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Root Transform of Certain Subclasses of Sakaguchi

Type functions

P. Lokesh1,* and Chinthamani S2

1 Department of Mathematics, Adhiparasakthi College of Engineering, Kalavai, India

e-mail: lokeshpandurangan@gmail.com

2 Department of Mathematics, Stella Maris College (Autonomous), Chennai, India

e-mail: chinthamani@stellamariscollege.edu.in

Abstract

In recent research, working on coefficient bounds is very popular and useful to

deal with geometric properties of the underlying functions. In this work, two

new subclasses of Sakaguchi type functions with respect to symmetric points

through subordination are considered. Moreover, the initial coefficients and

the sharp upper bounds for the functional |ρ2k+1 − µρ2k+1| corresponding

to kth root transformation belong to the above classes are obtained and

thoroughly investigated.

1 Introduction

To define our desired classes and to investigate its Fekete-Szegö functionals which

has greater importance in recent research due to its geometrical properties, we

define, first of all, the complex function f(z) in usual way as follows:

f(z) = z +

∞∑
n=1

anz
n (1.1)

Received: March 4, 2023; Accepted: April 6, 2023; Published: April 21, 2023

2020 Mathematics Subject Classification: 30C45, 30C80, 30C50.

Keywords and phrases: analytic functions, subordination, kth root transformation, Sakaguchi
function, Fekete-Szegö inequality.
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These complex functions are analytic in the open unit disk U := {z ∈ C : |z| < 1}
and normalized by f(0) = f ′(0) − 1 = 0. The class of such functions is denoted

by A. When we impose the univalence condition into this class A, we get another

subclass dented by S, i.e., S is a subclass of A which are univalent in U.

Subordination: It is a powerful tool in Geometric Function Theory (GFT )

which is defined as follows: “An analytic function f is subordinate to an analytic

function g, written as f(z) ≺ g(z), if there exists an analytic self map w of U with

w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z))(z ∈ U). It follows from the

Schwarz lemma that f(z) ≺ g(z)(z ∈ U) ⇒ f(0) = g(0) and f(U) ⊂ g(U). If the

function g is univalent in U, then

f(z) ≺ g(z)(z ∈ U)⇔ f(0) = g(0) and f(U) ⊂ g(U)”

(See [10]). Based on Bieberbach conjecture [4], one may get idea on coefficients

of the function given in (1.1) such that |an| < n. These coefficient bounds give

information about their geometric properties of the functions.

Hankel Determinants: For given parameters q, n ∈ N = {1, 2, ...}, the Hankel

determinant Hq,n(f) was considered by Noonan and Thomas [11] for a function

f ∈ S of the form (1.1) given by:

Hq,n(f) =

∣∣∣∣∣∣∣∣∣∣
an an+1 . . . an+q−1

an+1 an+2 . . . an+q
...

... . . .
...

an+q−1 an+q . . . an+2q−2

∣∣∣∣∣∣∣∣∣∣
where a1 = 1. The growth of Hq,n(f) has been investigated for different

subfamilies of univalent functions. One can easily observe that the Fekete-Szegö

functional is H2,1(f). Fekete-Szegö then further generalized as the estimate

|a3−µa22| where µ is any complex number. The functional |a3−µa22| for normalized

univalent function f(z) of the form (1.1) is notorious in the past and current
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history of GFT . For detailed study on Fekete-Szegö coefficient functional for

univalent and multivalent functions, see [1, 3, 5, 7, 9, 13].

In this paper, the sharp upper bounds of this functional for new subclasses

are derived and further investigated. Starlike and Convex functions with respect

to symmetric points are defined below:

Definition 1.1. [6] A function f ∈ A is said to be in the class S?s (λ, δ,m), if it
satisfies the condition

R
[

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))

]
> 0, (z ∈ U) (1.2)

where 0 ≤ λ < 1, 0 ≤ δ < 1, |m| ≤ 1 but m 6= 1.

The class S?s (λ, δ,m) was introduced and studied by Sakaguchi [16].

Definition 1.2. [6] A function f ∈ A is said to be in the class Cs(λ, δ,m), if it
satisfies the condition

R
[

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))′

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))′

]
> 0, (z ∈ U) (1.3)

where 0 ≤ λ < 1, 0 ≤ δ < 1, |m| ≤ 1 but m 6= 1. It may be noted that f ∈ Cs ⇔
zf ′ ∈ S?s .

Motivated by the works of Sakaguchi and Panigrahi et al. [14], the subclasses

S?s (λ, δ,m, φ) and Cs(λ, δ,m, φ) are generalized through subordination and

defined as follows:

Definition 1.3. [16] Let φ(z) = 1+B1z+B2z
2+... be a univalent starlike function

with respect to 1 which maps the unit disk U onto a region in the right half plane
which is symmetric with respect to the real axis and let B1 > 0. The function
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f ∈ A is in the classes S?s (λ, δ,m, φ) if

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))
≺ φ(z),

(1.4)

and the class Cs(λ, δ,m, φ) if

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))′

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))′
≺ φ(z).

(1.5)

Remark 1.4. Putting φ(z) = 1+z
1−z in (1.4) and (1.5), the classes S?s and Cs

studied by Sakaguchi [16] and Das and Singh [6] respectively.

Remark 1.5. Putting λ = 0, δ = 0 and m = −1 in (1.4) and (1.5), the classes

S?s and Cs studied by Panigrahi et al. [11,12,13].

Let k be a positive integer. For an univalent function f of the form (1.1), the

kth root transform is defined by

F (z) =
[
f(zk)

] 1
k

= z +

∞∑
n=1

ρnk+1z
nk+1 (1.6)

where the initial coefficients are given by

ρk+1 =
a2
k

ρ2k+1 =
a3
k

+
1− k
2k2

a22,

ρ3k+1 =
a4
k

+
1− k
k2

a2a3 +
(1− k)(1− 2k)

3!k3
a32,

and so on. Since f is univalent, so f(zk)
zk

is non-vanishing in U implies that kth

root of f is analytic in U. The Fekete-Szegö coefficient functional of the associated

function F (z)) is given by |ρ2k+1−µρ2k+1|. This quantity is known as Fekete-Szegö

problem of the kth root transform of f . The kth root transform has been widely

used in a variety of ways in Complex function theory. In 2009, Ali et al. [2] have
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investigated the Fekete-Szegö coefficient functional for the kth root transform of

functions belonging to several classes of analytic functions defined by means of

subordination (also refer [12]).

In this paper, upper bounds for the Fekete-Szegö Coefficient functional |ρ2k+1−
µρ2k+1| associated with the kth root transform of the function f belonging to the

classes S?s (λ, δ,m, φ) and Cs(λ, δ,m, φ) are obtained.

2 Coefficient bounds for f ∈ S?s (λ, δ,m, φ) and

f ∈ Cs(λ, δ,m, φ)

We use the following lemmas to prove our main results:

Lemma 2.1. [3] Let ∆ be the class of the analytic functions w, normalized

by w(0) = 0 satisfying the condition |w(z)| < 1. If w ∈ ∆ and

w(z) = w1z+w2z
2+w3z

3+ ... (z ∈ U), then for any real numbers t, it is clear that

|w2 − tw2
1| ≤


−t, t ≤ −1

1, −1 ≤ t ≤ 1

t, t ≥ 1

For t < −1 or t > 1, equality holds if and only if w(z) = z or one of its rotations.

For −1 < t < 1, equality holds if and only if w(z) = z2 or one of its rotations.

Equality holds for t = −1 if and only if

w(z) = z

(
ε+ z

1 + εz

)
(0 ≤ ε ≤ 1)

or one of its rotations, while for t = 1, equality holds if and only if

w(z) = −z
(
ε+ z

1 + εz

)
(0 ≤ ε ≤ 1)

or one of its rotations.
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Lemma 2.2. [8] If w ∈ ∆, then

|w2 − tw2
1| ≤ max{1, |t|},

for any complex number t. The result is sharp for the function w(z) = z2 or

w(z) = z.

Next, the bounds for the functional |ρ2k+1 − µρ2k+1| corresponding to the kth

root transform of the function f in the classes S?s (λ, δ,m, φ) and Cs(λ, δ,m, φ) are

investigated.

Theorem 2.3. For 0 ≤ λ < 1, 0 ≤ δ < 1, |m| ≤ 1 but m 6= 1, let φ(z) =

1 + B1z + B2z
2 + ... with B1 > 0, B2 ≥ 0 and B′ns real. If f ∈ S?s (λ, δ,m, φ) and

F is the kth root transformation of f given by (1.6), then for any complex number

µ, then

|ρ2k+1 − µρ2k+1| ≤
B1

(2−m−m2)k
max

{
1,
∣∣∣ (k − 1)(2−m−m2)B1

2(1−m)2(1 + λ− δ + 2λδ)2k

− (1−m)B2 + (1 +m)B2
1

(1−m)(1 + 2(λ− δ + 3λδ))B1
+

µ(2−m−m2)

(1−m)2(1 + λ− δ + 2λδ)2k

∣∣∣} (2.1)

The result is sharp.

Proof. Let f ∈ S?s (λ, δ,m, φ). Then by (1.4) of definition 1.3, there exists a

Schwarz’s function w(z) ∈ ∆ with w(0) = 0 and |w(z)| < 1 such that

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))

= φ(w(z)) (2.2)

By simple computation from (1.1) it follows that

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))

= 1 + (1−m)(1 + λ− δ + 2λδ)a2z +
[
(1 + 2(λ− δ + 3λδ))(2−m−m2)a3

−(1−m2)(1 + λ− δ + 2λδ)2a22
]
z2 + ... (2.3)
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Also

φ(w(z)) = 1 +B1w1z + (B1w2 +B2w
2
1)z2 + ... (2.4)

By using (2.3) and (2.4) in (2.2), it is obtained that

(1−m)(1 + λ− δ + 2λδ)a2 = B1w1

⇒ a2 =
B1w1

(1−m)(1 + λ− δ + 2λδ)

(2.5)

(2−m−m2)(1+2(λ−δ+3λδ))a3−(1−b2)(1+λ−δ+2λδ)2a22 = B1w1+B2w
2
1

⇒ a3 =
(1−m)B1w2 + ((1−m)B2 + (1 +m)B2

1)w2
1

(1−m)(2−m−m2)(1 + 2(λ− δ + 3λδ))
(2.6)

If F (z) is the kth root transform of the function f(z), then from (1.6), (2.5) and

(2.6), it is clear that

ρk+1 =
a2
k

=
B1w1

(1−m)(1 + λ− δ + 2λδ)k
(2.7)

and

ρ2k+1 =
a3
k

+
1− k
2k2

a22

=
(1−m)B1w2 + ((1−m)B2 + (1 +m)B2

1)w2
1

(1−m)(2−m−m2)(1 + 2(λ− δ + 3λδ))
+

(1− k)

2k2
B2

1w
2
1

(1−m)2(1 + λ− δ + 2λδ)2

(2.8)

Therefore, for any complex number µ, it is found that

|ρ2k+1 − µρ2k+1| =
B1

(2−m−m2)k
|W2 − tw2

1|, (2.9)

where

t =
µ(2−m−m2)

(1−m)2(1 + λ− δ + 2λδ)2k
B1 −

(1−m)B2 + (1 +m)B2
1

(1−m)(1 + 2(λ− δ + 3λδ)B1k

− (1− k)(2−m−m2)B1

2(1−m)2(1 + λ− δ + 2λδ)2k
,

and

W2 =
w2

1 + 2(λ− δ + 3λδ)
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An application of Lemma 2.2 to the right hand side of (2.9) gives the desire

result as mentioned in (2.1). The result is sharp and followed by

|ρ2k+1−µρ2k+1| =


B1

(2−m−m2)k , w(z) = z2

B1

(2−m−m2)k

∣∣∣ µ(2−m−m2)B1

(1−m)2(1+λ−δ+2λδ)2k −
(1−m)B2+(1+m)B2

1

(1−m)(1+2(λ−δ+3λδ)B1k

− (1−k)(2−m−m2)B1

2(1−m)2(1+λ−δ+2λδ)2k

∣∣∣, w(z) = z

This completes the proof of Theorem 2.3.

It is noted that the result is sharp for the extremal functions given by z
1+z2

.

Taking φ(z) = 1+z
1−z = 1 + 2z+ 2z2 + ... and k = 1, the Fekete-Szegö coefficient

functional for the class S?s (λ, δ,m, φ) is investigated as follows:

Corollary 2.4. Let the function f ∈ A given by (1.1) be in the class S?s (λ, δ,m, φ).

Then for any complex number µ, it is clear that

|a3−µa22| ≤ max
{

1,

∣∣∣∣ µ(2−m−m2)

(1−m)2(1 + λ− δ + 2λδ)2
− 2

(1−m)(1 + 2(λ− δ + 3λδ))

∣∣∣∣}
The result is sharp.

Remark 2.5. Putting λ = 0, δ = 0 and m = −1 in Corollary 2.4, then

|a3 − µa22| ≤ max {1, |µ− 1|}

which was studied by Panigrahi et al. [13].

Remark 2.6. Taking µ = 1 in Remark 2.5, the result |a3 − a22| ≤ 1 for the class

S?s was introduced by Shanmugam et al. [18].

Theorem 2.7. Let φ(z) = 1+B1z+B2z
2 + ... with B1 > 0, B2 ≥ 0 and B′ns real.

If f ∈ Cs(λ, δ,m, φ) and F is the kth root transformation of f given by (1.6), then

for any complex number µ, it is clear that

|ρ2k+1 − µρ2k+1| ≤
B1

3(2−m−m2)k
max

{
1,
∣∣∣ 3(k − 1)(2−m−m2)B1

8(1−m)2(1 + λ− δ + 2λδ)2k

− (1−m)B2 + (1 +m)B2
1

(1−m)(1 + 2(λ− δ + 3λδ))B1
+

3µ(2−m−m2)B1

4(1−m)2(1 + λ− δ + 2λδ)2k

∣∣∣} (2.10)
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where 0 ≤ λ < 1, 0 ≤ δ < 1, |m| ≤ 1 but m 6= 1.

The result is sharp.

Proof. Let f ∈ Cs(λ, δ,m, φ). Then by (1.5) of definition 1.3, it follows that

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))′

[λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))]′

= φ(w(z)) (2.11)

A simple calculation shows that

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))′

[λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))]′

= 1 + 2(1−m)(1 + λ− δ + 2λδ)a2z +
[
3(1 + 2(λ− δ + 3λδ))(2−m−m2)a3

−4(1−m2)(1 + λ− δ + 2λδ)2a22
]
z2 (2.12)

Proceeding as in Theorem 2.3, it is obtained that

a2 =
B1w1

2(1−m)(1 + λ− δ + 2λδ)
, (2.13)

and

a3 =
(1−m)B1w2 + ((1−m)B2 + (1 +m)B2

1)w2
1

3(1−m)(2−m−m2)(1 + 2(λ− δ + 3λδ))
, (2.14)

If F (z) is the kth root transform of f(z), then

ρk+1 =
a2
k

=
B1w1

2(1−m)(1 + λ− δ + 2λδ)
(2.15)

and

ρ2k+1 =
a3
k

+
1− k
2k2

a22

=
(1−m)B1w2

3(1−m)(2−m−m2)(1 + 2(λ− δ + 3λδ))k
+

((1−m)B2 + (1 +m)B2
1)w2

1

3(1−m)(2−m−m2)(1 + 2(λ− δ + 3λδ))k

+
(1− k)

2k2
B2

1w
2
1

4(1−m)2(1 + λ− δ + 2λδ)2
(2.16)

Thus, for any complex number µ, it is found that

|ρ2k+1 − µρ2k+1| =
B1

3(2−m−m2)k
|W2 − tw2

1|, (2.17)
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where

t =
3(k − 1)(2−m−m2)B1

8(1−m)2(1 + λ− δ + 2λδ)2k
− (1−m)B2 + (1 +m)B2

1

(1−m)(1 + 2(λ− δ + 3λδ)B1

+
3µ(2−m−m2)B1

4(1−m)2(1 + λ− δ + 2λδ)2k
,

and W2 = w2
1+2(λ−δ+3λδ) .

By an application of Lemma 2.2, the required result is derived as in Theorem

2.7. The result is sharp and followed by

|ρ2k+1−µρ2k+1| =


B1

3(2−m−m2)k , w(z) = z2

B1

3(2−m−m2)k

∣∣∣ 3(k−1)(2−m−m2)B1

8(1−m)2(1+λ−δ+2λδ)2k −
(1−m)B2+(1+m)B2

1

(1−m)(1+2(λ−δ+3λδ)B1

+ 3µ(2−m−m2)B1

4(1−m)2(1+λ−δ+2λδ)2k

∣∣∣, w(z) = z

This completes the proof of Theorem 2.7.

The following result is obtained by taking φ(z) = 1+z
1−z and k = 1.

Corollary 2.8. Let the function f ∈ A given by (1.1) be in the class Cs. For any

complex number µ, then

|a3 − µa22| ≤
1

3
max

{
1,

∣∣∣∣ 3µ(2−m−m2)

4(1−m)2(1 + λ− δ + 2λδ)2
− 2

(1−m)(1 + 2(λ− δ + 3λδ))

∣∣∣∣}
The result is sharp.

Remark 2.9. Putting λ = 0, δ = 0 and m = −1 in Corollary 2.8, it is found that

|a3 − µa22| ≤
1

3
max

{
1,

∣∣∣∣3µ8 − 1

∣∣∣∣}
The estimate is sharp which was studied by Panigrahi et al. [14].

Remark 2.10. Taking µ = 1 in Corollary 2.8, the result |a3 − a22| ≤ 1
3 for the

class Cs due to Shanmugam et al. [18].

Next, the bounds for the functional |ρ2k+1 − µρ2k+1| for real µ for the classes

S?s (λ, δ,m, φ) and Cs(λ, δ,m, φ) are determined.
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Theorem 2.11. If f ∈ S?s (λ, δ,m, φ) and F is the kth root transform of the

function f defined by (1.6), then for any real number µ and 0 ≤ λ < 1, 0 ≤ δ <

1, |m| ≤ 1 but m 6= 1, then

η1 =

2(1−m)(1 + λ− δ + 2λδ)2k[((1−m)B2 + (1 +m)B2
1)− (1−m)(1 + 2(λ− δ

+ 3λδ))B1] + (1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

2(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

(2.18)

η2 =

2(1−m)(1 + λ− δ + 2λδ)2k[((1−m)B2 + (1 +m)B2
1) + (1−m)(1 + 2(λ− δ

+ 3λδ))B1] + (1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

2(2−m−m2)(1 + 2(λ− δ − 3λδ))B2
1

(2.19)

It shows that

|ρ2k+1−µρ2k+1| =



(2−m−m2)B1

(1−m)2(1+λ−δ+2λδ)2k

(
(1−m)B2+(1+m)B2

1

(1−m)(1+2(λ−δ+3λδ))B1
− (k−1)(2−m−m2)B1

2(1−m)2(1+λ−δ+2λδ)2k

− µ(2−m−m2)B1

(1−m)2(1+λ−δ+2λδ)2k

)
, µ ≤ η1

(2−m−m2)B1

(1−m)2(1+λ−δ+2λδ)2k , η1 ≤ µ ≤ η2
(2−m−m2)B1

(1−m)2(1+λ−δ+2λδ)2k

(
(k−1)(2−m−m2)B1

2(1−m)2(1+λ−δ+2λδ)2k −
(1−m)B2+(1+m)B2

1

(1−m)(1+2(λ−δ+3λδ))B1

+ µ(2−m−m2)B1

(1−m)2(1+λ−δ+2λδ)2k

)
, µ ≥ η2

(2.20)

Each of the estimate (2.20) is sharp.

Proof. Let f ∈ S?s (λ, δ,m, φ). From (2.9) it is derived that

|ρ2k+1 − µρ2k+1| =
B1

(2−m−m2)k
|W2 − tw2

1|, (2.21)

where

t =
µ(2−m−m2)B1

(1−m)2(1 + λ− δ + 2λδ)2k
− (1−m)B2 + (1 +m)B2

1

(1−m)(1 + 2(λ− δ + 3λδ)B1k

− (1− k)(2−m−m2)B1

2(1−m)2(1 + λ− δ + 2λδ)2k
,

and

W2 =
w2

1 + 2(λ− δ + 3λδ)
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An application of Lemma 2.1 on right hand side of (2.21) give the following cases:

Case (i): If µ ≤ η1, then

µ ≤

2(1−m)(1 + λ− δ + 3λδ)2k[((1−m)B2 + (1 +m)B2
1)− (1−m)(1 + 2(λ− δ

+ 3λδ))B1] + (1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

2(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

(2.18)

which implies, t ≤ −1 and |W2 − tw2
1| ≤ −t, hence it is obtained that

|ρ2k+1 − µρ2k+1| ≤
(2−m−m2)B1

(1−m)2(1 + λ− δ + 2λδ)2k

∣∣∣ (1−m)B2 + (1 +m)B2
1

(1−m)(1 + 2(λ− δ + 3λδ))B1

− (k − 1)(2−m−m2)B1

2(1−m)2(1 + λ− δ + 2λδ)2k
− µ(2−m−m2)B1

(1−m)2(1 + λ− δ + 2λδ)2k

∣∣∣ (2.22)

Case (ii): If η1 ≤ µ ≤ η2, then

2(1−m)(1 + λ− δ + 2λδ)2k[((1−m)B2 + (1 +m)B2
1)− (1−m)(1 + 2(λ− δ

+ 3λδ))B1] + (1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

2(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

≤ µ

≤

2(1−m)(1 + λ− δ + 2λδ)2k[((1−m)B2 + (1 +m)B2
1) + (1−m)(1 + 2(λ− δ

+ 3λδ))B1] + (1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

2(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

which implies, −1 ≤ t ≤ 1 and |W 2
2 − tw2

1| ≤ 1, thus

|ρ2k+1 − µρ2k+1| ≤
(2−m−m2)B1

(1−m)2(1 + λ− δ + 2λδ)2k
(2.23)

Case (iii): If µ ≥ η2, then

µ ≥

2(1−m)(1 + λ− δ + 2λδ)2k[((1−m)B2 + (1 +m)B2
1) + (1−m)(1 + 2(λ− δ

+ 3λδ))B1] + (1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

2(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

which implies t ≥ 1 and |W 2
2 − tw2

1| ≤ t, it is clear that

|ρ2k+1 − µρ2k+1| ≤
(2−m−m2)B1

(1−m)2(1 + λ− δ + 2λδ)2k

∣∣∣ µ(2−m−m2)B1

(1−m)2(1 + λ− δ + 2λδ)2k

− (1−m)B2 + (1 +m)B2
1

(1−m)(1 + 2(λ− δ + 3λδ))B1
− (1− k)(2−m−m2)B1

2(1−m)2(1 + λ− δ + 2λδ)2k

∣∣∣ (2.24)
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The result in (2.20) follows from (2.22), (2.23) and (2.24).

It is also note that when

(i) µ ≤ η1, the equality holds if and only if w(z) = z or one of its rotation.

(ii) η1 ≤ µ ≤ η2, then the equality holds if and only if w(z) = z2 or one of its rotation.

(iii) µ ≥ η2, then the equality holds when w(z) = z(ε+z)
1+εz (0 ≤ ε ≤ 1) or one of its rotation.

This completes the proof of Theorem 2.11.

Theorem 2.12. For 0 ≤ λ < 1, 0 ≤ δ < 1, |m| ≤ 1 but m 6= 1, if f ∈
Cs(λ, δ,m, φ) and F is the kth root transform of the function f defined by (1.6),

then for any real number µ and for

γ1 =

8(1−m)(1 + λ− δ + 2λδ)2k[((1− b)B2 + (1 + b)B2
1)− (1− b)B1(1 + 2(λ− δ

+ 3λδ))] + 3(1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

6 (2−m−m2) (1 + 2(λ− δ + 3λδ))B2
1

(2.25)

γ2 =

8(1−m)(1 + λ− δ + 2λδ)2k[((1− b)B2 + (1 + b)B2
1) + (1− b)B1(1 + 2(λ− δ

+ 3λδ))] + 3(1− k)(2−m−m2)(1 + 2(λ− δ + 3λδ))B2
1

6 (2−m−m2) (1 + 2(λ− δ + 3λδ))B2
1

(2.26)

We have

|ρ2k+1−µρ2k+1| =



B1
3(2−m−m2)k

[
(1−m)B2+(1+m)B2

1
(1−m)(1+2(λ−δ+3λδ)) −

3(k−1)(2−m−m2)B1

8(1−m)2(1+λ−δ+2λδ)2k

− 3µ(2−m−m2)B1

4(1−m)2(1+λ−δ+2λδ)2k

]
, µ ≤ γ1

B1
3(2−m−m2)k

, γ1 ≤ µ ≤ γ2
B1

3(2−m−m2)k

[
3(k−1)(2−m−m2)B1

8(1−m)2(1+λ−δ+2λδ)2k
− (1−m)B2+(1+m)B2

1
(1−m)(1+2(λ−δ+3λδ))

+ 3µ(2−m−m2)B1

4(1−m)2(1+λ−δ+2λδ)2k

]
, µ ≥ γ2

(2.27)

Each of the estimate (2.27) is sharp.

Proof. The proof of Theorem is much akin to proof of Theorem 2.11 and hence

omit it.
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Remark 2.13. The result is sharp for the extremal functions

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))

λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz))

= p(z) =
z(z − t)
1− zt

, |t| < 1

and the result is sharp for the functions given by

(1−m)(λδz3f ′′′(z) + (2λδ + λ− δ)z2f ′′(z) + zf ′(z))′

(λδz2(f ′′(z)−m2f ′′(mz)) + (λ− δ)z(f ′(z)−mf ′(mz)) + (1− λ+ δ)(f(z)− f(mz)))′

= p(z) =
z

1 + z2
.

By choosing λ = 0, δ = 0 and m = −1, obtained by Panigrahi et al. [13]. Further,

by taking k = 1 in Theorem 2.7 and Theorem 2.12, the result was studied by

Shanmugam et al. ([18], Theorem 2.1) and ([18], Corollary 2.4) respectively.
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