula can be given as follows:

Theorem 3. For all integers n, Binet’s formula of generalized Tribonacci polynomials

is given as follows.

(a) (Three Distinct Roots Case: α 6= β 6= γ) Binet’s formula of generalized Tribonacci

polynomials is

Wn =
p1α

n

(α− β)(α− γ)
+

p2β
n

(β − α)(β − γ)
+

p3γ
n

(γ − α)(γ − β)
(1.8)

= A1α
n +A2β

n +A3γ
n,
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where

p1 = W2−(β+γ)W1+βγW0, p2 = W2−(α+γ)W1+αγW0, p3 = W2−(α+β)W1+αβW0,

and

A1 =
p1

(α− β)(α− γ)
=
W2 − (β + γ)W1 + βγW0

(α− β)(α− γ)

=
(αW2 + α(−r + α)W1 + tW0)

rα2 + 2sα+ 3t
,

A2 =
p2

(β − α)(β − γ)
=
W2 − (α+ γ)W1 + αγW0

(β − α)(β − γ)

=
(βW2 + β(−r + β)W1 + tW0)

rβ2 + 2sβ + 3t
,

A3 =
p3

(γ − α)(γ − β)
=
W2 − (α+ β)W1 + αβW0

(γ − α)(γ − β)

=
(γW2 + γ(−r + γ)W1 + tW0)

rγ2 + 2sγ + 3t
.

(b) (Two Distinct Roots Case: α 6= β = γ) Binet’s formula of generalized Tribonacci polynomials

is

Wn = A1α
n + (A2 +A3n)βn (1.9)

where

A1 =
W2 − 2βW1 + β2W0

(β − α)2
=

4W2 − 4(r − α)W1 + (r − α)2W0

(r − 3α)2
,

A2 =
−W2 + 2βW1 − α(2β − α)W0

(β − α)2
=

4(−W2 + (r − α)W1 + α(−r + 2α)W0)

(r − 3α)2
,

A3 =
W2 − (β + α)W1 + βαW0

β (β − α)
=

2(2W2 − (r + α)W1 + α(r − α)W0)

(r − 3α) (r − α)
.

(c) (Single Root Case: α = β = γ =
r

3
) Binet’s formula of generalized Tribonacci polynomials

is

Wn = (A1 +A2n+A3n
2)× αn (1.10)

where

A1 = W0,

A2 =
−W2 + 4W1α− 3W0α

2

2α2
=

3

2r2
(−3W2 + 4rW1 − r2W0),

A3 =
W2 − 2W1α+W0α

2

2α2
=

1

2r2
(9W2 − 6rW1 + r2W0).
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Proof. (a) If the roots α, β, γ of (1.8) are distinct, then (the sequences (αn)n≥0, (βn)n≥0

and (γn)n≥0 are solutions of (1.1) and) the general formula of Wn is in the following

form:

Wn = A1α
n +A2β

n +A3γ
n

where the coefficients A1, A2 and A3 are determined by the system of linear

equations

W0 = A1 +A2 +A3

W1 = A1α+A2β +A3γ

W2 = A1α
2 +A2β

2 +A3γ
2.

Solving these three simultaneous equations for W0, W1 and W2, we obtain the

required result.

(b) If (1.8) have two distinct roots i.e., α 6= β = γ, then Wn is in the following form:

Wn = A1α
n + (A2 +A3n)× βn = A1α

n +A2β
n +A3nβ

n

where A2, A3 and A1 are the polynomials whose values are determined by the values

W0,W1 and any other known value of the sequence. By using the values W0, W1

and W2, we obtain

W0 = A1 × α0 +A2 × β0 +A3 × 0× β0

W1 = A1 × α1 +A2 × β1 +A3 × 1× β1

W2 = A1 × α2 +A2 × β2 +A3 × 2× β2

i.e.,

W0 = A1 +A2

W1 = A1α+ (A2 +A3)β = A1α+A2β +A3β

W2 = A1α
2 + (A2 + 2A3)β2 = A1α

2 +A2β
2 + 2A3β

2

Solving these three simultaneous equations for W0, W1 and W2, we get the required

result.

(c) If the roots α, β, γ of (1.8) are equal, i.e., α = β = γ, then Wn is in the following

form:

Wn = (A1 +A2n+A3n
2)× αn
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where A1, A2 and A3 are the polynomials whose values are determined by the values

W0,W1 and any other known value of the sequence. By using the values W0, W1

and W2, we obtain

W0 = A1 + 0×A2 + 0×A3

W1 = αA1 + αA2 + αA3

W2 = α2A1 + 2α2A2 + 4α2A3

Solving these three simultaneous equations for W0, W1 and W2, we get the required

result.

Remark 4. Note that the Binet form of a sequence satisfying Theorem (3) for

non-negative integers is valid for all integers n (see [7], this result of Howard and Saidak

[7] is even true in the case of higher-order recurrence relations).

Note that (a), (b) and (c) of the above theorem can be given as follows:

Wn =


A1α

n +A2β
n +A3γ

n , if α 6= β 6= γ (Three Distinct Roots Case)

A1α
n + (A2 +A3n)βn , if α 6= β = γ (Two Distinct Roots Case)

(A1 +A2n+A3n
2)αn , if α = β = γ (Single Root Case)

(1.11)

where each triple A1, A2, A3 are given as in Theorem 3 (a), (b) and (c), respectively.

Lemma 5.

(a) (Three Distinct Roots Case: α 6= β 6= γ) If A1, A2 and A3 are as in Theorem 3 (a),

then we have

A1 +A2 +A3 = W0.

(b) (Two Distinct Roots Case: α 6= β = γ) If A1, A2 and A3 are as in Theorem 3 (b),

then we have

A1 +A2 +A3 =
−W2 + (α+ β)W1 − β2W0

β (α− β)
.

(c) (Single Root Case: α = β = γ =
r

3
) If A1, A2 and A3 are as in Theorem 3 (c), then

we have

A1 +A2 +A3 =
W1

α
=

3

r
W1.

Proof. Use Theorem 3.
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Theorem 3 can be given in the following form:

Theorem 6. Binet’s formula of generalized Tribonacci polynomials is given as follows

according to the roots of characteristic equation (1.2):

(a) (Three Distinct Roots Case: α 6= β 6= γ)

Wn =
W2 − (β + γ)W1 + βγW0

(α− β)(α− γ)
αn +

W2 − (α+ γ)W1 + αγW0

(β − α)(β − γ)
βn

+
W2 − (α+ β)W1 + αβW0

(γ − α)(γ − β)
γn,

i.e.,

Wn =
(αW2 + α(−r + α)W1 + tW0)

rα2 + 2sα+ 3t
αn +

(βW2 + β(−r + β)W1 + tW0)

rβ2 + 2sβ + 3t
βn

+
(γW2 + γ(−r + γ)W1 + tW0)

rγ2 + 2sγ + 3t
γn.

(b) (Two Distinct Roots Case: α 6= β = γ)

Wn =
W2 − 2βW1 + β2W0

(β − α)2
αn+(

−W2 + 2βW1 − α(2β − α)W0

(β − α)2
+
W2 − (β + α)W1 + βαW0

β (β − α)
n)βn

i.e.,

Wn =
4W2 − 4(r − α)W1 + (r − α)2W0

(r − 3α)2
αn

+
1

β (r − 3β)2
((−βW2 + 2β2W1 + (2rβ2 + (r2 + 8s)β + 8t)W0)

+((3β − r)W2 − (r − 3β)(β − r)W1 − (rβ2 + (r2 + 6s)β + 6t)W0)n)βn.

(c) (Single Root Case: α = β = γ =
r

3
)

Wn =
1

2
(2α2W0 + (−W2 + 4W1α− 3W0α

2)n+ (W2 − 2W1α+W0α
2)n2)αn−2

=
1

2
(n(n− 1)W2 − 2n(n− 2)αW1 + (n− 1)(n− 2)α2W0)αn−2

=
1

18
(9n(n− 1)W2 − 6n(n− 2)rW1 + (n− 1)(n− 2)r2W0)

( r
3

)n−2
.

Proof. Use (1.7) and Theorem 3.

Note that each of Theorem 3, equations (1.11) and Theorem 6 have their advantages

to present Binet’s formula of generalized Tribonacci polynomials.

If some of the roots of characteristic equation is 1 then we get the following corollary

as a special case of Theorem 6 .
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Corollary 7. Binet’s formula of generalized Tribonacci polynomials is given as follows

according to the roots of characteristic equation (1.2):

(a) (Three Distinct Roots Case: α 6= β 6= γ = 1)

Wn =
W2 − (β + 1)W1 + βW0

(α− β)(α− 1)
αn+

W2 − (α+ 1)W1 + αW0

(β − α)(β − 1)
βn+

W2 + (−r + 1)W1 + tW0

t− r + 2
,

i.e.,

Wn =
(αW2 + α(−r + α)W1 + tW0)

rα2 + 2sα+ 3t
αn+

(βW2 + β(−r + β)W1 + tW0)

rβ2 + 2sβ + 3t
βn+

W2 + (−r + 1)W1 + tW0

r + 2s+ 3t
.

(b) (Two Distinct Roots Case: α 6= β = γ = 1)

Wn =
1

(1− t)2
((W2−2W1+W0)αn+(−W2+2W1+t (t− 2)W0)+(1− t) (W2−(1+t)W1+tW0)n).

(c) (Single Root Case: α = β = γ = 1 =
r

3
)

Wn =
1

2
(n(n− 1)W2 − 2n(n− 2)W1 + (n− 1)(n− 2)W0).

Proof. Use (1.7) and Theorem 6. Note that, in (a), since γ = 1, we get r+ s+ t = 1 and

so r + 2s+ 3t− (t− r + 2) = 2r + 2s+ 2t− 2 = 0, i.e., r + 2s+ 3t = t− r + 2.

If some of the roots of characteristic equation is −1 then we get the following corollary

as a special case of Theorem 6.

Corollary 8. Binet’s formula of generalized Tribonacci polynomials is given as follows

according to the roots of characteristic equation (1.2):

(a) (Three Distinct Roots Case: α 6= β 6= γ = −1)

Wn =
W2 − (β − 1)W1 − βW0

(α− β)(α+ 1)
αn+

W2 − (α− 1)W1 − αW0

(β − α)(β + 1)
βn+

W2 − (r + 1)W1 − tW0

r − t+ 2
(−1)n,

i.e.,

Wn =
(αW2 + α(−r + α)W1 + tW0)

rα2 + 2sα+ 3t
αn+

(βW2 + β(−r + β)W1 + tW0)

rβ2 + 2sβ + 3t
βn+

W2 − (r + 1)W1 − tW0

−r + 2s− 3t
(−1)n.

(b) (Two Distinct Roots Case: α 6= β = γ = −1)

Wn =
1

(r + 3)
2 ((W2 + 2W1 +W0)αn + ((W2 + 2W1 + (−r2 + 2r − 8s+ 8t)W0)

+((−3− r)W2 + (r + 1)(r + 3)W1 + (r2 − r + 6s− 6t)W0)n)(−1)n+1).
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(c) (Single Root Case: α = β = γ = −1 =
r

3
)

Wn =
1

2
(n(n− 1)W2 + 2n(n− 2)W1 + (n− 1)(n− 2)W0) (−1)

n−2
.

Next, we give the ordinary generating function
∞∑
n=0

Wnu
n of the sequence Wn.

Lemma 9. Suppose that fWn
(u) =

∞∑
n=0

Wnu
n is the ordinary generating function of the

generalized Tribonacci (sequence of) polynomials {Wn}n≥0. Then,
∞∑
n=0

Wnu
n is given by

∞∑
n=0

Wnu
n =

W0 + (W1 − rW0)u+ (W2 − rW1 − sW0)u2

1− ru− su2 − tu3
. (1.12)

Proof. Using the definition of generalized Tribonacci polynomials, and substracting

ru
∑∞
n=0Wnu

n, su2
∑∞
n=0Wnu

n and tu3
∑∞
n=0Wnu

n from
∑∞
n=0Wnu

n we get

(1− ru− su2 − tu3)

∞∑
n=0

Wnu
n =

∞∑
n=0

Wnu
n − ru

∞∑
n=0

Wnu
n − su2

∞∑
n=0

Wnu
n − tu3

∞∑
n=0

Wnu
n

=

∞∑
n=0

Wnu
n − r

∞∑
n=0

Wnu
n+1 − s

∞∑
n=0

Wnu
n+2 − t

∞∑
n=0

Wnu
n+3

=

∞∑
n=0

Wnu
n − r

∞∑
n=1

Wn−1u
n − s

∞∑
n=2

Wn−2u
n − t

∞∑
n=3

Wn−3u
n

= (W0 +W1u+W2u
2)− r(W0u+W1u

2)− sW0u
2

+

∞∑
n=3

(Wn − rWn−1 − sWn−2 − tWn−3)un

= W0 +W1u+W2u
2 − rW0u− rW1u

2 − sW0u
2

= W0 + (W1 − rW0)u+ (W2 − rW1 − sW0)u2.

Rearranging above equation, we obtain

∞∑
n=0

Wnu
n =

W0 + (W1 − rW0)u+ (W2 − rW1 − sW0)u2

1− ru− su2 − tu3
.

We next find Binet’s formula of the generalized Tribonacci (sequence of) polynomials

{Wn}n≥0 by the use of generating function for Wn.
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Theorem 10. (Binet’s formula of the generalized Tribonacci (sequence of) polynomials

{Wn}n≥0 for the three distinct roots case, i.e., α 6= β 6= γ). For all integers n, we have

Wn =
q1α

n

(α− β)(α− γ)
+

q2β
n

(β − α)(β − γ)
+

q3γ
n

(γ − α)(γ − β)
(1.13)

where

q1 = W0α
2 + (W1 − rW0)α+ (W2 − rW1 − sW0),

q2 = W0β
2 + (W1 − rW0)β + (W2 − rW1 − sW0),

q3 = W0γ
2 + (W1 − rW0)γ + (W2 − rW1 − sW0).

Proof. Let

h(u) = 1− ru− su2 − tu3.

Then for some α, β and γ we write

h(u) = (1− αu)(1− βu)(1− γu)

i.e.,

1− ru− su2 − tu3 = (1− αu)(1− βu)(1− γu). (1.14)

Hence 1
α ,

1
β and 1

γ are the roots of h(u). This gives α, β and γ as the roots of

h(
1

u
) = 1− r

u
− s

u2
− t

u3
= 0.

This implies u3 − ru2 − su− t = 0. Now, by (1.12) and (1.14), it follows that

∞∑
n=0

Wnu
n =

W0 + (W1 − rW0)u+ (W2 − rW1 − sW0)u2

(1− αu)(1− βu)(1− γu)
.

Then we write

W0 + (W1 − rW0)u+ (W2 − rW1 − sW0)u2

(1− αu)(1− βu)(1− γu)
=

B1

(1− αu)
+

B2

(1− βu)
+

B3

(1− γu)
. (1.15)

So

W0+(W1−rW0)u+(W2−rW1−sW0)u2 = B1(1−βu)(1−γu)+B2(1−αu)(1−γu)+B3(1−αu)(1−βu).

If we consider u = 1
α , we get W0+(W1−rW0) 1

α+(W2−rW1−sW0) 1
α2 = B1(1− β

α )(1− γ
α ).

This gives

B1 =
α2(W0 + (W1 − rW0) 1

α
+ (W2 − rW1 − sW0) 1

α2 )

(α− β)(α− γ)
=
W0α2 + (W1 − rW0)α+ (W2 − rW1 − sW0)

(α− β)(α− γ)
.

Earthline J. Math. Sci. Vol. 13 No. 1 (2023), 1-120



12 Yüksel Soykan

Similarly, we obtain

B2 =
W0β2 + (W1 − rW0)β + (W2 − rW1 − sW0)

(β − α)(β − γ)
, B3 =

W0γ2 + (W1 − rW0)γ + (W2 − rW1 − sW0)

(γ − α)(γ − β)
.

Thus (1.15) can be written as

∞∑
n=0

Wnu
n = B1(1− αu)−1 +B2(1− βu)−1 +B3(1− γu)−1.

This gives

∞∑
n=0

Wnu
n = B1

∞∑
n=0

αnun +B2

∞∑
n=0

βnun +B3

∞∑
n=0

γnun =

∞∑
n=0

(B1α
n +B2β

n +B3γ
n)un.

Therefore, comparing coefficients on both sides of the above equality, we obtain

Wn = B1α
n +B2β

n +B3γ
n

where

B1 =
W0α

2 + (W1 − rW0)α+ (W2 − rW1 − sW0)

(α− β)(α− γ)
,

B2 =
W0β

2 + (W1 − rW0)β + (W2 − rW1 − sW0)

(β − α)(β − γ)
,

B3 =
W0γ

2 + (W1 − rW0)γ + (W2 − rW1 − sW0)

(γ − α)(γ − β)
,

and then we get (1.13).

Note that from (1.8) and (1.13) we have

W2 − (β + γ)W1 + βγW0 = W0α
2 + (W1 − rW0)α+ (W2 − rW1 − sW0),

W2 − (α+ γ)W1 + αγW0 = W0β
2 + (W1 − rW0)β + (W2 − rW1 − sW0),

W2 − (α+ β)W1 + αβW0 = W0γ
2 + (W1 − rW0)γ + (W2 − rW1 − sW0),

for the three distinct roots case, i.e., α 6= β 6= γ.

In this paper, we define and investigate, in detail, two special cases of the generalized

Tribonacci (sequences of) polynomials {Wn} which we call them (r, s, t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas (sequences of) polynomials. (r, s, t)-Tribonacci (sequences of)

polynomials {Gn}n≥0 and (r, s, t)-Tribonacci-Lucas (sequences of) polynomials {Hn}n≥0
are defined, respectively, by the third-order recurrence relations

Gn+3 = rGn+2 + sGn+1 + tGn, G0 = 0, G1 = 1, G2 = r, (1.16)

Hn+3 = rHn+2 + sHn+1 + tHn, H0 = 3, H1 = r,H2 = 2s+ r2. (1.17)
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The sequences {Gn}n≥0 and {Hn}n≥0 can be extended to negative subscripts by defining

G−n = −s
t
G−(n−1) −

r

t
G−(n−2) +

1

t
G−(n−3),

H−n = −s
t
H−(n−1) −

r

t
H−(n−2) +

1

t
H−(n−3),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.16) and (1.17) hold for all integers

n.

Next, we present the first few values of the (r, s, t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas polynomials with positive and negative subscripts:

Table 1: The first few values of the special third-order numbers with positive and negative

subscripts.

n 0 1 2 3 4

Gn 0 1 r r2 + s r3 + 2sr + t

G−n 0 1
t − s

t2 − 1
t4 (rt2 − s2t)

Hn 3 r 2s+ r2 r3 + 3sr + 3t r4 + 4r2s+ 4tr + 2s2

H−n − st
1
t2 (s2 − 2rt) 1

t3 (−s3 + 3rst+ 3t2) 1
t4 (2r2t2 − 4rs2t+ s4 − 4st2)

Note that for all n we have

G−n =
(γ − β)α1−n + (α− γ)β1−n + (β − α)γ1−n

(γ − β)αn+1 + (α− γ)βn+1 + (β − α)γn+1
Gn.

Lemma 9 gives the following results as particular examples (generating functions of

(r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials).

Corollary 11. Generating functions of (r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas

polynomials are

∞∑
n=0

Gnu
n =

u

1− ru− su2 − tu3
,

∞∑
n=0

Hnu
n =

3− 2ru− su2

1− ru− su2 − tu3
,

respectively.

Proof. In Lemma 9, take Wn = Gn with G0 = 0, G1 = 1, G2 = r and Wn = Hn with

H0 = 3, H1 = r,H2 = 2s+ r2, respectively.
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14 Yüksel Soykan

For all integers n, Binet’s formula of (r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas

polynomials (using initial conditions in (1.16) and (1.17)) can be expressed as follows:

Theorem 12.

(a) (Three Distinct Roots Case: α 6= β 6= γ) For all integers n, Binet’s formulas of

(r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials are

Gn =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)

=
αn+2

rα2 + 2sα+ 3t
+

βn+2

rβ2 + 2sβ + 3t
+

γn+2

rγ2 + 2sγ + 3t
,

Hn = αn + βn + γn,

respectively.

(b) (Two Distinct Roots Case: α 6= β = γ) For all integers n, Binet’s formulas of

(r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials are

Gn =
αn+1 − (α+ n(α− β))βn

(β − α)
2 ,

Hn = αn + βn + γn = αn + 2βn,

respectively.

(c) (Single Root Case: α = β = γ =
r

3
) For all integers n, Binet’s formulas of

(r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials are

Gn =
n(n+ 1)

2
αn−1 =

n(n+ 1)

2

(r
3

)n−1
,

Hn = αn + βn + γn = 3αn,

respectively.

(d) (α, β, γ : arbitrary)

Hn = αn + βn + γn.

Proof. (a),(b),(c): Use the equations in (1.7) and Theorem 3 (or Theorem 6) and initial

conditions in (1.16) and (1.17). (d) follows from (a), (b) and (c).
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Generalized Tribonacci Polynomials 15

Note that the above theorem can be given as follows:

Gn =



αn+1

(α−β)(α−γ) + βn+1

(β−α)(β−γ) + γn+1

(γ−α)(γ−β) ,
αn+2

rα2+2sα+3t
+ βn+2

rβ2+2sβ+3t
+ γn+2

rγ2+2sγ+3t
,

, if α 6= β 6= γ (Distinct Roots Case)

αn+1−(α+n(α−β))βn

(β−α)2 , if α 6= β = γ (Two Distinct Roots Case)

n(n+1)
2

αn−1 = n(n+1)
2

( r
3

)n−1

, if α = β = γ =
r

3
(Single Root Case)

and

Hn = αn + βn + γn

where α, β, γ are arbitrary, i.e.,

Hn =


αn + βn + γn , if α 6= β 6= γ (Distinct Roots Case)

αn + 2βn , if α 6= β = γ (Two Distinct Roots Case)

3αn = 3(
r

3
)n , if α = β = γ =

r

3
(Single Root Case)

If some of the roots of characteristic equation is 1 then we get the following corollary

as a special case of Theorem 12 .

Corollary 13. For all integers n, Binet’s formulas of (r, s, t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: α 6= β 6= γ = 1)

Gn =
αn+1

(α− β)(α− 1)
+

βn+1

(β − α)(β − 1)
+

1

(1− α)(1− β)

=
αn+2

rα2 + 2sα+ 3t
+

βn+2

rβ2 + 2sβ + 3t
+

1

r + 2s+ 3t
,

Hn = αn + βn + 1.

(b) (Two Distinct Roots Case: α 6= β = γ = 1)

Gn =
αn+1 + ((1− α)n− α)

(1− α)
2 ,

Hn = αn + 2.

(c) (Single Root Case: α = β = γ = 1 =
r

3
)

Gn =
n(n+ 1)

2
,

Hn = 3.
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16 Yüksel Soykan

If some of the roots of characteristic equation is −1 then we get the following corollary

as a special case of Theorem 12.

Corollary 14. For all integers n, Binet’s formulas of (r, s, t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: α 6= β 6= γ = −1)

Gn =
αn+1

(α− β)(α+ 1)
+

βn+1

(β − α)(β + 1)
+

(−1)
n+1

(1 + α)(1 + β)

=
αn+2

rα2 + 2sα+ 3t
+

βn+2

rβ2 + 2sβ + 3t
+

(−1)
n

r − 2s+ 3t
,

Hn = αn + βn + (−1)
n
.

(b) (Two Distinct Roots Case: α 6= β = γ = −1)

Gn =
αn+1 − (α+ (α+ 1)n)(−1)n

(1 + α)
2 ,

Hn = αn + 2(−1)n.

(c) (Single Root Case: α = β = γ = −1 =
r

3
)

Gn =
1

2
n(n+ 1) (−1)

n+1
,

Hn = 3 (−1)
n
.

2 Generalized co-Tribonacci Polynomials

In this section, for r, s, t satisfying Eq. (1.1), we define and investigate a new sequence

and its two special cases, namely the generalized co-Tribonacci, (r, s, t)−co-Tribonacci

and (r, s, t)−co-Tribonacci-Lucas polynomials.

For r, s, t satisfying Eq. (1.1), the generalized co-Tribonacci polynomials (or

generalized (r, s, t)−co-Tribonacci polynomials or generalized co-3-step Fibonacci

polynomials)

{Yn(Y0(x), Y1(x), Y2(x);−s,−rt, t2)}n≥0
(or shortly {Yn(x)}n≥0) is defined as follows:

Yn(x) = −sYn−1(x)−rtYn−2(x)+t2Yn−3(x), Y0(x) = d(x), Y1(x) = e(x), Y2(x) = f(x), n ≥ 3

(2.1)

http://www.earthlinepublishers.com



Generalized Tribonacci Polynomials 17

where Y0(x), Y1(x), Y2(x) are arbitrary complex (or real) polynomials with real

coefficients.

The sequence {Yn(x)}n≥0 can be extended to negative subscripts by defining

Y−n(x) = −−rt
t2

Y−(n−1)(x)− −s
t2
Y−(n−2)(x) +

1

t2
Y−(n−3)(x)

for n = 1, 2, 3, ... when t 6= 0. Therefore, recurrence (2.1) holds for all integer n. Note that

for n ≥ 1, Y−n(x) need not to be a polynomial in the ordinary sense.

Remark 15. For simplicity, throughout the rest of the paper we denote

r1 = −s, s1 = −rt, t1 = t2

and write (2.1) as

Yn(x) = r1Yn−1(x)+s1Yn−2(x)+t1Yn−3(x), Y0(x) = d(x), Y1(x) = e(x), Y2(x) = f(x), n ≥ 3

(2.2)

unless otherwise stated. So, we can easily use and modify the results which are given in

section Introduction and forthcoming sections, just by setting (substituting) r1, s1, t1 for

r, s, t.

As {Yn(x)} is a third-order recurrence sequence (difference equation), it’s

characteristic equation is

y3 − r1y2 − s1y − t1 = 0, (2.3)

i.e.,

y3 + sy2 + rty − t2 = 0. (2.4)

The roots of characteristic equation of {Wn} will be denoted as

θ1(x) = θ1(x, r1, s1, t1) = θ1(x,−s,−rt, t2),

θ2(x) = θ2(x, r1, s1, t1) = θ2(x,−s,−rt, t2),

θ3(x) = θ3(x, r1, s1, t1) = θ3(x,−s,−rt, t2).

Remark 16. As before, for the sake of simplicity throughout the rest of the paper, we

use

Yn, Y0, Y1, Y2, θ1, θ2, θ3

instead of

Yn(x), Y0(x), Y1(x), Y2(x), θ1(x), θ2(x), θ3(x),
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18 Yüksel Soykan

respectively, unless otherwise stated. For example, we write

Yn = −sYn−1 − rtYn−2 + t2Yn−3, Y0 = d, Y1 = e, Y2 = f, n ≥ 3

and

Yn = r1Yn−1 + s1Yn−2 + t1Yn−3, Y0 = d, Y1 = e, Y2 = f, n ≥ 3

for the equations (2.1) and (2.2). Also we write Vn, V0, V1, V2 instead of Vn(x) with initial

conditions V0(x), V1(x), V2(x) for any subsequence {Vn(x)} of {Yn}.

The roots of characteristic equation of {Wn} are

θ1 =
r1
3

+ C3 + C4 =
−s
3

+ C3 + C4,

θ2 =
r1
3

+ ωC3 + ω2C4 =
−s
3

+ ωC3 + ω2C4,

θ3 =
r1
3

+ ω2C3 + ωC4 =
−s
3

+ ω2C3 + ωC4,

where

C3 =

(
r31
27

+
r1s1

6
+
t1
2

+
√

∆2

)1/3

=

(
− 1

27
s3 +

1

6
rst+

1

2
t2 +

√
∆2

)1/3

,

C4 =

(
r31
27

+
r1s1

6
+
t1
2
−
√

∆2

)1/3

=

(
− 1

27
s3 +

1

6
rst+

1

2
t2 −

√
∆2

)1/3

,

∆2 =
r31t1
27
− r21s

2
1

108
+
r1s1t1

6
− s31

27
+
t21
4

=
1

108
t2
(
4r3t− r2s2 − 4s3 + 27t2 + 18rst

)
,

ω =
−1 + i

√
3

2
= exp(2πi/3).

We have the following relations between the roots of characteristic equations of

generalized Tribonacci and generalized co-Tribonacci polynomials:

Lemma 17. There are the following relations between α, β, γ and θ1, θ2, θ3:

(a)

θ1 = βγ,

θ2 = αβ, (2.5)

θ3 = αγ.

(b)

θ1 6= θ2 6= θ3 ⇔ α 6= β 6= γ.
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(c)

θ1 6= θ2 = θ3 ⇔ α 6= β = γ.

(d)

θ1 = θ2 = θ3 ⇔ α = β = γ.

We have the following identities between θ1, θ2, θ3 and r1, s1, t1.

Lemma 18. There are close relations between the roots of characteristic equation (2.3)

and r1, s1, t1 as follows.

(a) Arbitrary Roots Case (θ1, θ2, θ3 are arbitrary).
θ1 + θ2 + θ3 = r1 = −s,

θ1θ2 + θ1θ3 + θ2θ3 = −s1 = rt,

θ1θ2θ3 = t1 = t2.

(2.6)

(b) Two Distinct Roots Case (θ1 6= θ2 = θ3).

θ1 6= θ2 = θ3

⇔

r1 = θ1 + 2θ2,

s1 = −θ2 (2θ1 + θ2) ,

t1 = θ1θ
2
2.

(c) Single Root Case (θ1 = θ2 = θ3).

θ1 = θ2 = θ3

⇔ r1 = 3θ1, s1 = −3θ21, t1 = θ31

⇔ r1
3

= θ1, s1 = −1

3
r21, t1 =

1

27
r31.

and

θ1 = θ2 = θ3 ⇔ ∆2 = C3 = C4 = 0.

Using the roots of characteristic equation and the recurrence relation of Yn, Binet’s

formula can be given as follows:

Theorem 19. For all integers n, Binet’s formula of generalized co-Tribonacci

polynomials is given as follows.
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(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3) Binet’s formula of generalized

co-Tribonacci polynomials is

Yn =
p4θ

n
1

(θ1 − θ2)(θ1 − θ3)
+

p5θ
n
2

(θ2 − θ1)(θ2 − θ3)
+

p6θ
n
3

(θ3 − θ1)(θ3 − θ2)
(2.7)

= B1θ
n
1 +B2θ

n
2 +B3θ

n
3 ,

where

p4 = Y2−(θ2+θ3)Y1+θ2θ3Y0, p5 = Y2−(θ1+θ3)Y1+θ1θ3Y0, p6 = Y2−(θ1+θ2)Y1+θ1θ2Y0,

and

B1 =
p4

(θ1 − θ2)(θ1 − θ3)
=
Y2 − (θ2 + θ3)Y1 + θ2θ3Y0

(θ1 − θ2)(θ1 − θ3)

=
(θ1Y2 + θ1(−r1 + θ1)Y1 + t1Y0)

r1θ21 + 2s1θ1 + 3t1
,

B2 =
p5

(θ2 − θ1)(θ2 − θ3)
=
Y2 − (θ1 + θ3)Y1 + θ1θ3Y0

(θ2 − θ1)(θ2 − θ3)

=
(θ2Y2 + θ2(−r1 + θ2)Y1 + t1Y0)

r1θ22 + 2s1θ2 + 3t1
,

B3 =
p6

(θ3 − θ1)(θ3 − θ2)
=
Y2 − (θ1 + θ2)Y1 + θ1θ2Y0

(θ3 − θ1)(θ3 − θ2)

=
(θ3Y2 + θ3(−r1 + θ3)Y1 + t1Y0)

r1θ23 + 2s1θ3 + 3t1
.

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3) Binet’s formula of generalized co-Tribonacci

polynomials is

Yn = B1θ
n
1 + (B2 +B3n)θn2 (2.8)

where

B1 =
Y2 − 2θ2Y1 + θ22Y0

(θ2 − θ1)
2 =

4Y2 − 4(r1 − θ1)Y1 + (r1 − θ1)2Y0

(r1 − 3θ1)
2 ,

B2 =
−Y2 + 2θ2Y1 − θ1(2θ2 − θ1)Y0

(θ2 − θ1)
2 =

4(−Y2 + (r1 − θ1)Y1 + θ1(−r1 + 2θ1)Y0)

(r1 − 3θ1)
2 ,

B3 =
Y2 − (θ2 + θ1)Y1 + θ2θ1Y0

θ2 (θ2 − θ1)
=

2(2Y2 − (r1 + θ1)Y1 + θ1(r1 − θ1)Y0)

(r1 − 3θ1) (r1 − θ1)
.

(c) (Single Root Case: θ1 = θ2 = θ3 =
r1
3

) Binet’s formula of generalized co-Tribonacci

polynomials is

Yn = (B1 +B2n+B3n
2)× θn1 (2.9)
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where

B1 = Y0,

B2 =
−Y2 + 4Y1θ1 − 3Y0θ

2
1

2θ21
=

3

2r21
(−3Y2 + 4r1Y1 − r21Y0),

B3 =
Y2 − 2Y1θ1 + Y0θ

2
1

2θ21
=

1

2r21
(9Y2 − 6r1Y1 + r21Y0).

Note that (a), (b) and (c) of the above theorem can be given as follows:

Yn =


B1θ

n
1 +B2θ

n
2 +B3θ

n
3 , if θ1 6= θ2 6= θ3 (Three Distinct Roots Case)

B1θ
n
1 + (B2 +B3n)θn2 , if θ1 6= θ2 = θ3 (Two Distinct Roots Case)

(B1 +B2n+B3n
2)θn1 , if θ1 = θ2 = θ3 (Single Root Case)

(2.10)

where each triple B1, B2, B3 given as in Theorem 19 (a), (b) and (c), respectively.

Lemma 20.

(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3) If B1, B2 and B3 are as in Theorem 19

(a), then we have

B1 +B2 +B3 = Y0.

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3) If B1, B2 and B3 are as in Theorem 19

(b), then we have

B1 +B2 +B3 =
−Y2 + (θ1 + θ2)Y1 − θ22Y0

θ2 (θ1 − θ2)

(c) (Single Root Case: θ1 = θ2 = θ3 =
r1
3

) If B1, B2 and B3 are as in Theorem 19 (c),

then we have

B1 +B2 +B3 =
Y1
θ1

=
3

r1
Y1

Theorem 19 can be given in the following form:

Theorem 21. Binet’s formula of generalized co-Tribonacci polynomials is given as follows

according to the roots of characteristic equation (2.3):
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(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3)

Yn =
Y2 − (θ2 + θ3)Y1 + θ2θ3Y0

(θ1 − θ2)(θ1 − θ3)
θn1 +

Y2 − (θ1 + θ3)Y1 + θ1θ3Y0
(θ2 − θ1)(θ2 − θ3)

θn2

+
Y2 − (θ1 + θ2)Y1 + θ1θ2Y0

(θ3 − θ1)(θ3 − θ2)
θn3

=
(θ1Y2 + θ1(−r1 + θ1)Y1 + t1Y0)

r1θ21 + 2s1θ1 + 3t1
θn1 +

(θ2Y2 + θ2(−r1 + θ2)Y1 + t1Y0)

r1θ22 + 2s1θ2 + 3t1
θn2

+
(θ3Y2 + θ3(−r1 + θ3)Y1 + t1Y0)

r1θ23 + 2s1θ3 + 3t1
θn3 .

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3)

Yn =
Y2 − 2θ2Y1 + θ22Y0

(θ2 − θ1)2
θn1 +(

−Y2 + 2θ2Y1 − θ1(2θ2 − θ1)Y0

(θ2 − θ1)2
+
Y2 − (θ2 + θ1)Y1 + θ2θ1Y0

θ2 (θ2 − θ1)
n)θn2

and

Yn =
4Y2 − 4(r1 − θ1)Y1 + (r1 − θ1)2Y0

(r1 − 3θ1)
2 θn1

+
1

θ2 (r1 − 3θ2)
2 ((−θ2Y2 + 2θ22Y1 + (2r1θ

2
2 + (r21 + 8s1)θ2 + 8t1)Y0)

+((3θ2 − r1)Y2 − (r1 − 3θ2)(θ2 − r1)Y1 − (r1θ
2
2 + (r21 + 6s1)θ2 + 6t1)Y0)n)θn2 .

(c) (Single Root Case: θ1 = θ2 = θ3 =
r1
3

)

Yn =
1

2
(2θ21Y0 + (−Y2 + 4Y1θ1 − 3Y0θ

2
1)n+ (Y2 − 2Y1θ1 + Y0θ

2
1)n2)θn−21

=
1

2
(n(n− 1)Y2 − 2n(n− 2)θ1Y1 + (n− 1)(n− 2)θ21Y0)θn−21

=
1

18
(9n(n− 1)Y2 − 6n(n− 2)r1Y1 + (n− 1)(n− 2)r21Y0)

(r1
3

)n−2
.

Note that each of Theorem 19, equations (2.10) and Theorem 21 have their advantages

to present Binet’s formula of generalized co-Tribonacci numbers.

If some roots of characteristic equation is 1 then we get the following corollary as a

special case of Theorem 21.

Corollary 22. Binet’s formula of generalized co-Tribonacci polynomials is given as

follows according to the roots of characteristic equation (2.3):
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(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3 = 1)

Yn =
Y2 − (θ2 + 1)Y1 + θ2Y0

(θ1 − θ2)(θ1 − 1)
θn1 +

Y2 − (θ1 + 1)Y1 + θ1Y0
(θ2 − θ1)(θ2 − 1)

θn2

+
Y2 + (−r1 + 1)Y1 + t1Y0

t1 − r1 + 2

=
(θ1Y2 + θ1(−r1 + θ1)Y1 + t1Y0)

r1θ21 + 2s1θ1 + 3t1
θn1 +

(θ2Y2 + θ2(−r1 + θ2)Y1 + t1Y0)

r1θ22 + 2s1θ2 + 3t1
θn2

+
Y2 + (−r1 + 1)Y1 + t1Y0

r1 + 2s1 + 3t1

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3 = 1) θ2 = 1, θ3 = 1

Yn =
1

(1− t1)2
((Y2−2Y1+Y0)θn1 +(−Y2+2Y1+t1 (t1 − 2)Y0)+(1− t1) (Y2−(1+t1)Y1+t1Y0)n).

(c) (Single Root Case: θ1 = θ2 = θ3 = 1 =
r1
3

)

Yn =
1

2
(n(n− 1)Y2 − 2n(n− 2)× Y1 + (n− 1)(n− 2)Y0).

If some roots of characteristic equation is −1 then we get the following corollary as a

special case of Theorem 21 .

Corollary 23. Binet’s formula of generalized co-Tribonacci polynomials is given as

follows according to the roots of characteristic equation (2.3):

(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3 = −1)

Yn =
Y2 − (θ2 − 1)Y1 − θ2Y0

(θ1 − θ2)(θ1 + 1)
θn1 +

Y2 − (θ1 − 1)Y1 − θ1Y0
(θ2 − θ1)(θ2 + 1)

θn2

+
Y2 − (r1 + 1)Y1 − t1Y0

r1 − t1 + 2
(−1)n

=
(θ1Y2 + θ1(−r1 + θ1)Y1 + t1Y0)

r1θ21 + 2s1θ1 + 3t1
θn1 +

(θ2Y2 + θ2(−r1 + θ2)Y1 + t1Y0)

r1θ22 + 2s1θ2 + 3t1
θn2

+
(Y2 − (r1 + 1)Y1 − t1Y0)

−r1 + 2s1 − 3t1
(−1)n.

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3 = −1)

Yn =
1

(r1 + 3)
2 ((Y2 + 2Y1 + Y0)θn1 + ((Y2 + 2Y1 + (−r21 + 2r1 − 8s1 + 8t1)Y0)

+((−3− r1)Y2 + (r1 + 1)(r1 + 3)Y1 + (r21 − r1 + 6s1 − 6t1)Y0)n)(−1)n+1).

Earthline J. Math. Sci. Vol. 13 No. 1 (2023), 1-120
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(c) (Single Root Case: θ1 = θ2 = θ3 = −1 =
r1
3

)

Yn =
1

2
(n(n− 1)Y2 + 2n(n− 2)Y1 + (n− 1)(n− 2)Y0) (−1)

n−2
.

Next, we give the ordinary generating function
∞∑
n=0

Ynu
n of the sequence Yn.

Lemma 24. Suppose that fYn(u) =
∞∑
n=0

Ynu
n is the ordinary generating function of the

generalized co-Tribonacci (sequence of) polynomials {Yn}n≥0. Then,
∞∑
n=0

Ynu
n is given by

∞∑
n=0

Ynu
n =

Y0 + (Y1 − r1Y0)u+ (Y2 − r1Y1 − s1Y0)u2

1− r1u− s1u2 − t1u3
.

We next present Binet’s formula of the generalized co-Tribonacci (sequence of)

polynomials {Yn}n≥0 by the use of generating function for Yn.

Theorem 25. (Binet’s formula of the generalized co-Tribonacci polynomials {Yn}n≥0.
For all integers n, we have

Yn =
q4θ

n
1

(θ1 − θ2)(θ1 − θ3)
+

q5θ
n
2

(θ2 − θ1)(θ2 − θ3)
+

q6θ
n
3

(θ3 − θ1)(θ3 − θ2)
(2.11)

where

q4 = Y0θ
2
1 + (Y1 − r1Y0)θ1 + (Y2 − r1Y1 − s1Y0),

q5 = Y0θ
2
2 + (Y1 − r1Y0)θ2 + (Y2 − r1Y1 − s1Y0),

q6 = Y0θ
2
3 + (Y1 − r1Y0)θ3 + (Y2 − r1Y1 − s1Y0).

Note that from (2.7) and (2.11) we have

Y2 − (θ2 + θ3)Y1 + θ2θ3Y0 = Y0θ
2
1 + (Y1 − r1Y0)θ1 + (Y2 − r1Y1 − s1Y0),

Y2 − (θ1 + θ3)Y1 + θ1θ3Y0 = Y0θ
2
2 + (Y1 − r1Y0)θ2 + (Y2 − r1Y1 − s1Y0),

Y2 − (θ1 + θ2)Y1 + θ1θ2Y0 = Y0θ
2
3 + (Y1 − r1Y0)θ3 + (Y2 − r1Y1 − s1Y0).

In this paper, we define and investigate, in detail, two special cases of the

generalized co-Tribonacci polynomials {Yn} which we call them (r, s, t)-co-Tribonacci (or

(r1, s1, t1)-Tribonacci) and (r, s, t)-co-Tribonacci-Lucas (or (r1, s1, t1)-Tribonacci-Lucas)
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polynomials. (r, s, t)-co-Tribonacci polynomials {Un}n≥0 and (r, s, t)-co-Tribonacci-Lucas

polynomials {Sn}n≥0 are defined, respectively, by the third-order recurrence relations

Un+3 = r1Un+2 + s1Un+1 + t1Un, U0 = 0, U1 = 1, U2 = r1, (2.12)

Sn+3 = r1Sn+2 + s1Sn+1 + t1Sn, S0 = 3, S1 = r1, S2 = 2s1 + r21. (2.13)

The sequences {Un}n≥0 and {Sn}n≥0 can be extended to negative subscripts by defining

U−n = −s1
t1
U−(n−1) −

r1
t1
U−(n−2) +

1

t1
U−(n−3),

S−n = −s1
t1
S−(n−1) −

r1
t1
S−(n−2) +

1

t1
S−(n−3),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.12) and (2.13) hold for all integers

n.

The sequences {Un} and {Sn} can be written in the following forms:

Un = −sUn−1 − rtUn−2 + t2Un−3, U0 = 0, U1 = 1, U2 = −s,

Sn = −sSn−1 − rtSn−2 + t2Sn−3, S0 = 3, S1 = −s, S2 = −2rt+ s2.

Next, we present the first few values of the (r, s, t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials with positive and negative subscripts (in terms

of r1, s1, t1):

Table 2: The first few values of the special third-order numbers with positive and negative

subscripts.
n 0 1 2 3 4

Un 0 1 r1 r21 + s1 r31 + 2s1r1 + t1

U−n 0 1
t1

− s1
t21

− 1
t41

(r1t21 − s21t1)

Sn 3 r1 2s1 + r21 r31 + 3s1r1 + 3t1 r41 + 4r21s1 + 4t1r1 + 2s21
S−n − s1

t1

1
t21

(s21 − 2r1t1) 1
t31

(−s31 + 3r1s1t1 + 3t21) 1
t41

(2r21t
2
1 − 4r1s21t1 + s41 − 4s1t21)

We present the first few values of the (r, s, t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials with positive and negative subscripts (in

terms of r, s, t):
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Table 3: The first few values of the special third-order numbers with positive and negative

subscripts.

n 0 1 2 3 4

Un 0 1 −s s2 − rt −s3 + 2rst+ t2

U−n 0 1
t2

r
t3

1
t4

(
s+ r2

)
Sn 3 −s −2rt+ s2 −s3 + 3rst+ 3t2 2r2t2 − 4rs2t+ s4 − 4st2

S−n
r
t

1
t2

(
2s+ r2

)
1
t3

(
3t+ 3rs+ r3

)
1
t4

(
4r2s+ 4rt+ r4 + 2s2

)
For all integers n, Binet’s formula of (r, s, t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials (using initial conditions in (1.16) and (1.17))

can be expressed as follows:

Theorem 26.

(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3) For all integers n, Binet’s formulas of

(r, s, t)-co-Tribonacci and (r, s, t)-co-Tribonacci-Lucas polynomials are

Un =
θn+1
1

(θ1 − θ2)(θ1 − θ3)
+

θn+1
2

(θ2 − θ1)(θ2 − θ3)
+

θn+1
3

(θ3 − θ1)(θ3 − θ2)

=
θn+2
1

r1θ21 + 2s1θ1 + 3t1
+

θn+2
2

r1θ22 + 2s1θ2 + 3t1
+

θn+2
3

r1θ23 + 2s1θ3 + 3t1
,

Sn = θn1 + θn2 + θn3 ,

respectively.

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3) For all integers n, Binet’s formulas of

(r, s, t)-co-Tribonacci and (r, s, t)-co-Tribonacci-Lucas polynomials are

Un =
θn+1
1 − (θ1 + n(θ1 − θ2))θn2

(θ2 − θ1)
2 ,

Sn = θn1 + θn2 + θn3 = θn1 + 2θn2 ,

respectively.

(c) (Single Root Case: θ1 = θ2 = θ3 =
r1
3

) For all integers n, Binet’s formulas of

(r, s, t)-co-Tribonacci and (r, s, t)-co-Tribonacci-Lucas polynomials are

Un =
n(n+ 1)

2
θn−11 =

n(n+ 1)

2

(r1
3

)n−1
,

Sn = θn1 + θn2 + θn3 = 3θn1 ,

respectively.
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(d) (θ1, θ2, θ3 : arbitrary)

Sn = θn1 + θn2 + θn3 .

Note that the above theorem can be given as follows:

Un =



θ
n+1
1

(θ1−θ2)(θ1−θ3)
+

θ
n+1
2

(θ2−θ1)(θ2−θ3)
+

θ
n+1
3

(θ3−θ1)(θ3−θ2)
,

θ
n+2
1

r1θ
2
1+2s1θ1+3t1

+
θ
n+2
2

r1θ
2
2+2s1θ2+3t1

+
θ
n+2
3

r1θ
2
3+2s1θ3+3t1

,

, if θ1 6= θ2 6= θ3 (Distinct Roots Case)

θ
n+1
1 −(θ1+n(θ1−θ2))θn2

(θ2−θ1)2
, if θ1 6= θ2 = θ3 (Two Distinct Roots Case)

n(n+1)
2

θ
n−1
1 =

n(n+1)
2

( r1
3

)n−1
, if θ1 = θ2 = θ3 =

r1

3
(Single Root Case)

and

Sn = θn1 + θn2 + θn3

where θ1, θ2, θ3 are arbitrary, i.e.,

Sn =


θn1 + θn2 + θn3 , if θ1 6= θ2 6= θ3 (Distinct Roots Case)

θn1 + 2θn2 , if θ1 6= θ2 = θ3 (Two Distinct Roots Case)

3θn1 = 3(
r1
3

)n , if θ1 = θ2 = θ3 =
r1
3

(Single Root Case)

If some of the roots of characteristic equation is 1 then we get the following corollary

as a special case of Theorem 26 .

Corollary 27. For all integers n, Binet’s formulas of (r, s, t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3 = 1)

Un =
θn+1
1

(θ1 − θ2)(θ1 − 1)
+

θn+1
2

(θ2 − θ1)(θ2 − 1)
+

1

(1− θ1)(1− θ2)

=
θn+2
1

r1θ21 + 2s1θ1 + 3t1
+

θn+2
2

r1θ22 + 2s1θ2 + 3t1
+

1

r1 + 2s1 + 3t1
,

Sn = θn1 + θn2 + 1.

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3 = 1)

Un =
θn+1
1 + ((1− θ1)n− θ1)

(1− θ1)
2 ,

Sn = θn1 + 2.
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(c) (Single Root Case: θ1 = θ2 = θ3 = 1 =
r1
3

)

Un =
n(n+ 1)

2
,

Sn = 3.

If some of the roots of characteristic equation is −1, then we get the following corollary

as a special case of Theorem 26.

Corollary 28. For all integers n, Binet’s formulas of (r, s, t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials are given as follows:

(a) (Three Distinct Roots Case: θ1 6= θ2 6= θ3 = −1)

Un =
θn+1
1

(θ1 − θ2)(θ1 + 1)
+

θn+1
2

(θ2 − θ1)(θ2 + 1)
+

(−1)
n+1

(1 + θ1)(1 + θ2)

=
θn+2
1

r1θ21 + 2s1θ1 + 3t1
+

θn+2
2

r1θ22 + 2s1θ2 + 3t1
+

(−1)
n

r1 − 2s1 + 3t1
,

Sn = θn1 + θn2 + (−1)
n
.

(b) (Two Distinct Roots Case: θ1 6= θ2 = θ3 = −1)

Un =
θn+1
1 − (θ1 + (θ1 + 1)n)(−1)n

(1 + θ1)
2 ,

Sn = θn1 + 2(−1)n.

(c) (Single Root Case: θ1 = θ2 = θ3 = −1 =
r1
3

)

Un =
1

2
n(n+ 1) (−1)

n+1
,

Sn = 3 (−1)
n
.

Lemma 24 gives the following results as particular examples (generating functions of

(r, s, t)-co-Tribonacci and (r, s, t)-co-Tribonacci-Lucas polynomials).

Corollary 29. Generating functions of (r, s, t)-co-Tribonacci and

(r, s, t)-co-Tribonacci-Lucas polynomials are

∞∑
n=0

Unu
n =

u

1− r1u− s1u2 − t1u3
=

u

1 + su+ rtu2 − t2u3
,

∞∑
n=0

Snu
n =

3− 2r1u− s1u2

1− r1u− s1u2 − t1u3
=

3 + 2su+ rtu2

1 + su+ rtu2 − t2u3
,

respectively.
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3 Connections between Gn, Hn and Un, Sn

Sn can be given as follows.

Lemma 30. (α, β, γ; θ1, θ2, θ3: arbitrary) For all integers n, we have the following

formula for Sn.

Sn = αnβn + αnγn + βnγn.

Proof. Use the identities

θ1 = βγ, θ2 = αβ, θ3 = αγ

and

Sn = θn1 + θn2 + θn3 .

For the special cases α, β, γ; θ1, θ2, θ, Lemma 30 can be written as follows.

Lemma 31. (a) (Three Distinct Roots Case: α 6= β 6= γ, θ1 6= θ2 6= θ3)

Sn = αnβn + αnγn + βnγn.

(b) (Two Distinct Roots Case: α 6= β = γ, θ1 6= θ2 = θ3)

Sn = αnβn + αnγn + βnγn = 2αnβn + β2n.

(c) (Single Root Case: α = β = γ =
r

3
, θ1 = θ2 = θ3 =

r1
3

)

Sn = αnβn + αnγn + βnγn = 3α2n.

We can present the relations between Un, Sn and Gn, Hn as follows.

Lemma 32. For all integers n, we have the following formulas:

(a) Sn = 1
2 (H2

n −H2n).

(b) Un = tnG−n−1 and U−n = t−nGn−1.

(c) Sn = tnH−n and S−n = t−nHn.

Proof. Use Theorem 12, Theorem 26 and the identities

αβγ = t,

θ1 = βγ, θ2 = αβ, θ3 = αγ,

Sn = βnγn + αnγn + αnβn.
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30 Yüksel Soykan

4 Simson’s Formulas of Tribonacci Polynomials

The following theorem gives Simson’s formula of the generalized Tribonacci polynomials

{Wn}.

Theorem 33 (Simson’s Formula of Generalized Tribonacci Polynomials). For all integers

n, we have ∣∣∣∣∣∣∣
Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

∣∣∣∣∣∣∣ = tn

∣∣∣∣∣∣∣
W2 W1 W0

W1 W0 W−1

W0 W−1 W−2

∣∣∣∣∣∣∣ . (4.1)

Proof. Eq. (4.1) can be proved by mathematical induction. For the proof of the case of

generalized Tribonacci numbers, see Soykan [16, Theorem 2.2]. For an alternative proof,

proof by matrix method, see Theorem 57 (b).

The previous theorem gives the following results as particular examples.

Corollary 34. For all integers n, Simson’s formula of (r, s, t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas polynomials are given as∣∣∣∣∣∣∣
Gn+2 Gn+1 Gn

Gn+1 Gn Gn−1

Gn Gn−1 Gn−2

∣∣∣∣∣∣∣ = −tn−1,

∣∣∣∣∣∣∣
Hn+2 Hn+1 Hn

Hn+1 Hn Hn−1

Hn Hn−1 Hn−2

∣∣∣∣∣∣∣ = (−4r3t+ r2s2 − 18rst+ 4s3 − 27t2)tn−2,

respectively.

Note also that (4.1) can be written as∣∣∣∣∣∣∣
Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m−1

Wn+m Wn+m−1 Wn+m−2

∣∣∣∣∣∣∣ = tn+m

∣∣∣∣∣∣∣
W2 W1 W0

W1 W0 W−1

W0 W−1 W−2

∣∣∣∣∣∣∣
for all integers n,m.

We define

ΛW (n) = W 3
n+2 + (t+ rs)W 3

n+1 + t2W 3
n − 2rWn+1W

2
n+2 − sWnW

2
n+2

+(r2 − s)Wn+2W
2
n+1

+(rt+ s2)WnW
2
n+1 + rtW 2

nWn+2 + 2stW 2
nWn+1 − (3t− rs)Wn+2Wn+1Wn.
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Then

ΛW (0) = W 3
2 + (t+ rs)W 3

1 + t2W 3
0 − 2rW1W

2
2 − sW0W

2
2 + (r2 − s)W2W

2
1 (4.2)

+(rt+ s2)W0W
2
1 + rtW 2

0W2 + 2stW 2
0W1 − (3t− rs)W2W1W0.

Simson’s formulas of Wn, Gn Hn can be given in the following forms.

Lemma 35. For all integers n, we have

(a) ΛW (n) = tnΛW (0), i.e.,

W 3
n+2 + (t+ rs)W 3

n+1 + t2W 3
n − 2rWn+1W

2
n+2 − sWnW

2
n+2

+(r2 − s)Wn+2W
2
n+1 (4.3)

+(rt+ s2)WnW
2
n+1 + rtW 2

nWn+2 + 2stW 2
nWn+1 − (3t− rs)Wn+2Wn+1Wn

= tn(W 3
2 + (t+ rs)W 3

1 + t2W 3
0 − 2rW1W

2
2 − sW0W

2
2 + (r2 − s)W2W

2
1

+(rt+ s2)W0W
2
1 + rtW 2

0W2 + 2stW 2
0W1 − (3t− rs)W2W1W0).

(b) ΛG(n) = tnΛG(0) = tn+1, i.e.,

G3
n+2 + (t+ rs)G3

n+1 + t2G3
n − 2rGn+1G

2
n+2 − sGnG2

n+2

+(r2 − s)Gn+2G
2
n+1 (4.4)

+(rt+ s2)GnG
2
n+1 + rtG2

nGn+2 + 2stG2
nGn+1 − (3t− rs)Gn+2Gn+1Gn

= tn+1.

(c) ΛH(n) = tnΛH(0) = (4r3t− r2s2 + 18rst− 4s3 + 27t2)tn, i.e.,

H3
n+2 + (t+ rs)H3

n+1 + t2H3
n − 2rHn+1H

2
n+2 − sHnH

2
n+2

+(r2 − s)Hn+2H
2
n+1 (4.5)

+(rt+ s2)HnH
2
n+1 + rtH2

nHn+2 + 2stH2
nHn+1 − (3t− rs)Hn+2Hn+1Hn

= (4r3t− r2s2 + 18rst− 4s3 + 27t2)tn.

Proof. (a) Note that (4.1) can be written in the following form:∣∣∣∣∣∣∣
Wn+2 Wn+1 Wn

Wn+1 Wn
1
t
(Wn+2 − rWn+1 − sWn)

Wn
1
t
(Wn+2 − rWn+1 − sWn) 1

t2
(−sWn+2 + (rs+ t)Wn+1 + (s2 − rt)Wn)

∣∣∣∣∣∣∣
= tn

∣∣∣∣∣∣∣
W2 W1 W0

W1 W0
1
t

(W2 − rW1 − sW0)

W0
1
t

(W2 − rW1 − sW0) 1
t2

(
−sW2 + tW1 + s2W0 + rsW1 − rtW0

)
∣∣∣∣∣∣∣

= −tn−2ΛW (0)
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since

Wn−1 =
1

t
(Wn+2 − rWn+1 − sWn),

Wn−2 =
1

t2
(−sWn+2 + (rs+ t)Wn+1 + (s2 − rt)Wn),

W−1 =
1

t
(W2 − rW1 − sW0) ,

W−2 =
1

t2
(
−sW2 + tW1 + s2W0 + rsW1 − rtW0

)
.

Note also that∣∣∣∣∣∣∣
Wn+2 Wn+1 Wn

Wn+1 Wn
1
t
(Wn+2 − rWn+1 − sWn)

Wn
1
t
(Wn+2 − rWn+1 − sWn) 1

t2
(−sWn+2 + (rs+ t)Wn+1 + (s2 − rt)Wn)

∣∣∣∣∣∣∣
= − 1

t2
(W 3

n+2 + (t+ rs)W 3
n+1 + t2W 3

n − 2rWn+1W
2
n+2 − sWnW

2
n+2 + (r2 − s)Wn+2W

2
n+1

+(rt+ s2)WnW
2
n+1 + rtW 2

nWn+2 + 2stW 2
nWn+1 − (3t− rs)Wn+2Wn+1Wn).

So we get the identity (4.3).

(b) Since

ΛG(0) = (G3
2 + (t+ rs)G3

1 + t2G3
0 + (r2 − s)G2

1G2 − 2rG1G
2
2 − sG0G

2
2 + rtG2

0G2

+(s2 + rt)G0G
2
1 + 2stG2

0G1 + (rs− 3t)G0G1G2)

= t,

we get the identity (4.4).

(c) Since

ΛH(0) = (H3
2 + (t+ rs)H3

1 + t2H3
0 + (r2 − s)H2

1H2 − 2rH1H
2
2 − sH0H

2
2 + rtH2

0H2

+(s2 + rt)H0H
2
1 + 2stH2

0H1 + (rs− 3t)H0H1H2)

= 4r3t− r2s2 + 18rst− 4s3 + 27t2,

we get the identity (4.5).

We will use the identities (4.3), (4.4) and (4.5) in Section 10.
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5 Some Identities of Generalized Tribonacci

Polynomials

In this section, we obtain some identities of (r, s, t)-Tribonacci and

(r, s, t)-Tribonacci-Lucas polynomials. First, we can give a few basic relations between

{Gn} and {Hn}.

Lemma 36. The following equalities are true:

(a) t3Hn = (−s3 + 3t2 + 3rst)Gn+4 + (rs3 − 5rt2 + s2t− 3r2st)Gn+3 + (−4st2 + 2r2t2 +

s4 − 4rs2t)Gn+2.

(b) t2Hn = (−2rt+ s2)Gn+3 − (rs2 − 2r2t+ st)Gn+2 + (−s3 + 3t2 + 3rst)Gn+1.

(c) tHn = −sGn+2 + (3t+ rs)Gn+1 + (−2rt+ s2)Gn.

(d) Hn = 3Gn+1 − 2rGn − sGn−1.

(e) Hn = rGn + 2sGn−1 + 3tGn−2.

(f) (−4s3t+ 4r3t2 + 27t3 + 18rst2 − r2s2t)Gn = (r2s− 3rt+ 4s2)Hn+4 − (4rs2 + r3s−
r2t+ 6st)Hn+3 + (2r3t− r2s2 − 4s3 + 9t2 + 10rst)Hn+2.

(g) (4r3t− r2s2 − 4s3 + 27t2 + 18rst)Gn = −(6s+ 2r2)Hn+3 + (9t+ 7rs+ 2r3)Hn+2 +

(r2s− 3rt+ 4s2)Hn+1.

(h) (4r3t − r2s2 − 4s3 + 27t2 + 18rst)Gn = (9t + rs)Hn+2 − (r2s + 3rt + 2s2)Hn+1 −
(2r2t+ 6st)Hn.

(i) (4r3t− r2s2 − 4s3 + 27t2 + 18rst)Gn = −(−6rt+ 2s2)Hn+1 + (rs2 − 2r2t+ 3st)Hn +

(9t2 + rst)Hn−1.

(j) (4r3t−r2s2−4s3+27t2+18rst)Gn = (−rs2+4r2t+3st)Hn+(−2s3+9t2+7rst)Hn−1−
(−6rt2 + 2s2t)Hn−2.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a),

writing

Hn = a×Gn+4 + b×Gn+3 + c×Gn+2

and solving the system of equations

H0 = a×G4 + b×G3 + c×G2

H1 = a×G5 + b×G4 + c×G3

H2 = a×G6 + b×G5 + c×G4
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we find that a = 1
t3 (−s3 + 3t2 + 3rst), b = 1

t3 (rs3 − 5rt2 + s2t − 3r2st), c = 1
t3 (−4st2 +

2r2t2 + s4 − 4rs2t). The other equalities can be proved similarly.

Note that all the identities in the above lemma can be proved by induction as well.

Next, we give a few basic relations between {Gn} and {Wn}.

Lemma 37. The following equalities are true:

(a) (W 3
2 + (t + rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 + rtW 2

0W2 +

(s2 + rt)W0W
2
1 + 2stW 2

0W1 + (rs − 3t)W0W1W2)Gn = (rW 2
1 + tW 2

0 − W1W2 +

sW0W1)Wn+2 + (W 2
2 − rW1W2 − sW0W2 − tW0W1)Wn+1 + (tW 2

1 − tW0W2)Wn.

(b) (W 3
2 + (t + rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 + rtW 2

0W2 +

(s2 + rt)W0W
2
1 + 2stW 2

0W1 + (rs − 3t)W0W1W2)Gn = (W 2
2 + r2W 2

1 + rtW 2
0 −

2rW1W2−sW0W2+(rs−t)W0W1)Wn+1+((t+rs)W 2
1 +stW 2

0 −sW1W2−tW0W2+

s2W0W1)Wn + (rtW 2
1 + t2W 2

0 − tW1W2 + stW0W1)Wn−1.

(c) (W 3
2 + (t+ rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 + rtW 2

0W2 + (s2 +

rt)W0W
2
1 + 2stW 2

0W1 + (rs − 3t)W0W1W2)Gn = (rW 2
2 + (r3 + t + rs)W 2

1 + t(s +

r2)W 2
0 − (s+2r2)W1W2− (t+rs)W0W2 +(r2s+s2−rt)W0W1)Wn+(sW 2

2 +r(rs+

t)W 2
1 +t(t+rs)W 2

0 −(t+2rs)W1W2−s2W0W2+rs2W0W1)Wn−1+(tW 2
2 +r2tW 2

1 +

rt2W 2
0 − 2rtW1W2 − stW0W2 + t(rs− t)W0W1)Wn−2.

(d) tWn = (W2− rW1− sW0)Gn+2 + (−rW2 + r2W1 + (t+ rs)W0)Gn+1 + (−sW2 + (t+

rs)W1 + (s2 − rt)W0)Gn.

(e) Wn = W0Gn+1 + (W1 − rW0)Gn + (W2 − rW1 − sW0)Gn−1.

(f) Wn = W1Gn + (W2 − rW1)Gn−1 + tW0Gn−2.

Proof. We prove (f). The other identities can be proved similarly. Writing

Wn = a×Gn + b×Gn−1 + c×Gn−2

and solving the system of equations

W0 = a×G0 + b×G−1 + c×G−2
W1 = a×G1 + b×G0 + c×G−1
W2 = a×G2 + b×G1 + c×G0

we find that a = W1, b = W2 − rW1, c = tW0.
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Now, we present a few basic relations between {Hn} and {Wn}.

Lemma 38. The following equalities are true:

(a) (W 3
2 + (t+ rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 + rtW 2

0W2 + (s2 +

rt)W0W
2
1 + 2stW 2

0W1 + (rs − 3t)W0W1W2)Hn = (3W 2
2 + (r2 − s)W 2

1 + rtW 2
0 −

4rW1W2−2sW0W2+(rs−3t)W0W1)Wn+2+(−2rW 2
2 +3tW 2

1 −2sW1W2−3tW0W2+

3rsW 2
1 + 2stW 2

0 + 2r2W1W2 + 2s2W0W1 + rsW0W2 + 2rtW0W1)Wn+1 + (−sW 2
2 +

(s2 + rt)W 2
1 + 3t2W 2

0 + (rs− 3t)W1W2 + 2rtW0W2 + 4stW0W1)Wn.

(b) (W 3
2 + (t + rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 + rtW 2

0W2 +

(s2 + rt)W0W
2
1 + 2stW 2

0W1 + (rs − 3t)W0W1W2)Hn = (r3W 2
1 + rW 2

2 + 3tW 2
1 +

r2tW 2
0 −2sW1W2−3tW0W2 +2rsW 2

1 +2stW 2
0 −2r2W1W2 +2s2W0W1−rsW0W2−

rtW0W1+r2sW0W1)Wn+1+(3t2W 2
0 +2sW 2

2 +r2sW 2
1−3tW1W2+rtW 2

1−2s2W0W2−
3rsW1W2 + 2rtW0W2 + stW0W1 + rstW 2

0 + rs2W0W1)Wn+ (3tW 2
2 + t(r2− s)W 2

1 +

rt2W 2
0 − 4rtW1W2 − 2stW0W2 + t(rs− 3t)W0W1)Wn−1.

(c) (W 3
2 + (t+ rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 + rtW 2

0W2 + (s2 +

rt)W0W
2
1 + 2stW 2

0W1 + (rs − 3t)W0W1W2)Hn = ((r2 + 2s)W 2
2 + r(r3 + 3rs + 4t

)W 2
1 + t(r3 + 3rs + 3t)W 2

0 − (3t + 2r3 + 5rs)W1W2 − (r2s + rt + 2s2)W0W2 +

(r3s− r2t+ 3rs2 + st)W0W1)Wn + ((3t+ rs)W 2
2 + (r3s+ 2rs2 + 2st+ r2t)W 2

1 + t

(rt + r2s + 2s2)W 2
0 − 2(2rt + s2 + r2s)W1W2 − s(rs + 5t)W0W2 + (2s3 + r2s2 −

3t2)W0W1)Wn−1 +(rtW 2
2 + t(r3 +3t+2rs)W 2

1 + t2(2s+ r2)W 2
0 −2t(s+ r2)W1W2−

t(3t+ rs)W0W2 + t(2s2 + r2s− rt)W0W1)Wn−2.

(d) (4r3t− r2s2−4s3 + 27t2 + 18rst)Wn = (−2(r2 + 3s)W2 + (2r3 + 9t+ 7rs)W1 + (4s2−
3rt + r2s)W0)Hn+2 + ((2r3 + 9t + 7rs)W2 − 2(r4 + 4r2s + 6tr + s2)W1 − (4rs2 +

6ts− tr2 + r3s)W0)Hn+1 + ((−3rt+ 4s2 + r2s)W2 − (4rs2 + r3s− r2t+ 6st)W1 +

(−r2s2 + 2r3t+ 9t2 − 4s3 + 10rst)W0)Hn.

(e) (4r3t − r2s2 − 4s3 + 27t2 + 18rst)Wn = ((9t + rs)W2 − (r2s + 3tr + 2s2)W1 − 2t

(3s+ r2)W0)Hn+1 + (−(r2s+ 2s2 + 3rt)W2 + (r3s+ 3rs2 + r2t+ 3st)W1 + t(9t+

2r3+7rs)W0)Hn+(−2t(r2+3s)W2+t(2r3+9t+7rs)W1+t(4s2+r2s−3rt)W0)Hn−1.

(f) (4r3t− r2s2−4s3 + 27t2 + 18rst)Wn = (2(3rt− s2)W2 + (3st+ rs2−2r2t)W1 + t(9t+

rs)W0)Hn + ((rs2 − 2r2t+ 3st)W2 + (2r3t− r2s2 + 4rst− 2s3 + 9t2)W1 − t(2s2 +

3rt+ r2s)W0)Hn−1 + (t(9t+ rs)W2− t(r2s+ 3rt+ 2s2)W1− 2t2(3s+ r2)W0)Hn−2.

Proof. We prove (f). The other identities can be proved similarly. Writing

Wn = a×Hn + b×Hn−1 + c×Hn−2
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and solving the system of equations

W0 = a×H0 + b×H−1 + c×H−2
W1 = a×H1 + b×H0 + c×H−1
W2 = a×H2 + b×H1 + c×H0

we find that

a =
2(3rt− s2)W2 + (3st+ rs2 − 2r2t)W1 + t(9t+ rs)W0

4r3t− r2s2 − 4s3 + 27t2 + 18rst
,

b =
(rs2 − 2r2t+ 3st)W2 + (2r3t− r2s2 + 4rst− 2s3 + 9t2)W1 − t(2s2 + 3rt+ r2s)W0

4r3t− r2s2 − 4s3 + 27t2 + 18rst
,

c =
t(9t+ rs)W2 − t(r2s+ 3rt+ 2s2)W1 − 2t2(3s+ r2)W0

4r3t− r2s2 − 4s3 + 27t2 + 18rst
.

6 Recurrence Properties of Generalized Tribonacci

Polynomials

Now, we can propose a problem as follows: Whether and how can the generalized

Tribonacci (sequence of) polynomials Wn at negative indices be expressed by the sequence

itself at positive indices?

We present the following result which completely solves the above problem for the

generalized Tribonacci polynomials Wn.

Theorem 39. For n ∈ Z, we have

W−n = t−n(W2n −HnWn +
1

2
(H2

n −H2n)W0).

For the proof of Theorem 39, we need the following lemma.

Lemma 40.

(a) (Three Distinct Roots Case: α 6= β 6= γ) If A1, A2 and A3 are as in Theorem 3 (a),

then we have

tnW−n = A3α
nβn +A2α

nγn +A1β
nγn.
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(b) (Two Distinct Roots Case: α 6= β = γ) If A1, A2 and A3 are as in Theorem 3 (b),

then we have

tnW−n = A1β
2n + (A2 −A3n)αnβn

= (2αnβn + β2n)W0 − nαnβnA3 − β2nA2 − αnβnA2 − 2αnβnA1.

(c) (Single Root Case: α = β = γ =
r

3
) If A1, A2 and A3 are as in Theorem 3 (c), then

we have

tnW−n = (A1 −A2n+A3n
2)α2n

= (W0 −
3

2r2
(−3W2 + 4rW1 − r2W0)n+

1

2r2
(9W2 − 6rW1 + r2W0)n2)

(r
3

)2n
.

Proof. (a) Since αβγ = t and Wn = A1α
n +A2β

n +A3γ
n, we get

W−n = A1α
−n +A2β

−n +A3γ
−n

= A1β
nγnt−n +A2α

nγnt−n +A3α
nβnt−n

and so

tnW−n = A3α
nβn +A2α

nγn +A1β
nγn.

(b) Since αβγ = t (i.e., αβ2 = t in this case) and Wn = A1α
n+(A2 +A3n)βn, we obtain

W−n = A1α
−n + (A2 −A3n)β−n

= A1

(
t

β2

)−n
+ (A2 −A3n)

(
t

αβ

)−n
and so

tnW−n = A1β
2n + (A2 −A3n)αnβn.

Note also that by using A1, A2 and A3, we get

A1β
2n+(A2−A3n)αnβn = (2αnβn+β2n)W0−nαnβnA3−β2nA2−αnβnA2−2αnβnA1.

(c) Since αβγ = t (i.e., α3 = t in this case) and Wn = (A1 +A2n+A3n
2)αn, we get

W−n = (A1 −A2n+A3n
2)α−n = (A1 −A2n+A3n

2)× α2n

tn

and so

tnW−n = (A1 −A2n+A3n
2)α2n.

Note also that by using A1, A2 and A3, we obtain

(A1−A2n+A3n
2)α2n = (W0−

3

2r2
(−3W2+4rW1−r2W0)n+

1

2r2
(9W2−6rW1+r2W0)n2)

( r
3

)2n
.
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38 Yüksel Soykan

Now, we shall complete the proof of Theorem 39.

The Proof of Theorem 39:

If α 6= β 6= γ (i.e., if we have the three distinct roots case) then by using Theorem 3

(a) (or Theorem 6 (a)), Theorem 12 (a), Lemma 40 (a), we get, for n ∈ Z,

WnHn = (A1α
n +A2β

n +A3γ
n)(αn + βn + γn)

= A1α
2n +A2β

2n +A3γ
2n +A1α

nβn +A1α
nγn +A2α

nβn +A2β
nγn

+A3α
nγn +A3β

nγn

= W2n +A1α
nβn +A1α

nγn +A2α
nβn +A2β

nγn +A3α
nγn +A3β

nγn

= W2n + (A1 +A2 +A3)αnβn + (A1 +A3 +A2)αnγn

+(A2 +A3 +A1)βnγn − (A3α
nβn +A2α

nγn +A1β
nγn)

= W2n + (A1 +A2 +A3)(αnβn + αnγn + βnγn)− (A3α
nβn +A2α

nγn +A1β
nγn)

= W2n +W0Sn − tnW−n.

If α 6= β = γ (i.e., if we have the two distinct roots case) then by using Theorem 3 (b)

(or Theorem 6 (b)), Theorem 12 (b), Lemma 40 (b), we get, for n ∈ Z,

WnHn = (A1α
n + (A2 +A3n)βn)(αn + 2βn)

= α2nA1 + 2β2nA2 + 2nβ2nA3 + 2αnβnA1 + αnβnA2 + nαnβnA3

= α2nA1 + β2nA2 + 2nβ2nA3 + β2nA2 + 2αnβnA1 + αnβnA2 + nαnβnA3

= (A1α
2n + (A2 +A3 × 2n)β2n) + β2nA2 + 2αnβnA1 + αnβnA2 + nαnβnA3

= W2n + β2nA2 + 2αnβnA1 + αnβnA2 + nαnβnA3

= W2n + β2nA2 + 2αnβnA1 + αnβnA2 + nαnβnA3

= W2n + (2αnβn + β2n)W0 − (2αnβn + β2n)W0 + β2nA2 + 2αnβnA1

+αnβnA2 + nαnβnA3

= W2n +W0Sn − (2αnβn + β2n)W0 + nαnβnA3 + (β2n + αnβn)A2 + 2αnβnA1

= W2n +W0Sn − (A1β
2n + (A2 −A3n)αnβn)

= W2n +W0Sn − tnW−n.

If α = β = γ =
r

3
(i.e., if we have the single root case) then by using Theorem 3 (c) (or
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Theorem 6 (c)), Theorem 12 (c), Lemma 40 (c), we get, for n ∈ Z,

WnHn =
1

18
(9n(n− 1)W2 − 6n(n− 2)rW1 + (n− 1)(n− 2)r2W0)

(r
3

)n−2
×1

3
((r2 + 3s)n2 − (r2 + 3s)n+ r2)

(r
3

)n−2
=

1

18
(9× 2n(2n− 1)W2 − 6× 2n(2n− 2)rW1 + (2n− 1)(2n− 2)r2W0)

(r
3

)2n−2
+W0 × 3

(r
3

)2n
− (W0 −

3

2r2
(−3W2 + 4rW1 − r2W0)n

+
1

2r2
(9W2 − 6rW1 + r2W0)n2)

(r
3

)2n
= W2n +W0Sn − tnW−n.

Therefore, for all the case of the roots of characteristic equation (polynomial), we have

the identity

WnHn = W2n +W0Sn − tnW−n.

Then by Lemma 32 (a), it follows that

WnHn = W2n +
1

2
(H2

n −H2n)W0 − tnW−n

and so

W−n = t−n(W2n −HnWn +
1

2
(H2

n −H2n)W0).

This completes the proof of Theorem 39. �

Next, we present a remark which presents how Hn can be written in terms of Wn.

Remark 41. To express W−n by the sequence itself at positive indices we need that Hn

can be written in terms of Wn. For this, writing

Hn = a×Wn+2 + b×Wn+1 + c×Wn

and solving the system of equations

H0 = a×W2 + b×W1 + c×W0

H1 = a×W3 + b×W2 + c×W1

H2 = a×W4 + b×W3 + c×W2

or  a

b

c

 =

 W2 W1 W0

W3 W2 W1

W4 W3 W2


−1 H0

H1

H2
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we find a, b, c so that Hn can be written in terms of Wn and we can replace this Hn in

Theorem 39.

Note that also, Lemma 38 (a) can be used to write Hn in terms of Wn.

Using Theorem 39 and Lemma 38 (a) or Remark 41, we have the following corollary.

Corollary 42. For n ∈ Z, we have

(a) G−n = 1
tn+1 ((2rt− s2)G2

n + tG2n + sGn+2Gn − (3t+ rs)Gn+1Gn).

(b) H−n = 1
2tn (H2

n −H2n).

7 Linear Sums of Generalized Tribonacci Polynomials

The following theorem presents sum formula
∑n
k=0Wmk+j of generalized Tribonacci

polynomials.

Theorem 43. For all integers m and j, we have

n∑
k=0

Wmk+j =
Wmn+m+j +Wmn−m+jt

m + (1 −H−m)tmWmn+j −Wm+j −Wj−mtm + (Hm − 1)Wj

Hm + (1 −H−m)tm − 1
.

(7.1)

Proof. First, we assume that the roots of characteristic equation of {Wn} are distict, i.e.,

α 6= β 6= γ. Then, by using Binet’s formula of {Wn} we get

n∑
k=0

Wmk+j = Wmn+j +

n−1∑
k=0

Wmk+j = Wmn+j +

n−1∑
k=0

(A1α
mk+j +A2β

mk+j +A3γ
mk+j)

= Wmn+j +A1α
j

(
αmn − 1

αm − 1

)
+A2β

j

(
βmn − 1

βm − 1

)
+A3γ

j

(
γmn − 1

γm − 1

)
.

Simplifying the last equalities in the last two expression imply (7.1) as required. The proof

of the other two cases of the roots of characteristic equation of {Wn} are similar.

Note that (7.1) can be written in the following form:

n∑
k=1

Wmk+j =
Wmn+m+j +Wmn−m+jt

m + (1 −H−m)tmWmn+j −Wm+j −Wj−mtm + tm(H−m − 1)Wj

Hm + (1 −H−m)tm − 1
.

As special cases of the above theorem, we have the following corollary.
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Corollary 44. For all integers m and j, we have

n∑
k=0

Gmk+j =
Gmn+m+j +Gmn−m+jt

m + (1 −H−m)tmGmn+j −Gm+j −Gj−mtm + (Hm − 1)Gj

Hm + (1 −H−m)tm − 1
,

n∑
k=0

Hmk+j =
Hmn+m+j +Hmn−m+jt

m + (1 −H−m)tmHmn+j −Hm+j −Hj−mtm + (Hm − 1)Hj

Hm + (1 −H−m)tm − 1
.

8 The Sum Formula
∑n

k=0 z
kWk of Generalized

Tribonacci Polynomials via Generating Functions

From now on, through the paper, we suppose that z is a real or complex number. So we

may assume that z is a scalar value (real or complex) number or function in x ∈ R, for

example z = 7, z = 5− 3i, z = sinx, z = e6x+1, z = 4 + 23x, z = e3ix = cos 3x+ i sin 3x,

z = 16x13 − 9x5 + 4x− 1, z =
1

2 + x2
for x ∈ R. We also suppose that z 6= 0 if necessary

(needed).

In this section, we present the sum formula
∑n
k=0 z

kWk of generalized Tribonacci

polynomials via generating functions. For this, we need another subseqence of {Wn}.
{En}n≥0 is defined by the third-order recurrence relation

En+3 = rEn+2 + sEn+1 + tEn, E0 = 1, E1 = r − 1, E2 = −r + s+ r2.

The sequence {En}n≥0 can be extended to negative subscripts by defining

E−n = −s
t
E−(n−1) −

r

t
E−(n−2) +

1

t
E−(n−3).

for n = 1, 2, 3, ... respectively.

Next, we present the first few values of the sequence of polynomials, {En}, with

positive and negative subscripts:

Table 4: The first few values of En with positive and negative subscripts.

n 0 1 2 3 4

En 1 r − 1 −r + s+ r2 r3 − r2 + 2sr − s+ t r4 − r3 + 3r2s− 2rs+ 2tr + s2 − t
E−n 0 − 1

t
1
t2

(s+ t) 1
t3

(
rt− st− s2

)

Lemma 9 gives the following result as a particular example.
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Corollary 45. Generating function of {Wn} is

∞∑
n=0

Enz
n =

1− z
1− rz − sz2 − tz3

.

We also need the ordinary generating function of the sequence {znWn} to find the

sum formula of generalized Tribonacci polynomials. Next, we give the ordinary generating

function
∞∑
n=0

znWnu
n of the sequence {znWn}.

Lemma 46. Suppose that fznWn
(u) =

∞∑
n=0

znWnu
n is the ordinary generating function

of the sequence {znWn}n≥0. Then,
∞∑
n=0

znWnu
n is given by

∞∑
n=0

znWnu
n =

W0 + z(W1 − rW0)u+ z2(W2 − rW1 − sW0)u2

1− rzu− sz2u2 − tz3u3
. (8.1)

Proof. Note that

znWn = zn(rWn−1 + sWn−2 + tWn−3).

Using the definition of generalized Tribonacci polynomials, and substracting

rzu
∑∞
n=0 z

nWnu
n, sz2u2

∑∞
n=0 z

nWnu
n and tz3u3

∑∞
n=0 z

nWnu
n from

∑∞
n=0 z

nWnu
n

we obtain

(1− rzu− sz2u2 − tz3u3)

∞∑
n=0

znWnu
n

=

∞∑
n=0

znWnz
n − rzu

∞∑
n=0

znWnu
n − sz2u2

∞∑
n=0

znWnu
n − tz3u3

∞∑
n=0

znWnu
n

=

∞∑
n=0

znWnu
n − r

∞∑
n=0

zn+1Wnu
n+1 − s

∞∑
n=0

zn+2Wnu
n+2 − tz3

∞∑
n=0

zn+3Wnu
n+3

=

∞∑
n=0

znWnu
n − r

∞∑
n=1

znWn−1u
n − s

∞∑
n=2

znWn−2u
n − t

∞∑
n=3

znWn−3u
n

= (W0 + zW1u+ z2W2u
2)− r(zW0u+ z2W1u

2)− sz2W0u
2

+

∞∑
n=3

zn(Wn − rWn−1 − sWn−2 − tWn−3)un

= W0 + zW1u+ z2W2u
2 − rzW0u− rz2W1u

2 − sz3W0u
2

= W0 + z(W1 − rW0)u+ z2(W2 − rW1 − sW0)u2.

Rearranging the above equation, we obtain (8.1).
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Lemma 46 gives the following results as particular examples.

Corollary 47. Generating functions
∞∑
n=0

znGnu
n,
∞∑
n=0

znHnu
n and

∞∑
n=0

znEnu
n are

∞∑
n=0

znGnu
n =

zu

1− rzu− sz2u2 − tz3u3
,

∞∑
n=0

znHnu
n =

3− 2rzu− sz2u2

1− rzu− sz2u2 − tz3u3
,

∞∑
n=0

znEnu
n =

1− zu
1− rzu− sz2u2 − tz3u3

,

respectively.

The following theorem presents sum formulas of generalized Tribonacci polynomials

with positive subscripts.

Theorem 48. Let z be a nonzero complex (or real) number.

(a) If 1− rz − sz2 − tz3 6= 0 then

n∑
k=0

zkWk =
Φ(z)

t(1− rz − sz2 − tz3)
(8.2)

and
n∑
k=0

zkWk =
Ψ(z)

s(1− rz − sz2 − tz3)
(8.3)

where

Φ(z) = t(z2W2 − z(rz − 1)W1 − (sz2 + rz − 1)W0) + (−tz3W2 + tz2(rz − 1)W1 +

tz(sz2 + rz − 1)W0)znGn+2 + (tz2(rz − 1)W2 − tz(rz − 1)2W1 + tz(r− r2z − tz2 −
rsz2)W0)znGn+1 + (tz(sz2 + rz − 1)W2 + tz(r − r2z − tz2 − rsz2)W1 + tz(rtz2 −
s2z2 − tz − rsz + s)W0)znGn

and

Ψ(z) = s(z2W2−z(rz−1)W1− (sz2 +rz−1)W0)− (z2(s+3tz)W2−z(s+3tz)(rz−
1)W1 − tz(2sz2 + 3rz − 3)W0)znGn+1 + (z(2rtz2 + rsz − s)W2 − z(stz2 + 2r2tz2 +

s2z + r2sz − 2rtz − rs)W1 + tz
(
−rsz2 − 2r2z − sz + 2r

)
W0)znGn − (−tz3W2 +

tz2(rz − 1)W1 + tz(sz2 + rz − 1)W0)znHn.
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(b) If 1− rz − sz2 − tz3 = u(z − a)(z − b)(z − c) = 0 for some u, a, b, c ∈ C with u 6= 0

and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkWk =
Φ1(z)

−t (3tz2 + 2sz + r)

where

Φ1(z) = t(2zW2− (2rz−1)W1− (r+2sz)W0)+ t(−z2(n+3)W2 +z(3rz+nrz−n−
2)W1+(nsz2+3sz2+2rz+nrz−n−1)W0)znGn+2−t(z(n−3rz−nrz+2)W2+(rz−
1)(3rz+nrz−n−1)W1+(2r2z+3tz2+3rsz2+ntz2+nrsz2+nr2z−r−nr)W0)znGn+1

−t((−3sz2−nsz2−2rz−nrz+n+1)W2+(ntz2+3rsz2+nrsz2+3tz2+2r2z+nr2z−
r−nr)W1+(3s2z2−nrtz2−3rtz2+ns2z2+2tz+ntz+2rsz+nrsz−s−ns)W0)znGn.

(c) If 1− rz− sz2− tz3 = u(z−a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0 and a 6= b,

i.e., z = a or z = b then for z = a we get

n∑
k=0

zkWk =
Φ2(z)

−t (2s+ 6tz)

where

Φ2(z) = 2t(W2 − rW1 − sW0) + t(−z2(n+ 3)(n+ 2)W2 + z(n+ 2)(3rz + nrz − n−
1)W1 + (5nsz2 +n2sz2 + 6sz2 +n2rz+ 3nrz+ 2rz−n2−n)W0)zn−1Gn+2− t(z(n+

2)(−3rz−nrz+n+ 1)W2 + (6r2z2 +n2r2z2 + 5nr2z2− 4rz− 2n2rz− 6nrz+n2 +

n)W1 + (5ntz2 + 6rsz2 + n2tz2 + 5nrsz2 + n2rsz2 + 6tz2 + 3nr2z + n2r2z + 2r2z −
nr− n2r)W0)zn−1Gn+1 − t((−6sz2 − 5nsz2 − n2sz2 − 3nrz − n2rz − 2rz + n2 + n)

W2+(n2tz2+5nrsz2+n2rsz2+6tz2+5ntz2+6rsz2+2r2z+3nr2z+n2r2z−nr−n2r)
W1 + (6s2z2 + n2s2z2 − 6rtz2 − 5nrtz2 − n2rtz2 + 5ns2z2 + 3ntz + 2rsz + n2rsz +

3nrsz + n2tz + 2tz − n2s− ns)W0)zn−1Gn

and for z = b we get
n∑
k=0

zkWk =
Φ3(z)

−t (3tz2 + 2sz + r)

where

Φ3(z) = t(2zW2− (2rz−1)W1− (r+2sz)W0)+ t(−z2(n+3)W2 +z(3rz+nrz−n−
2)W1+(nsz2+3sz2+2rz+nrz−n−1)W0)znGn+2−t(z(n−3rz−nrz+2)W2+(rz−
1)(3rz+nrz−n−1)W1+(2r2z+3tz2+3rsz2+ntz2+nrsz2+nr2z−r−nr)W0)znGn+1

−t((−3sz2−nsz2−2rz−nrz+n+1)W2+(ntz2+3rsz2+nrsz2+3tz2+2r2z+nr2z−
r−nr)W1+(3s2z2−nrtz2−3rtz2+ns2z2+2tz+ntz+2rsz+nrsz−s−ns)W0)znGn.
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(d) If 1− rz − sz2 − tz3 = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e., z = a, then

n∑
k=0

zkWk =
Φ4(z)

−6t2

where

Φ4(z) = t(n+1)(−z2(n+3)(n+2)W2 +z(n+2)(3rz+nrz−n)W1 +(6sz2 +5nsz2 +

n2sz2 + n2rz + 2nrz − n2 + n)W0)zn−2Gn+2

+t(n+ 1)(z(n+ 2)(3rz+ nrz− n)W2− (6r2z2 + n2r2z2 + 5nr2z2− 2n2rz− 4nrz+

n2 − n)W1 + (−6tz2 − n2tz2 − 5nrsz2 − n2rsz2 − 5ntz2 − 6rsz2 − n2r2z − 2nr2z +

n2r − nr)W0)zn−2Gn+1

+t(n+ 1)((5nsz2 + n2sz2 + 6sz2 + n2rz + 2nrz− n2 + n)W2 + (−n2tz2 − 5nrsz2 −
n2rsz2− 6tz2− 5ntz2− 6rsz2− 2nr2z−n2r2z+n2r−nr)W1 + (5nrtz2 +n2rtz2−
6s2z2−n2s2z2+6rtz2−5ns2z2−2ntz−n2rsz−2nrsz−n2tz+n2s−ns)W0)zn−2Gn.

Proof. Let

Mn =

n∑
k=0

zkWk.

(a) Note that using generating functions, we get

S(u) =

∞∑
n=0

Mnu
n =

1

1− u
W0 + z(W1 − rW0)u+ z2(W2 − rW1 − sW0)u2

1− rzu− sz2u2 − tz3u3

=
A

1− u
+B

zu

1− rzu− sz2u2 − tz3u3
+ C

3− 2rzu− sz2u2

1− rzu− sz2u2 − tz3u3

+D
1− zu

1− rzu− sz2u2 − tz3u3

= A

∞∑
n=0

un +B

∞∑
n=0

znGnu
n + C

∞∑
n=0

znHnu
n +D

∞∑
n=0

znEnu
n

=

∞∑
n=0

(A+BznGn + CznHn +DznEn)un
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where

A =
z2W2 − z(rz − 1)W1 − (sz2 + rz − 1)W0

1− rz − sz2 − tz3
,

B = −

z(3tz2 − 2rtz2 + sz − rsz + s)W2

+z(−3rtz2 + stz2 + 2r2tz2 + s2z + 3tz + r2sz − rsz − 2rtz + s− rs)W1

+tz(rsz2 − 2sz2 + 2r2z − 3rz + sz + 3− 2r)W0

s(1− rz − sz2 − tz3)
,

C = −−tz
3W2 + tz2(rz − 1)W1 + tz(sz2 + rz − 1)W0

s(1− rz − sz2 − tz3)
,

D = −z
2(s+ 3tz)W2 − z(s+ 3tz)(rz − 1)W1 − tz(2sz2 + 3rz − 3)W0

s(1− rz − sz2 − tz3)
,

i.e.,
∞∑
n=0

Mnu
n =

∞∑
n=0

(A+BznGn + CznHn +DznEn)un.

Comparing on both sides, we obtain

n∑
k=0

zkWk = Mn =

∞∑
n=0

(A+BznGn + CznHn +DznEn) .

Since

En = Gn+1 −Gn

we get
n∑
k=0

zkWk = A+DznGn+1 + (B −D)znGn + CznHn.

The last formula can be written as (8.3).

Note that using the identity

tHn = −sGn+2 + (3t+ rs)Gn+1 + (−2rt+ s2)Gn

we obtain (8.2).

(b) We use (8.2). For z = a or z = b or z = c, the right hand side of the above sum

formula (8.2) is an indeterminate form. Now, we can use L’Hospital rule. Then we
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get (b) by using

n∑
k=0

akWk =
d
dzΦ(z)

d
dz (t(1− rz − sz2 − tz3))

∣∣∣∣∣
z=a

,

n∑
k=0

bkWk =
d
dzΦ(z)

d
dz (t(1− rz − sz2 − tz3))

∣∣∣∣∣
z=b

,

n∑
k=0

ckWk =
d
dzΦ(z)

d
dz (t(1− rz − sz2 − tz3))

∣∣∣∣∣
z=c

.

(c) We use (8.2). For z = a and z = b, the right hand side of the above sum formula

(8.2) is an indeterminate form. Now, we can use L’Hospital rule (two times). Then

we get (c) by using

n∑
k=0

akWk =
d2

dz2 Φ(z)
d2

dz2 (t(1− rz − sz2 − tz3))

∣∣∣∣∣
z=a

,

and
n∑
k=0

bkWk =
d
dzΦ(z)

d
dz (t(1− rz − sz2 − tz3))

∣∣∣∣∣
z=b

.

(d) We use (8.2). For z = a , the right hand side of the above sum formula (8.2) is an

indeterminate form. Now, we can use L’Hospital rule (three times). Then we get

(d) by using
n∑
k=0

akWk =
d3

dz3 Φ(z)
d3

dz3 (t(1− rz − sz2 − tz3))

∣∣∣∣∣
z=a

.

From the last Theorem, we have the following Corollary which gives linear sum

formulas of (r, s, t)-Tribonacci polynomials (take Wn = Gn with G0 = 0, G1 = 1, G2 = r).

Corollary 49. Let z be a nonzero complex (or real) number.

(a) If 1− rz − sz2 − tz3 6= 0 then

n∑
k=0

zkGk =
tz(−zn+1Gn+2 + (rz − 1)znGn+1 − tzn+2Gn + 1)

t(1− rz − sz2 − tz3)
,

and
n∑
k=0

zkGk =
z(−zn(s+ 3tz)Gn+1 + zn+1(2rt− s2 − stz)Gn + tzn+1Hn + s)

s(1− rz − sz2 − tz3)
.
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(b) If 1− rz − sz2 − tz3 = u(z − a)(z − b)(z − c) = 0 for some u, a, b, c ∈ C with u 6= 0

and a 6= b 6= c, i.e., z = a or z = b or z = c then∑n
k=0 z

kGk =
1

3tz2 + 2sz + r
(zn+1(n + 2)Gn+2 − zn(2rz + nrz − n − 1)Gn+1 +

tzn+2(n+ 3)Gn − 1).

(c) If 1− rz− sz2− tz3 = u(z−a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0 and a 6= b,

i.e., z = a or z = b then for z = a we get∑n
k=0 z

kGk =
zn−1

2s+ 6tz
(z(n + 2)(n + 1)Gn+2 − (n + 1)(−n + 2rz + nrz)Gn+1 +

tz2(n+ 3)(n+ 2)Gn).

and for z = b we get∑n
k=0 z

kGk =
1

3tz2 + 2sz + r
(zn+1(n + 2)Gn+2 − zn(−n + 2rz + nrz − 1)Gn+1 +

tzn+2(n+ 3)Gn − 1).

(d) If 1− rz − sz2 − tz3 = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e., z = a, then∑n
k=0 z

kGk =
(n+ 1)zn−2

6t
(nz(n+ 2)Gn+2−n(−n+ 2rz+nrz+ 1)Gn+1 + tz2(n+

3)(n+ 2)Gn).

Taking Wn = Hn with H0 = 3, H1 = r,H2 = 2s + r2 in the last Theorem, we

have the following Corollary which gives linear sum formulas of (r, s, t)-Tribonacci-Lucas

polynomials.

Corollary 50. Let z be a nonzero complex (or real) number.

(a) If 1− rz − sz2 − tz3 6= 0 then∑n
k=0 z

kHk =
1

1− rz − sz2 − tz3
(zn+1(sz2+2rz−3)Gn+2+zn+1(2r−2r2z−3tz2−

2sz − rsz2)Gn+1 + zn+1(s− s2z2 − 3tz + 2rtz2 − rsz)Gn − sz2 − 2rz + 3)

and∑n
k=0 z

kHk =
1

s(1− rz − sz2 − tz3)
(zn+1(6rtz−2zs2−rs−9t)Gn+1−zn+1(4r2tz+

3stz − 6rt+ 2s2 − rs2z)Gn − tzn+1(sz2 + 2rz − 3)Hn + 3s− s2z2 − 2rsz).

(b) If 1− rz − sz2 − tz3 = u(z − a)(z − b)(z − c) = 0 for some u, a, b, c ∈ C with u 6= 0

and a 6= b 6= c, i.e., z = a or z = b or z = c then∑n
k=0 z

kHk =
1

3tz2 + 2sz + r
(zn(3n−3sz2−4rz−nsz2−2nrz+3)Gn+2+zn(2nr2z+

3ntz2 − 2nr + 2nsz + nrsz2 + 4r2z + 9tz2 + 4sz + 3rsz2 − 2r)Gn+1 + zn(ns2z2 −
2nrtz2 + 3ntz + nrsz − ns+ 3s2z2 + 6tz − 6rtz2 + 2rsz − s)Gn + 2r + 2sz).
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(c) If 1− rz− sz2− tz3 = u(z−a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0 and a 6= b,

i.e., z = a or z = b then for z = a we get∑n
k=0 z

kHk =
1

z (2s+ 6tz)
(zn(3n(n+ 1)− z(n+ 2)(2r + 2nr + 3sz + nsz))Gn+2 +

zn(−2n2r− 2nr+ z(n+ 2)(2(n+ 1)(s+ r2) + z(3t+ rs)(n+ 3)))Gn+1 + zn(−n2s−
ns+ z(n+ 2)((n+ 1)(3t+ rs) + z(−2rt+ s2)(n+ 3)))Gn + 2sz)

and for z = b we get∑n
k=0 z

kHk =
1

3tz2 + 2sz + r
(zn(3(n+1)−z(4r+2nr+sz(n+3)))Gn+2+zn(−2r(n+

1) + z(2(n+ 2)(s+ r2) + z(3t+ rs)(n+ 3)))Gn+1 + zn(−s(n+ 1) + z((n+ 2)(3t+

rs) + z(−2rt+ s2)(n+ 3)))Gn + 2r + 2sz).

(d) If 1− rz − sz2 − tz3 = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e., z = a, then∑n
k=0 z

kHk =
n+ 1

−6t
(zn−2(3n−3n2+z(n+2)(2nr+3sz+nsz))Gn+2+zn−2(2n2r−

2nr−z(n+2)(2n(s+r2)+z(3t+rs)(n+3)))Gn+1+zn−2(n2s−ns−z(n+2)(n(3t+

rs) + z(−2rt+ s2)(n+ 3)))Gn).

9 Generalized Tribonacci Polynomials by Matrix

Methods

In this section, we present matrix representations of the sequences Wn, Gn and Hn. We

also introduce Simson matrix and investigate its properties.

9.1 Matrix Representations of the Sequences Wn, Gn and Hn

We define the square matrix A of order 3 as:

A =

 r s t

1 0 0

0 1 0


such that detA = t. Some properties of matrix An can be given as

An = rAn−1 + sAn−2 + tAn−3,

An+m = AnAm = AmAn,

det(An) = tn,

for all integers m and n.
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From (1.1), we have Wn+2

Wn+1

Wn

 =

 r s t

1 0 0

0 1 0


 Wn+1

Wn

Wn−1

 (9.1)

and using (9.1) and induction, we have the matrix formulation of Wn as Wn+2

Wn+1

Wn

 =

 r s t

1 0 0

0 1 0


n W2

W1

W0

 . (9.2)

If we take Wn = Gn in (9.1) we have Gn+2

Gn+1

Gn

 =

 r s t

1 0 0

0 1 0


 Gn+1

Gn

Gn−1

 . (9.3)

We also define

Bn =

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2


and

Dn =

 Wn+1 sWn + tWn−1 tWn

Wn sWn−1 + tWn−2 tWn−1

Wn−1 sWn−2 + tWn−3 tWn−2

 .

Theorem 51. For all integers m,n, we have the following properties:

(a) Bn = An, i.e., r s t

1 0 0

0 1 0


n

=

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2

 .

(b) D1A
n = AnD1.
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(c) Dn+m = DnBm = BmDn, i.e., Wn+m+1 sWn+m + tWn+m−1 tWn+m

Wn+m sWn+m−1 + tWn+m−2 tWn+m−1

Wn+m−1 sWn+m−2 + tWn+m−3 tWn+m−2


=

 Wn+1 sWn + tWn−1 tWn

Wn sWn−1 + tWn−2 tWn−1

Wn−1 sWn−2 + tWn−3 tWn−2


 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1

Gm−1 sGm−2 + tGm−3 tGm−2


=

 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1

Gm−1 sGm−2 + tGm−3 tGm−2


 Wn+1 sWn + tWn−1 tWn

Wn sWn−1 + tWn−2 tWn−1

Wn−1 sWn−2 + tWn−3 tWn−2

 .

(d)

An = Gn−1A
2 + (sGn−2 + tGn−3)A+ tGn−2I,

i.e.,

An =
1

t
((Gn+2−rGn+1−sGn)A2+(−rGn+2+r2Gn+1+(rs+t)Gn)A+(−sGn+2+

(rs+ t)Gn+1 + (s2 − rt)Gn)I),

that is,

An =
1

t
(Gn+2(A2 − rA− sI) +Gn+1(−rA2 + r2A+ (rs+ t)I) +Gn(−sA2 + (rs+

t)A+ (s2 − rt)I)),

where

I =

 1 0 0

0 1 0

0 0 1

 .

Proof. (a) We use induction on n. First we assume that n ≥ 0. For n = 0, n = 1 and

n = 2, respectively, we get 1 0 0

0 1 0

0 0 1

 =

 G1 sG0 + tG−1 tG0

G0 sG−1 + tG−2 tG−1

G−1 sG−2 + tG−3 tG−2

 ,

which is true because G−3 = − s
t2 , G−2 = 1

t , G−1 = 0, G0 = 0, G1 = 1. Suppose that
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the relation holds for all k with 0 ≤ k ≤ n. Then, we get r s t

1 0 0

0 1 0


n+1

=

 r s t

1 0 0

0 1 0


n r s t

1 0 0

0 1 0


=

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2


 r s t

1 0 0

0 1 0


and so r s t

1 0 0

0 1 0


n+1

=

 rGn+1 + sGn + tGn−1 tGn + sGn+1 tGn+1

rGn + sGn−1 + tGn−2 sGn + tGn−1 tGn

rGn−1 + sGn−2 + tGn−3 sGn−1 + tGn−2 tGn−1


=

 Gn+2 tGn + sGn+1 tGn+1

Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

 .

For n ≤ 0, we use induction on v = |n| = −n. For v = 0, the relation already been

verified. Assume now that it holds for all v with 0 ≤ v ≤ |n| . Then, we obtain r s t

1 0 0

0 1 0


−(n+1)

=

 r s t

1 0 0

0 1 0


−n r s t

1 0 0

0 1 0


−1

=

 G−n+1 sG−n + tG−n−1 tG−n

G−n sG−n−1 + tG−n−2 tG−n−1

G−n−1 sG−n−2 + tG−n−3 tG−n−2


 0 1 0

0 0 1
1
t
− r
t
− s
t

 ,

that is  r s t

1 0 0

0 1 0


−(n+1)

=

 G−n G−n+1 − rG−n tG−n−1

G−n−1 G−n − rG−n−1 tG−n−2

G−n−2 G−n−1 − rG−n−2 tG−n−3

 .

Then, using recurrence relation of Gn, it follows that r s t

1 0 0

0 1 0


−(n+1)

=

 G−n sG−n−1 + tG−n−2 tG−n−1

G−n−1 sG−n−2 + tG−n−3 tG−n−2

G−n−2 sG−n−3 + tG−n−4 tG−n−3


=

 G−(n+1)+1 sG−(n+1) + tG−(n+1)−1 tG−(n+1)

G−(n+1) sG−(n+1)−1 + tG−(n+1)−2 tG−(n+1)−1

G−(n+1)−1 sG−(n+1)−2 + tG−(n+1)−3 tG−(n+1)−2
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which completes the proof by using induction. Note that proof of the case n ≥ 0

can also be given as follows. By expanding the vectors on the both sides of (9.3) to

3-colums and multiplying the obtained on the right-hand side by A, we get

Bn = ABn−1.

By induction argument, from the last equation, we obtain

Bn = An−1B1.

But B1 = A. It follows that Bn = An.

(b) Using (a) and definition of D1, (b) follows.

(c) We have

ADn−1 =

 r s t

1 0 0

0 1 0


 Wn sWn−1 + tWn−2 tWn−1

Wn−1 sWn−2 + tWn−3 tWn−2

Wn−2 sWn−3 + tWn−4 tWn−3


=

 Wn+1 sWn + tWn−1 tWn

Wn sWn−1 + tWn−2 tWn−1

Wn−1 sWn−2 + tWn−3 tWn−2

 = Dn.

i.e. Dn = ADn−1. From the last equation, using induction we obtain Dn = An−1D1.

Now

Dn+m = An+m−1D1 = An−1AmD1 = An−1D1A
m = DnBm

and similarly

Dn+m = BmDn.

(d) Proof can be given by mathematical induction. But, we present a direct proof as
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follows. By using (a), we get

Gn−1A
2 + (sGn−2 + tGn−3)A+ tGn−2I

= Gn−1

 r s t

1 0 0

0 1 0


2

+ (sGn−2 + tGn−3)

 r s t

1 0 0

0 1 0

+ tGn−2

 1 0 0

0 1 0

0 0 1


=

 x11 x12 x13

x21 sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2

 =

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2



=

 r s t

1 0 0

0 1 0


n

= An

where

x11 = r2Gn−1 + sGn−1 + tGn−2 + rsGn−2 + rtGn−3

= r2Gn−1 + sGn−1 + tGn−2 + rsGn−2 + r(Gn − rGn−1 − sGn−2)

= rGn + sGn−1 + tGn−2

= Gn+1,

x12 = s2Gn−2 + rsGn−1 + stGn−3 + tGn−1 = s(rGn−1 + sGn−2 + tGn−3) + tGn−1

= sGn + tGn−1,

x13 = t (rGn−1 + sGn−2 + tGn−3) = tGn,

x21 = rGn−1 + sGn−2 + tGn−3 = Gn.

Then it follows that

An = 1
t ((Gn+2−rGn+1−sGn)A2+(−rGn+2+r2Gn+1+(rs+t)Gn)A+(−sGn+2+

(rs+ t)Gn+1 + (s2 − rt)Gn)I)

since

Gn−1 =
1

t
(Gn+2 − rGn+1 − sGn),

Gn−2 =
1

t2
(−sGn+2 + (rs+ t)Gn+1 + (s2 − rt)Gn),

Gn−3 =
1

t3
((s2 − rt)Gn+2 + (r2t− rs2 − st)Gn+1 + (−s3 + t2 + 2rst)Gn).

sGn−2 + tGn−3 =
1

t
(−rGn+2 + r2Gn+1 + (rs+ t)Gn).
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So, after rearranging, we get

An = 1
t (Gn+2(A2 − rA− sI) +Gn+1(−rA2 + r2A+ (rs+ t)I) +Gn(−sA2 + (rs+

t)A+ (s2 − rt)I)).

Next, we present matrix formulas for the generalized Tribonacci polynomials and

(r, s, t)-Tribonacci-Lucas polynomials.

In the next Corollary, we use ΛW (0) given in (4.2), i.e.,

ΛW (0) = W 3
2 + (t + rs)W 3

1 + t2W 3
0 − 2rW1W

2
2 − sW0W

2
2 + (r2 − s)W2W

2
1 + (rt +

s2)W0W
2
1 + rtW 2

0W2 + 2stW 2
0W1 − (3t− rs)W2W1W0.

Corollary 52. For all integers n, we have the following formulas for generalized

Tribonacci polynomials and (r, s, t)-Tribonacci-Lucas polynomials.

(a) Generalized Tribonacci polynomials. r s t

1 0 0

0 1 0


n

=
1

ΛW (0)

 a11 a12 a13

a21 a22 a23

a31 a32 a33


where

a11 = (rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn+3 + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn+2 + (tW 2
1 − tW0W2)Wn+1,

a21 = (rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn+2 + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn+1 + (tW 2
1 − tW0W2)Wn,

a31 = (rW 2
1 +tW 2

0−W1W2+sW0W1)Wn+1+(W 2
2−rW1W2−sW0W2−tW0W1)Wn+

(tW 2
1 − tW0W2)Wn−1,

a12 = s((rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn+2 + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn+1 + (tW 2
1 − tW0W2)Wn) + t((rW 2

1 + tW 2
0 −W1W2 + sW0W1)Wn+1 + (

W 2
2 − rW1W2 − sW0W2 − tW0W1)Wn + (tW 2

1 − tW0W2)Wn−1),

a22 = s((rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn+1 + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn + (tW 2
1 − tW0W2)Wn−1) + t((rW 2

1 + tW 2
0 −W1W2 + sW0W1)Wn + (

W 2
2 − rW1W2 − sW0W2 − tW0W1)Wn−1 + (tW 2

1 − tW0W2)Wn−2),

a32 = s((rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn−1 +(tW 2
1 − tW0W2)Wn−2)+ t((rW 2

1 + tW 2
0 −W1W2 +sW0W1)Wn−1 +(

W 2
2 − rW1W2 − sW0W2 − tW0W1)Wn−2 + (tW 2

1 − tW0W2)Wn−3),
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a13 = t((rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn+2 + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn+1 + (tW 2
1 − tW0W2)Wn),

a23 = t((rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn+1 + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn + (tW 2
1 − tW0W2)Wn−1),

a33 = t((rW 2
1 + tW 2

0 − W1W2 + sW0W1)Wn + (W 2
2 − rW1W2 − sW0W2 −

tW0W1)Wn−1 + (tW 2
1 − tW0W2)Wn−2),

(b) (r, s, t)-Tribonacci-Lucas polynomials. r s t

1 0 0

0 1 0


n

=
1

4r3t− r2s2 − 4s3 + 27t2 + 18rst

 b11 b12 b13

b21 b22 b23

b31 b32 b33


where

b11 = (9t+ rs)Hn+3 − (r2s+ 2s2 + 3rt)Hn+2 − 2t(r2 + 3s)Hn+1,

b21 = (9t+ rs)Hn+2 − (r2s+ 2s2 + 3rt)Hn+1 − 2t(r2 + 3s)Hn,

b31 = (9t+ rs)Hn+1 − (r2s+ 2s2 + 3rt)Hn − 2t(r2 + 3s)Hn−1,

b12 = s((9t+ rs)Hn+2− (r2s+ 2s2 + 3rt)Hn+1−2t(r2 + 3s)Hn) + t((9t+ rs)Hn+1−
(r2s+ 2s2 + 3rt)Hn − 2t(r2 + 3s)Hn−1),

b22 = s((9t+ rs)Hn+1 − (r2s+ 2s2 + 3rt)Hn − 2t(r2 + 3s)Hn−1) + t((9t+ rs)Hn −
(r2s+ 2s2 + 3rt)Hn−1 − 2t(r2 + 3s)Hn−2),

b32 = s((9t+ rs)Hn− (r2s+ 2s2 + 3rt)Hn−1−2t(r2 + 3s)Hn−2) + t((9t+ rs)Hn−1−
(r2s+ 2s2 + 3rt)Hn−2 − 2t(r2 + 3s)Hn−3),

b13 = t((9t+ rs)Hn+2 − (r2s+ 2s2 + 3rt)Hn+1 − 2t(r2 + 3s)Hn),

b23 = t((9t+ rs)Hn+1 − (r2s+ 2s2 + 3rt)Hn − 2t(r2 + 3s)Hn−1),

b33 = t((9t+ rs)Hn − (r2s+ 2s2 + 3rt)Hn−1 − 2t(r2 + 3s)Hn−2).

Proof. (a) Use Lemma 37 (a) and Theorem 51 (a).

(b) Use Lemma 36 (h) and Theorem 51 (a) or set Wn = Hn with H0 = 3, H1 = r,H2 =

2s+ r2 in (a).

Note that, (by using (1.1)), a12, a22, a32 and b12, b22, b32 can be written in the following

form:
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a12 = (sW 2
2 +r(t+rs)W 2

1 +t(t+rs)W 2
0 −(t+2rs)W1W2−s2W0W2+rs2W0W1)Wn+1+

(tW 2
2 + s(t+ rs)W 2

1 + s2tW 2
0 − (rt+ s2)W1W2 − 2stW0W2 + (s3 − t2)W0W1)Wn + t((t+

rs)W 2
1 + stW 2

0 − sW1W2 − tW0W2 + s2W0W1)Wn−1,

a22 = (sW 2
2 +r(t+rs)W 2

1 + t(t+rs)W 2
0 −(t+2rs)W1W2−s2W0W2 +rs2W0W1)Wn+

(tW 2
2 +s(t+ rs)W 2

1 +s2tW 2
0 − (rt+s2)W1W2−2stW0W2 +(s3− t2)W0W1)Wn−1 + t((t+

rs)W 2
1 + stW 2

0 − sW1W2 − tW0W2 + s2W0W1)Wn−2,

a32 = (sW 2
2 +r(t+rs)W 2

1 +t(t+rs)W 2
0 −(t+2rs)W1W2−s2W0W2+rs2W0W1)Wn−1+

(tW 2
2 +s(t+ rs)W 2

1 +s2tW 2
0 − (rt+s2)W1W2−2stW0W2 +(s3− t2)W0W1)Wn−2 + t((t+

rs)W 2
1 + stW 2

0 − sW1W2 − tW0W2 + s2W0W1)Wn−3,

and

b12 = (−2s3 + 9t2 + 7rst)Hn+1 + (t+ rs)(−3rt+ s2)Hn + t(rs2 − 2r2t+ 3st)Hn−1,

b22 = (−2s3 + 9t2 + 7rst)Hn + (t+ rs)(−3rt+ s2)Hn−1 + t(rs2 − 2r2t+ 3st)Hn−2,

b32 = (−2s3 + 9t2 + 7rst)Hn−1 + (t+ rs)(−3rt+ s2)Hn−2 + t(rs2 − 2r2t+ 3st)Hn−3.

Now, we present an identity for Wn+m.

Theorem 53. (Honsberger’s Identity) For all integers m and n, we have

Wn+m = WnGm+1 +Wn−1(sGm + tGm−1) + tWn−2Gm (9.4)

= WnGm+1 + (sWn−1 + tWn−2)Gm + tWn−1Gm−1.

Proof. From the equation Dn+m = DnBm = BmDn we see that an element of Dn+m

is the product of row Dn and a column Bm. From the last equation we say that an

element of Dn+m is the product of a row Dn and column Bm. We just compare the linear

combination of the 2nd row and 1st column entries of the matrices Dn+m and DnBm.

This completes the proof.

Proof can also be given by using induction as follows. For m ≥ 1 and m ≤ 0, we

proceed by induction on m. First we assume that m ≥ 1. For m = 1, (9.4) is true because

we have, by definition of Wn and the values G0 = 0, G1 = 1, G2 = r,

WnG2 +Wn−1(sG1 + tG0) + tWn−2G1 = rWn + sWn−1 + tWn−2 = Wn+1.

For m = 2, (9.4) is true because, we get again by definition of Wn and the values G1 =

1, G2 = r,G3 = s+ r2,

Wn+2 = rWn+1 + sWn + tWn−1

= r(rWn + sWn−1 + tWn−2) + sWn + tWn−1

= (r2 + s)Wn + (rs+ t)Wn−1 + rtWn−2

= WnG3 +Wn−1(sG2 + tG1) + tWn−2G2.
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For m = 3, (9.4) is true because, we get again by definition of Wn and the values G2 =

r,G3 = s+ r2, G4 = r3 + 2sr + t,

Wn+3 = rWn+2 + sWn+1 + tWn

= r((r2 + s)Wn + (rs+ t)Wn−1 + rtWn−2) + s(rWn + sWn−1 + tWn−2) + tWn

= WnG4 +Wn−1(sG3 + tG2) + tWn−2G3.

Suppose now that (9.4) holds for all m with 1 ≤ m ≤ k + 2. Then, by assumption, for

m = k, m = k + 1 and m = k + 2, we have, respectively,

Wn+k = WnGk+1 +Wn−1(sGk + tGk−1) + tWn−2Gk,

Wn+k+1 = WnGk+1+1 +Wn−1(sGk+1 + tGk+1−1) + tWn−2Gk+1,

Wn+k+2 = WnGk+2+1 +Wn−1(sGk+2 + tGk+2−1) + tWn−2Gk+2.

By adding up these three equations (after multiplying each side of the these three

equations by r, s, t, respectively), we get

rWn+k+2 + sWn+k+1 + tWn+k

= r(WnGk+2+1 +Wn−1(sGk+2 + tGk+2−1) + tWn−2Gk+2)

+s(WnGk+1+1 +Wn−1(sGk+1 + tGk+1−1) + tWn−2Gk+1)

+t(WnGk+1 +Wn−1(sGk + tGk−1) + tWn−2Gk)

= Wn(rGk+3 + sGk+2 + tGk+1)

+Wn−1(s(rGk+2 + sGk+1 + tGk) + t(rGk+1 + sGk + tGk−1))

+tWn−2(rGk+2 + sGk+1 + tGk)

= WnGk+4 +Wn−1(sGk+3 + tGk+2) + tWn−2Gk+3,

i.e.,

Wn+k+3 = WnGk+3+1 +Wn−1(sGk+3 + tGk+3−1) + tWn−2Gk+3,

which yields the (9.4) for m = k + 3.

Now, if m ≤ 0 then we proceed by induction on |m| = −m = v. For v = 0, that is

m = 0, (9.4) is true because

WnG0+1 +Wn−1(sG0 + tG0−1) + tWn−2G0 = WnG0+1 +Wn−1(sG0 + tG0−1) + tWn−2G0

= Wn = Wn+0

where G−1 = 0, G0 = 0 and G1 = 1. For v = 1, that is m = −1, (9.4) is true because

Wn−1 = WnG0 +Wn−1(sG−1 + tG−2) + tWn−2G−1
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where G−2 =
1

t
, G−1 = 0 and G0 = 0. For v = 2, that is m = −2, (9.4) is true because

Wn−2 = WnG−1 +Wn−1(sG−2 + tG−3) + tWn−2G−2

where G−3 = − s

t2
, G−2 =

1

t
and G−1 = 0.

Suppose now that (9.4) holds for all v = |m| = −m with 1 ≤ v ≤ k + 2. Then, by

assumption, for v = k, v = k + 1 and v = k + 2 we have, respectively,

Wn−k = WnG−k+1 +Wn−1(sG−k + tG−k−1) + tWn−2G−k, (9.5)

Wn−(k+1) = WnG−(k+1)+1 +Wn−1(sG−(k+1) + tG−(k+1)−1) + tWn−2G−(k+1),(9.6)

Wn−(k+2) = WnG−(k+2)+1 +Wn−1(sG−(k+2) + tG−(k+2)−1) + tWn−2G−(k+2).(9.7)

We have to show that

Wn−(k+3) = WnG−(k+3)+1 +Wn−1(sG−(k+3) + tG−(k+3)−1) + tWn−2G−(k+3)

= WnG−k−2 +Wn−1(sG−k−3 + tG−k−4) + tWn−2G−k−3.

By adding up these three equations given in (9.7), (9.6) and (9.5), (after multiplying each

side of the these three equations by
1

t
,−r

t
,−s

t
, respectively), we obtain

−s
t
Wn−(k+2) −

r

t
Wn−(k+1) +

1

t
Wn−k

= −s
t
(WnG−(k+2)+1 +Wn−1(sG−(k+2) + tG−(k+2)−1) + tWn−2G−(k+2))

−r
t
(WnG−(k+1)+1 +Wn−1(sG−(k+1) + tG−(k+1)−1) + tWn−2G−(k+1))

+
1

t
(WnG−k+1 +Wn−1(sG−k + tG−k−1) + tWn−2G−k)

=
1

t
(Wn(−sG−k−1 − rG−k +G−k+1) +Wn−1(t(−rG−k−2 − sG−k−3 +G−k−1)

+s(−sG−k−2 − rG−k−1 +G−k)) + tWn−2(−rG−k−1 − sG−k−2 +G−k))

= (Wn(−s
t
G−k−1 −

r

t
G−k +

1

t
G−k+1) +Wn−1(s(−s

t
G−k−2 −

r

t
G−k−1 +

1

t
G−k)

+t(−s
t
G−k−3 −

r

t
G−k−2 +

1

t
G−k−1)) + tWn−2(−s

t
G−k−2 −

r

t
G−k−1 +

1

t
G−k))

= WnG−k−2 +Wn−1(sG−k−3 + tG−k−4) + tWn−2G−k−3

= WnG−(k+3)+1 +Wn−1(sG−(k+3) + tG−(k+3)−1) + tWn−2G−(k+3),

i.e.,

Wn−(k+3) = WnG−(k+3)+1 +Wn−1(sG−(k+3) + tG−(k+3)−1) + tWn−2G−(k+3),

thus we get 9.4) for v = |m| = k + 3. �
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Corollary 54. For all integers m,n, we have the following properties:

Gn+m = GnGm+1 +Gn−1(sGm + tGm−1) + tGn−2Gm,

Hn+m = HnGm+1 +Hn−1(sGm + tGm−1) + tHn−2Gm.

Proof. Set Wn = Hn with H0 = 3, H1 = r,H2 = 2s + r2 and Wn = Gn with

G0 = 0, G1 = 1, G2 = r in Theorem 53, respectively. �

Corollary 55. For all integers m,n, j, we have the following properties:

Wmn+j = Gmn−1Wj+2 + (sGmn−2 + tGmn−3)Wj+1 + tGmn−2Wj , (9.8)

Gmn+j = Gmn−1Gj+2 + (sGmn−2 + tGmn−3)Gj+1 + tGmn−2Gj , (9.9)

Hmn+j = Gmn−1Hj+2 + (sGmn−2 + tGmn−3)Hj+1 + tGmn−2Hj . (9.10)

Proof. If we make the following changes

n ⇔ a

m ⇔ b

in (9.4), i.e.,

Wn+m = WnGm+1 +Wn−1(sGm + tGm−1) + tWn−2Gm,

we get

Wa+b = WaGb+1 +Wa−1(sGb + tGb−1) + tWa−2Gb. (9.11)

Now, if we make the following changes

a ⇔ j + 2

b ⇔ mn− 2

in (9.11) we obtain

Wmn+j = Gmn−1Wj+2 + (sGmn−2 + tGmn−3)Wj+1 + tGmn−2Wj .

To complete the proof, set Wn = Gn and Wn = Hn in the last identity, respectively.

9.2 Simson Matrix and its Properties

For n ∈ Z, we define

fW (n) =

 Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 .
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We call this matrix as Simson matrix of the sequence Wn. Similarly, as special cases of

Wn, Simson matrices of the sequences Gn and Hn are

fG(n) =

 Gn+2 Gn+1 Gn

Gn+1 Gn Gn−1

Gn Gn−1 Gn−2

 ,

and

fH(n) =

 Hn+2 Hn+1 Hn

Hn+1 Hn Hn−1

Hn Hn−1 Hn−2

 ,

respectively.

Lemma 56. For all integers n,m and j, the followings hold.

(a) fW (n) = rfW (n− 1) + sfW (n− 2) + tfW (n− 3).

(b) fW (n) = AfW (n− 1) and fW (n) = AnfW (0), i.e., Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =

 r s t

1 0 0

0 1 0


 Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

Wn−1 Wn−2 Wn−3


and  Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =

 r s t

1 0 0

0 1 0


n W2 W1 W0

W1 W0 W−1

W0 W−1 W−2

 .

(c) fW (n+m) = AnfW (m) and fW (n+m) = AmfW (n) i.e., Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m−1

Wn+m Wn+m−1 Wn+m−2

 =

 r s t

1 0 0

0 1 0


n Wm+2 Wm+1 Wm

Wm+1 Wm Wm−1

Wm Wm−1 Wm−2

 ,

and Wm+n+2 Wm+n+1 Wm+n

Wm+n+1 Wm+n Wm+n−1

Wm+n Wm+n−1 Wm+n−2

 =

 r m t

1 0 0

0 1 0


m Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 ,
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and fW (n) = AmfW (n−m), i.e., Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =

 r s t

1 0 0

0 1 0


m Wn−m+2 Wn−m+1 Wn−m

Wn−m+1 Wn−m Wn−m−1

Wn−m Wn−m−1 Wn−m−2

 .

(d)

fW (mn+ j) = AmnfW (j)

and

fW (mn+ j) = (Gn−1A
2 + (sGn−2 + tGn−3)A+ tGn−2I)mfW (j).

(e)  Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2


 W2 W1 W0

W1 W0 W−1

W0 W−1 W−2


and Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m−1
Wn+m Wn+m−1 Wn+m−2

 =

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1
Gn−1 sGn−2 + tGn−3 tGn−2


 Wm+2 Wm+1 Wm

Wm+1 Wm Wm−1
Wm Wm−1 Wm−2



and Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1
Wn Wn−1 Wn−2

 =

 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1
Gm−1 sGm−2 + tGm−3 tGm−2


 Wn−m+2 Wn−m+1 Wn−m

Wn−m+1 Wn−m Wn−m−1
Wn−m Wn−m−1 Wn−m−2

 .

(f)  Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =
1

ΛW (0)

 a11 a12 a13

a21 a22 a23

a31 a32 a33


 W2 W1 W0

W1 W0 W−1

W0 W−1 W−2


and Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m−1

Wn+m Wn+m−1 Wn+m−2

 =
1

ΛW (0)

 a11 a12 a13

a21 a22 a23

a31 a32 a33


 Wm+2 Wm+1 Wm

Wm+1 Wm Wm−1

Wm Wm−1 Wm−2


and Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =
1

ΛW (0)

 a11 a12 a13

a21 a22 a23

a31 a32 a33


 Wn−m+2 Wn−m+1 Wn−m

Wn−m+1 Wn−m Wn−m−1

Wn−m Wn−m−1 Wn−m−2


where a11, a21, a31, a12, a22, a32, a13, a23, a33 and ΛW (0) are as in

Corollary 52 (a) (in the last identity above, we replace n with m in

a11, a21, a31, a12, a22, a32, a13, a23, a33).
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(g)

 Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =

 b11 b12 b13

b21 b22 b23

b31 b32 b33


 W2 W1 W0

W1 W0 W−1

W0 W−1 W−2


4r3t− r2s2 − 4s3 + 27t2 + 18rst

and

 Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m−1

Wn+m Wn+m−1 Wn+m−2

 =

 b11 b12 b13

b21 b22 b23

b31 b32 b33


 Wm+2 Wm+1 Wm

Wm+1 Wm Wm−1

Wm Wm−1 Wm−2


4r3t− r2s2 − 4s3 + 27t2 + 18rst

and

 Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

 =

 b11 b12 b13

b21 b22 b23

b31 b32 b33


 Wn−m+2 Wn−m+1 Wn−m

Wn−m+1 Wn−m Wn−m−1

Wn−m Wn−m−1 Wn−m−2


4r3t− r2s2 − 4s3 + 27t2 + 18rst

where b11, b21, b31, b12, b22, b32, b13, b23, b33 are as in Corollary 52 (b) (in the last

identity above, we replace n with m in b11, b21, b31, b12, b22, b32, b13, b23, b33).

Proof. (a) Use (1.1), i.e. Wn = rWn−1 + sWn−2 + tWn−3.

(b) By using the definition of Wn, i.e., Wn = rWn−1 + sWn−2 + tWn−3, we get

AfW (n − 1) =

 r s t

1 0 0

0 1 0


 Wn+1 Wn Wn−1

Wn Wn−1 Wn−2
Wn−1 Wn−2 Wn−3



=

 rWn+1 + sWn + tWn−1 rWn + sWn−1 + tWn−2 rWn−1 + sWn−2 + tWn−3
Wn+1 Wn Wn−1
Wn Wn−1 Wn−2



=

 Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1
Wn Wn−1 Wn−2


= fW (n).

Now it follows that fW (n) = AnfW (0).

(c) By using (b) we get

fW (n+m) = An+mfW (0) = AnAmfW (0) = AnfW (m).

By interchanging m and n in fW (n + m) = AnfW (m), we get fW (n + m) =

AmfW (n).
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Then it follows that

fW (n+m) = AnfW (m)⇔ A−nfW (n+m) = fW (m)

⇔ AmfW (−m+ n) = fW (n)⇔ fW (n) = AmfW (n−m).

(d) By using Theorem 51 (d), i.e.,

Gn−1A
2 + (sGn−2 + tGn−3)A+ tGn−2I = An

and the identity in (9.8), i.e.,

Wmn+j = Gmn−1Wj+2 + (sGmn−2 + tGmn−3)Wj+1 + tGmn−2Wj ,

we get

(Gn−1A
2 + (sGn−2 + tGn−3)A+ tGn−2I)mfW (j)

= AmnfW (j)

=

 Gmn+1 sGmn + tGmn−1 tGmn

Gmn sGmn−1 + tGmn−2 tGmn−1

Gmn−1 sGmn−2 + tGmn−3 tGmn−2


 Wj+2 Wj+1 Wj

Wj+1 Wj Wj−1

Wj Wj−1 Wj−2


=

 Wmn+j+2 Wmn+j+1 Wmn+j

Wmn+j+1 Wmn+j Wmn+j−1

Wmn+j Wmn+j−1 Wmn+j−2


= fW (mn+ j).

Note that AmnfW (j) = fW (mn + j) also follows from the identity fW (n + m) =

AnfW (m) which is given in (c), by replacing n and m by mn and j respectively in

fW (n+m) = AnfW (m).

(e) Use (b), (c) and Theorem 51 (a) which states that

An =

 r s t

1 0 0

0 1 0


n

=

 Gn+1 sGn + tGn−1 tGn

Gn sGn−1 + tGn−2 tGn−1

Gn−1 sGn−2 + tGn−3 tGn−2

 .

(f) Use (b), (c) and Corollary 52 (a).

(g) Use (b), (c) and Corollary 52 (b).
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Note that since

W−1 =
1

t
(W2 − rW1 − sW0),

W−2 =
1

t2
(−sW2 + (rs+ t)W1 + (s2 − rt)W0),

we get W2 W1 W0

W1 W0 W−1

W0 W−1 W−2

 =

 W2 W1 W0

W1 W0
1
t
(W2 − rW1 − sW0)

W0
1
t
(W2 − rW1 − sW0) 1

t2
(−sW2 + (rs+ t)W1 + (s2 − rt)W0)

 .

Taking the determinant of both sides of the identities given in Lemma 56, we obtain

the following Theorem.

Theorem 57. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fW (n+m)) = tn det(fW (m)),

and

det(fW (n)) = tm det(fW (n−m)),

i.e., ∣∣∣∣∣∣∣
Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m−1

Wn+m Wn+m−1 Wn+m−2

∣∣∣∣∣∣∣ = tn

∣∣∣∣∣∣∣
Wm+2 Wm+1 Wm

Wm+1 Wm Wm−1

Wm Wm−1 Wm−2

∣∣∣∣∣∣∣ ,
and ∣∣∣∣∣∣∣

Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

∣∣∣∣∣∣∣ = tm

∣∣∣∣∣∣∣
Wn−m+2 Wn−m+1 Wn−m

Wn−m+1 Wn−m Wn−m−1

Wn−m Wn−m−1 Wn−m−2

∣∣∣∣∣∣∣ .
(b) (see Theorem 33) Simson’s (or Cassini’s) Identity:

det(fW (n)) = tn det(fW (0)),

i.e., ∣∣∣∣∣∣∣
Wn+2 Wn+1 Wn

Wn+1 Wn Wn−1

Wn Wn−1 Wn−2

∣∣∣∣∣∣∣ = tn

∣∣∣∣∣∣∣
W2 W1 W0

W1 W0 W−1

W0 W−1 W−2

∣∣∣∣∣∣∣ .
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Proof. (a) Taking the determinant of both sides of the identities

fW (n+m) = AnfW (m)

and

fW (n) = AmfW (n−m)

which are given in Lemma 56 (c), we get the required results.

(b) Take m = 0 in det(fW (n + m)) = tn det(fW (m)) in (a) or take the determinant of

both sides of the identity fW (n) = AnfW (0) which is given in Lemma 56 (b).

Remark 58. To prove the second matrix identity in Lemma 56 (d), we used a consequence

(Corollary 55) of Honsberger’s Identity (Theorem 53). However, firstly, the second matrix

identity in Lemma 56 (d) can be proved by induction and then Honsberger’s Identity, i.e.,

Wm+n = Wm+2Gn−1 +Wm+1 (sGn−2 + tGn−3) + tWmGn−2

= Wm+2Gn−1 + (sWm+1 + tWm)Gn−2 + tWm+1Gn−3,

can be obtained just comparing the linear combination of the 3rd row and 1st column

entries of the matrices.

From the last Theorem, we have the following Corollary which gives determinantal

formulas of (r, s, t)-Tribonacci polynomials (take Wn = Gn with G0 = 0, G1 = 1, G2 = r).

Corollary 59. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fG(n+m)) = tn det(fG(m)),

and

det(fG(n)) = tm det(fG(n−m)),

i.e., ∣∣∣∣∣∣∣
Gn+m+2 Gn+m+1 Gn+m

Gn+m+1 Gn+m Gn+m−1

Gn+m Gn+m−1 Gn+m−2

∣∣∣∣∣∣∣ = tn

∣∣∣∣∣∣∣
Gm+2 Gm+1 Gm

Gm+1 Gm Gm−1

Gm Gm−1 Gm−2

∣∣∣∣∣∣∣ ,
and ∣∣∣∣∣∣∣

Gn+2 Gn+1 Gn

Gn+1 Gn Gn−1

Gn Gn−1 Gn−2

∣∣∣∣∣∣∣ = tm

∣∣∣∣∣∣∣
Gn−m+2 Gn−m+1 Gn−m

Gn−m+1 Gn−m Gn−m−1

Gn−m Gn−m−1 Gn−m−2

∣∣∣∣∣∣∣ .
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(b) Simson’s (or Cassini’s) Identity:

det(fG(n)) = tn det(fG(0)),

i.e., ∣∣∣∣∣∣∣
Gn+2 Gn+1 Gn

Gn+1 Gn Gn−1

Gn Gn−1 Gn−2

∣∣∣∣∣∣∣ = −tn−1.

Taking Wn = Hn with H0 = 3, H1 = r,H2 = 2s + r2 in the last Theorem, we have

the following Corollary which gives determinantal formulas of (r, s, t)-Tribonacci-Lucas

polynomials.

Corollary 60. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fH(n+m)) = tn det(fH(m)),

and

det(fH(n)) = tm det(fH(n−m)),

i.e., ∣∣∣∣∣∣∣
Hn+m+2 Hn+m+1 Hn+m

Hn+m+1 Hn+m Hn+m−1

Hn+m Hn+m−1 Hn+m−2

∣∣∣∣∣∣∣ = tn

∣∣∣∣∣∣∣
Hm+2 Hm+1 Hm

Hm+1 Hm Hm−1

Hm Hm−1 Hm−2

∣∣∣∣∣∣∣ ,
and ∣∣∣∣∣∣∣

Hn+2 Hn+1 Hn

Hn+1 Hn Hn−1

Hn Hn−1 Hn−2

∣∣∣∣∣∣∣ = tm

∣∣∣∣∣∣∣
Hn−m+2 Hn−m+1 Hn−m

Hn−m+1 Hn−m Hn−m−1

Hn−m Hn−m−1 Hn−m−2

∣∣∣∣∣∣∣ .
(b) Simson’s (or Cassini’s) Identity:

det(fH(n)) = tn det(fH(0)),

i.e., ∣∣∣∣∣∣∣
Hn+2 Hn+1 Hn

Hn+1 Hn Hn−1

Hn Hn−1 Hn−2

∣∣∣∣∣∣∣ = (r2s2 + 4s3 − 4r3t− 18rst− 27t2)tn−2.
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10 The Sum Formula
∑n

k=0 z
kWmk+j of Generalized

Tribonacci Polynomials via Matrix Methods

In this section, we give the sum formula
∑n
k=0 z

kWmk+j of generalized Tribonacci

polynomials via matrix methods. First, we need to present matrix notations to use linear

algebra (matrix) method. Suppose that M is a n× n matrix. Then

MAdj(M) = det(M)I

where I is the identity matrix and Adj(M) is the adjugate of M. The adjugate or classical

adjoint of a square matrix M is the transpose of the matrix of cofactors of M . The i, j

cofactor Mij of M is the scalar (−1)
i+j

detM (i|j), where M (i|j) denotes the matrix

that you obtain from M by removing the ith row and jth column. Since,

det(I −M)I = (I −M)Adj(I −M)

and (
n∑
k=0

Mk

)
(I −M) = (I −Mn+1)

for any square matrix M , we get(
n∑
k=0

Mk

)
det(I −M) = (I −Mn+1)Adj(I −M). (10.1)

Note also that

fW (j) =

 Wj+2 Wj+1 Wj

Wj+1 Wj Wj−1

Wj Wj−1 Wj−2



=

 Wj+2 Wj+1 Wj

Wj+1 Wj
1
t
(Wj+2 − rWj+1 − sWj)

Wj
1
t
(Wj+2 − rWj+1 − sWj)

1
t2

(−sWj+2 + (rs+ t)Wj+1 + (s2 − rt)Wj)


where

Wj−1 =
1

t
(Wj+2 − rWj+1 − sWj)

Wj−2 =
1

t2
(−sWj+2 + (rs+ t)Wj+1 + (s2 − rt)Wj).
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If

M = zAm = z

 r s t

1 0 0

0 1 0


m

= z

 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1

Gm−1 sGm−2 + tGm−3 tGm−2

 ,

where

Gm−1 =
1

t
(Gm+2 − rGm+1 − sGm),

Gm−2 =
1

t2
(−sGm+2 + (rs+ t)Gm+1 + (s2 − rt)Gm),

Gm−3 =
1

t3
((s2 − rt)Gm+2 + (r2t− rs2 − st)Gm+1 + (−s3 + t2 + 2rst)Gm),

then we have

det(I − zAm)

(
n∑
k=0

zkAmk

)
= (I − zn+1Amn+m)Adj(I − zAm),

and then, since fW (mk + j) = AmkfW (j) by Lemma 56 (d), we get

det(I − zAm)

(
n∑
k=0

zkfW (mk + j)

)
= det(I − zAm)

(
n∑
k=0

zkAmk

)
fW (j)

= (I − zn+1Amn+m)Adj(I − zAm)fW (j).

10.1 The Sum Formula
∑n

k=0 z
kWmk+j of Generalized Tribonacci

Polynomials in Terms of Generalized Tribonacci

Polynomials

By using Corollary 52 (a), we can give the sum formula
∑n
k=0 z

kWmk+j of generalized

Tribonacci polynomials via matrix methods (in terms of elements of the sequence of

generalized Tribonacci polynomials).

Theorem 61. For all integers m and j, we have the following sum formulas.
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(a) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 6= 0 then

n∑
k=0

zkWmk+j =
zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4
(10.2)

=
ΘW (z)

ΓW (z)

where

ΘW (z) = zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6,

zn+3Θ1 = zn+3(−WjW
2
m+2Wm+mn+2 + (−Wj+1 + rWj)W

2
m+2Wm+mn+1 +

(−Wj+2 + rWj+1 + sWj)W
2
m+2Wm+mn + (−Wj+2 + sWj)W

2
m+1Wm+mn+2 −

(t + rs)WjW
2
m+1Wm+mn+1 + (sWj+2 − (t + rs)Wj+1 − s2Wj)W

2
m+1Wm+mn −

tW 2
mWj+1Wm+mn+2 + t(−Wj+2 + rWj+1)W 2

mWm+mn+1 − t2WjW
2
mWm+mn +

(Wj+1 + rWj)Wm+2Wm+1Wm+mn+2 + (Wj+2 − rWj+1)Wm+2WmWm+mn+2 +

(−sWj+1 + tWj)Wm+1WmWm+mn+2 + (Wj+2 − r2Wj)Wm+2Wm+1Wm+mn+1 +

(−rWj+2 + (r2 + s)Wj+1 + tWj)Wm+2WmWm+mn+1 + (−sWj+2 + (t +

rs)Wj+1 − rtWj)Wm+1WmWm+mn+1 + rWj+2Wm+1Wm+2Wm+mn +

tWjWm+1Wm+2Wm+mn − rsWjWm+1Wm+2Wm+mn − r2Wj+1Wm+1Wm+2

Wm+mn + t(Wj+1 − rWj)Wm+2WmWm+mn + t(Wj+2 − rWj+1 − 2sWj)

Wm+1WmWm+mn),

zn+2Θ2 = zn+2((−W0Wj+2+(rW0−W1)Wj+1+(2W2−rW1)Wj)Wm+2Wm+mn+2+

(2W1Wj+2 + (sW0 − W2)Wj+1 − (rW2 + 2sW1 + tW0)Wj)Wm+1Wm+mn+2 +

(−W2Wj+2+(rW2+sW1+2tW0)Wj+1−tW1Wj)WmWm+mn+2+((rW0−W1)Wj+2+

(2W2−r2W0−sW0)Wj+1 +(−2rW2 +r2W1− tW0)Wj)Wm+2Wm+mn+1 +((−W2 +

sW0)Wj+2−(rsW0+tW0)Wj+1+(r2W2+2(t+rs)W1+rtW0)Wj)Wm+1Wm+mn+1+

((rW2 + sW1 + 2tW0)Wj+2− (r2W2 + rsW1 + 2rtW0 + sW2 + tW1)Wj+1 + t(rW1−
W2)Wj)WmWm+mn+1+((2W2−rW1)Wj+2+(r2W1−2rW2−tW0)Wj+1+(rsW1−
2sW2 − tW1 + rtW0)Wj)Wm+2Wm+mn + (−(rW2 + 2sW1 + tW0)Wj+2 + (r2W2 +

2(t + rs)W1 + rtW0)Wj+1 + ((rs − t)W2 + 2s2W1 + 2stW0)Wj)Wm+1Wm+mn +

t(−W1Wj+2 + (rW1 −W2)Wj+1 + (rW2 + 2sW1 + 2tW0)Wj)WmWm+mn),

zn+1Θ3 = zn+1(((W0W2−W 2
1 )Wj+2 +(−tW 2

0 +W1W2−rW0W2−sW0W1)Wj+1 +

(−W 2
2 + sW 2

1 + rW1W2 + tW0W1)Wj)Wm+mn+2 + ((−tW 2
0 + W1W2 − rW0W2 −

sW0W1)Wj+2+(−W 2
2 +rtW 2

0 +(r2+s)W0W2+(t+rs)W0W1)Wj+1+(rW 2
2 −(rs+

t)W 2
1 − r2W1W2 + tW0W2 − rtW0W1)Wj)Wm+mn+1 + ((−W 2

2 + sW 2
1 + rW1W2 +

tW0W1)Wj+2 + (rW 2
2 − (rs+ t)W 2

1 − r2W1W2 + tW0W2− rtW0W1)Wj+1 + (sW 2
2 −

s2W 2
1 − t2W 2

0 + (t− rs)W1W2 − rtW0W2 − 2stW0W1)Wj)Wm+mn),
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z2Θ4 = z2((W0Wj+2 + (W1 − rW0)Wj+1 + (W2 − rW1 − sW0)Wj)W
2
m+2 + ((W2 −

sW0)Wj+2+(tW0+rsW0)Wj+1+(s2W0+(rs+t)W1−sW2)Wj)W
2
m+1+t(W1Wj+2+

(W2−rW1)Wj+1+tW0Wj)W
2
m+(−(W1+rW0)Wj+2+(r2W0−W2)Wj+1+(−rW2+

r2W1 + (rs − t)W0)Wj)Wm+1Wm+2 + ((rW1 −W2)Wj+2 + (rW2 − (s + r2)W1 −
tW0)Wj+1 + t(rW0−W1)Wj)Wm+2Wm+((sW1− tW0)Wj+2 +(sW2− (rs+ t)W1 +

rtW0)Wj+1 + t(−W2 + rW1 + 2sW0)Wj)Wm+1Wm),

zΘ5 = z(((W 2
1 −W0W2)Wj+2+(tW 2

0 −W1W2+rW0W2+sW0W1)Wj+1+(−2W 2
2 −

r2W 2
1 − trW 2

0 +3rW1W2 +2sW0W2 +(2t−sr)W0W1)Wj)Wm+2 +((tW 2
0 −W1W2 +

rW0W2 + sW0W1)Wj+2 + (W 2
2 − (r2 + s)W0W2 − (rs + t)W0W1)Wj+1 + (rW 2

2 −
2(t + rs)W 2

1 − 2stW 2
0 + (2s − r2)W1W2 + (2t − rs)W0W2 − (2s2 + rt)W0W1)Wj)

Wm+1 + ((W 2
2 − sW 2

1 − rW1W2− tW0W1)Wj+2 + (−rW 2
2 + (rs+ t)W 2

1 + r2W1W2−
tW0W2 + rtW0W1)Wj+1 + t(−rW 2

1 − 2tW 2
0 + 2W1W2 − rW0W2 − 2sW0W1)Wj)

Wm − rtW 2
0Wj+1Wm+1),

Θ6 = (W 3
2 + (t+ rs)W 3

1 + t2W 3
0 − 2rW1W

2
2 − sW0W

2
2 + (r2 − s)W 2

1W2 + (s2 + rt)

W0W
2
1 + rtW 2

0W2 + 2stW 2
0W1 + (rs− 3t)W0W1W2)Wj ,

and

ΓW (z) = z3Γ1 + z2Γ2 + zΓ3 + Γ4,

z3Γ1 = z3(−tm(W 3
2 + (t+ rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 +

rtW 2
0W2 + (s2 + rt)W0W

2
1 + 2stW 2

0W1 + (rs− 3t)W0W1W2)),

z2Γ2 = z2((3W2− 2rW1− sW0)W 2
m+2 + ((r2− s)W2 + (3rs+ 3t)W1 + (s2 + rt)W0)

W 2
m+1 + t(rW2 + 2sW1 + 3tW0)W 2

m + (−4rW2 + 2(r2 − s)W1 + (rs − 3t)W0)

Wm+2Wm+1 + (−2sW2 + (rs− 3t)W1 + 2rtW0)Wm+2Wm + ((rs− 3t)W2 + 2(s2 +

rt)W1 + 4stW0)Wm+1Wm),

zΓ3 = z((−3W 2
2 +(s−r2)W 2

1 −trW 2
0 +4rW1W2+2sW0W2+(3t−sr)W0W1)Wm+2+

(2rW 2
2 −(3rs+3t)W 2

1 −2stW 2
0 +(2s−2r2)W1W2+(3t−rs)W0W2−2(s2+rt)W0W1)

Wm+1 + (sW 2
2 − (s2 + rt)W 2

1 − 3t2W 2
0 + (3t − rs)W1W2 − 2rtW0W2 − 4stW0W1)

Wm),

Γ4 = W 3
2 + (t + rs)W 3

1 + t2W 3
0 − 2rW1W

2
2 + (r2 − s)W 2

1W2 − sW0W
2
2 + (s2 +

rt)W0W
2
1 + rtW 2

0W2 + 2stW 2
0W1 + (rs− 3t)W0W1W2.

(b) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z − a)(z − b)(z − c) = 0 for some u, a, b, c ∈ C with

u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkWmk+j =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3
.
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(c) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z− a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0 and

a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkWmk+j =
(n+ 3)(n+ 2)zn+1Θ1 + (n+ 2)(n+ 1)znΘ2 + (n+ 1)nzn−1Θ3 + 2Θ4

6zΓ1 + 2Γ2
,

and for z = b we get

n∑
k=0

zkWmk+j =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3
.

(d) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e., z = a,
then
n∑
k=0

zkWmk+j =
(n+ 3)(n+ 2)(n+ 1)znΘ1 + (n+ 2)(n+ 1)nzn−1Θ2 + (n+ 1)n(n− 1)zn−2Θ3

6Γ1
.

Proof. (a) We set

M = zAm = z

 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1

Gm−1 sGm−2 + tGm−3 tGm−2


= z × 1

ΛW (0)

 a11 a12 a13

a21 a22 a23

a31 a32 a33


in (10.1), where a11, a21, a31, a12, a22, a32, a13, a23, a33 and ΛW (0) are as in Corollary

52 (a) (by replacing n with m in a11, a21, a31, a12, a22, a32, a13, a23, a33). Also, use

the identities

Wm+3 = rWm+2 + sWm+1 + tWm,

Wm−1 =
1

t
(Wm+2 − rWm+1 − sWm),

Wm−2 =
1

t2
(−sWm+2 + (rs+ t)Wm+1 + (s2 − rt)Wm),

Wm−3 =
1

t3
((s2 − rt)Wm+2 + (r2t− rs2 − st)Wm+1 + (−s3 + t2 + 2rst)Wm),

in the formula of Am and as well as in a11, a21, a31, a12, a22, a32, a13, a23, a33. After

some calculations, we see that

det(I − zAm) =
1

ΛW (0)
ΓW (z) =

1

ΛW (0)
(z3Γ1 + z2Γ2 + zΓ3 + Γ4)
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and the 3rd row and 1st column entry of matrix (I−zn+1Amn+m)Adj(I−zAm)fW (j)

is equal to

1

ΛW (0)
(zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)

where ΓW (z) = z3Γ1 +z2Γ2 +zΓ3 +Γ4, z
3Γ1, z

2Γ2, zΓ3,Γ4, and ΘW (z) = zn+3Θ1 +

zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6, z
n+3Θ1, z

n+2Θ2, z
n+1Θ3, z

2Θ4, zΘ5,Θ6, are

as in the statement of (a) of Theorem.

Note that, since det(I − zAm)(
∑n
k=0 z

kfW (mk + j) = (I − zn+1Amn+m)Adj(I −
zAm)fW (j), i.e., matrices over the either side is equal, the 3rd row and 1st column
entry of matrix of matrix det(I − zAm)(

∑n
k=0 z

kfW (mk + j)) is equal to the 3rd
row and 1st column entry of matrix (I − zn+1Amn+m)Adj(I − zAm)fW (j). So, to
complete the proof, we will just compare the linear combination of the 3rd row and
1st column entries of the matrices. Then, we get

1

ΛW (0)
(z3Γ1+z2Γ2+zΓ3+Γ4)

n∑
k=0

zkWmk+j =
1

ΛW (0)
(zn+3Θ1+zn+2Θ2+zn+1Θ3+z2Θ4+zΘ5+Θ6)

and so

n∑
k=0

zkWmk+j =
zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

=
ΘW (z)

ΓW (z)
.

(b) We use (10.2). For z = a or z = b or z = c, the right hand side of the above sum

formula (10.2) is an indeterminate form. Now, we can use L’Hospital rule. Then

we get (b) by using

n∑
k=0

akWk =
d
dz (zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)

d
dz (z3Γ1 + z2Γ2 + zΓ3 + Γ4)

∣∣∣∣∣
z=a

=
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3

∣∣∣∣
z=a

,

n∑
k=0

bkWk =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3

∣∣∣∣
z=b

,

n∑
k=0

ckWk =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3

∣∣∣∣
z=c

.

(c) We use (10.2). For z = a and z = b, the right hand side of the above sum formula

10.2) is an indeterminate form. Now, we can use L’Hospital rule (two times). Then
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we get (c) by using

n∑
k=0

akWk =
d2

dz2 (zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)
d2

dz2 (z3Γ1 + z2Γ2 + zΓ3 + Γ4)

∣∣∣∣∣
z=a

,

and

n∑
k=0

bkWk =
d
dz (zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)

d
dz (z3Γ1 + z2Γ2 + zΓ3 + Γ4)

∣∣∣∣∣
z=b

.

(d) We use (10.2). For z = a , the right hand side of the above sum formula (10.2) is an

indeterminate form. Now, we can use L’Hospital rule (three times). Then we get

(d) by using

n∑
k=0

akWk =
d3

dz3 (zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)
d3

dz3 (z3Γ1 + z2Γ2 + zΓ3 + Γ4)

∣∣∣∣∣
z=a

.

Note that from Theorem 61 (a) we see that

Γ4 = ΛW (0),

Θ6 = Γ4Wj = ΛW (0)Wj ,

Γ1 = −tmΓ4 = −tmΛW (0),

where ΛW (0) is given in (4.2).

Now, we consider special cases of Theorem 61.

Theorem 62. We have the following sum formulas.

(a) (m = 1, j = 0).

(i) If z3(−t) + z2(−1)s+ z(−1)r + 1 6= 0 then

n∑
k=0

zkWk =
Ω1

z3(−t) + z2(−1)s+ z(−1)r + 1

where

Ω1 = zn+3(−1)tWn+zn+2(rWn+1−Wn+2)+zn+1(−1)Wn+1 +z2(W2−rW1−
sW0) + z(W1 − rW0) +W0.
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(ii) If z3(−t)+z2(−1)s+z(−1)r+1 = u(z−a)(z−b)(z−c) = 0 for some u, a, b, c ∈ C
with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkWk =
Ω2

3z2(−t) + 2z(−1)s+ (−1)r

where

Ω2 = (n+3)zn+2(−1)tWn+(n+2)zn+1(rWn+1−Wn+2)+(n+1)zn(−1)Wn+1+

2z(W2 − rW1 − sW0) + (W1 − rW0).

(iii) If z3(−t) + z2(−1)s+ z(−1)r + 1 = u(z − a)2(z − b) = 0 for some u, a, b ∈ C
with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkWk =
Ω3

6z(−t) + 2(−1)s

where

Ω3 = (n+ 3)(n+ 2)zn+1(−1)tWn + (n+ 2)(n+ 1)zn(rWn+1 −Wn+2) + (n+

1)nzn−1(−1)Wn+1 + 2(W2 − rW1 − sW0)

and for z = b we get

n∑
k=0

zkWk =
Ω4

3z2(−t) + 2z(−1)s+ (−1)r

where

Ω4 = (n+3)zn+2(−1)tWn+(n+2)zn+1(rWn+1−Wn+2)+(n+1)zn(−1)Wn+1+

2z(W2 − rW1 − sW0) + (W1 − rW0).

(iv) If z3(−t)+z2(−1)s+z(−1)r+1 = u(z−a)3 = 0 for some u, a ∈ C with u 6= 0,

i.e., z = a, then
n∑
k=0

zkWk =
Ω5

6(−t)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)tWn+(n+2)(n+1)nzn−1(rWn+1−Wn+2)+

(n+ 1)n(n− 1)zn−2(−1)Wn+1.

(b) (m = 2, j = 0).

(i) If z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1 6= 0 then

n∑
k=0

zkW2k =
Ω1

z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1
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76 Yüksel Soykan

where

Ω1 = zn+3(−1)t2W2n + zn+2(sW2n+2 − (rs + t)W2n+1 − rtW2n) +

zn+1(−1)W2n+2+z2(−sW2+(t+rs)W1+(s2−rt)W0)+z(W2−(r2+2s)W0)+

W0.

(ii) If z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1 = u(z−a)(z− b)(z− c) = 0 for

some u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW2k =
Ω2

3z2(−t2) + 2z(−2rt+ s2) + (−1)(2s+ r2)

where

Ω2 = (n+3)zn+2(−1)t2W2n+(n+2)zn+1(sW2n+2− (rs+ t)W2n+1−rtW2n)+

(n+1)zn(−1)W2n+2+2z(−sW2+(t+rs)W1+(s2−rt)W0)+(W2−(r2+2s)W0).

(iii) If z3(−t2)+z2(−2rt+s2)+z(−1)(2s+r2)+1 = u(z−a)2(z−b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW2k =
Ω3

6z(−t2) + 2(−2rt+ s2)

where

Ω3 = (n+3)(n+2)zn+1(−1)t2W2n+(n+2)(n+1)zn(sW2n+2−(rs+t)W2n+1−
rtW2n) + (n+ 1)nzn−1(−1)W2n+2 + 2(−sW2 + (t+ rs)W1 + (s2 − rt)W0)

and for z = b we get

n∑
k=0

zkW2k =
Ω4

3z2(−t2) + 2z(−2rt+ s2) + (−1)(2s+ r2)

where

Ω4 = (n+3)zn+2(−1)t2W2n+(n+2)zn+1(sW2n+2− (rs+ t)W2n+1−rtW2n)+

(n+1)zn(−1)W2n+2+2z(−sW2+(t+rs)W1+(s2−rt)W0)+(W2−(r2+2s)W0).

(iv) If z3(−t2) + z2(−2rt + s2) + z(−1)(2s + r2) + 1 = u(z − a)3 = 0 for some

u, a ∈ C with u 6= 0, i.e., z = a, then

n∑
k=0

zkW2k =
Ω5

6(−t2)

where

Ω5 = (n+ 3)(n+ 2)(n+ 1)zn(−1)t2W2n + (n+ 2)(n+ 1)nzn−1(sW2n+2− (rs+

t)W2n+1 − rtW2n) + (n+ 1)n(n− 1)zn−2(−1)W2n+2.
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(c) (m = 2, j = 1).

(i) If z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1 6= 0 then

n∑
k=0

zkW2k+1 =
Ω1

z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1

where

Ω1 = zn+3(−t2W2n+1) + zn+2(−tW2n+2 + (s2 − rt)W2n+1 + stW2n) +

zn+1(−1)(rW2n+2 + sW2n+1 + tW2n) + z2t(W2− rW1− sW0) + z(rW2− (r2 +

s)W1 + tW0) +W1.

(ii) If z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1 = u(z−a)(z− b)(z− c) = 0 for

some u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW2k+1 =
Ω2

3z2(−t2) + 2z(−2rt+ s2) + (−1)(2s+ r2)

where

Ω2 = (n + 3)zn+2(−t2W2n+1) + (n + 2)zn+1(−tW2n+2 + (s2 − rt)W2n+1 +

stW2n) + (n+ 1)zn(−1)(rW2n+2 + sW2n+1 + tW2n) + 2zt(W2− rW1− sW0) +

(rW2 − (r2 + s)W1 + tW0).

(iii) If z3(−t2)+z2(−2rt+s2)+z(−1)(2s+r2)+1 = u(z−a)2(z−b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW2k+1 =
Ω3

6z(−t2) + 2(−2rt+ s2)

where

Ω3 = (n + 3)(n + 2)zn+1(−t2W2n+1) + (n + 2)(n + 1)zn(−tW2n+2 + (s2 −
rt)W2n+1 + stW2n) + (n+ 1)nzn−1(−1)(rW2n+2 + sW2n+1 + tW2n) + 2t(W2−
rW1 − sW0)

and for z = b we get

n∑
k=0

zkW2k+1 =
Ω4

3z2(−t2) + 2z(−2rt+ s2) + (−1)(2s+ r2)

where

Ω4 = (n + 3)zn+2(−t2W2n+1) + (n + 2)zn+1(−tW2n+2 + (s2 − rt)W2n+1 +

stW2n) + (n+ 1)zn(−1)(rW2n+2 + sW2n+1 + tW2n) + 2zt(W2− rW1− sW0) +

(rW2 − (r2 + s)W1 + tW0).
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(iv) If z3(−t2) + z2(−2rt + s2) + z(−1)(2s + r2) + 1 = u(z − a)3 = 0 for some

u, a ∈ C with u 6= 0, i.e., z = a, then

n∑
k=0

zkW2k+1 =
Ω5

6(−t2)

where

Ω5 = (n + 3)(n + 2)(n + 1)zn(−t2W2n+1) + (n + 2)(n + 1)nzn−1(−tW2n+2 +

(s2−rt)W2n+1+stW2n)+(n+1)n(n−1)zn−2(−1)(rW2n+2+sW2n+1+tW2n).

(d) (m = −1, j = 0).

(i) If z3(−1) + z2r + zs+ t 6= 0 then

n∑
k=0

zkW−k =
Ω1

z3(−1) + z2r + zs+ t

where

Ω1 = zn+3(−1)W−n + zn+2(rW−n−W−n+1) + zn+1(−1)(W−n+2− rW−n+1−
sW−n) + z2W1 + z(W2 − rW1) + tW0.

(ii) If z3(−1) + z2r+ zs+ t = u(z−a)(z− b)(z− c) = 0 for some u, a, b, c ∈ C with

u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW−k =
Ω2

3z2(−1) + 2zr + s

where

Ω2 = (n + 3)zn+2(−1)W−n + (n + 2)zn+1(rW−n − W−n+1) + (n +

1)zn(−1)(W−n+2 − rW−n+1 − sW−n) + 2zW1 + (W2 − rW1).

(iii) If z3(−1) + z2r+ zs+ t = u(z− a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0

and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW−k =
Ω3

6z(−1) + 2r

where

Ω3 = (n+ 3)(n+ 2)zn+1(−1)W−n + (n+ 2)(n+ 1)zn(rW−n −W−n+1) + (n+

1)nzn−1(−1)(W−n+2 − rW−n+1 − sW−n) + 2W1
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and for z = b we get

n∑
k=0

zkW−k =
Ω4

3z2(−1) + 2zr + s

where

Ω4 = (n + 3)zn+2(−1)W−n + (n + 2)zn+1(rW−n − W−n+1) + (n +

1)zn(−1)(W−n+2 − rW−n+1 − sW−n) + 2zW1 + (W2 − rW1).

(iv) If z3(−1) + z2r + zs + t = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e.,

z = a, then
n∑
k=0

zkW−k =
Ω5

6(−1)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)W−n+(n+2)(n+1)nzn−1(rW−n−W−n+1)+

(n+ 1)n(n− 1)zn−2(−1)(W−n+2 − rW−n+1 − sW−n).

(e) (m = −2, j = 0).

(i) If z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2 6= 0 then

n∑
k=0

zkW−2k =
Ω1

z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2

where

Ω1 = zn+3(−1)W−2n + zn+2(−1)(−sW−2n + (t + rs)W−2n−1 + rtW−2n−2) +

zn+1(−1)t2W−2n−2 + z2W2 + z(−sW2 + (t+ rs)W1 + rtW0) + t2W0.

(ii) If z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2= u(z − a)(z − b)(z − c) = 0 for some

u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW−2k =
Ω2

3z2(−1) + 2z(r2 + 2s) + (2rt− s2)

where

Ω2 = (n+ 3)zn+2(−1)W−2n + (n+ 2)zn+1(−1)(−sW−2n + (t+ rs)W−2n−1 +

rtW−2n−2) + (n+ 1)zn(−1)t2W−2n−2 + 2zW2 + (−sW2 + (t+ rs)W1 + rtW0).
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(iii) If z3(−1) + z2(r2 + 2s) + z(2rt − s2) + t2= u(z − a)2(z − b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW−2k =
Ω3

6z(−1) + 2(r2 + 2s)

where

Ω3 = (n + 3)(n + 2)zn+1(−1)W−2n + (n + 2)(n + 1)zn(−1)(−sW−2n + (t +

rs)W−2n−1 + rtW−2n−2) + (n+ 1)nzn−1(−1)t2W−2n−2 + 2W2

and for z = b we get

n∑
k=0

zkW−2k =
Ω4

3z2(−1) + 2z(r2 + 2s) + (2rt− s2)

where

Ω4 = (n+ 3)zn+2(−1)W−2n + (n+ 2)zn+1(−1)(−sW−2n + (t+ rs)W−2n−1 +

rtW−2n−2) + (n+ 1)zn(−1)t2W−2n−2 + 2zW2 + (−sW2 + (t+ rs)W1 + rtW0).

(iv) If z3(−1) + z2(r2 + 2s) + z(2rt − s2) + t2= u(z − a)3 = 0 for some u, a ∈ C

with u 6= 0, i.e., z = a, then

n∑
k=0

zkW−2k =
Ω5

6(−1)

where

Ω5 = (n+ 3)(n+ 2)(n+ 1)zn(−1)W−2n + (n+ 2)(n+ 1)nzn−1(−1)(−sW−2n +

(t+ rs)W−2n−1 + rtW−2n−2) + (n+ 1)n(n− 1)zn−2(−1)t2W−2n−2.

(f) (m = −2, j = 1).

(i) If z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2 6= 0 then

n∑
k=0

zkW−2k+1 =
Ω1

z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2

where

Ω1 = zn+3(−1)(sW−2n−1 + tW−2n−2 + rW−2n) + zn+2(−tW−2n + (s2 −
rt)W−2n−1+stW−2n−2)+zn+1(−1)t2W−2n−1+z2(rW2+sW1+tW0)+z(tW2+

(rt− s2)W1 − stW0) + t2W1.
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(ii) If z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2 = u(z− a)(z− b)(z− c) = 0 for some

u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW−2k+1 =
Ω2

3z2(−1) + 2z(r2 + 2s) + (2rt− s2)

where

Ω2 = (n+3)zn+2(−1)(sW−2n−1+tW−2n−2+rW−2n)+(n+2)zn+1(−tW−2n+

(s2 − rt)W−2n−1 + stW−2n−2) + (n + 1)zn(−1)t2W−2n−1 + 2z(rW2 + sW1 +

tW0) + (tW2 + (rt− s2)W1 − stW0).

(iii) If z3(−1) + z2(r2 + 2s) + z(2rt − s2) + t2 = u(z − a)2(z − b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW−2k+1 =
Ω3

6z(−1) + 2(r2 + 2s)

where

Ω3 = (n + 3)(n + 2)zn+1(−1)(sW−2n−1 + tW−2n−2 + rW−2n) + (n + 2)(n +

1)zn(−tW−2n+ (s2− rt)W−2n−1 + stW−2n−2) + (n+ 1)nzn−1(−1)t2W−2n−1 +

2(rW2 + sW1 + tW0)

and for z = b we get

n∑
k=0

zkW−2k+1 =
Ω4

3z2(−1) + 2z(r2 + 2s) + (2rt− s2)

where

Ω4 = (n+3)zn+2(−1)(sW−2n−1+tW−2n−2+rW−2n)+(n+2)zn+1(−tW−2n+

(s2 − rt)W−2n−1 + stW−2n−2) + (n + 1)zn(−1)t2W−2n−1 + 2z(rW2 + sW1 +

tW0) + (tW2 + (rt− s2)W1 − stW0).

(iv) If z3(−1) + z2(r2 + 2s) + z(2rt − s2) + t2 = u(z − a)3 = 0 for some u, a ∈ C
with u 6= 0, i.e., z = a, then

n∑
k=0

zkW−2k+1 =
Ω5

6(−1)

where

Ω5 = (n + 3)(n + 2)(n + 1)zn(−1)(sW−2n−1 + tW−2n−2 + rW−2n) + (n +

2)(n + 1)nzn−1(−tW−2n + (s2 − rt)W−2n−1 + stW−2n−2) + (n + 1)n(n −
1)zn−2(−1)t2W−2n−1.
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10.2 The Sum Formula
∑n

k=0 z
kWmk+j of Generalized Tribonacci

Polynomials in Terms of Generalized Tribonacci

Polynomials and (r, s, t)-Tribonacci Polynomials

By using Theorem 51 (a), we can give the sum formula
∑n
k=0 z

kWmk+j of generalized

Tribonacci polynomials via matrix methods (in terms of elements of the sequence of

generalized Tribonacci polynomials and (r, s, t)-Tribonacci polynomials).

Theorem 63. For all integers m and j, we have the following sum formulas.

(a) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 6= 0 then

n∑
k=0

zkWmk+j =
zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4
(10.3)

=
ΘG(z)

ΓG(z)

where

ΘG(z) = zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6,

zn+3Θ1 = zn+3((−WjG
2
m+2 + (−Wj+2 + sWj)G

2
m+1 − tWj+1G

2
m + (Wj+1 + rWj)

Gm+2Gm+1 + (Wj+2 − rWj+1)Gm+2Gm + (−sWj+1 + tWj)Gm+1Gm)Gm+mn+2 +

((−Wj+1 +rWj)G
2
m+2− (t+rs)WjG

2
m+1 + t(−Wj+2 +rWj+1)G2

m+(Wj+2−r2Wj)

Gm+2Gm+1+(−rWj+2+(r2+s)Wj+1+tWj)Gm+2Gm+(−sWj+2+(t+rs)Wj+1−
rtWj)Gm+1Gm)Gm+mn+1+((−Wj+2+rWj+1+sWj)G

2
m+2+(sWj+2−(t+rs)Wj+1−

s2Wj)G
2
m+1 −Wjt

2G2
m + (Wj+2r − r2Wj+1 + (t − rs)Wj)Gm+2Gm+1 + t(Wj+1 −

rWj)Gm+2Gm + t(Wj+2 − rWj+1 − 2sWj)Gm+1Gm)Gm+mn),

zn+2Θ2 = zn+2(((rWj −Wj+1)Gm+2 + (2Wj+2 − rWj+1 − (r2 + 2s)Wj)Gm+1 +

(−rWj+2 + (r2 + s)Wj+1− tWj)Gm)Gm+mn+2 + ((2rWj+1−Wj+2− r2Wj)Gm+2 +

(−rWj+2 + (r3 + 2t + 2rs)Wj)Gm+1 + ((r2 + s)Wj+2 − (r3 + 2rs + t)Wj+1)Gm)

Gm+mn+1 + ((rWj+2− r2Wj+1− (rs+ t)Wj)Gm+2 + (−(r2 + 2s)Wj+2 + (r3 + 2rs+

2t)Wj+1 + (r2s+ 2s2− rt)Wj)Gm+1 + 2stWjGm− tGmWj+2 + r2tWjGm)Gm+mn),

zn+1Θ3 = zn+1((−Wj+2 + rWj+1 + sWj)Gm+mn+2 + (rWj+2 − r2Wj+1 − (rs +

t)Wj)Gm+mn+1 + (sWj+2 − (rs+ t)Wj+1 − (s2 − rt)Wj)Gm+mn),

z2Θ4 = z2(G2
m+2Wj+1 + (rWj+2 + tWj)G

2
m+1 + tG2

mWj+2 − (rWj+1 +

Wj+2)Gm+1Gm+2 − (sWj+1 + tWj)GmGm+2 + (sWj+2 − tWj+1)GmGm+1),

zΘ5 = z((Wj+2 − rWj+1)Gm+2 + (−rWj+2 + r2Wj+1 − 2tWj)Gm+1 + (−sWj+2 +

(tWj+1 + rsWj+1) + rtWj)Gm),
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Θ6 = tWj ,

and

ΓG(z) = Γ1(z) + Γ2(z) + Γ3(z) + Γ4(z),

z3Γ1 = z3(−tm+1),

z2Γ2 = z2(rG2
m+2 + (r3 + 2rs+ 3t)G2

m+1 + (r2t+ 2st)G2
m − 2(r2 + s)Gm+1Gm+2 −

(rs+ 3t)GmGm+2 + (r2s+ 2s2 − rt)GmGm+1),

zΓ3 = z(sGm+2 − (rs+ 3t)Gm+1 + (2rt− s2)Gm),

Γ4 = t.

(b) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z − a)(z − b)(z − c) = 0 for some u, a, b, c ∈ C with

u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkWmk+j =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3
.

(c) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z− a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0 and

a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkWmk+j =
(n+ 3)(n+ 2)zn+1Θ1 + (n+ 2)(n+ 1)znΘ2 + (n+ 1)nzn−1Θ3 + 2Θ4

6zΓ1 + 2Γ2
,

and for z = b we get

n∑
k=0

zkWmk+j =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3
.

(d) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e., z = a,
then

n∑
k=0

zkWmk+j =
(n+ 3)(n+ 2)(n+ 1)znΘ1 + (n+ 2)(n+ 1)nzn−1Θ2 + (n+ 1)n(n− 1)zn−2Θ3

6Γ1
.

Proof. We only prove (a). The proof of (b), (c) and (d) are as in Theorem 61 (b), (c) and

(d), respectively.
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Proof of (a). We use the same method as in Theorem 61 by setting

M = zAm = z

 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1

Gm−1 sGm−2 + tGm−3 tGm−2


= z

 Gm+1 Gm+2 − rGm+1 tGm

Gm Gm+1 − rGm Gm+2 − sGm − rGm+1

e31 e32 e33


in (10.1), by using

Gm−1 =
1

t
(Gm+2 − rGm+1 − sGm),

Gm−2 =
1

t2
(−sGm+2 + (rs+ t)Gm+1 + (s2 − rt)Gm),

Gm−3 =
1

t3
((s2 − rt)Gm+2 + (r2t− rs2 − st)Gm+1 + (−s3 + t2 + 2rst)Gm),

where

e31 = −1

t
(sGm −Gm+2 + rGm+1) ,

e32 =
1

t

(
tGm + r2Gm+1 − rGm+2 + rsGm

)
,

e33 =
1

t

(
s2Gm − sGm+2 + tGm+1 − rtGm + rsGm+1

)
.

Then we get

I − zAm =

 f11 f12 f13

f21 f22 f23

f31 f32 f33


where

f11 = −(zGm+1 − 1),

f21 = −zGm,
f31 = zt−1(−Gm+2 + rGm+1 + sGm),

f12 = z(−Gm+2 + rGm+1),

f22 = −zGm+1 + rzGm + 1,

f32 = zt−1(rGm+2 − r2Gm+1 − (t+ rs)Gm),

f13 = −tzGm,
f23 = z(−Gm+2 + rGm+1 + sGm),

f33 = t−1(szGm+2 − z(t+ rs)Gm+1 + z(rt− s2)Gm + t).
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After some calculations, we see that

det(I − zAm) =
1

t
(z3(−G3

m+2 − (t+ rs)G3
m+1 − t2G3

m + 2rGm+1G
2
m+2 + sGmG

2
m+2

−(r2 − s)Gm+2G
2
m+1 − (rt+ s2)GmG

2
m+1 − rtG2

mGm+2 − 2stG2
mGm+1

+(3t− rs)Gm+2Gm+1Gm)

+z2(rG2
m+2 + (r3 + 2rs+ 3t)G2

m+1 + (r2t+ 2st)G2
m − 2(r2 + s)Gm+1Gm+2

−(rs+ 3t)GmGm+2 + (r2s+ 2s2 − rt)GmGm+1)

+z(sGm+2 − (rs+ 3t)Gm+1 + (2rt− s2)Gm) + t).

Since

−G3
n+2 − (t+ rs)G3

n+1 − t2G3
n + 2rGn+1G

2
n+2 + sGnG

2
n+2 − (r2 − s)Gn+2G

2
n+1

−(rt+ s2)GnG
2
n+1 − rtG2

nGn+2 − 2stG2
nGn+1 + (3t− rs)Gn+2Gn+1Gn

= −tm+1,

see (4.4), it follows that

det(I − zAm) =
1

t
(z3(−tm+1)

+z2(rG2
m+2 + (r3 + 2rs+ 3t)G2

m+1 + (r2t+ 2st)G2
m

−2(r2 + s)Gm+1Gm+2 − (rs+ 3t)GmGm+2 + (r2s+ 2s2 − rt)GmGm+1)

+z(sGm+2 − (rs+ 3t)Gm+1 + (2rt− s2)Gm) + t)

=
1

t
ΓG(z) =

1

t
(z3Γ1 + z2Γ2 + zΓ3 + Γ4)

where ΓW (z) = z3Γ1 + z2Γ2 + zΓ3 + Γ4, z
3Γ1, z

2Γ2, zΓ3,Γ4 are as in the statement of (a)

of Theorem.

The 3rd row and 1st column entry of matrix (I − zn+1Amn+m)Adj(I − zAm)fW (j) is

equal to
1

t
(zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)

where ΘW (z) = zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 +

Θ6, z
n+3Θ1, z

n+2Θ2, z
n+1Θ3, z

2Θ4, zΘ5,Θ6, are as in the statement of (a) of Theorem.

Note that, since det(I − zAm)(
∑n
k=0 z

kfW (mk + j) = (I − zn+1Amn+m)Adj(I −
zAm)fW (j), i.e., matrices over the either side is equal, the 3rd row and 1st column entry

of matrix of matrix det(I − zAm)(
∑n
k=0 z

kfW (mk + j)) is equal to the 3rd row and 1st

column entry of matrix (I − zn+1Amn+m)Adj(I − zAm)fW (j). So, to complete the proof,

we will just compare the linear combination of the 3rd row and 1st column entries of the
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matrices. Then, we get

1

t
(z3Γ1+z2Γ2+zΓ3+Γ4)

n∑
k=0

zkWmk+j =
1

t
(zn+3Θ1+zn+2Θ2+zn+1Θ3+z2Θ4+zΘ5+Θ6)

and so

n∑
k=0

zkWmk+j =
zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

=
ΘW (z)

ΓW (z)
.

Now, we consider special cases of Theorem 63.

Theorem 64. We have the following sum formulas.

(a) (m = 1, j = 0).

(i) If z3(−1)t+ z2(−s) + z(−r) + 1 6= 0 then

n∑
k=0

zkWk =
Ω1

z3(−1)t+ z2(−s) + z(−r) + 1

where

Ω1 = zn+3((−W2 + rW1 + sW0)Gn+2 + (rW2 − r2W1 − (rs + t)W0)Gn+1 +

(sW2 − (rs + t)W1 + (rt − s2)W0)Gn) + zn+2((−W1 + rW0)Gn+2 − (W2 −
2rW1+r2W0)Gn+1+(rW2−r2W1−(rs+t)W0)Gn)+zn+1(−W0Gn+2+(−W1+

rW0)Gn+1+(−W2+rW1+sW0)Gn)+z2(W2−rW1−sW0)+z(W1−rW0)+W0.

(ii) If z3(−1)t+z2(−s)+z(−r)+1 = u(z−a)(z−b)(z−c) = 0 for some u, a, b, c ∈ C
with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkWk =
Ω2

3z2(−1)t+ 2z(−s) + (−r)

where

Ω2 = (n+3)zn+2((−W2+rW1+sW0)Gn+2+(rW2−r2W1−(rs+t)W0)Gn+1+

(sW2−(rs+ t)W1 +(rt−s2)W0)Gn)+(n+2)zn+1((−W1 +rW0)Gn+2−(W2−
2rW1 + r2W0)Gn+1 + (rW2− r2W1− (rs+ t)W0)Gn) + (n+ 1)zn(−W0Gn+2 +

(−W1+rW0)Gn+1+(−W2+rW1+sW0)Gn)+2z(W2−rW1−sW0)+(W1−rW0).
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(iii) If z3(−1)t + z2(−s) + z(−r) + 1 = u(z − a)2(z − b) = 0 for some u, a, b ∈ C
with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkWk =
Ω3

6z(−1)t+ 2(−s)

where

Ω3 = (n + 3)(n + 2)zn+1((−W2 + rW1 + sW0)Gn+2 + (rW2 − r2W1 − (rs +

t)W0)Gn+1 + (sW2− (rs+ t)W1 + (rt− s2)W0)Gn) + (n+ 2)(n+ 1)zn((−W1 +

rW0)Gn+2 − (W2 − 2rW1 + r2W0)Gn+1 + (rW2 − r2W1 − (rs + t)W0)Gn) +

(n + 1)nzn−1(−W0Gn+2 + (−W1 + rW0)Gn+1 + (−W2 + rW1 + sW0)Gn) +

2(W2 − rW1 − sW0)

and for z = b we get

n∑
k=0

zkWk =
Ω4

3z2(−1)t+ 2z(−s) + (−r)

where

Ω4 = (n+3)zn+2((−W2+rW1+sW0)Gn+2+(rW2−r2W1−(rs+t)W0)Gn+1+

(sW2−(rs+ t)W1 +(rt−s2)W0)Gn)+(n+2)zn+1((−W1 +rW0)Gn+2−(W2−
2rW1 + r2W0)Gn+1 + (rW2− r2W1− (rs+ t)W0)Gn) + (n+ 1)zn(−W0Gn+2 +

(−W1+rW0)Gn+1+(−W2+rW1+sW0)Gn)+2z(W2−rW1−sW0)+(W1−rW0)

(iv) If z3(−1)t+ z2(−s) + z(−r) + 1 = u(z−a)3 = 0 for some u, a ∈ C with u 6= 0,

i.e., z = a, then
n∑
k=0

zkWk =
Ω5

6(−1)t

where

Ω5 = (n+ 3)(n+ 2)(n+ 1)zn((−W2 + rW1 + sW0)Gn+2 + (rW2− r2W1− (rs+

t)W0)Gn+1+(sW2−(rs+t)W1+(rt−s2)W0)Gn)+(n+2)(n+1)nzn−1((−W1+

rW0)Gn+2− (W2−2rW1 +r2W0)Gn+1 +(rW2−r2W1− (rs+ t)W0)Gn)+(n+

1)n(n− 1)zn−2(−W0Gn+2 + (−W1 + rW0)Gn+1 + (−W2 + rW1 + sW0)Gn)

(b) (m = 2, j = 0).

(i) If z3(−1)t2 + z2(s2 − 2rt) + z(−(r2 + 2s)) + 1 6= 0 then

n∑
k=0

zkW2k =
Ω1

z3(−1)t2 + z2(s2 − 2rt) + z(−(r2 + 2s)) + 1
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where

Ω1 = zn+3t((−W2 + rW1 + sW0)G2n+2 + (rW2 − r2W1 − (t+ rs)W0)G2n+1 +

(sW2−(t+rs)W1+(rt−s2)W0)G2n)+zn+2((−rW2+(r2+s)W1−tW0)G2n+2+

((r2 + s)W2 − (r3 + 2rs + t)W1)G2n+1 + t(−W2 + 2sW0 + r2W0)G2n) +

zn+1(−W1G2n+2 + (rW1 −W2)G2n+1 − tW0G2n) + z2(−sW2 + (rs + t)W1 +

(s2 − rt)W0) + z(W2 − (r2 + 2s)W0) +W0.

(ii) If z3(−1)t2 + z2(s2 − 2rt) + z(−(r2 + 2s)) + 1 = u(z − a)(z − b)(z − c) = 0 for

some u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW2k =
Ω2

3z2(−1)t2 + 2z(s2 − 2rt) + (−(r2 + 2s))

where

Ω2 = (n + 3)zn+2t((−W2 + rW1 + sW0)G2n+2 + (rW2 − r2W1 − (t +

rs)W0)G2n+1 + (sW2− (t+ rs)W1 + (rt− s2)W0)G2n) + (n+ 2)zn+1((−rW2 +

(r2 + s)W1 − tW0)G2n+2 + ((r2 + s)W2 − (r3 + 2rs+ t)W1)G2n+1 + t(−W2 +

2sW0 + r2W0)G2n) + (n+ 1)zn(−W1G2n+2 + (rW1 −W2)G2n+1 − tW0G2n) +

2z(−sW2 + (rs+ t)W1 + (s2 − rt)W0) + (W2 − (r2 + 2s)W0).

(iii) If z3(−1)t2 + z2(s2− 2rt) + z(−(r2 + 2s)) + 1 = u(z− a)2(z− b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW2k =
Ω3

6z(−1)t2 + 2(s2 − 2rt)

where

Ω3 = (n + 3)(n + 2)zn+1t((−W2 + rW1 + sW0)G2n+2 + (rW2 − r2W1 − (t +

rs)W0)G2n+1+(sW2−(t+rs)W1+(rt−s2)W0)G2n)+(n+2)(n+1)zn((−rW2+

(r2 + s)W1 − tW0)G2n+2 + ((r2 + s)W2 − (r3 + 2rs+ t)W1)G2n+1 + t(−W2 +

2sW0+r2W0)G2n)+(n+1)nzn−1(−W1G2n+2+(rW1−W2)G2n+1−tW0G2n)+

2(−sW2 + (rs+ t)W1 + (s2 − rt)W0)

and for z = b we get

n∑
k=0

zkW2k =
Ω4

3z2(−1)t2 + 2z(s2 − 2rt) + (−(r2 + 2s))

where

Ω4 = (n + 3)zn+2t((−W2 + rW1 + sW0)G2n+2 + (rW2 − r2W1 − (t +

rs)W0)G2n+1 + (sW2− (t+ rs)W1 + (rt− s2)W0)G2n) + (n+ 2)zn+1((−rW2 +
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(r2 + s)W1 − tW0)G2n+2 + ((r2 + s)W2 − (r3 + 2rs+ t)W1)G2n+1 + t(−W2 +

2sW0 + r2W0)G2n) + (n+ 1)zn(−W1G2n+2 + (rW1 −W2)G2n+1 − tW0G2n) +

2z(−sW2 + (rs+ t)W1 + (s2 − rt)W0) + (W2 − (r2 + 2s)W0).

(iv) If z3(−1)t2 +z2(s2−2rt)+z(−(r2 +2s))+1 = u(z−a)3 = 0 for some u, a ∈ C
with u 6= 0, i.e., z = a, then

n∑
k=0

zkW2k =
Ω5

6(−1)t2

where

Ω5 = (n + 3)(n + 2)(n + 1)znt((−W2 + rW1 + sW0)G2n+2 + (rW2 − r2W1 −
(t + rs)W0)G2n+1 + (sW2 − (t + rs)W1 + (rt − s2)W0)G2n) + (n + 2)(n +

1)nzn−1((−rW2 + (r2 + s)W1 − tW0)G2n+2 + ((r2 + s)W2 − (r3 + 2rs+ t)W1)

G2n+1+t(−W2+2sW0+r2W0)G2n)+(n+1)n(n−1)zn−2(−W1G2n+2+(rW1−
W2)G2n+1 − tW0G2n).

(c) (m = 2, j = 1).

(i) If z3(−1)t2 + z2(−2rt+ s2) + z(−1)(r2 + 2s) + 1 6= 0 then

n∑
k=0

zkW2k+1 =
Ω1

z3(−1)t2 + z2(−2rt+ s2) + z(−1)(r2 + 2s) + 1

where

Ω1 = zn+3t2(−W0G2n+2 + (rW0 − W1)G2n+1 + (−W2 + rW1 + sW0)G2n)

+ zn+2((sW2− (rs+ t)W1− rtW0)G2n+2 + (−(rs+ t)W2 + s(r2 + s)W1 + t(s+

r2)W0)G2n+1 + t(−rW2 + (r2 + s)W1− tW0)G2n) + zn+1(−W2G2n+2− (sW1 +

tW0)G2n+1−tW1G2n)+z2t(W2−rW1−sW0)+z(rW2−(r2+s)W1+tW0)+W1.

(ii) If z3(−1)t2 + z2(−2rt+ s2) + z(−1)(r2 + 2s) + 1 = u(z − a)(z − b)(z − c) = 0

for some u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c

then
n∑
k=0

zkW2k+1 =
Ω2

3z2(−1)t2 + 2z(−2rt+ s2) + (−1)(r2 + 2s)

where

Ω2 = (n+3)zn+2t2(−W0G2n+2+(rW0−W1)G2n+1+(−W2+rW1+sW0)G2n)

+(n+2)zn+1((sW2− (rs+ t)W1−rtW0)G2n+2 +(−(rs+ t)W2 +s(r2 +s)W1 +

t(s+r2)W0)G2n+1+t(−rW2+(r2+s)W1−tW0)G2n)+(n+1)zn(−W2G2n+2−
(sW1+tW0)G2n+1−tW1G2n)+2zt(W2−rW1−sW0)+(rW2−(r2+s)W1+tW0).

Earthline J. Math. Sci. Vol. 13 No. 1 (2023), 1-120



90 Yüksel Soykan

(iii) If z3(−1)t2 + z2(−2rt + s2) + z(−1)(r2 + 2s) + 1 = u(z − a)2(z − b) = 0 for

some u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we

get
n∑
k=0

zkW2k+1 =
Ω3

6z(−1)t2 + 2(−2rt+ s2)

where

Ω3 = (n+ 3)(n+ 2)zn+1t2(−W0G2n+2 + (rW0 −W1)G2n+1 + (−W2 + rW1 +

sW0)G2n)+(n+2)(n+1)zn((sW2−(rs+t)W1−rtW0)G2n+2+(−(rs+t)W2+

s(r2 + s)W1 + t(s+ r2)W0)G2n+1 + t(−rW2 + (r2 + s)W1 − tW0)G2n) + (n+

1)nzn−1(−W2G2n+2 − (sW1 + tW0)G2n+1 − tW1G2n) + 2t(W2 − rW1 − sW0)

and for z = b we get

n∑
k=0

zkW2k+1 =
Ω4

3z2(−1)t2 + 2z(−2rt+ s2) + (−1)(r2 + 2s)

where

Ω4 = (n+3)zn+2t2(−W0G2n+2+(rW0−W1)G2n+1+(−W2+rW1+sW0)G2n)

+(n+2)zn+1((sW2− (rs+ t)W1−rtW0)G2n+2 +(−(rs+ t)W2 +s(r2 +s)W1 +

t(s+r2)W0)G2n+1+t(−rW2+(r2+s)W1−tW0)G2n)+(n+1)zn(−W2G2n+2−
(sW1+tW0)G2n+1−tW1G2n)+2zt(W2−rW1−sW0)+(rW2−(r2+s)W1+tW0).

(iv) If z3(−1)t2 + z2(−2rt + s2) + z(−1)(r2 + 2s) + 1 = u(z − a)3 = 0 for some

u, a ∈ C with u 6= 0, i.e., z = a, then

n∑
k=0

zkW2k+1 =
Ω5

6(−1)t2

where

Ω5 = (n + 3)(n + 2)(n + 1)znt2(−W0G2n+2 + (rW0 −W1)G2n+1 + (−W2 +

rW1 + sW0)G2n) + (n + 2)(n + 1)nzn−1((sW2 − (rs + t)W1 − rtW0)G2n+2 +

(−(rs + t)W2 + s(r2 + s)W1 + t(s + r2)W0)G2n+1 + t(−rW2 + (r2 + s)W1 −
tW0)G2n) + (n+ 1)n(n− 1)zn−2(−W2G2n+2− (sW1 + tW0)G2n+1− tW1G2n).

(d) (m = −1, j = 0).

(i) If z3(−1) + z2r + zs+ t 6= 0 then

n∑
k=0

zkW−k =
Ω1

z3(−1) + z2r + zs+ t
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where

Ω1 = zn+3(−W0G−n+1 + (rW0 −W1)G−n + (−W2 + rW1 + sW0)G−n−1) +

zn+2((−W1 + rW0)G−n+1 + (−W2 + 2W1r − W0r
2)G−n + (rW2 − r2W1 −

(rs + t)W0)G−n−1) + zn+1((−W2 + rW1 + sW0)G−n+1 − (−rW2 + r2W1 +

(t+ rs)W0)G−n + (sW2− (t+ rs)W1 + (rt− s2)W0)G−n−1) + z2W1 + z(W2−
rW1) + tW0.

(ii) If z3(−1) + z2r+ zs+ t = u(z−a)(z− b)(z− c) = 0 for some u, a, b, c ∈ C with

u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW−k =
Ω2

3z2(−1) + 2zr + s

where

Ω2 = (n+ 3)zn+2(−W0G−n+1 + (rW0−W1)G−n+ (−W2 + rW1 + sW0)G−n−1

)+(n+2)zn+1((−W1+rW0)G−n+1+(−W2+2W1r−W0r
2)G−n+(rW2−r2W1−

(rs+ t)W0)G−n−1) + (n+ 1)zn((−W2 + rW1 + sW0)G−n+1− (−rW2 + r2W1 +

(t+ rs)W0)G−n+(sW2−(t+rs)W1+(rt−s2)W0)G−n−1)+2zW1+(W2−rW1).

(iii) If z3(−1) + z2r+ zs+ t = u(z− a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0

and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW−k =
Ω3

6z(−1) + 2r

where

Ω3 = (n+ 3)(n+ 2)zn+1(−W0G−n+1 + (rW0−W1)G−n+ (−W2 + rW1 + sW0)

G−n−1) + (n + 2)(n + 1)zn((−W1 + rW0)G−n+1 + (−W2 + 2W1r − W0r
2)

G−n + (rW2 − r2W1 − (rs + t)W0)G−n−1) + (n + 1)nzn−1((−W2 + rW1 +

sW0)G−n+1 − (−rW2 + r2W1 + (t+ rs)W0)G−n + (sW2 − (t+ rs)W1 + (rt−
s2)W0)G−n−1) + 2W1

and for z = b we get

n∑
k=0

zkW−k =
Ω4

3z2(−1) + 2zr + s

where

Ω4 = (n+ 3)zn+2(−W0G−n+1 + (rW0−W1)G−n+ (−W2 + rW1 + sW0)G−n−1

)+(n+2)zn+1((−W1+rW0)G−n+1+(−W2+2W1r−W0r
2)G−n+(rW2−r2W1−

(rs+ t)W0)G−n−1) + (n+ 1)zn((−W2 + rW1 + sW0)G−n+1− (−rW2 + r2W1 +

(t+ rs)W0)G−n+(sW2−(t+rs)W1+(rt−s2)W0)G−n−1)+2zW1+(W2−rW1).
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(iv) If z3(−1) + z2r + zs + t = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e.,

z = a, then
n∑
k=0

zkW−k =
Ω5

6(−1)

where

Ω5 = (n+3)(n+2)(n+1)zn(−W0G−n+1+(rW0−W1)G−n+(−W2+rW1+sW0)

G−n−1) + (n+ 2)(n+ 1)nzn−1((−W1 + rW0)G−n+1 + (−W2 + 2W1r −W0r
2)

G−n+(rW2−r2W1−(rs+ t)W0)G−n−1)+(n+1)n(n−1)zn−2((−W2 +rW1 +

sW0)G−n+1 − (−rW2 + r2W1 + (t+ rs)W0)G−n + (sW2 − (t+ rs)W1 + (rt−
s2)W0)G−n−1).

(e) (m = −2, j = 0).

(i) If z3(−1) + z2(2s+ r2) + z(2rt− s2) + t2 6= 0 then

n∑
k=0

zkW−2k =
Ω1

z3(−1) + z2(2s+ r2) + z(2rt− s2) + t2

where

Ω1 = zn+3(−1)(W1G−2n+(W2−rW1)G−2n−1+tW0G−2n−2)+zn+2((−rW2+

(r2+s)W1−tW0)G−2n+((r2+s)W2−(r3+2sr+t)W1)G−2n−1+t(−W2+(r2+

2s)W0)G−2n−2)+zn+1t((−W2+rW1+sW0)G−2n+(rW2−r2W1−(t+rs)W0)

G−2n−1 + (sW2− (rs+ t)W1 + (rt− s2)W0)G−2n−2) + z2W2 + z(−sW2 + (rs+

t)W1 + rtW0) + t2W0.

(ii) If z3(−1) + z2(2s+ r2) + z(2rt− s2) + t2 = u(z− a)(z− b)(z− c) = 0 for some

u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW−2k =
Ω2

3z2(−1) + 2z(2s+ r2) + (2rt− s2)

where

Ω2 = (n + 3)zn+2(−1)(W1G−2n + (W2 − rW1)G−2n−1 + tW0G−2n−2) + (n +

2)zn+1((−rW2 + (r2 + s)W1 − tW0)G−2n + ((r2 + s)W2 − (r3 + 2sr + t)W1)

G−2n−1+t(−W2+(r2+2s)W0)G−2n−2)+(n+1)znt((−W2+rW1+sW0)G−2n+

(rW2−r2W1− (t+rs)W0)G−2n−1 +(sW2− (rs+ t)W1 +(rt−s2)W0)G−2n−2)

+ 2zW2 + (−sW2 + (rs+ t)W1 + rtW0).
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(iii) If z3(−1) + z2(2s + r2) + z(2rt − s2) + t2 = u(z − a)2(z − b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW−2k =
Ω3

6z(−1) + 2(2s+ r2)

where

Ω3 = (n+3)(n+2)zn+1(−1)(W1G−2n+(W2−rW1)G−2n−1+tW0G−2n−2)+(n+

2)(n+1)zn((−rW2 +(r2 +s)W1− tW0)G−2n+((r2 +s)W2− (r3 +2sr+ t)W1)

G−2n−1 + t(−W2 + (r2 + 2s)W0)G−2n−2) + (n + 1)nzn−1t((−W2 + rW1 +

sW0)G−2n + (rW2 − r2W1 − (t+ rs)W0)G−2n−1 + (sW2 − (rs+ t)W1 + (rt−
s2)W0)G−2n−2) + 2W2

and for z = b we get

n∑
k=0

zkW−2k =
Ω4

3z2(−1) + 2z(2s+ r2) + (2rt− s2)

where

Ω4 = (n + 3)zn+2(−1)(W1G−2n + (W2 − rW1)G−2n−1 + tW0G−2n−2) + (n +

2)zn+1((−rW2 + (r2 + s)W1 − tW0)G−2n + ((r2 + s)W2 − (r3 + 2sr + t)W1)

G−2n−1+t(−W2+(r2+2s)W0)G−2n−2)+(n+1)znt((−W2+rW1+sW0)G−2n+

(rW2−r2W1− (t+rs)W0)G−2n−1 +(sW2− (rs+ t)W1 +(rt−s2)W0)G−2n−2)

+ 2zW2 + (−sW2 + (rs+ t)W1 + rtW0).

(iv) If z3(−1) + z2(2s + r2) + z(2rt − s2) + t2 = u(z − a)3 = 0 for some u, a ∈ C
with u 6= 0, i.e., z = a, then

n∑
k=0

zkW−2k =
Ω5

6(−1)

where

Ω5 = (n+3)(n+2)(n+1)zn(−1)(W1G−2n+(W2−rW1)G−2n−1+tW0G−2n−2)+

(n+2)(n+1)nzn−1((−rW2+(r2+s)W1−tW0)G−2n+((r2+s)W2−(r3+2sr+

t)W1)G−2n−1 + t(−W2 +(r2 +2s)W0)G−2n−2)+(n+1)n(n−1)zn−2t((−W2 +

rW1 + sW0)G−2n + (rW2− r2W1− (t+ rs)W0)G−2n−1 + (sW2− (rs+ t)W1 +

(rt− s2)W0)G−2n−2).

(f) (m = −2, j = 1).
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(i) If z3(−1) + z2(2s+ r2) + z(2rt− s2) + t2 6= 0 then

n∑
k=0

zkW−2k+1 =
Ω1

z3(−1) + z2(2s+ r2) + z(2rt− s2) + t2

where

Ω1 = zn+3(−1)(W2G−2n+ (sW1 + tW0)G−2n−1 + tW1G−2n−2) + zn+2((sW2−
(rs + t)W1 − rtW0)G−2n + (−(rs + t)W2 + s(r2 + s)W1 + t(r2 + s)W0)

G−2n−1 + t(−W2r+(r2 +s)W1− tW0)G−2n−2)+zn+1(−1)t2(W0G−2n+(W1−
rW0)G−2n−1− (−W2 +rW1 +sW0)G−2n−2)+z2(rW2 +sW1 + tW0)+z(tW2 +

rtW1 − s2W1 − tsW0) + t2W1.

(ii) If z3(−1) + z2(2s+ r2) + z(2rt− s2) + t2 = u(z− a)(z− b)(z− c) = 0 for some

u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkW−2k+1 =
Ω2

3z2(−1) + 2z(2s+ r2) + (2rt− s2)

where Ω2 = (n+ 3)zn+2(−1)(W2G−2n + (sW1 + tW0)G−2n−1 + tW1G−2n−2) +

(n + 2)zn+1((sW2 − (rs + t)W1 − rtW0)G−2n + (−(rs + t)W2 + s(r2 +

s)W1 + t(r2 + s)W0)G−2n−1 + t(−W2r + (r2 + s)W1 − tW0)G−2n−2) + (n +

1)zn(−1)t2(W0G−2n + (W1 − rW0)G−2n−1 − (−W2 + rW1 + sW0)G−2n−2) +

2z(rW2 + sW1 + tW0) + (tW2 + rtW1 − s2W1 − tsW0).

(iii) If z3(−1) + z2(2s + r2) + z(2rt − s2) + t2 = u(z − a)2(z − b) = 0 for some

u, a, b ∈ C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkW−2k+1 =
Ω3

6z(−1) + 2(2s+ r2)

where

Ω3 = (n+3)(n+2)zn+1(−1)(W2G−2n+(sW1 + tW0)G−2n−1 + tW1G−2n−2)+

(n + 2)(n + 1)zn((sW2 − (rs + t)W1 − rtW0)G−2n + (−(rs + t)W2 + s(r2 +

s)W1 + t(r2 + s)W0)G−2n−1 + t(−W2r + (r2 + s)W1 − tW0)G−2n−2) + (n +

1)nzn−1(−1)t2(W0G−2n+(W1−rW0)G−2n−1−(−W2+rW1+sW0)G−2n−2)+

2(rW2 + sW1 + tW0)

and for z = b we get

n∑
k=0

zkW−2k+1 =
Ω4

3z2(−1) + 2z(2s+ r2) + (2rt− s2)
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where

Ω4 = (n + 3)zn+2(−1)(W2G−2n + (sW1 + tW0)G−2n−1 + tW1G−2n−2) +

(n + 2)zn+1((sW2 − (rs + t)W1 − rtW0)G−2n + (−(rs + t)W2 + s(r2 +

s)W1 + t(r2 + s)W0)G−2n−1 + t(−W2r + (r2 + s)W1 − tW0)G−2n−2) + (n +

1)zn(−1)t2(W0G−2n + (W1 − rW0)G−2n−1 − (−W2 + rW1 + sW0)G−2n−2) +

2z(rW2 + sW1 + tW0) + (tW2 + rtW1 − s2W1 − tsW0).

(iv) If z3(−1) + z2(2s + r2) + z(2rt − s2) + t2 = u(z − a)3 = 0 for some u, a ∈ C
with u 6= 0, i.e., z = a, then

n∑
k=0

zkW−2k+1 =
Ω5

6(−1)

where

Ω5 = (n + 3)(n + 2)(n + 1)zn(−1)(W2G−2n + (sW1 + tW0)G−2n−1 +

tW1G−2n−2) + (n+ 2)(n+ 1)nzn−1((sW2− (rs+ t)W1− rtW0)G−2n+ (−(rs+

t)W2 + s(r2 + s)W1 + t(r2 + s)W0)G−2n−1 + t(−W2r + (r2 + s)W1 − tW0)

G−2n−2)+(n+1)n(n−1)zn−2(−1)t2(W0G−2n+(W1−rW0)G−2n−1−(−W2+

rW1 + sW0)G−2n−2).

10.3 The Sum Formula
∑n

k=0 z
kWmk+j of Generalized Tribonacci

Polynomials in Terms of Generalized Tribonacci

Polynomials and (r, s, t)-Tribonacci-Lucas Polynomials

By using Corollary 52 (b), we can give the sum formula
∑n
k=0 z

kWmk+j of generalized

Tribonacci polynomials via matrix methods (in terms of elements of the sequence of

generalized Tribonacci polynomials and (r, s, t)-Tribonacci-Lucas polynomials).

Theorem 65. For all integers m and j, we have the followings sum formulas.

(a) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 6= 0 then

n∑
k=0

zkWmk+j =
zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4
(10.4)

=
ΘW (z)

ΓW (z)

where
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ΘW (z) = zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6,

zn+3Θ1 = zn+3((−WjH
2
m+2 + (−Wj+2 + sWj)H

2
m+1 − tWj+1H

2
m + (Wj+1 +

rWj)Hm+2Hm+1 + (Wj+2 − rWj+1)Hm+2Hm + (−sWj+1 + tWj)Hm+1Hm)

Hm+mn+2 + ((−Wj+1 + rWj)H
2
m+2 − (t+ rs)WjH

2
m+1 + t(−Wj+2 + rWj+1)H2

m +

(Wj+2−r2Wj)Hm+2Hm+1+(−rWj+2+(r2+s)Wj+1+tWj)Hm+2Hm+(−sWj+2+

(rs + t)Wj+1 − rtWj)Hm+1Hm)Hm+mn+1 + ((−Wj+2 + rWj+1 + sWj)H
2
m+2 +

(sWj+2 − (rs + t)Wj+1 − s2Wj)H
2
m+1 − Wjt

2H2
m + (rWj+2 − r2Wj+1 + (t −

rs)Wj)Hm+2Hm+1 + t(Wj+1−rWj)Hm+2Hm+ t(Wj+2−rWj+1−2sWj)Hm+1Hm)

Hm+mn),

zn+2Θ2 = zn+2(((−3Wj+2 + 2rWj+1 + (r2 + 4s)Wj)Hm+2 + (2rWj+2 + (s −
r2)Wj+1−(r3+4rs+3t)Wj)Hm+1+(−(r2+2s)Wj+2+(r3+3rs+6t)Wj+1−rtWj)

Hm)Hm+mn+2 + ((2rWj+2 − (r2 − s)Wj+1 − (r3 + 3t + 4rs)Wj)Hm+2 + (−(r2 −
s)Wj+2−3(t+rs)Wj+1+r(r3+4rs+5t)Wj)Hm+1+((r3+3rs+6t)Wj+2−(r4+4r2s+

2s2 + 7rt)Wj+1− 2stWj)Hm)Hm+mn+1 + (((r2 + 4s)Wj+2− (r3 + 4rs+ 3t)Wj+1−
(r2s−2rt+4s2)Wj)Hm+2 +(−(r3 +4rs+3t)Wj+2 +(r4 +4r2s+5rt)Wj+1 +(r3s−
r2t+4rs2 +4st)Wj)Hm+1 + t(−rWj+2−2sWj+1 +(r3 +4rs+6t)Wj)Hm)Hm+mn),

zn+1Θ3 = zn+1((2(3s + r2)Wj+2 − (2r3 + 7rs + 9t)Wj+1 − (r2s − 3rt + 4s2)Wj)

Hm+mn+2 + (−(2r3 + 9t+ 7rs)Wj+2 + 2(r4 + 4r2s+ 6rt+ s2)Wj+1 + (r3s− r2t+

4rs2 +6st)Wj)Hm+mn+1 +(−(r2s−3rt+4s2)Wj+2 +(r3s−r2t+4rs2 +6st)Wj+1 +

(−2r3t+ r2s2 + 4s3 − 9t2 − 10rst)Wj)Hm+mn),

z2Θ4 = z2((3Wj+2 − 2rWj+1 − sWj)H
2
m+2 + ((r2 − s)Wj+2 + 3(rs + t)Wj+1 +

(s2 + rt)Wj)H
2
m+1 + t(rWj+2 + 2sWj+1 + 3tWj)H

2
m + (−4rWj+2 + 2(r2− s)Wj+1 +

(rs− 3t)Wj)Hm+2Hm+1 + (−2sWj+2 + (rs− 3t)Wj+1 + 2rtWj)Hm+2Hm + ((rs−
3t)Wj+2 + 2(s2 + rt)Wj+1 + 4stWj)Hm+1Hm),

zΘ5 = z((−2(r2 + 3s)Wj+2 + (2r3 + 7rs+ 9t)Wj+1 + (r2s− 3rt+ 4s2)Wj)Hm+2 +

((2r3 + 7rs+ 9t)Wj+2 − 2(r4 + 4r2s+ 6rt+ s2)Wj+1 − (r3s+ 4rs2 − r2t+ 6st)Wj)

Hm+1 +((r2s+4s2−3rt)Wj+2− (4rs2 +r3s−r2t+6st)Wj+1−2t(r3 +4rs+9t)Wj)

Hm),

Θ6 = (4r3t− r2s2 − 4s3 + 27t2 + 18rst)Wj ,

and

ΓW (z) = Γ1(z) + Γ2(z) + Γ3(z) + Γ4(z),

z3Γ1 = z3(−tm(4r3t− r2s2 + 18rst− 4s3 + 27t2)),

z2Γ2 = z2((r2 + 3s)H2
m+2 + (r4 + 4r2s + s2 + 6rt)H2

m+1 + t(r3 + 4rs + 9t)H2
m −
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(2r3 + 7rs+ 9t)Hm+2Hm+1 − (r2s+ 4s2 − 3rt)Hm+2Hm + rs(r2 + 4s)Hm+1Hm −
t(r2 − 6s)Hm+1Hm),

zΓ3 = z(−4r3t+ r2s2 + 4s3 − 27t2 − 18rst)Hm,

Γ4 = 4r3t− r2s2 + 18rst− 4s3 + 27t2.

(b) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z − a)(z − b)(z − c) = 0 for some u, a, b, c ∈ C with

u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

n∑
k=0

zkWmk+j =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3
.

(c) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z− a)2(z− b) = 0 for some u, a, b ∈ C with u 6= 0 and

a 6= b, i.e., z = a or z = b then for z = a we get

n∑
k=0

zkWmk+j =
(n+ 3)(n+ 2)zn+1Θ1 + (n+ 2)(n+ 1)znΘ2 + (n+ 1)nzn−1Θ3 + 2Θ4

6zΓ1 + 2Γ2
,

and for z = b we get

n∑
k=0

zkWmk+j =
(n+ 3)zn+2Θ1 + (n+ 2)zn+1Θ2 + (n+ 1)znΘ3 + 2zΘ4 + Θ5

3z2Γ1 + 2zΓ2 + Γ3
.

(d) If z3Γ1 + z2Γ2 + zΓ3 + Γ4 = u(z − a)3 = 0 for some u, a ∈ C with u 6= 0, i.e., z = a,
then
n∑
k=0

zkWmk+j =
(n+ 3)(n+ 2)(n+ 1)znΘ1 + (n+ 2)(n+ 1)nzn−1Θ2 + (n+ 1)n(n− 1)zn−2Θ3

6Γ1
.

Proof. We only prove (a). The proof of (b), (c) and (d) are as in Theorem 61 (b), (c) and

(d), respectively.

Proof of (a). We use the same method as in Theorem 61 by setting

M = zAm = z

 Gm+1 sGm + tGm−1 tGm

Gm sGm−1 + tGm−2 tGm−1

Gm−1 sGm−2 + tGm−3 tGm−2


= z × 1

4r3t− r2s2 − 4s3 + 27t2 + 18rst

 b11 b12 b13

b21 b22 b23

b31 b32 b33
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in (10.1), where b11, b21, b31, b12, b22, b32, b13, b23, b33 are as in Corollary 52 (b) (by replacing

n with m in b11, b21, b31, b12, b22, b32, b13, b23, b33). Also, use the identities

Hm+3 = rHm+2 + sHm+1 + tHm

Hm−1 =
1

t
(Hm+2 − rHm+1 − sHm)

Hm−2 =
1

t2
(−sHm+2 + (rs+ t)Hm+1 + (s2 − rt)Hm)

Hm−3 =
1

t3
((s2 − rt)Hm+2 + (r2t− rs2 − st)Hm+1 + (−s3 + t2 + 2rst)Hm)

in the formula of Am and as well as in b11, b21, b31, b12, b22, b32, b13, b23, b33.

After some calculations, we see that

det(I − zAm) =
1

4r3t− r2s2 + 18rst− 4s3 + 27t2
ΓW (z)

=
1

4r3t− r2s2 + 18rst− 4s3 + 27t2
(z3Γ1 + z2Γ2 + zΓ3 + Γ4)

and the 3rd row and 1st column entry of matrix (I − zn+1Amn+m)Adj(I − zAm)fW (j) is

equal to

1

4r3t− r2s2 + 18rst− 4s3 + 27t2
(zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)

where ΓW (z) = z3Γ1 + z2Γ2 + zΓ3 + Γ4, z
3Γ1, z

2Γ2, zΓ3,Γ4, and ΘW (z) = zn+3Θ1 +

zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6, z
n+3Θ1, z

n+2Θ2, z
n+1Θ3, z

2Θ4, zΘ5,Θ6, are as in

the statement of (a) of Theorem.

Note that, since det(I − zAm)(
∑n
k=0 z

kfW (mk + j) = (I − zn+1Amn+m)Adj(I −
zAm)fW (j), i.e., matrices over the either side is equal, the 3rd row and 1st column entry

of matrix of matrix det(I − zAm)(
∑n
k=0 z

kfW (mk + j)) is equal to the 3rd row and 1st

column entry of matrix (I − zn+1Amn+m)Adj(I − zAm)fW (j). So, to complete the proof,

we will just compare the linear combination of the 3rd row and 1st column entries of the

matrices. Then, we get

1

4r3t− r2s2 + 18rst− 4s3 + 27t2
(z3Γ1 + z2Γ2 + zΓ3 + Γ4)

n∑
k=0

zkWmk+j

=
1

4r3t− r2s2 + 18rst− 4s3 + 27t2
(zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6)
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and so

n∑
k=0

zkWmk+j =
zn+3Θ1 + zn+2Θ2 + zn+1Θ3 + z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

=
ΘW (z)

ΓW (z)
.

11 Generating Function of Generalized Tribonacci

Polynomials

In this section, we present generating function of the sequence Wmn+j and its special

cases.

11.1 Generating Function of Generalized Tribonacci Polynomials

via Generalized Tribonacci Polynomials

Next, we give the ordinary generating function
∞∑
n=0

Wmn+jz
n of the sequence Wmn+j (in

terms of elements of the sequence of generalized Tribonacci polynomials).

Lemma 66. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Suppose that fWmn+j
(z) =

∞∑
n=0

Wmn+jz
n is the ordinary generating function of the generalized Tribonacci (sequence

of) polynomials {Wmn+j}. Then,
∞∑
n=0

Wmn+jz
n is given by

∞∑
n=0

Wmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as in Theorem 61 (a))

z2Θ4 = z2((W0Wj+2 + (W1 − rW0)Wj+1 + (W2 − rW1 − sW0)Wj)W
2
m+2 + ((W2 −

sW0)Wj+2 + (tW0 + rsW0)Wj+1 + (s2W0 + (rs+ t)W1 − sW2)Wj)W
2
m+1 + t(W1Wj+2 +

(W2 − rW1)Wj+1 + tW0Wj)W
2
m + (−(W1 + rW0)Wj+2 + (r2W0 −W2)Wj+1 + (−rW2 +

r2W1+(rs−t)W0)Wj)Wm+1Wm+2+((rW1−W2)Wj+2+(rW2−(s+r2)W1−tW0)Wj+1+

t(rW0 −W1)Wj)Wm+2Wm + ((sW1 − tW0)Wj+2 + (sW2 − (rs + t)W1 + rtW0)Wj+1 +

t(−W2 + rW1 + 2sW0)Wj)Wm+1Wm),

zΘ5 = z(((W 2
1 −W0W2)Wj+2 + (tW 2

0 −W1W2 + rW0W2 + sW0W1)Wj+1 + (−2W 2
2 −

r2W 2
1 − trW 2

0 + 3rW1W2 + 2sW0W2 + (2t − sr)W0W1)Wj)Wm+2 + ((tW 2
0 − W1W2 +
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rW0W2 + sW0W1)Wj+2 + (W 2
2 − (r2 + s)W0W2 − (rs + t)W0W1)Wj+1 + (rW 2

2 − 2(t +

rs)W 2
1 −2stW 2

0 +(2s−r2)W1W2 +(2t−rs)W0W2− (2s2 +rt)W0W1)Wj)Wm+1 +((W 2
2 −

sW 2
1 − rW1W2 − tW0W1)Wj+2 + (−rW 2

2 + (rs+ t)W 2
1 + r2W1W2 − tW0W2 + rtW0W1)

Wj+1 + t(−rW 2
1 − 2tW 2

0 + 2W1W2 − rW0W2 − 2sW0W1)Wj)Wm − rtW 2
0Wj+1Wm+1),

Θ6 = (W 3
2 + (t + rs)W 3

1 + t2W 3
0 − 2rW1W

2
2 − sW0W

2
2 + (r2 − s)W 2

1W2 + (s2 + rt)

W0W
2
1 + 2stW 2

0W1 + rtW 2
0W2 + (rs− 3t)W0W1W2)Wj ,

and

z3Γ1 = z3(−tm(W 3
2 + (t + rs)W 3

1 + t2W 3
0 + (r2 − s)W 2

1W2 − 2rW1W
2
2 − sW0W

2
2 +

rtW 2
0W2 + (s2 + rt)W0W

2
1 + 2stW 2

0W1 + (rs− 3t)W0W1W2)),

z2Γ2 = z2((3W2 − 2rW1 − sW0)W 2
m+2 + ((r2 − s)W2 + (3rs + 3t)W1 + (s2 + rt)W0)

W 2
m+1 + t(rW2 +2sW1 +3tW0)W 2

m+(−4rW2 +2(r2−s)W1 +(rs−3t)W0)Wm+2Wm+1 +

(−2sW2+(rs−3t)W1+2rtW0)Wm+2Wm+((rs−3t)W2+2(s2+rt)W1+4stW0)Wm+1Wm),

zΓ3 = z((−3W 2
2 +(s−r2)W 2

1 − trW 2
0 +4rW1W2 +2sW0W2 +(3t−sr)W0W1)Wm+2 +

(2rW 2
2 − (3rs+ 3t)W 2

1 − 2stW 2
0 + (2s− 2r2)W1W2 + (3t− rs)W0W2 − 2(s2 + rt)W0W1)

Wm+1 + (sW 2
2 − (s2 + rt)W 2

1 − 3t2W 2
0 + (3t− rs)W1W2 − 2rtW0W2 − 4stW0W1)Wm),

Γ4 = W 3
2 +(t+rs)W 3

1 +t2W 3
0 −2rW1W

2
2 +(r2−s)W 2

1W2−sW0W
2
2 +(s2+rt)W0W

2
1 +

rtW 2
0W2 + 2stW 2

0W1 + (rs− 3t)W0W1W2.

Proof. Proof. Use Theorem 61 (a) and Theorem 6.

Now, we consider special cases of Lemma 66.

Corollary 67. The ordinary generating functions of the sequences Wn, W2n, W2n+1,

W−n, W−2n, W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < min{|α|−1 , |β|−1 , |γ|−1}).

∞∑
n=0

Wnz
n =

z2(W2 − rW1 − sW0) + z(W1 − rW0) +W0

z3(−t) + z2(−1)s+ z(−1)r + 1
.

(b) (m = 2, j = 0, |z| < min{|α|−2 , |β|−2 , |γ|−2}).

∞∑
n=0

W2nz
n =

z2(−sW2 + (t+ rs)W1 + (s2 − rt)W0) + z(W2 − (r2 + 2s)W0) +W0

z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1
.

(c) (m = 2, j = 1, |z| < min{|α|−2 , |β|−2 , |γ|−2}).

∞∑
n=0

W2n+1z
n =

z2t(W2 − rW1 − sW0) + z(rW2 − (r2 + s)W1 + tW0) +W1

z3(−t2) + z2(−2rt+ s2) + z(−1)(2s+ r2) + 1
.
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(d) (m = −1, j = 0, |z| < min{|α| , |β| , |γ|}).

∞∑
n=0

W−nz
n =

z2W1 + z(W2 − rW1) + tW0

z3(−1) + z2r + zs+ t
.

(e) (m = −2, j = 0, |z| < min{|α|2 , |β|2 , |γ|2}).

∞∑
n=0

W−2nz
n =

z2W2 + z(−sW2 + (t+ rs)W1 + rtW0) + t2W0

z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2
.

(f) (m = −2, j = 1, |z| < min{|α|2 , |β|2 , |γ|2}).

∞∑
n=0

W−2n+1z
n =

z2(rW2 + sW1 + tW0) + z(tW2 + (rt− s2)W1 − stW0) + t2W1

z3(−1) + z2(r2 + 2s) + z(2rt− s2) + t2
.

Proof. Proof. Use Lemma 66 (or Theorem 62).

Lemma 66 gives the following results as particular examples (generating functions of

(r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials).

Corollary 68. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Generating functions of

(r, s, t)-Tribonacci and (r, s, t)-Tribonacci-Lucas polynomials are given, respectively, as

follows:

(a)
∞∑
n=0

Gmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as Theorem 61 (a))

z2Θ4 = z2(G2
m+2Gj+1 + rG2

m+1Gj+2 + tG2
m+1Gj + tG2

mGj+2 −Gm+1Gm+2Gj+2 +

sGmGm+1Gj+2 − rGm+1Gm+2Gj+1 − sGmGm+2Gj+1 − tGmGm+1Gj+1 −
tGmGm+2Gj),

zΘ5 = z(Gm+2Gj+2 − rGm+1Gj+2 − rGm+2Gj+1 − sGmGj+2 + r2Gm+1Gj+1 −
2tGjGm+1 + (t+ rs)GmGj+1 + rtGmGj),

Θ6 = tGj ,

and

z3Γ1 = z3(−tm+1),
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z2Γ2 = z2(rG2
m+2 + (r3 + 2rs+ 3t)G2

m+1 + t(r2 + 2s)G2
m − 2(r2 + s)Gm+2Gm+1 −

(3t+ rs)Gm+2Gm + (r2s+ 2s2 − rt)Gm+1Gm),

zΓ3 = z(sGm+2 − (rs+ 3t)Gm+1 − (s2 − 2rt)Gm),

Γ4 = t.

(b)
∞∑
n=0

Hmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as Theorem 61 (a))

z2Θ4 = z2((3Hj+2−2rHj+1−sHj)H
2
m+2+((r2−s)Hj+2+3(rs+t)Hj+1+(s2+rt)Hj)

H2
m+1 + t(rHj+2 + 2sHj+1 + 3tHj)H

2
m + (−4rHj+2 + 2(r2 − s)Hj+1 + (rs− 3t)Hj)

Hm+2Hm+1+(−2sHj+2+(rs−3t)Hj+1+2rtHj)Hm+2Hm+((rs−3t)Hj+2+2(s2+

rt)Hj+1 + 4stHj)Hm+1Hm),

zΘ5 = z((−2(r2 + 3s)Hj+2 + (2r3 + 7rs+ 9t)Hj+1 + (r2s+ 4s2 − 3rt)Hj)Hm+2 +

+((2r3 + 7rs + 9t)Hj+2 − (2r4 + 8r2s + 3rt + 2s2)Hj+1 − (r3s + 4rs2 − r2t + 6st)

Hj)Hm+1 +((r2s−3rt+4s2)Hj+2− (r3s+4rs2− r2t+6st)Hj+1−2t(r3 +4rs+9t)

Hj)Hm − 9rtHj+1Hm+1),

Θ6 = (4r3t− r2s2 − 4s3 + 27t2 + 18rst)Hj ,

and

z3Γ1 = z3(−tm(4r3t− r2s2 + 18rst− 4s3 + 27t2)),

z2Γ2 = z2((r2 +3s)H2
m+2 +(r4 +4r2s+s2 +6rt)H2

m+1 + t(r3 +4rs+9t)H2
m−(2r3 +

7rs+9t)Hm+2Hm+1−(r2s−3rt+4s2)Hm+2Hm+(r3s+4rs2−r2t+6st)Hm+1Hm),

zΓ3 = z(−4r3t+ r2s2 + 4s3 − 27t2 − 18rst)Hm,

Γ4 = 4r3t− r2s2 − 4s3 + 27t2 + 18rst.

Proof. In Lemma 66, take Wn = Gn with G0 = 0, G1 = 1, G2 = r and Wn = Hn with

H0 = 3, H1 = r,H2 = 2s+ r2, respectively.

Now, we consider special cases of Corollay 67 (or Corollary 68). (Note that we have

already presented the case m = 1, j = 0 in Corollary 11)

Corollary 69. The ordinary generating functions of the sequences Gn, G2n, G2n+1, G−n,

G−2n, G−2n+1 and Hn, H2n, H2n+1, H−n, H−2n, H−2n+1 are given as follows:
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(a) (m = 1, j = 0, |z| < min{|α|−1 , |β|−1 , |γ|−1}).

∞∑
n=0

Gnz
n =

z

1− rz − sz2 − tz3
,

∞∑
n=0

Hnz
n =

3− 2rz − sz2

1− rz − sz2 − tz3
.

(b) (m = 2, j = 0, |z| < min{|α|−2 , |β|−2 , |γ|−2}).

∞∑
n=0

G2nz
n =

rz + tz2

1− (2s+ r2)z − (2rt− s2)z2 − t2z3
,

∞∑
n=0

H2nz
n =

3− 2
(
2s+ r2

)
z − (2rt− s2)z2

1− (2s+ r2)z − (2rt− s2)z2 − t2z3
.

(c) (m = 2, j = 1, |z| < min{|α|−2 , |β|−2 , |γ|−2}).

∞∑
n=0

G2n+1z
n =

1− sz
1− (2s+ r2)z − (2rt− s2)z2 − t2z3

,

∞∑
n=0

H2n+1z
n =

r + (3t+ rs)z − stz2

1− (2s+ r2)z − (2rt− s2)z2 − t2z3
.

(d) (m = −1, j = 0, |z| < min{|α| , |β| , |γ|}).

∞∑
n=0

G−nz
n =

z2

t+ sz + rz2 − z3
,

∞∑
n=0

H−nz
n =

3t+ 2sz + rz2

t+ sz + rz2 − z3
.

(e) (m = −2, j = 0, |z| < min{|α|2 , |β|2 , |γ|2}).

∞∑
n=0

G−2nz
n =

tz + rz2

t2 + (2rt− s2)z + (r2 + 2s)z2 − z3
,

∞∑
n=0

H−2nz
n =

3t2 + (4rt− 2s2)z + (r2 + 2s)z2

t2 + (2rt− s2)z + (r2 + 2s)z2 − z3
.
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104 Yüksel Soykan

(f) (m = −2, j = 1, |z| < min{|α|2 , |β|2 , |γ|2}).
∞∑
n=0

G−2n+1z
n =

t2 + (2rt− s2)z + (r2 + s)z2

t2 + (2rt− s2)z + (r2 + 2s)z2 − z3
,

∞∑
n=0

H−2n+1z
n =

rt2 + (−rs2 + 2r2t− st)z + (r3 + 3rs+ 3t)z2

t2 + (2rt− s2)z + (r2 + 2s)z2 − z3
.

Proof. Use Corollay 67 (or Corollary 68).

11.2 Generating Function of Generalized Tribonacci

Polynomials via Generalized Tribonacci Polynomials and

(r, s, t)-Tribonacci Polynomials

Next, we give the ordinary generating function
∞∑
n=0

Wmn+jz
n of the sequence Wmn+j

(in terms of elements of the sequence of generalized Tribonacci polynomials and

(r, s, t)-Tribonacci polynomials).

Lemma 70. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Suppose that fWmn+j
(z) =

∞∑
n=0

Wmn+jz
n is the ordinary generating function of the generalized Tribonacci (sequence

of) polynomials {Wmn+j}. Then,
∞∑
n=0

Wmn+jz
n is given by

∞∑
n=0

Wmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as inTheorem 63 (a))

z2Θ4 = z2(G2
m+2Wj+1 + (rWj+2 + tWj)G

2
m+1 + tG2

mWj+2 − (rWj+1 +

Wj+2)Gm+1Gm+2 − (sWj+1 + tWj)GmGm+2 + (sWj+2 − tWj+1)GmGm+1),

zΘ5 = z((Wj+2 − rWj+1)Gm+2 + (−rWj+2 + r2Wj+1 − 2tWj)Gm+1 + (−sWj+2 +

(tWj+1 + rsWj+1) + rtWj)Gm),

Θ6 = tWj ,

and

z3Γ1 = z3(−tm+1),

z2Γ2 = z2(rG2
m+2 + (r3 + 2rs + 3t)G2

m+1 + (r2t + 2st)G2
m − 2(r2 + s)Gm+1Gm+2 −

(rs+ 3t)GmGm+2 + (r2s+ 2s2 − rt)GmGm+1),

zΓ3 = z(sGm+2 − (rs+ 3t)Gm+1 + (2rt− s2)Gm),

Γ4 = t.
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Proof. Use Theorem 63 (a).

Lemma 70 gives the following result as particular example (generating functions of

(r, s, t)-Tribonacci-Lucas polynomials).

Corollary 71. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Generating function of

(r, s, t)-Tribonacci-Lucas polynomials is given, as follows:

∞∑
n=0

Hmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as in Theorem 63 (a))

z2Θ4 = z2(G2
m+2Hj+1+(rHj+2+tHj)G

2
m+1+tG2

mHj+2−(rHj+1+Hj+2)Gm+1Gm+2−
(sHj+1 + tHj)GmGm+2 + (sHj+2 − tHj+1)GmGm+1),

zΘ5 = z((Hj+2−rHj+1)Gm+2+(−rHj+2+r2Hj+1−2tHj)Gm+1+(−sHj+2+(tHj+1+

rsHj+1) + rtHj)Gm),

Θ6 = tHj ,

and

z3Γ1 = z3(−tm+1),

z2Γ2 = z2(rG2
m+2 + (r3 + 2rs + 3t)G2

m+1 + (r2t + 2st)G2
m − 2(r2 + s)Gm+1Gm+2 −

(rs+ 3t)GmGm+2 + (r2s+ 2s2 − rt)GmGm+1),

zΓ3 = z(sGm+2 − (rs+ 3t)Gm+1 + (2rt− s2)Gm),

Γ4 = t.

Proof. In Lemma 70, take Wn = Hn with H0 = 3, H1 = r,H2 = 2s+ r2.

Note that if we take Wn = Gn with G0 = 0, G1 = 1, G2 = r in Lemma 70, then we

get Corollary 68 (a).

11.3 Generating Function of Generalized Tribonacci

Polynomials via Generalized Tribonacci Polynomials and

(r, s, t)-Tribonacci-Lucas Polynomials

Next, we give the ordinary generating function
∞∑
n=0

Wmn+jz
n of the sequence Wmn+j

(in terms of elements of the sequence of generalized Tribonacci polynomials and

(r, s, t)-Tribonacci-Lucas polynomials).
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Lemma 72. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Suppose that fWmn+j
(z) =

∞∑
n=0

Wmn+jz
n is the ordinary generating function of the generalized Tribonacci (sequence

of) polynomials {Wmn+j}. Then,
∞∑
n=0

Wmn+jz
n is given by

∞∑
n=0

Wmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as in Theorem 65 (a))

z2Θ4 = z2((3Wj+2−2rWj+1−sWj)H
2
m+2+((r2−s)Wj+2+3(rs+t)Wj+1+(s2+rt)Wj)

H2
m+1 + t(rWj+2 + 2sWj+1 + 3tWj)H

2
m + (−4rWj+2 + 2(r2 − s)Wj+1 + (rs − 3t)Wj)

Hm+2Hm+1 + (−2sWj+2 + (rs− 3t)Wj+1 + 2rtWj)Hm+2Hm + ((rs− 3t)Wj+2 + 2(s2 +

rt)Wj+1 + 4stWj)Hm+1Hm),

zΘ5 = z((−2(r2 + 3s)Wj+2 + (2r3 + 7rs + 9t)Wj+1 + (r2s − 3rt + 4s2)Wj)Hm+2 +

((2r3 + 7rs+ 9t)Wj+2−2(r4 + 4r2s+ 6rt+ s2)Wj+1− (r3s+ 4rs2− r2t+ 6st)Wj)Hm+1 +

((r2s+ 4s2 − 3rt)Wj+2 − (4rs2 + r3s− r2t+ 6st)Wj+1 − 2t(r3 + 4rs+ 9t)Wj)Hm),

Θ6 = (4r3t− r2s2 − 4s3 + 27t2 + 18rst)Wj ,

and

z3Γ1 = z3(−tm(4r3t− r2s2 + 18rst− 4s3 + 27t2)),

z2Γ2 = z2((r2+3s)H2
m+2+(r4+4r2s+s2+6rt)H2

m+1+t(r3+4rs+9t)H2
m−(2r3+7rs+

9t)Hm+2Hm+1− (r2s+ 4s2−3rt)Hm+2Hm+ rs(r2 + 4s)Hm+1Hm− t(r2−6s)Hm+1Hm),

zΓ3 = z(−4r3t+ r2s2 + 4s3 − 27t2 − 18rst)Hm,

Γ4 = 4r3t− r2s2 + 18rst− 4s3 + 27t2.

Proof. Use Theorem 65 (a).

Lemma 72 gives the following result as particular example (generating function of

(r, s, t)-Tribonacci polynomials).

Corollary 73. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Generating function of

(r, s, t)-Tribonacci polynomials is given, as follows:

∞∑
n=0

Gmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where (as in Theorem 65 (a))

z2Θ4 = z2((3Gj+2 − 2rGj+1 − sGj)H2
m+2 + ((r2 − s)Gj+2 + 3(rs + t)Gj+1 + (s2 +

rt)Gj)H
2
m+1 + t(rGj+2 + 2sGj+1 + 3tGj)H

2
m + (−4rGj+2 + 2(r2− s)Gj+1 + (rs− 3t)Gj)
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Hm+2Hm+1 + (−2sGj+2 + (rs − 3t)Gj+1 + 2rtGj)Hm+2Hm + ((rs − 3t)Gj+2 + 2(s2 +

rt)Gj+1 + 4stGj)Hm+1Hm),

zΘ5 = z((−2(r2 + 3s)Gj+2 + (2r3 + 7rs + 9t)Gj+1 + (r2s − 3rt + 4s2)Gj)Hm+2 +

((2r3 + 7rs+ 9t)Gj+2− 2(r4 + 4r2s+ 6rt+ s2)Gj+1− (r3s+ 4rs2− r2t+ 6st)Gj)Hm+1 +

((r2s+ 4s2 − 3rt)Gj+2 − (4rs2 + r3s− r2t+ 6st)Gj+1 − 2t(r3 + 4rs+ 9t)Gj)Hm),

Θ6 = (4r3t− r2s2 − 4s3 + 27t2 + 18rst)Gj ,

and

z3Γ1 = z3(−tm(4r3t− r2s2 + 18rst− 4s3 + 27t2)),

z2Γ2 = z2((r2+3s)H2
m+2+(r4+4r2s+s2+6rt)H2

m+1+t(r3+4rs+9t)H2
m−(2r3+7rs+

9t)Hm+2Hm+1− (r2s+ 4s2−3rt)Hm+2Hm+ rs(r2 + 4s)Hm+1Hm− t(r2−6s)Hm+1Hm),

zΓ3 = z(−4r3t+ r2s2 + 4s3 − 27t2 − 18rst)Hm,

Γ4 = 4r3t− r2s2 + 18rst− 4s3 + 27t2.

Proof. In Lemma 72, take Wn = Gn with G0 = 0, G1 = 1, G2 = r.

Note that if we take Wn = Hn with H0 = 3, H1 = r,H2 = 2s+ r2 in Lemma 72, then

we get Corollary 68 (b).

12 A Special Case of Generating Function of

Generalized Tribonacci Polynomials: The Case

r = s = t = 1

In this section, we present a special case of the ordinary generating function of generalized

Tribonacci polynomials.

12.1 Generating Function of Generalized Tribonacci Numbers:

The Case r = 1, s = 1, t = 1

In this subsection, we consider the case r = 1, s = 1, t = 1. A generalized Tribonacci

sequence {Wn}n≥0 = {Wn(W0,W1,W2)}n≥0 is defined by the third-order recurrence

relations

Wn = Wn−1 +Wn−2 +Wn−3 (12.1)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −W−(n−1) −W−(n−2) +W−(n−3)
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for n = 1, 2, 3, .... Therefore, recurrence (12.1) holds for all integer n.Binet formula of

generalized Tribonacci numbers can be given as

Wn =
b1α

n

(α− β)(α− γ)
+

b2β
n

(β − α)(β − γ)
+

b3γ
n

(γ − α)(γ − β)
(12.2)

where

b1 = W2 − (β + γ)W1 + βγW0, (12.3)

b2 = W2 − (α+ γ)W1 + αγW0, (12.4)

b3 = W2 − (α+ β)W1 + αβW0. (12.5)

Here, α, β and γ are the roots of the cubic equation

x3 − x2 − x− 1 = 0.

Moreover

α =
1 +

3
√

19 + 3
√

33 +
3
√

19− 3
√

33

3
,

β =
1 + ω

3
√

19 + 3
√

33 + ω2 3
√

19− 3
√

33

3
,

γ =
1 + ω2 3

√
19 + 3

√
33 + ω

3
√

19− 3
√

33

3
,

where

ω =
−1 + i

√
3

2
= exp(2πi/3).

Two special cases of the sequence {Wn} are the well known Tribonacci sequence

{Tn}n≥0 and Tribonacci-Lucas (Tribonacci-Lucas-Lucas) sequence {Kn}n≥0. Tribonacci

sequence{Tn}n≥0, Tribonacci-Lucas sequence {Kn}n≥0 are defined, respectively, by the

third-order recurrence relations

Tn+3 = Tn+2 + Tn+1 + Tn, T0 = 0, T1 = 1, T2 = 1, (12.6)

Kn+3 = Kn+2 +Kn+1 +Kn, K0 = 3,K1 = 1,K2 = 3, (12.7)

The sequences {Tn}n≥0, {Kn}n≥0, can be extended to negative subscripts by defining

T−n = −T−(n−1) − T−(n−2) + T−(n−3), (12.8)

K−n = −K−(n−1) −K−(n−2) +K−(n−3), (12.9)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (12.6)-(12.7) hold for all integer n.

http://www.earthlinepublishers.com



Generalized Tribonacci Polynomials 109

For all integers n, Tribonacci and Tribonacci-Lucas numbers can be expressed using

Binet’s formulas as

Tn =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)
,

Kn = αn + βn + γn,

respectively. Here, Gn = Tn and Hn = Kn.

Next, we give the ordinary generating function
∞∑
n=0

Wmn+jz
n of the generalized

Tribonacci numbers {Wmn+j}.

Lemma 74. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Suppose that fWmn+j (z) =
∞∑
n=0

Wmn+jz
n is the ordinary generating function of the generalized Tribonacci (sequence

of) polynomials {Wmn+j}. Then,
∞∑
n=0

Wmn+jz
n is given by

∞∑
n=0

Wmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where

z2Θ4 = z2((W0Wj+2+(W1−W0)Wj+1+(W2−W1−W0)Wj)W
2
m+2+((W2−W0)Wj+2+

(W0 +W0)Wj+1 + (W0 + 2W1 −W2)Wj)W
2
m+1 + (W1Wj+2 + (W2 −W1)Wj+1 +W0Wj)

W 2
m + (−(W1 + W0)Wj+2 + (W0 −W2)Wj+1 + (−W2 + W1)Wj)Wm+1Wm+2 + ((W1 −

W2)Wj+2 +(W2−2W1−W0)Wj+1 +(W0−W1)Wj)Wm+2Wm+((W1−W0)Wj+2 +(W2−
2W1 +W0)Wj+1 + (−W2 +W1 + 2W0)Wj)Wm+1Wm),

zΘ5 = z(((W 2
1 −W0W2)Wj+2+(W 2

0 −W1W2+W0W2+W0W1)Wj+1+(−2W 2
2 −W 2

1 −
W 2

0 + 3W1W2 + 2W0W2 +W0W1)Wj)Wm+2 + ((W 2
0 −W1W2 +W0W2 +W0W1)Wj+2 +

(W 2
2 − 2W0W2 − 2W0W1)Wj+1 + (W 2

2 − 4W 2
1 − 2W 2

0 + W1W2 + W0W2 − 3W0W1)Wj)

Wm+1 + ((W 2
2 −W 2

1 −W1W2 −W0W1)Wj+2 + (−W 2
2 + 2W 2

1 +W1W2 −W0W2 +W0W1)

Wj+1 + (−W 2
1 − 2W 2

0 + 2W1W2 −W0W2 − 2W0W1)Wj)Wm −W 2
0Wj+1Wm+1),

Θ6 = (W 3
2 +2W 3

1 +W 3
0−2W1W

2
2−W0W

2
2 +2W0W

2
1 +W 2

0W2+2W 2
0W1−2W0W1W2)Wj ,

and

z3Γ1 = z3(−1)(W 3
2 + 2W 3

1 +W 3
0 − 2W1W

2
2 −W0W

2
2 + 2W0W

2
1 +W 2

0W2 + 2W 2
0W1 −

2W0W1W2),

z2Γ2 = z2((3W2− 2W1−W0)W 2
m+2 + (6W1 + 2W0)W 2

m+1 + (W2 + 2W1 + 3W0)W 2
m +

(−4W2 − 2W0)Wm+2Wm+1 + (−2W2 − 2W1 + 2W0)Wm+2Wm + (−2W2 + 4W1 + 4W0)

Wm+1Wm),
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zΓ3 = z((−3W 2
2 −W 2

0 + 4W1W2 + 2W0W2 + 2W0W1)Wm+2 + (2W 2
2 − 6W 2

1 − 2W 2
0 +

2W0W2 − 4W0W1)Wm+1 + (W 2
2 − 2W 2

1 − 3W 2
0 + 2W1W2 − 2W0W2 − 4W0W1)Wm),

Γ4 = W 3
2 + 2W 3

1 +W 3
0 −2W1W

2
2 −W0W

2
2 + 2W0W

2
1 +W 2

0W2 + 2W 2
0W1−2W0W1W2.

Proof. Set r = 1, s = 1, t = 1, Gn = Tn and H = Kn in Lemma 66.

Now, we consider special cases of the last Lemma.

Corollary 75. The ordinary generating functions of the sequences Wn, W2n, W2n+1,

W−n, W−2n, W−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.543689).

∞∑
n=0

Wnz
n =

z2(W2 −W1 −W0) + z(W1 −W0) +W0

z3(−1) + z2(−1) + z(−1) + 1
.

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.295597).

∞∑
n=0

W2nz
n =

z2(−W2 + 2W1) + z(W2 − 3W0) +W0

z3(−1) + z2(−1) + 3z(−1) + 1
.

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.295597).

∞∑
n=0

W2n+1z
n =

z2(W2 −W1 −W0) + z(W2 − 2W1 +W0) +W1

z3(−1) + z2(−1) + 3z(−1) + 1
.

(d) (m = −1, j = 0, |z| < |β| = |γ| ' 0.737352 ).

∞∑
n=0

W−nz
n =

z2W1 + z(W2 −W1) +W0

z3(−1) + z2 + z + 1
.

(e) (m = −2, j = 0, |z| < |β|2 = |γ|2 ' 0.543689).

∞∑
n=0

W−2nz
n =

z2W2 + z(−W2 + 2W1 +W0) +W0

z3(−1) + 3z2 + z + 1
.

(f) (m = −2, j = 1, |z| < |β|2 = |γ|2 ' 0.543689).

∞∑
n=0

W−2n+1z
n =

z2(W2 +W1 +W0) + z(W2 −W0) +W1

z3(−1) + 3z2 + z + 1
.
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The last Lemma gives the following results as particular examples (generating

functions of Tribonacci and Tribonacci-Lucas numbers).

Corollary 76. Assume that |z| < min{|α|−m , |β|−m , |γ|−m}. Generating functions of

Tribonacci and Tribonacci-Lucas numbers are given, respectively, as follows:

(a)
∞∑
n=0

Tmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where

z2Θ4 = z2(T 2
m+2Tj+1 + T 2

m+1Tj+2 + T 2
m+1Tj + T 2

mTj+2 − Tm+1Tm+2Tj+2 +

TmTm+1Tj+2 − Tm+1Tm+2Tj+1 − TmTm+2Tj+1 − TmTm+1Tj+1 − TmTm+2Tj),

zΘ5 = z(Tm+2Tj+2 − Tm+1Tj+2 − Tm+2Tj+1 − TmTj+2 + Tm+1Tj+1 − 2TjTm+1 +

2TmTj+1 + TmTj),

Θ6 = Tj ,

and

z3Γ1 = z3(−1),

z2Γ2 = z2(T 2
m+2 + 6T 2

m+1 + 3T 2
m − 4Tm+2Tm+1 − 4Tm+2Tm + 2Tm+1Tm),

zΓ3 = z(Tm+2 − 4Tm+1 + Tm),

Γ4 = 1.

(b)
∞∑
n=0

Kmn+jz
n =

z2Θ4 + zΘ5 + Θ6

z3Γ1 + z2Γ2 + zΓ3 + Γ4

where

z2Θ4 = z2((3Kj+2− 2Kj+1−Kj)K
2
m+2 + (6Kj+1 + 2Kj)K

2
m+1 + (Kj+2 + 2Kj+1 +

3Kj)K
2
m + (−4Kj+2 − 2Kj)Km+2Km+1 + (−2Kj+2 − 2Kj+1 + 2Kj)Km+2Km +

(−2Kj+2 + 4Kj+1 + 4Kj)Km+1Km),

zΘ5 = z((−8Kj+2 + 18Kj+1 + 2Kj)Km+2 + (18Kj+2 − 15Kj+1 − 10Kj)Km+1 +

(2Kj+2 − 10Kj+1 − 28Kj)Km − 9Kj+1Km+1),

Θ6 = 44Kj ,

and

z3Γ1 = z3(−44),
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z2Γ2 = z2(4K2
m+2 +12K2

m+1 +14K2
m−18Km+2Km+1−2Km+2Km+10Km+1Km),

zΓ3 = z(−44)Km,

Γ4 = 44.

Now, we consider special cases of the last two corollaries.

Corollary 77. The ordinary generating functions of the sequences Tn, T2n, T2n+1, T−n,

T−2n, T−2n+1 and Kn, K2n, K2n+1, K−n, K−2n, K−2n+1 are given as follows:

(a) (m = 1, j = 0, |z| < |α|−1 ' 0.543689).

∞∑
n=0

Tnz
n =

z

1− z − z2 − z3
,

∞∑
n=0

Knz
n =

3− 2z − z2

1− z − z2 − z3
.

(b) (m = 2, j = 0, |z| < |α|−2 ' 0.295597).

∞∑
n=0

T2nz
n =

z + z2

1− 3z − z2 − z3
,

∞∑
n=0

K2nz
n =

3− 6z − z2

1− 3z − z2 − z3
.

(c) (m = 2, j = 1, |z| < |α|−2 ' 0.295597).

∞∑
n=0

T2n+1z
n =

1− z
1− 3z − z2 − z3

,

∞∑
n=0

K2n+1z
n =

1 + 4z − z2

1− 3z − z2 − z3
.

(d) (m = −1, j = 0, |z| < |β| = |γ| ' 0.737352 ).

∞∑
n=0

T−nz
n =

z2

1 + z + z2 − z3
,

∞∑
n=0

K−nz
n =

3 + 2z + z2

1 + z + z2 − z3
.
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(e) (m = −2, j = 0, |z| < |β|2 = |γ|2 ' 0.543689).

∞∑
n=0

T−2nz
n =

z + z2

1 + z + 3z2 − z3
,

∞∑
n=0

K−2nz
n =

3 + 2z + 3z2

1 + z + 3z2 − z3
.

(f) (m = −2, j = 1, |z| < |β|2 = |γ|2 ' 0.543689).

∞∑
n=0

T−2n+1z
n =

1 + z + 2z2

1 + z + 3z2 − z3
,

∞∑
n=0

K−2n+1z
n =

1 + 7z2

1 + z + 3z2 − z3
.

From the last corollary, we obtain the following results for Tribonacci and

Tribonacci-Lucas numbers.

Corollary 78. Infinite sums of Tn, T2n, T2n+1, T−n, T−2n, T−2n+1 and Kn, K2n, K2n+1,

K−n, K−2n, K−2n+1 are given as follows:

(a) z =
1

2
.

∞∑
n=0

Tn
2n

= 4,

∞∑
n=0

Kn

2n
= 14.

(b) z =
1

4
.

∞∑
n=0

T2n
4n

=
20

11
,

∞∑
n=0

K2n

4n
=

92

11
.
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(c) z =
1

4
.

∞∑
n=0

T2n+1

4n
=

48

11
,

∞∑
n=0

K2n+1

4n
=

124

11
.

(d) z =
1

2
.

∞∑
n=0

T−n
2n

=
2

13
,

∞∑
n=0

K−n
2n

=
34

13
.

(e) z =
1

2
.

∞∑
n=0

T−2n
2n

=
6

17
,

∞∑
n=0

K−2n
2n

=
38

17
.

(f) z =
1

2
.

∞∑
n=0

T−2n+1

2n
=

16

17
,

∞∑
n=0

K−2n+1

2n
=

22

17
.

13 Some Remarks

When we defined the generalized Tribonacci polynomials in (1.1), we supposed that

W0,W1,W2 are arbitrary complex (or real) polynomials with real coefficients and r, s and

t are polynomials with real coefficients with t 6= 0. However, if we take W0,W1,W2, r, s

and t are arbitrary complex or real functions (with real coefficients) and z are arbitrary

complex or real number (function), then we can apply to the results obtained in the
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previous sections (when we check the proofs, we see that proofs work for these W0,W1,W2,

r, s, t and z). Now, we present some special cases of W0,W1,W2, r, s, t and z as examples

of functions.

13.1 The Case r = x+ sinx, s = x+ cosx, t = 1, x ∈ R

If we set

r = x+ sinx,

s = x+ cosx,

t = 1,

x ∈ R,

in (1.1) then we get,

Wn+3 = (x+ sinx)Wn+2 + (x+ cosx)Wn+1 +Wn

with W0 = a(x), W1 = b(x), W2 = c(x) and

Gn+3 = (x+ sinx)Gn+2 + (x+ cosx)Gn+1 +Gn,

G0 = 0, G1 = 1, G2 = x+ sinx,

Hn+3 = (x+ sinx)Hn+2 + (x+ cosx)Hn+1 +Hn,

H0 = 3, H1 = x+ sinx,H2 = 2(x+ cosx) + (x+ sinx)2.

We can apply to the results of previous sections for the functions r, s, t, z. For example,

for all integers n, we get, by Theorem 51 (a), x+ sinx x+ cosx 1

1 0 0

0 1 0


n

=

 Gn+1 (x+ cosx)Gn +Gn−1 Gn

Gn (x+ cosx)Gn−1 +Gn−2 Gn−1

Gn−1 (x+ cosx)Gn−2 +Gn−3 Gn−2

 ,

for all x ∈ R.

We now apply to Theorem 62 for the case r = x+ sinx, s = x+ cosx, t = 1, x ∈ R.

Theorem 79. We have the following sum formulas.

(a) (m = 1, j = 0). If z3(−1) + z2(−1)(x+ cosx) + z(−1)(x+ sinx) + 1 6= 0 then

n∑
k=0

zkGk =
−zn+3Gn + zn+2((x+ sinx)Gn+1 −Gn+2)− zn+1Gn+1 + z

−z3 − z2(x+ cosx)− z(x+ sinx) + 1
.

Earthline J. Math. Sci. Vol. 13 No. 1 (2023), 1-120
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(b) (m = 1, j = 0). If z3(−1) + z2(−1)(x+ cosx) + z(−1)(x+ sinx) + 1 6= 0 then

n∑
k=0

zkHk =
Ω

−z3 − z2(x+ cosx)− z(x+ sinx) + 1
.

where

Ω = −zn+3Hn+zn+2((x+sinx)Hn+1−Hn+2)−zn+1Hn+1−z2(x+cosx)−2z(x+

sinx) + 3.

If we set z = 1 in the last theorem, we get the following Corollary.

Corollary 80. We have the following sum formulas.

(a) (m = 1, j = 0). If −2x− cosx− sinx 6= 0 then

n∑
k=0

Gk =
−Gn+2 −Gn + (−1 + x+ sinx)Gn+1 + 1

−2x− cosx− sinx
.

(b) (m = 1, j = 0). If −2x− cosx− sinx 6= 0 then

n∑
k=0

Hk =
−Hn+2 + (−1 + x+ sinx)Hn+1 −Hn − 2 sinx− cosx− 3x+ 3

−2x− cosx− sinx
.

If we set z = e3ix = cos 3x + i sin 3x (for x ∈ R) in the last theorem, we get the

following Corollary.

Corollary 81. We have the following sum formulas.

(a) (m = 1, j = 0). If −e9ix − e6ix(x+ cosx)− e3ix(x+ sinx) + 1 6= 0 then

n∑
k=0

e3ikxGk =
−e3i(n+3)xGn + e3i(n+2)x((x+ sinx)Gn+1 −Gn+2)− e3i(n+1)xGn+1 + e3ix

−e9ix − e6ix(x+ cosx)− e3ix(x+ sinx) + 1
.

(b) (m = 1, j = 0). If −e9ix − e6ix(x+ cosx)− e3ix(x+ sinx) + 1 6= 0 then

n∑
k=0

e3ikxHk =
Ω

−e9ix − e6ix(x+ cosx)− e3ix(x+ sinx) + 1

where

Ω = −e3i(n+3)xHn + e3i(n+2)x((x+ sinx)Hn+1 −Hn+2)− e3i(n+1)xHn+1 − e6ix(x+

cosx)− 2e3ix(x+ sinx) + 3.
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13.2 The Case r = 1, s = 1, t = 1

For the case r = 1, s = 1, t = 1,we now apply to Corollary 77 for specific z.

Corollary 82. We have the following infinite sum formulas for Tn, T2n, T2n+1, T−n,

T−2n, T−2n+1 and Kn, K2n, K2n+1, K−n, K−2n, K−2n+1:

(a) (m = 1, j = 0, z =
cosx

2
, |z| =

∣∣∣cosx

2

∣∣∣ < |α|−1 ' 0.543689). We can define two

functions f, g : R→ R by

f(x) =

∞∑
n=0

(cosx

2

)n
Tn =

8 cosx

14− (2 + cosx) cos 2x− 9 cosx
,

g(x) =

∞∑
n=0

(cosx

2

)n
Kn =

46− 16 cosx− 2 cos 2x

14− (2 + cosx) cos 2x− 9 cosx
.

(b) (m = 2, j = 0, z =
sinx

4
, |z| =

∣∣∣∣ sinx4

∣∣∣∣ < |α|−2 ' 0.295597). We can define two

functions f, g : R→ R by

f(x) =

∞∑
n=0

(
sinx

4

)n
T2n =

64 sinx− 8 cos 2x+ 8

8 cos 2x− 195 sinx+ sin 3x+ 248
,

g(x) =

∞∑
n=0

(
sinx

4

)n
K2n =

8 cos 2x− 384 sinx+ 760

8 cos 2x− 195 sinx+ sin 3x+ 248
.

(c) (m = 2, j = 1, z =
sinx+ cosx

8
, |z| =

∣∣∣∣ sinx+ cosx

8

∣∣∣∣ < |α|−2 ' 0.295597). We can

define two functions f, g : R→ R by

f(x) =

∞∑
n=0

(
sinx+ cosx

8

)n
T2n+1

=
128 (cosx+ sinx− 8)

sin 3x+ 16 sin 2x+ 387 sinx− cos 3x+ 387 cosx− 1008
,

g(x) =

∞∑
n=0

(
sinx+ cosx

8

)n
K2n+1

=
16 (−32 cosx− 32 sinx+ 2 cosx sinx− 63)

sin 3x+ 16 sin 2x+ 387 sinx+ 387 cosx− cos 3x− 1008
.

(d) (m = −1, j = 0, z =
sinx

2 + 3x2
, |z| =

∣∣∣∣ sinx

2 + 3x2

∣∣∣∣ < |β| = |γ| ' 0.737352 ). We can
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define two functions f, g : R→ R by

f(x) =

∞∑
n=0

(
sinx

2 + 3x2

)n
T−n

=
−2(3x2 + 2)(−1 + cos 2x)

(36x4 + 48x2 + 13) sinx+ sin 3x− 2(3x2 + 2) cos 2x+ 108x6 + 216x4 + 150x2 + 36
,

g(x) =

∞∑
n=0

(
sinx

2 + 3x2

)n
K−n

=
2
(
3x2 + 2

)
(4(3x2 + 2) sinx− cos 2x+ 54x4 + 72x2 + 25)

(36x4 + 48x2 + 13) sinx+ sin 3x− 2(3x2 + 2) cos 2x+ 108x6 + 216x4 + 150x2 + 36
.

(e) (m = −2, j = 0, z =
e2ix

3
=

cos 2x+ i sin 2x

3
, |z| =

∣∣∣∣e2ix3

∣∣∣∣ = 1
3 < |β|2 = |γ|2 '

0.543689). We can define two functions f, g : R→ C by

f(x) =

∞∑
n=0

e2inx

3n
T−2n =

3e2ix(e2ix + 3)

27 + 9e2ix + 9e4ix − e6ix
,

g(x) =

∞∑
n=0

e2inx

3n
K−2n =

81 + 18e2ix + 9e4ix

27 + 9e2ix + 9e4ix − e6ix
.

(f) (m = −2, j = 1, z =
1

2 + x2
, |z| =

∣∣∣∣ 1

2 + x2

∣∣∣∣ < |β|2 = |γ|2 ' 0.543689). We can define

two functions f, g : R→ R by

f(x) =

∞∑
n=0

(2 + x2)−nT−2n+1 =
(x2 + 2)((x4 + 5x2 + 8)

x6 + 7x4 + 19x2 + 17
,

g(x) =

∞∑
n=0

(2 + x2)−nK−2n+1 =
(x2 + 2)(4x2 + x4 + 11)

x6 + 7x4 + 19x2 + 17
.
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[3] G.B. Djordjević and G.V. Milovanović, Special Classes of Polynomials, University of Nǐs,

Faculty of Technology, Leskovac, 2014. http://www.mi.sanu.ac.rs/~gvm/Teze/Special_

0Classes_of_Polynomials.pdf

http://www.earthlinepublishers.com

https://doi.org/10.1007/978-3-030-51502-7
https://doi.org/10.18514/mmn.2021.3227
http://www.mi.sanu.ac.rs/~gvm/Teze/Special_0Classes_of_Polynomials.pdf
http://www.mi.sanu.ac.rs/~gvm/Teze/Special_0Classes_of_Polynomials.pdf


Generalized Tribonacci Polynomials 119

[4] G. Frei, Binary Lucas and Fibonacci Polynomials, I, Math. Nachr. 96 (1980), 83-112.

https://doi.org/10.1002/mana.19800960109
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