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Abstract 

In this article, we establish the existence of fixed points of rational type contractions in the 

setting of �-metric spaces and we verify the �-stability of the P property for some mappings. 

Also, we present a few examples to illustrate the validity of the results obtained in the paper. 

Finally, results are applied to find the solution for an integral equation. 

1. Introduction 

Fixed point theory is one of the most well-known and established theories in mathematics 

and has a variety of applications. In this theory, contraction is one of the main tools to 

prove the existence and uniqueness of a fixed point. In [4] Banach proved a very 

significant result in complete metric spaces which gives unique fixed point on complete 

metric space. In 1989, Bakhtin [3] and Czerwik [9] presented the notion of �-metric 

spaces as a generalization of metric spaces. Recently, Kamran et al. [16] gave the concept 

of extended �-metric space and introduced a counterpart of Banach contraction principle. 

Some well-known results in this direction are involved (see [1, 6, 8, 10, 14, 19-21, 23]). 

Theorem 1.1 (see [14]). Let � be a continuous self mapping on a complete metric 

space (�, �). If � is a rational type contraction, there exist 
, � ∈ [0,1), where 
 + � <1 such that  

 �(��, ��) ≤ 
�(�, �) + � �(�,��)�(�,��)�(�,�)                                  (1.1) 

for all �, � ∈ �, � ≠ �, then � has a unique fixed point in �.  



Mashkhas M. Hussein, Maged G. Bin-Saad and Anter A. Al-Sayad 

http://www.earthlinepublishers.com 

142

Theorem 1.2 (see [10]). Let � be a continuous self mapping on a complete metric space (�, �). If � is a rational type contraction, there exist 
, � ∈ [0,1), where 
 + � < 1 such 

that 

�(��, ��) ≤ 
�(�, �) + � ⋅ �(�,��)[� �(!,�!)]� �(!,�)                             (1.2) 

for all �, � ∈ �, then � has a unique fixed point in �. 
 Fisher [12] refined the result of Khan [19] in the following way. 

Theorem 1.3 (see [12]). Let � be a self mapping on a complete metric space (�, �). If � 

is a rational type contraction, � satisfies the inequality 

�(��, ��) ≤ # $�(!,�!)�(!,��) �(!,��)�(�,�!)�(!,��) �(�,�!) , %& �(�, ��) + �(�, ��) ≠ 0
0, %& �(�, ��) + �(�, ��) = 0(        (1.3) 

for all �, � ∈ �, where 0 ≤ # < 1. Then, � has a unique fixed point in �.  

 In this work we prove fixed points of rational type contractions in the context of �-metric spaces and show that the P property is �-stable for some mappings. Also, we 

give a few examples to show the applicability of the findings made in the paper. The 

solution to an integral equation is then determined using some findings. 

2.  Preliminaries 

In this section, we present a few key terms and definitions that will be used in our 

discussion. 

Definition 2.1 (see [3,9]). Let � be a set and let ) ≥ 1 be a given real number. A function �: � × � → .  is said to be a b-metric if and only if for all �, �, / ∈ � the following 

conditions are satisfied:   

1. �(�, �) = 0  if and only if  � = �; 
2. �(�, �) = �(�, �);  
3. �(�, /) ≤ ). [�(�, �) + �(�, /)].  

Then the pair (�, �) is called a �-metric space. 

Every metric space is �-metric for ) = 1, which is obvious from the concept of �-metric, but the opposite is not true. 
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The following examples gives us evidence that �-metric space is indeed different 

from metric space.  

Example 2.1 (see [22]). Let (�, �) be a metric space and let the mapping �: � × � →[0, ∞) be defined by 

 �(�, �) = (�(�, �)): , for all  �, � ∈ � 

where < > 1 is a fixed real number. Then (�, �) is a �-metric space with ) = 2:?�. 
In particular, if � = ℝ, �(�, �) = |� − �| is the usual Euclidean metric and 

 �(�, �) = (� − �)C, for all �, � ∈ ℝ 

then (ℝ, �) is a �-metric with ) = 2. However, (ℝ, �) is not a metric space on ℝ since 

the axiom 3 in Defintion 2.1 does not hold. Indeed, 

 �(−2,2) − 16 > 8 − 4 + 4 − �(−2,0) + �(0,2). 
Example 2.2 (see [18]). Let � be the set of Lebesgue measurable functions on [0,1] such 

that  

 G  �H |�(I)|C dI < ∞. 
Define �: � × � → [0, ∞) by  

 �(�, �) = G  �H |�(I) − �(I)|C dI. 
Then � satisfies the following properties   

1.  �(�, �) = 0 if and only if � = �,  

2.  �(�, �) = �(�, �), for any �, � ∈ �,  

3.  �(�, �) ≤ 2(�(�, /) + �(/, �)), for any points �, �, / ∈ �.  

Clearly, (�, �) is a �-metric space with ) = 2 but is not a metric space. For example, take �(I) = 0, �(I) = 1 and /(I) = �C, for all I ∈ [0,1]. Then  

 �(0,1) = 1 > �C = �J + �J = � K0, �CL + � K�C , 1L. 
We present now the concepts of convergence, Cauchy sequence and completeness in �-metric spaces.  

Definition 2.2 (see [5]). Let (�, �) be a b-metric space. Then, a sequence {NO} in � is 
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called:   

1. convergent if and only if there exists Q ∈ � such that �(�O, Q) → 0, as R → +∞. 

In this case we write limO→T�O = Q.  

2. Cauchy if and only if �(�O , �U) → 0, as R, V → +∞. 
Definition 2.3 (see [2]). The �-metric space (�, �) is said complete if every Cauchy 

sequence in � converges in �. 
3.   Main Results 

The following lemma is useful in proving all main results.  

Lemma 3.1 (see [13]). Let (�, �) be a �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping. Suppose that {�O} is a sequence in � induced by �O � = ��O 

such that  

 �(�O , �O �) ≤ W�(�O?�, �O) 

for all R ∈ ℕ, where W ∈ [0,1) is a constant. Then {�O} is a Cauchy sequence.  

Now, we will prove of our main theorems.  

Theorem 3.1. Let (�, �) be a �-complete �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping such that 

�(��, ��) ≤ W��(�, �) + WC �(!,�!)�(�,�!) �(�,�!)�(!,��)�(!,��) �(�,�!)                        (3.1) 

for all �, � ∈ � and W�, WC ≥ 0, �(�, ��) + �(�, ��) ≠ 0 with W� + WC < 1. Then � has a 

unique fixed point in �. 
Proof. Let �H be arbitrary in �, we define a sequence {�O} in � such that 

 �O � = ��O, 
for all R ∈ ℕ, from the condition (3.1) with � = �O and � = �O?�. Therefore 

�(�O , �O �) = �(��O?�, ��O)  

 ≤ W��(�O?�, �O) + WC �(!Z[\ ,�!Z[\)�(!Z,�!Z[\) �(!Z,�!Z)�(!Z[\,�!Z)�(!Z[\,�!Z) �(!Z,�!Z[\)  

 ≤ W��(�O?�, �O) + WC �(!Z[\ ,!Z)�(!Z,!Z) �(!Z,!Z]\)�(!Z[\,!Z]\)�(!Z[\,!Z]\) �(!Z,!Z)  

 ≤ W��(�O?�, �O) + WC�(�O , �O �). 
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 It follows that  

 (1 − WC)�(�O, �O �) ≤ W��(�O?�, �O) (3.2) 

�(�O, �O �) ≤ K ^\�?^_L �(�O?�, �O).  
Put W = ^\�?^_. In view of W� + WC < 1, then 0 ≤ W < 1. Thus, by Lemma 3.1, {�O} is a 

�-Cauchy sequence in �. Since (�, �) is �-complete, there exists some point Q∗ ∈ � such 

that �O → Q∗ as R → ∞. 

By (3.1), it is easy to see that  

 �(�O �, �Q∗) = �(��O, �Q∗) (3.3) 

≤ W��(�O, Q∗) + WC �(!Z,�!Z)�(a∗,�!Z) �(a∗,�!∗)�(!Z,�a∗)�(!Z,�a∗) �(a∗,�!Z)   

 ≤ W��(�O , Q∗) + Wb �(!Z,!Z]\)�(a∗,!Z]\) �(a∗,�a∗)�(!Z,�a∗)�(!Z,�a∗) �(a∗,!Z]\)  . (3.4) 

Taking the limit as R → ∞ by both parties of (3.4), we have limO→T�(�O � (, (�Q∗) = 0. 

That is, �O → �Q∗. Hence, �Q∗ = Q∗, Q∗ is a fixed point of �. 

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed 

point c∗, then by (3.1),  

 �(Q∗, c∗) = �(�Q∗, �c∗) 

 ≤ W��(Q∗, c∗) + WC �(a∗ ,�a∗)�(d∗,�a∗) �(d∗,�d∗)�(a∗,�d∗)�(a∗ ,�d∗) �(d∗,�a∗)  

 ≤ W��(Q∗, c∗) + WC �(a∗ ,a∗)�(d∗,a∗) �(d∗,d∗)�(a∗,d∗)�(a∗,d∗) �(d∗,a∗) } 

 �(Q∗, c∗) ≤ W��(Q∗, c∗). (3.5) 

Since W� + WC < 1 implies W� < 1, we obtain that �(Q∗, c∗) = 0, i.e., Q∗ = c∗. 
Example 3.1. Let � = [0,1] be equipped with the �-complete �-metric given by �(�, �) = |� − �|C with ) = 2. Consider the mapping �: � → � defined by 

�(�) = ��e �Cf?!_
  

for all �, � ∈ � 

 �(��, ��) = g ��e �Cf?!_ − ��e �Cf?�_gC
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 ≤ �h i�Cf?!_ − �Cf?�_iC
 

 ≤ �h |� − �|C ≤ �b �(�, �) 

 ≤ W��(�, �) + WC �(!,��)�(!,�!) �(�,��)�(!,��)�(!,��) �(�,�!) . 
Then, from Theorem 3.1, � has unique fixed point.  

Theorem 3.2. Let (�, �) be a �-complete �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping such that  

�(��, ��) ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!)   

+Wb �(!,�!)�(�,�!) �(�,��)�(!,��)�(!,��) �(�,�!)  ,                                    (3.6) 

where W�, WC, Wb are nonnegative constants with W� + WC + Wb < 1. Then � has a unique 

fixed point in �. 
Proof. Choose �H ∈ � and construct a Picard iterative sequence {�O} by �O � = ��O. If 

there exists RH ∈ ℕ such that �Oj = �Oj �, then �Oj = �Oj � = ��Oj , i.e., �Oj  is a fixed 

point of �. Next, without loss of generality, let �O ≠ �O � for all R ∈ ℕ. By (3.6), we get 

 �(�O , �O �) = �(��O?�, ��O) 

 ≤ W��(�O?�, �O) + WC �(!Z[\,�!Z[\)�(!Z[\,�!Z) �(!Z,�!Z)�(!Z,�!Z[\)�(!Z[\,�!Z) �(!Z,�!Z[\)  

 +Wb �(!Z[\,�!Z[\)�(!Z,�!Z[\) �(!Z,�!Z)�(!Z[\,�!Z)�(!Z[\,�!Z) �(!Z,�!Z[\)  

 ≤ W��(�O?�, �O) + WC �(!Z[\,!Z)�(!Z[\,!Z]\) �(!Z,!Z]\)�(!Z,!Z)�(!Z[\,!Z]\) �(!Z,!Z)  

 +Wb �(!Z[\,!Z)�(!Z,!Z) �(!Z,!Z]\)�(!Z[\,!Z]\)�(!Z[\,!Z]\) �(!Z,!Z)  

 ≤ W��(�O?�, �O) + WC�(�O?�, �O) + Wb�(�O , �O �). 
It follows that  

 (1 − Wb)�(�O , �O �) ≤ (W� + WC)�(�O?�, �O) (3.7) 

 �(�O , �O �) ≤ K^\ ^_�?^k L �(�O?�, �O). 
Put W = ^\ ^_ �?^k . In view of W� + WC + Wb + WJ + Wl < 1, then 0 ≤ W < 1. Thus, by 



Fixed Point Results of Rational Type-contraction Mapping in B-Metric Spaces … 

Earthline J. Math. Sci. Vol. 12 No. 2 (2023), 141-164 

147

Lemma 3.1, {�O} is a �-Cauchy sequence in �. Since (�, �) is �-complete, there exists 

some point Q∗ ∈ � such that �O → Q∗ as R → ∞. 

By (3.6), it is easy to see that  

�(Q∗, �Q∗) ≤ ){�(Q∗, �O �) + �(�O �, �Q∗)} (3.8) 

= ){�(Q∗, �O �)} + ){�(��O , �Q∗)} 

≤ ){�(Q∗, �O �)} + ){W��(�O, Q∗)  

+ WC �(!Z,�!Z)�(!Z,�a∗) �(a∗,�a∗)�(a∗,�!Z)�(!Z,�a∗) �(a∗,�!Z)    
        +Wb �(!Z,�!Z)�(a∗,�!Z) �(a∗ ,�a∗)�(!Z,�a∗)�(!Z,�a∗) �(a∗,�!Z) } 

≤ ){�(Q∗, �O �)} + ){W��(�O, Q∗)    

+WC �(!Z,!Z]\)�(!Z,�a∗) �(a∗,�a∗)�(a∗,!Z]\)�(!Z,�a∗) �(a∗ ,!Z]\)                                (3.9) 

        +Wb �(!Z,!Z]\)�(a∗,!Z]\) �(a∗,�a∗)�(!Z,�a∗)�(!Z,�a∗) �(a∗,!Z]\) }.  
Taking the limit as R → ∞ by both parties of (3.9), we have limO→T�(Q∗, �Q∗) = 0. 
Hence, �Q∗ = Q∗ and Q∗ is a fixed point of �. 

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed 

point c∗, then by (3.6),  

 �(Q∗, c∗) = �(�Q∗, �c∗) 

 ≤ W��(Q∗, c∗) + WC �(a∗ ,�a∗)�(a∗,�d∗) �(d∗,�d∗)�(d∗,�a∗)�(a∗ ,�d∗) �(d∗,�a∗)  

 +Wb �(a∗,�a∗)�(d∗,�a∗) �(d∗,�d∗)�(a∗,�d∗)�(a∗,�d∗) �(d∗,�a∗)  

 ≤ W��(Q∗, c∗) + WC �(a∗ ,a∗)�(a∗ ,d∗) �(d∗,d∗)�(d∗,a∗)�(a∗,d∗) �(d∗,a∗)  

 +Wb �(a∗,a∗)�(d∗,a∗) �(d∗,d∗)�(a∗ ,d∗)�(a∗ ,d∗) �(d∗ ,a∗)  

 �(Q∗, c∗) ≤ W��(Q∗, c∗). (3.10) 

Since W� + WC + Wb < 1 implies W� + Wb < 1, we have �(Q∗, c∗) = 0, i.e., Q∗ = c∗. 
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Example 3.2. Let � = [0,1] and define a mapping �: � × � → ℝ  by �(�, �) = |� −�|:(< ≥ 1). We claim that (�, �) is a �-complete �-metric space with coefficient ) = 2:?�. Define a mapping �: � → � by �� = f!?C^, where W > 1 + nR2 is a constant. 

Then by mean value theorem of differentials, for any �, � ∈ � and � ≠ �, there exists 

some real number o belonging to between � and � such that  

 �(��, ��) = ie!?C^ − e�?C^i: = qer?C^s:|� − �|: 

 ≤ qeC?C^s:�(�, �) 

 ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!)  

 +Wb �(!,�!)�(�,�!) �(�,��)�(!,��)�(!,��) �(�,�!) , 
where W� = qeC?C^s:, WC = Wb = 0. Obviously, W� + WC + Wb < 1. Hence, all the 

conditions of Theorem 3.2 are satisfied and � has a unique fixed point in �, i.e., �H is the 

fixed point.  

Theorem 3.3. Let (�, �) be a �-complete �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping such that  

�(��, ��) ≤ W��(�, �) + WC �(!,�!)�(�,��)�(!,�) + Wb �(!,��)�(�,�!)�(,�)   

+WJ[�(�, ��) + �(�, ��)] + Wl[�(�, ��) + �(�, ��)]        (3.11) 

for all �, � ∈ � and W�, WC, Wb, WJ tR� Wl are nonnegative constants with W� + WC + Wb +2WJ + 2)Wl < 1. Then � has a unique fixed point in �. 
Proof. Let �H be arbitrary in �, we define a sequence {�O} in � such that 

�O � = ��O, 
for all R ∈ ℕ, from the condition (3.11) with � = �O and � = �O?�. Therefore 

�(�O , �O �) = �(��O?�, ��O)  

≤ W��(�O?�, �O) + WC �(!Z[\ ,�!Z[\)�(!Z,�!Z)�(!Z[\,!Z) + Wb �(!Z[\,�!Z)�(!Z,�!Z[\)�(!Z[\,!Z)   

+WJ[�(�O?�, ��O?�) + �(�O, ��O)] + Wl[�(�O , ��O?�) + �(�O?�, ��O)]  
≤ W��(�O?�, �O) + WC �(!Z[\ ,!Z)�(!Z,!Z]\)�(!Z[\,!Z) + Wb �(!Z[\,!Z]\)�(!Z,!Z)�(!Z[\,!Z)   
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+WJ[�(�O?�, �O) + �(�O , �O �)] + Wl[�(�O , �O) + �(�O?�, �O �)]  
≤ W��(�O?�, �O) + WC�(�O , �O �) + WJ[�(�O?�, �O) + �(�O , �O �)]  

+ Wl[�(�O?�, �O �)]  
 ≤ W��(�O?�, �O) + WC�(�O, �O �) + WJ[�(�O?�, �O) + �(�O, �O �)]  

 +)Wl[�(�O?�, �O) + �(�O, �O �)].  
 It follows that  

 (1 − WC − WJ − )Wl)�(�O, �O �) ≤ (W� + WJ + )Wl)�(�O?�, �O) (3.12) 

�(�O , �O �) ≤ K ^\ ^u vw�?^_?^u?v^wL �(�O?�, �O).  
Put 

^\ ^u vw�?^_?^u?v^w. In view of W� + WC + Wb + 2WJ + 2)Wl < 1, then 0 ≤ W < 1. Thus, by 

Lemma 3.1, {�O} is a �-Cauchy sequence in �. Since (�, �) is �-complete, there exists 

some point Q∗ ∈ � such that �O → Q∗ as R → ∞. 

By (3.11), it is easy to see that  

�(Q∗, �Q∗) ≤ ){�(Q∗, �O �) + �(�O �, �Q∗)} (3.13) 

= ){�(Q∗, �O �)} + ){�(��O , �Q∗)}  

≤ ){�(Q∗, �O �)} + )W��(�O , Q∗) + )WC �(!Z,�!Z)�(a∗ ,�a∗)�(!Z,a∗) + )Wb �(!Z,�a∗)�(a∗,�!Z)�(!Z,a∗)   

+)WJ[�(�O, ��O) + �(Q∗, �Q∗)] + )Wl[�(Q∗, ��O) + �(�O , �Q∗)]  
≤ ){�(Q∗, �O �)} + )W��(�O , Q∗) + WC �(!Z,!Z]\)�(a∗,�a∗)�(!Z,a∗) + Wb �(!Z,�a∗)�(a∗,!Z]\)�(!Z,a∗)   

+)WJ[�(�O, �O �) + �(Q∗, �Q∗)] + )Wl[�(Q∗, �O �) + �(�O, �Q∗)]  
≤ ){�(Q∗, �O �)} + )W��(�O , Q∗) + WC �(!Z,!Z]\)�(a∗,�a∗)�(!Z,a∗) + Wb �(!Z,�a∗)�(a∗,!Z]\)�(!Z,a∗)   

+)WJ�(�O , �O �) + )CWJ[�(Q∗, �O) + �(�O , �Q∗)] + )Wl[�(Q∗, �O �) + �(�O, �Q∗)].  
Taking the limit as R → ∞ by both parties of (3.14), we have limO→T�(Q∗ (, (�Q∗) = 0. 

Hence, �Q∗ = Q∗and N∗ is a fixed point of �. 

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed 

point c∗, then by (3.11), 
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�(Q∗, c∗) = �(�Q∗, �c∗)  

≤ W��(Q∗, c∗) + WC �(a∗,�a∗)�(d∗,�d∗)�(a∗ ,d∗) + Wb �(a∗ ,�d∗)�(d∗,�a∗)�(a∗,d∗)   

+WJ[�(Q∗, �Q∗) + �(c∗, �Q∗)] + Wl[�(c∗, �Q∗) + �(Q∗, �c∗)]  
≤ W��(Q∗, c∗) + WC �(a∗,a∗)�(d∗,d∗)�(a∗,d∗) + Wb �(a∗,d∗)�(d∗,a∗)�(a∗,d∗) }  

+WJ[�(Q∗, Q∗) + �(c∗, c∗)] + Wl[�(c∗, Q∗) + �(Q∗, c∗)]  
�(Q∗, c∗) ≤ W��(Q∗, c∗) + Wb�(Q∗, c∗) + 2Wl�(Q∗, c∗)  

≤ (W� + Wb + 2Wl)�(Q∗, c∗) (3.14) 

since 0 < W� + WC + Wb + 2WJ + 2)Wl < 1 implies W� + Wb + 2Wl < 1, then we have �(N∗, x∗) = 0. Thus, we proved that � have a unique fixed point in �. 
Example 3.3. Let � = [0,1] with the usual metric. We define an operator �: � → � as 

follows:  

 �� = y !�C if � ∈ z0, �J{
!| − �Je if � ∈ K�J , 1{ .( 

Then � is continuous and non-decreasing. Take W� = �l. Then, for any WC, Wb ∈ [0,1) with W� + WC + Wb < 1. 
Case 01. If �, � ∈ z0, �J{, then  

 �(��, ��) = ��C |� − �| 
 ≤ �l |� − �| = �l �(�, �) 

 ≤ �l �(�, �) + WC �(!,�!)�(�,��)�(!,�) + Wb �(!,��)�(�,�)�(!,�)  

 +WJ[�(�, ��) + �(�, ��)] + Wl[�(�, ��) + �(�, ��)].  
Thus, all the conditions of Theorem 3.3 are satisfied. 

Case 02. If �, � ∈ K�J , 1{, then  

 �(��, ��) = ��C |� − �| 
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 ≤ �l |� − �| = �l �(�, �) 

 ≤ �l �(�, �) + WC �(!,�!)�(�,��)�(!,�) + Wb �(!,��)�(�,�!)�(!,�)  

 +WJ[�(�, ��) + �(�, ��)] + Wl[�(�, ��) + �(�, ��)]. 
Thus, all the conditions of Theorem 3.3 are satisfied. 

Case 03. If � ∈ K�J , 1{ and � ∈ z0, �J{, then we can easily evaluate that 
�Je |4� − 1| ≤ �Je. 

Further, we have  

 �(��, ��) = g!| − �Je − ��Cg 
 ≤ ��C |� − �| + �Je |2� − 1| 
 ≤ �l �(�, �) + WC �(!,�!)�(�,��)�(!,�) + Wb �(!,��)�(�,�!)�(!,�)  

  +WJ[�(�, ��) + �(�, ��)] + Wl[�(�, ��) + �(�, ��)].  
Thus all conditions of Theorem 3.3 are satisfied in �.Therefore, 0 ∈ � is the unque fixed 

point of �.  

Theorem 3.4. Let (�, �) be a �-complete �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping such that  

 �(��, ��) ≤ W��(�, �) + WC �(!,�!)�(�,��)�(!,�) + Wb �(�,��)[� �(!,�!)]� �(!,�)  (3.15) 

for all �, � ∈ � and W�, WC, Wb are nonnegative constants with W� + WC + Wb < 1. Then � 

has a unique fixed point in �. 
Proof. Let �H be arbitrary in �, we define a sequence {�O} in � such that 

 �O � = ��O, 
for all R ∈ ℕ, from the condition (3.16) with � = �O and � = �O?�. Therefore 

�(�O , �O �) = �(��O?�, ��O)   

≤ W��(�O?�, �O) + WC �(!Z[\ ,�!Z[\)�(!Z,�!Z)�(!Z[\,}) + Wb �(!Z,�!Z)[� �(!Z[\,�!Z[\])� �(!Z[\,!Z)   

≤ W��(�O?�, �O) + WC �(!Z[\ ,!Z)�(!Z,!Z]\)�(!Z[\,!Z) + Wb �(!Z,!Z]\)[� �(!Z[\,!Z)� �(!Z[\,!Z)   

≤ W��(�O?�, �O) + WC�(�O , �O �) + Wb�(�O , �O �).  
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It follows that  

 (1 − WC − Wb)�(�O , �O �) ≤ W��(�O?�, �O) (3.16) 

�(�O , �O �) ≤ K ^\�?^_?^kL �(�O?�, �O).  
Put W = ^\�?^_?^k. In view of W� + WC + Wb < 1, then 0 ≤ W < 1. Thus, by Lemma 3.1, 

{�O} is a �-Cauchy sequence in �. Since (�, �) is �-complete, then there exists some 

point Q∗ ∈ � such that �O → Q∗ as R → ∞. 

By (3.16), it is easy to see that  

�(Q∗, �Q∗) ≤ ){�(Q∗, �O �) + �(�O �, �Q∗)} (3.17) 

= ){�(Q∗, �O �)} + ){�(��O , �Q∗)}  

≤ ){�(Q∗, �O �)} + ){W��(�O, Q∗) + WC �(!Z,�!Z)�(a∗,�a∗)�(!Z,a∗)   

+Wb �(a∗,�a∗)[� �(!Z,�!Z)]� �(!Z,a∗) }  

≤ ){�(Q∗, �O �)} + ){W��(�O, Q∗) + WC �(!Z,!Z]\)�(a∗,�a∗)�(!Z,a∗)   

+Wb �(a∗,�a∗)[� �(a∗,!Z]\)]�(!Z,a∗) }. (3.18) 

Taking the limit as R → ∞ by both parties of (3.19), we have limO→T�(Q∗ (, (�Q∗) = 0. 

Hence, �Q∗ = Q∗ and Q∗ is a fixed point of �. 

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed 

point c∗, then by (3.16), 
 �(Q∗, c∗) = �(�Q∗, �c∗) 

 ≤ W��(Q∗, c∗) + WC �(a∗ ,�a∗)�(d∗,�d∗)�(a∗,d∗) + Wb �(d∗,�d∗)[� �(a∗,�a∗)]� �(a∗,d∗)  

 ≤ W��(Q∗, c∗) + WC �(a∗ ,a∗)�(d∗,d∗)�(a∗,d∗) + Wb �(d∗,d∗)[� �(a∗,a∗)]� �(a∗,d∗) } 

 �(Q∗, c∗) ≤ W��(Q∗, c∗) (3.19) 

since 0 < W� + WC + Wb < 1 implies W� < 1, then we get �(Q∗, c∗) = 0. Thus, we proved 

that � have a unique fixed point in �.  

Example 3.4. Let (�, �) be a complete �-metric space, where � = [0, ∞) and �: � ×
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� → [0, ∞), �(�, �) = (� − �)C. Let �: � → � be defined by �� = !J. Obviously,  

�(��, ��) = (!?�)_
�| ,    �(�, ��) = h!_

�| ,    �(�, ��) = h�_
�|   

and, choosing W� = ��|, WC = �e and Wb = �J we get 

 �(��, ��) = ��| (� − �)C 

 ≤ ��| (� − �)C + �e �(!,�!)�(�,��)�(!,�) + �J �(�,��)[� �(!,�!)]� �(!,�)  . 

Clearly, W� + WC + Wb = ��| + �e + �J = ~�| < 1. We conclude that inequality (3.16) remains 

valid by an application of Theorem 3.4, � has a unique fixed point. It is seen that 0 is the 

unique fixed point of �.  

Theorem 3.5. Let (�, �) be a �-complete �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping such that  

 �(��, ��) ≤ W��(�, �) + WC �(!,�!)�(�,��)�(!,�) + Wb �(!,��)�(�,�!)�(!,�)    

 +WJ �(�,��)[� �(!,�!)]� �(!,�)   (3.20) 

for all �, � ∈ � and W�, WC, Wb are nonnegative constants with W� + WC + Wb < 1. Then � 

has a unique fixed point in �. 
Proof. Let � be arbitrary in �, we define a sequence {�O} in � such that 

 �O � = ��O, 
for all R ∈ ℕ, from the condition (3.20) with � = �O and � = �O?�. Therefore 

 �(�O , �O �) = �(��O?�, ��O) 

 ≤ W��(�O?�, �O) + WC �(!Z[\,�!Z[\)�(!Z,�!Z)�(!Z[\,!Z)  

    +Wb �(!Z[\,�!Z)�(!Z,�!Z[\)�(!Z[\,!Z) + WJ �(!Z,�!Z)[� �(!Z[\,�!Z[\])� �(!Z[\,!Z)  

 ≤ W��(�O?�, �O) + WC �(!Z[\,!Z)�(!Z,!Z]\)�(!Z[\,!Z)  

     +Wb �(!Z[\,!Z]\)�(!Z,!Z)�(!Z[\,!Z) + WJ �(!Z,!Z]\)[� �(!Z[\,!Z)� �(!Z[\,!Z)  

 ≤ W��(�O?�, �O) + WC�(�O, �O �) + WJ�(�O , �O �). 
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 It follows that  

 (1 − WC − WJ)�(�O , �O �) ≤ W��(�O?�, �O) (3.21) 

�(�O , �O �) ≤ K ^\�?^_?^uL �(�O?�, �O).  
Put W = ^\�?^_?^u. In view of W� + WC + Wb < 1, then 0 ≤ W < 1. Thus, by Lemma 3.1, 

{�O} is a �-Cauchy sequence in �. Since (�, �) is �-complete, there exists some point Q∗ ∈ � such that �O → Q∗ as R → ∞. 

By (3.21), it is easy to see that  

�(Q∗, �Q∗) ≤ ){�(Q∗, �O �) + �(�O �, �Q∗)} (3.22)  

= ){�(Q∗, �O �)} + ){�(��O , �Q∗)}   

≤ ){�(Q∗, �O �)} + ){W��(�O, Q∗) + WC �(!Z,�!Z)�(a∗,�a∗)�(!Z,a∗)   

+Wb �(!Z,�a∗)�(a∗,�!Z)�(!Z,a∗) + WJ �(a∗,�a∗)[� �(!Z,�!Z)]� �(!Z,a∗) }  

≤ ){�(Q∗, �O �)} + ){W��(�O, Q∗) + WC �(!Z,!Z]\)�(a∗,�a∗)�(!Z,a∗)   

+Wb �(!Z,�a∗)�(a∗,�!Z]\)�(!Z,a∗) + WJ �(a∗,�a∗)[� �(!Z,!Z]\)]�(!Z,a∗) }.  (3.23) 

Taking the limit as R → ∞ by both parties of (3.24), we have limO→T�(Q∗ (, (�Q∗) = 0. 

Hence, �Q∗ = Q∗ and Q∗ is a fixed point of �. 

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed 

point c∗, then by (3.21), 
�(Q∗, c∗) = �(�Q∗, �c∗)  

≤ W��(Q∗, c∗) + WC �(a∗,�a∗)�(d∗,�d∗)�(a∗ ,d∗) + Wb �(a∗ ,�d∗)�(d∗,�a∗)�(a∗,d∗)   

+WJ �(d∗ ,�d∗)[� �(a∗ ,�a∗)]� �(a∗,d∗)   

≤ W��(Q∗, c∗) + WC �(a∗,a∗)�(d∗,d∗)�(a∗,d∗) + Wb �(a∗,d∗)�(d∗,a∗)�(a∗,d∗) + WJ �(d∗,d∗)[� �(a∗,a∗)]� �(a∗,d∗) }  

�(Q∗, c∗) ≤ W��(Q∗, c∗) + Wb�(Q∗, c∗)  

≤ (W� + Wb)�(Q∗, c∗)  (3.24) 
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since 0 < W� + WC + Wb < 1 implies W� + Wb < 1, then we get �(Q∗, c∗) = 0. Thus, we 

proved that � have a unique fixed point in �.  

Example 3.5. Let � = [0,1] be equipped with the b-metric �(�, �) = |� − �|C for all �, � ∈ �. Then (�, �) is a b-metric space with parameter ) = 2 and it is complete. Let �: � ⟶ � be defined as  

 �(�) = !l ,    � ∈ [0,1]. 
Then for �, � ∈ �,  

 2�(��, ��) = 2� K!l , �lL 

 = CCl |� − �|C 

 ≤ CCl �(�, �) + JCl �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Cl �(��, ��). 
Clearly, W� + WC + Wb = CCl + JCl + Cl = �|Cl < 1. We conclude that inequality (3.26) 

remains valid by an application of Theorem 3.6, � has a unique fixed point. It is seen that 0 is the unique fixed point of �.  

Theorem 3.6. Let (�, �) be a �-complete �-metric space with coefficient ) ≥ 1 and �: � → � be a mapping such that 

 )�(��, ��) ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��) (3.25) 

for all �, � ∈ � and W�, WC, Wb ≥ 0, �(�, ��) + �(�, ��) ≠ 0 with W� + WC + Wb < 1. 

Then � has a unique fixed point in �. 
Proof. Let � be arbitrary in �, we define a sequence {�O} in � such that 

 �O � = ��O, 
for all R ∈ ℕ, from the condition (3.26) with � = �O and � = �O?�. Therefore 

�(�O , �O �) = )�(��O?�, ��O)  

 ≤ W��(�O?�, �O) + WC �(!Z[\,�!Z[\)�(!Z[\,�!Z) �(!Z,�!Z)�(!Z,�!Z[\)�(!Z[\,�!Z) �(!Z,�!Z[\)   

 +Wb�(��O?�, ��O)  

 ≤ W��(�O?�, �O) + WC �(!Z[\,!Z)�(!Z[\,!Z]\) �(!Z,!Z]\)�(!Z,!Z)�(!Z[\,!Z]\) �(!Z,!Z)   
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 +Wb�(�O , �O �)  

 ≤ W��(�O?�, �O) + WC�(�O?�, �O) + Wb�(�O , �O �).  
It follows that  

 () − Wb)�(�O , �O �) ≤ (W� + WC)�(�O?�, �O) (3.26) 

 �(�O , �O �) ≤ K^\ ^_v?^k L �(�O?�, �O). 
Put W = ^\ ^_v?^k . In view of W� + WC + Wb < 1, then 0 ≤ W < 1. Thus, by Lemma 3.1, {�O} 

is a �-Cauchy sequence in �. Since (�, �) is �-complete, there exists some point Q∗ ∈ � 

such that �O → Q∗ as R → ∞. 

By (3.26), it is easy to see that  

�(Q∗, ��∗) ≤ ){�(Q∗, �O �) + �(�O �, �Q∗)} (3.27) 

= ){�(Q∗, �O �)} + ){�(��O , �Q∗)}  

≤ ){�(Q∗, �O �)} + {W��(�O, Q∗) + WC �(!Z,�!Z)�(!Z,�a∗) �(a∗,�a∗)�(a∗,�!Z)�(!Z,�a∗) �(a∗ ,�!Z)   

+Wb�(��O, �Q∗)  

≤ ){�(Q∗, �O �)}   

+ �W��(�O, Q∗) + WC �(!Z,!Z]\)�(!Z,�a∗) �(a∗,�a∗)�(a∗,!Z]\)�(!Z,�a∗) �(a∗,!Z]\) + Wb�(NO �, �N∗)�.  (3.28) 

Taking the limit as R → ∞ by both parties of (3.29), we have limO→T�(Q∗ (, (�Q∗) = 0. 

Hence, �Q∗ = Q∗ and Q∗ is a fixed point of �. 

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed 

point c∗, then by (3.26), 
)�(Q∗, c∗) = )�(�Q∗, �c∗)  

≤ W��(Q∗, c∗) + WC �(a∗,�d∗)�(d∗,�a∗) �(d∗,�d∗)�(a∗,�d∗)�(a∗,�d∗) �(d∗,�a∗) + Wb�(�Q∗, �c∗)  

 ≤ W��(Q∗, c∗) + WC �(a∗,a∗)�(d∗,a∗) �(d∗,d∗)�(a∗,d∗)�(a∗,d∗) �(d∗,a∗) } + Wb�(N∗, x∗)�(Q∗, c∗)  

≤ W��(Q∗, c∗) + Wb�(Q∗, c∗)  

≤ (W� + Wb)�(Q∗, c∗) (3.29) 
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since 0 < W� + WC + Wb < 1 implies W� + Wb < 1, then we get �(Q∗, c∗) = 0. Thus, we 

proved that � have a unique fixed point in �.  

Example 3.6. Let � = {1,2,3}, and let �: � × � → [0, +∞) be a mapping satisfies the 

following condition for all �, � ∈ �:   

1. �(�, �) = 0, where � = �; 

2. �(1,2) = 1,    �(1,3) = 4,    �(2,3) = 2.  

It is easy to check that � is a �-metric with ) = Jb. Consider mapping �: � → �, by  

 �(1) = �(2) = 1,    �(3) = 2. 
Let W� = �C , WC = �l  and Wb = ��H. Clearly, W� + WC + Wb = Jl < 1. Next, we will verify the 

condition (3.26). It have the following cases to be considered. 

Case 1. �(��, ��) = 0. Clearly, the inequality (3.26) holds. 

Case 2. �(��, ��) = 1, that is, �� = 1, �� = 2 or �� = 2, �� = 1. When �� = 1,�� = 2, we get 

Case 2.1. � = 1, � = 3, we can get �(�, �) = 4, then  

 
Jb × 1 < 2 

 = �C × 4 = W��(�, �) 

 ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��). 
Thus, the inequality (3.26) holds. 

Case 2.2. � = 2, � = 3, we can get �(�, �) = 2, then  

 
Jb × 1 < ~l 

 = �C × 4 + Cl = W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!)  

 ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��). 
Thus, the inequality (3.26) holds. 

When �� = 2, �� = 1, we get 
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Case 2.3. � = 3, � = 1, we can get �(�, �) = 4, then  

 
Jb × 1 < 2 

 = �C × 4 = W��(�, �) 

 ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��). 
Thus, the inequality (3.26) holds. 

Case 2.4. � = 2, � = 3, we can get �(�, �) = 2, then  

 
Jb × 1 < ~l 

 = �C × 4 + Cl = W��(N, x) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!)  

 ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��). 
Thus, the inequality (3.26) holds. 

Remark 3.1.   

1) If ) = 1 and WC = Wb = WJ = Wl = 0 in Theorem 3.4, we get the Banach 

Theorem [4]. 

2) If ) = 1 and W� = WC = Wb = Wl = 0 in Theorem 3.4, we get the Kanan Theorem 

[17]. 

3) If ) = 1 and WC = Wb = Wl = 0 in Theorem 3.4, we get the Fisher Theorem [11]. 

4) If ) = 1 and W� = WC = Wb = WJ = 0 in Theorem 3.4, we get the Chaterjee 

Theorem [7]. 

5) If ) = 1 and Wb = WJ = Wl = 0 in Theorem 3.4, we get the result of Jaggi [2]. 

6) If ) = 1 and WC = Wb = 0 in Theorem 3.6, we get the result of Dass and Gupta 

[6]. 

Theorem 3.7. Let (�, �) be a �-metric space with coefficient ) ≥ 1. Let �: � → � be a 

mapping such that �(�) ≠ ∅ and that  

 �(��, �C�) ≤ W�(�, ��) (3.30) 

for all � ∈ �, where 0 ≤ W < 1 is a constant. Then � has the � property.  
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Proof. We always assume that R > 1, since the statement for R = 1 is trivial. Let � ∈ �(�O). By the hypotheses, we get 

 �(�, ��) = �(��O?��, �C�O?��) 

 ≤ W�(�O?��, �O�) 

 = W�(��O?C�, �C�O?C�) 

 ≤ WC�(�O?C�, �O?��) 

 ≤ ⋯ ≤ WO�(�, ��) → 0 (R → ∞).  
Hence, �(�, ��) = 0, that is, �� = �.  

Theorem 3.8. Under the conditions of Theorem 3.2, � has the � property.  

Proof. We have to prove that the mapping � satisfies (3.31) In fact, for any � ∈ �, for 

one thing, we have  

 �(��, �C�) = �(��, ���) 

           ≤ W��(�, ��) + WC �(!,�!)�(!,��!) �(�!,��!)�(�!,�!)�(!,��!) �(�!,�!)  

              +Wb �(!,�!)�(�!,�!) �(�!,��!)�(!,��!)�(!,��!) �(�!,�!)  

           ≤ W��(�, ��) + WC�(�, ��) + Wb�(��, �C�) 

  (1 − Wb)�(��, �C�) ≤ (W� + WC)�(�, ��) (3.31) 

                 �(�N, �CN) ≤ W� + WC1 − Wb �(�, ��). 
Denote that W = ^\ ^_�?^k . Note that W� + WC + Wb < 1, then W < 1. Accordingly, (3.31) is 

satisfied. Consequently, by Theorem 3.2, � has the � property.  

4.  Application to Non-Linear Integral Equations 

Let � = �[t, �] be the set of all real valued continuous functions on [t, �], where [t, �] 
is a closed and bounded interval in ℝ. For < > 1 a real number, define �: � × � → ℝ  

by:  

 �(�, �) = sup�∈[�,�]|�(I) − �(I)|: 
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for all �, � ∈ �. Therefore, (�, �) is a complete �-metric space with ) = 2:?�. In this 

section, we apply Theorem 3.6 to establish the existence of solution of nonlinear integral 

equation of Fredholm type defined by:  

 �(I) = �(I) + W G  �� �(I, ), �()))�), (4.1) 

where � ∈ �[t, �] is the unknown function, W ∈ ℝ, I, ) ∈ [t, �], �: [t, �] × [t, �] × ℝ →ℝ and �: [t, �] → ℝ are given continuous functions.  

Theorem 4.1. Assume that the following conditions are fulfilled.   

1. There exists a continuous function �: [t, �] × [t, �] → ℝ  such that for all �, � ∈ �, W ∈ ℝ and I, ) ∈ [t, �], we have 

|�(I, ), �())) − �(I, ), x()))|: ≤ �(I, ))�(�, �), 
where  

�(�, �) ≤ W��(�, �) + WC �(!,��)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��).  
2. |W| ≤ 1,  

3. sup�∈[�,�] G  �� �(I, ))�) ≤ �C�[\(�?�)�[\ .  
Then, the nonlinear integral equation (4.1) has a solution � ∈ �[t, �].  
Proof. Define a mapping �: � → � by:  

 ��(I) = �(I) + W G  �� �(I, ), �()))�), 
for all I ∈ [t, �]. So, the existence of a solution of (4.1) is equivalent to the existence and 

uniqueness of fixed point of �. Let � ∈ ℝ such that 
�: + �� = 1. Using the Holder 

inequality, (1), (2) and (3), we have  

�(��, ��) = sup�∈[�,�]|��(I) − ��(I)|:  

 ≤ |W|: sup�∈[�,�] KG  �� |(�(I, ), �())) − �(I, ), �())))|�)L:
 

 ≤ sup�∈[�,�] �KG  �� 1��)L\� KG  �� |(�(I, ), �())) − �(I, ), �())))|:�)L\��:
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 ≤ (� − t)�� sup�∈[�,�] KG  �� |(�(I, ), �())) − �(I, ), �())|:�)L 

 ≤ (� − t):?� sup�∈[�,�] KG  �� �(I, ))�)�(�, �)L 

 ≤ (� − t):?� sup�∈[�,�] KG  �� �(I, ))�)L �(�, �) 

 ≤ �C�[\ �(�, �). 
Thus  

 )�(��, ��) ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��). 
Hence, all the conditions of Theorem 3.6 hold. Consequently, the integral equation (4.1) 

has a solution � ∈ �[t, �].  
Example 4.1. Let � = �[0,1] be a set of all continuous functions on [0,1]. Define �: � × � → ℝ  by: 

 �(�, �) = sup�∈[H,�]|�(I) − �(I)|C, 
for all �, � ∈ �. Therefore, (�, �) is a complete �-metric space with ) = 2. Consider the 

following problem:  

 �(I) = 3I + �C G  �H �C )��) (4.2) 

is the exact solution of (4.2). 

Customize �(I, ), �())) = �C )N, �(I) = 3I and W = �C in Theorem 4.1. Note that:   

1.  � and � are continuous functions.  

2.  |W| = g�Cg < 1.  

3.  �(I, )) = (I))C, then  

sup�∈[H,�] G  �H �(I, ))�) = sup�∈[H,�] G  �H (I))C�)  

= sup�∈[H,�]I zvk
b {H

�
  



Mashkhas M. Hussein, Maged G. Bin-Saad and Anter A. Al-Sayad 

http://www.earthlinepublishers.com 

162

= �b sup�∈[H,�]I  

≤ �b < �C = �v .  
    4.  For ) ∈ [0,1], we have  

|�(I, ), �())) − �(I, ), �()))|C = �J (I))C|� − �|C  

 ≤ �J (I))C sup�∈[H,�]|� − �|C  

 = �J �(I, ))�(�, �),  
with �(I, )) = (I))C and  

�(�, �) ≤ W��(�, �) + WC �(!,�!)�(!,��) �(�,��)�(�,�!)�(!,��) �(�,�!) + Wb�(��, ��), 

where W� = �J , WC = Wb = 0 it means that W� + WC + Wb < 1. 

Therefore, the conditions of Theorem 4.1 are justified, hence the mapping � has a 

unique fixed point in �[0,1], with is the unique solution of problem (4.2).  
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