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Abstract

We define two new subclasses, S∗q (α) and T S∗q(α), of analytic univalent

functions. We obtain a sufficient condition for analytic univalent functions

to be in S∗q (α) and we prove that this condition is also necessary for the

functions in the class T S∗q(α). We also obtain extreme points, distortion

bounds, covering result, convex combination and convolution properties for

the functions in the class T S∗q(α).

1 Introduction

Let S be the class of functions ê which are analytic and univalent in the open unit

disc U = {_ ∈ C : |_| < 1} given by

ê(_) = _+
∞∑

4=2

a4_
4. (1)

Let T denote the class of functions ê in S of the form

ê(_) = _−
∞∑

4=2

|a4|_4. (2)
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We recollect here the q-difference operator that was used in geometric function

theory and in several areas of science. We give basic definitions and properties

about the q-difference operator that are used in this study (for details see [1]

and [3]). For 0 < q < 1, we defined the q-integer [4]q by

[4]q =
1− q4

1− q
, (4 = 1, 2, 3, ...) .

Notice that if q → 1− then [4]q → 4.

In [4], İsmail et al. used q- calculus, in the theory of analytic univalent

functions by defining a class of complex-valued functions that are analytic on the

open unit disk U with the normalizations ê(0) = 0, ê′(0) = 1, and |ê(q_)| ≤ |ê(_)|
on U for every q, q ∈ (0, 1). The q-difference operator of analytic functions ê given

by (1) are by definition, given as follows (see [3])

Dqê(_) =

{
ê(_)−ê(q_)
(1−q)_ ; _ 6= 0

ê′ (0) ; _ = 0
.

Thus, for the function ê of the form (1) , we have

Dqê(_) = 1 +
∞∑

4=2

[4]q a4_
4−1 (3)

and

Dq (Dqê(_)) =
∞∑

4=2

[4]q [4− 1]q a4_
4−2 (4)

=
∞∑

4=2

[4]q

(
[4]q − 1

q

)
a4_

4−2.

Denote by S∗q (α) the subclass of S consisting of functions ê of the form (1)

that satisfy the condition

Re

(
α
_
2Dq (Dqê(_))

ê(_)
+
_Dqê(_)

ê(_)

)
> 0, (5)
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where α ≥ 0. Finally, we let T S∗q(α) ≡ S∗q (α) ∩ T .

By suitably specializing the parameters, the classes S∗q (α) reduces to the

various subclasses of analytic univalent functions. Such as,

(i) S∗q (α) = H(α) for q → 1− (see [5]),

(ii) S∗q (α) = S∗ for α = 0 and q → 1− (see [2]),

(iii) S∗q (α) = S∗q for α = 0 (see [4]).

In addition to these, [6], [7], [8] references can be consulted for studies in this

field. In this paper, we first obtain a sufficient condition for analytic univalent

functions ê given by (1) to be in S∗q (α) and then we prove that this condition

is also necessary for the functions in the class T S∗q(α). We also obtain extreme

points, distortion bounds, covering result, convex combination and convolution

properties for the functions in the class T S∗q(α).

2 Main Results

Theorem 1. Let a function ê given by (1) and satisfies

∞∑
4=1

(
α [4]2q + (q − α) [4]q

)
|a4| ≤ 2q, (6)

where 0 ≤ α and then ê ∈ S∗q (α).

Proof. In order to prove that ê ∈ S∗q (α), we shall show that for 0 ≤ α,

Re
(
α_2Dq(Dqê(_))+_Dqê(_)

ê(_)

)
> 0. We know that Re(w) ≥ 0 if and only if |1 +w| ≥

|1− w|. So, it suffices to show that

∣∣α_2Dq (Dqê(_)) + _Dqê(_) + ê(_)
∣∣− ∣∣α_2Dq (Dqê(_)) + _Dqê(_)− ê(_)

∣∣ ≥ 0.
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Now, ∣∣α_2Dq (Dqê(_)) + _Dqê(_) + ê(_)
∣∣− ∣∣α_2Dq (Dqê(_)) + _Dqê(_)− ê(_)

∣∣
=

∣∣∣∣∣2_+
∞∑

4=2

(
α [4]q [4− 1]q + [4]q + 1

)
a4_

4

∣∣∣∣∣
−

∣∣∣∣∣
∞∑

4=2

(
α [4]q [4− 1]q + [4]q − 1

)
a4_

4

∣∣∣∣∣
≥ 2|_| −

∞∑
4=2

(
α

[4]2q
q

+ (q − α)
[4]q
q

+ 1

)
|a4||_|4

−
∞∑

4=2

(
α

[4]2q
q

+ (q − α)
[4]q
q
− 1

)
|a4||_|4

≥ 2|_|
q

(
q −

∞∑
4=2

(
α [4]2q + (q − α) [4]q

)
|a4||_|4−1

)

≥ 0, in view of (6).

This completes the proof.

Theorem 2. Let ê be given by (2). Then ê ∈ T S∗q(α) if and only if ê satisfies the

condition (6) holds.

Proof. Since T S∗q(α) ⊂ S∗q (α) therefore, ‘if’ part of the Theorem 2 can be proved

from Theorem 1, thus we prove ‘only if’ part of Theorem 2. Let ê ∈ T S∗q(α), then

Re

(
α_2Dq (Dqê(_)) + _Dqê(_)

ê(_)

)
> 0.

equivalently,∣∣∣∣∣∣
−
∑∞

4=2
1
q

(
α [4]2q + (q − α) [4]q − q

)
|a4|_4−1

2−
∑∞

4=2
1
q

(
α [4]2q + (q − α) [4]q + q

)
|a4|_4−1

∣∣∣∣∣∣ < 1.
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We note that since the above condition holds for all values of _, |_| = r < 1.

Choosing the values of _ on positive real axis, where 0 ≤ _ = r < 1, we obtain∑∞
4=2

1
q

(
α [4]2q + (q − α) [4]q − q

)
|a4|r4−1

2−
∑∞

4=2
1
q

(
α [4]2q + (q − α) [4]q + q

)
|a4|r4−1

< 1. (7)

If the condition (6) doesn’t hold then,the condition (7) doesn’t hold for r

sufficiently close to 1. Thus there exists _0 = r0 in (0, 1) for which the quotient

(7) is greater than 1. This contradicts the required condition for ê ∈ T S∗q(α) and

so the proof is complete. The result is sharp for functions given by

ê4(_) = _− q

[4]q

(
α
(

[4]q − 1
)

+ q
)_4, 4 ≥ 2.

Corollary 3. If ê ∈ T S∗q(α) then

|a4| ≤
q

[4]q

(
α
(

[4]q − 1
)

+ q
) , 4 ≥ 2.

Theorem 4. Let ê ∈ T S∗q(α). Then, for |_| = r < 1, we have

r − 1

(1 + α)(1 + q)
r2 ≤ |f(_)| ≤ r +

1

(1 + α)(1 + q)
r2.

Proof. We only prove the right hand inequality. The proof for the left hand

inequality is similar and will be omitted. Let ê ∈ T S∗q(α). Taking the absolute

value of ê we have

|ê(_)| ≤ r +
∞∑

4=2

|a4|r4

≤ r +
r2

(1 + α)(1 + q)

∞∑
4=2

1

q

(
α [4]2q + (q − α) [4]q

)
|a4|

< r +
1

(1 + α)(1 + q)
r2.
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We note that result in Theorem 4 is sharp for the following function,

ê2(_) = _− 1

(1 + α)(1 + q)
_
2

at _ = ±r.

The following covering result follows from the left hand inequality in Theorem

4.

Corollary 5. Let ê of the form (2) be so that T S∗q(α). Then{
w : |w| < q + α(1 + q)

(1 + α)(1 + q)

}
⊂ ê(U).

Here, we consider extreme points for functions ê ∈ T S∗q(α).

Theorem 6. Let ê1(_) = _ and ê4(_) = _− q

[4]q(α([4]q−1)+q)
_

4 for 4 ≥ 2. Then

ê ∈ T S∗q(α) if and only if it can be expressed in the form ê(_) =
∞∑

4=1

δ4ê4(_), where

δ4 ≥ 0 and
∞∑

4=1

δ4 = 1. In particular, the extreme points of T S∗q(α) are {ê4}.

Proof. We first assume

ê(_) =
∞∑

4=1

δ4ê4(_)

= _−
∞∑

4=2

δ4
q

[4]q

(
α
(

[4]q − 1
)

+ q
)_4.

Next, since

∞∑
4=2

δ4
q

[4]q

(
α
(

[4]q − 1
)

+ q
) [4]q

(
α
(

[4]q − 1
)

+ q
)

q

=
∞∑

4=2

δ4 = 1− δ1 ≤ 1,
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therefore by Theorem 2, ê ∈ T S∗q(α).

Conversely, suppose ê ∈ T S∗q(α). Since

|a4| ≤
q

[4]q

(
α
(

[4]q − 1
)

+ q
) , 4 ≥ 2,

we may set

δ4 =
[4]q

(
α
(

[4]q − 1
)

+ q
)

q
|a4|, 4 ≥ 2 and δ1 = 1−

∞∑
4=2

δ4.

Then,

∞∑
4=1

δ4ê4(_) = δ1ê1(_) +
∞∑

4=2

δ4ê4(_)

= δ1_+
∞∑

4=2

δ4

_− q

[4]q

(
α
(

[4]q − 1
)

+ q
)_4


=

∞∑
4=1

δ4_−
∞∑

4=2

δ4
q

[4]q

(
α
(

[4]q − 1
)

+ q
)_4

= _−
∞∑

4=2

|a4|_4 = ê(_).

Hence the proof is complete.

For analytic functions

êó(_) = _−
∞∑

4=2

|a4,ó|_4 (ó = 1, 2),

the convolution of êó is given by

(ê1 ∗ ê2)(_) = ê1(_) ∗ ê2(_) = _−
∞∑

4=2

|a4,1||a4,2|_4.

Using this definition, we show that the class T S∗q(α) is closed under convolution.
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Theorem 7. Let ê1 ∈ T S∗q(α1) and ê2 ∈ T S∗q(α2), where 0 ≤ α1 ≤ α2. Then

ê1 ∗ ê2 ∈ T S∗q(α2) ⊂ T S∗q(α1).

Proof. We wish to show that ê1 ∗ ê2 satisfies the coefficient condition (6). For

ê1 ∈ T S∗q(α1), we note that |a4,1| ≤ 1. Now, for the coefficients of convolution

function ê1 ∗ ê2, we can write

∞∑
4=1

[4]q

(
α1

(
[4]q − 1

)
+ q
)

q
|a4,1||a4,2|

≤
∞∑

4=1

[4]q

(
α1

(
[4]q − 1

)
+ q
)

q
|a4,2|

≤
∞∑

4=1

[4]q

(
α2

(
[4]q − 1

)
+ q
)

q
|a4,2| ≤ 2,

since 0 ≤ α1 ≤ α2 and ê2 ∈ T S∗q(α2). Therefore ê1 ∗ ê2 ∈ T S∗q(α2) ⊂ T S∗q(α1).

Now, we show that T S∗q(α) is closed under convex combinations of its

members.

Theorem 8. The class T S∗q(α) is closed under convex combinations.

Proof. For ó = 1, 2, 3, ..., let êó ∈ T S∗q(α), where fó is given by

êó(_) = _−
∞∑

4=2

|a4ó |_4.

Then by (6), we obtain

∞∑
4=1

[4]q

(
α
(

[4]q − 1
)

+ q
)

q
|a4ó | ≤ 2. (8)

For
∞∑

ó=1
ζó = 1, 0 ≤ ζó ≤ 1, the convex combinations of êó may be written as
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∞∑
ó=1

ζóêó(_) = _−
∞∑

4=2

 ∞∑
ó=1

ζó|a4ó |

_
4. (9)

Then by (8),

∞∑
4=1

[4]q

(
α
(

[4]q − 1
)

+ q
)

q

 ∞∑
ó=1

ζó|a4ó |



=
∞∑

ó=1

ζó

∞∑
4=1

[4]q

(
α
(

[4]q − 1
)

+ q
)

q
|a4ó |

≤ 2
∞∑

ó=1

ζó = 2.

Thus, we get
∞∑

ó=1

ζóêó(_) ∈ T S∗q(α).
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216 Sibel Yalçın and Hasan Bayram

[6] A. K. Wanas, J. Choi and N. E. Cho, Geometric properties for a family of

holomorphic functions associated with Wanas operator defined on complex Hilbert

space, Asian-European Journal of Mathematics 14(7) (2021), 1-14.

https://doi.org/10.1142/s1793557121501229

[7] H. M. Srivastava, A. K. Wanas and R. Srivastava, Applications of the

q-Srivastava-Attiya operator involving a certain family of bi-univalent functions

associated with the Horadam polynomials, Symmetry 13 (2021), Art. ID 1230, 1-14.

https://doi.org/10.3390/sym13071230

[8] A. K. Wanas and H. M. Ahsoni, Some geometric properties for a class of analytic

functions defined by beta negative binomial distribution series, Earthline Journal of

Mathematical Sciences 9(1) (2022), 105-116.

https://doi.org/10.34198/ejms.9122.105116

This is an open access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted,

use, distribution and reproduction in any medium, or format for any purpose, even commercially

provided the work is properly cited.

http://www.earthlinepublishers.com

https://doi.org/10.1142/s1793557121501229
https://doi.org/10.3390/sym13071230
https://doi.org/10.34198/ejms.9122.105116

	Introduction
	Main Results

