Earthline Journal of Mathematical Sciences
E-ISSN: 2581-8147

Volume 12, Number 2, 2023, Pages 141-164
https://doi.org/10.34198/ejms.12223.141164

Fixed Point Results of Rational Type-contraction Mapping in
b-Metric Spaces with an Application

Mashkhas M. Hussein', Maged G. Bin-Saad>" and Anter A. Al-Sayad’

Department of Mathematics, College of Education, Aden University, Aden, Yemen

e-mail: mashkhasmahmoud @ gmail.com1 ; mgbinsaad @ yahoo.comz; abdu2021 @hotmail .com3

Abstract

In this article, we establish the existence of fixed points of rational type contractions in the
setting of b-metric spaces and we verify the T-stability of the P property for some mappings.
Also, we present a few examples to illustrate the validity of the results obtained in the paper.
Finally, results are applied to find the solution for an integral equation.

1. Introduction

Fixed point theory is one of the most well-known and established theories in mathematics
and has a variety of applications. In this theory, contraction is one of the main tools to
prove the existence and uniqueness of a fixed point. In [4] Banach proved a very
significant result in complete metric spaces which gives unique fixed point on complete
metric space. In 1989, Bakhtin [3] and Czerwik [9] presented the notion of b-metric
spaces as a generalization of metric spaces. Recently, Kamran et al. [16] gave the concept
of extended b-metric space and introduced a counterpart of Banach contraction principle.
Some well-known results in this direction are involved (see [1, 6, 8, 10, 14, 19-21, 23]).

Theorem 1.1 (see [14]). Let T be a continuous self mapping on a complete metric
space (X,d). If T is a rational type contraction, there exist a,§ € [0,1), where a + § <
1 such that

d(Tp,Tq) < ad(p, q) + f2IRATD (1.1)

forallp,q € X,p # q, then T has a unique fixed point in X.
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Theorem 1.2 (see [10]). Let T be a continuous self mapping on a complete metric space
(X,d). If T is a rational type contraction, there exist a,§ € [0,1), where a + < 1 such
that

d(q,Tq)[1+d(p,Tp)
d(Tp,Tq) < ad(p,q) + p - LAEETERID (1.2)

forallp,q € X, then T has a unique fixed point in X.
Fisher [12] refined the result of Khan [19] in the following way.

Theorem 1.3 (see [12]). Let T be a self mapping on a complete metric space (X,d). If T

is a rational type contraction, T satisfies the inequality

d(p,Tp)d(p.,Tq)+d(p.Tq)d(q,Tp) .
d(p, T d(q,T 0
dTp Ty <k|  dwroraery 0 S A@TOTA@QTE0

0, ifd(p,Tq) +d(q,Tp) =0
forallp,q € X, where 0 < k < 1. Then, T has a unique fixed point in X.

In this work we prove fixed points of rational type contractions in the context of
b-metric spaces and show that the P property is T-stable for some mappings. Also, we
give a few examples to show the applicability of the findings made in the paper. The
solution to an integral equation is then determined using some findings.

2. Preliminaries

In this section, we present a few key terms and definitions that will be used in our
discussion.

Definition 2.1 (see [3,9]). Let X be a set and let s > 1 be a given real number. A function
d:X x X - R" is said to be a b-metric if and only if for all p,q,r € X the following
conditions are satisfied:

1. d(p,q) =0 ifandonlyif p = q;
2. d(p,q) = d(q,p);
3. d(p,r) <s.[dp,q) +d(qgn)]
Then the pair (X, d) is called a b-metric space.

Every metric space is b-metric for s = 1, which is obvious from the concept of

b-metric, but the opposite is not true.

http:/fwww.earthlinepublishers.com



Fixed Point Results of Rational Type-contraction Mapping in B-Metric Spaces ... 143

The following examples gives us evidence that b-metric space is indeed different
from metric space.

Example 2.1 (see [22]). Let (X,d) be a metric space and let the mapping d: X X X —
[0, 0) be defined by

d(,q) = (d(p, )", forall p,q € X
where 7 > 1 is a fixed real number. Then (X, d) is a b-metric space with s = 2771,
In particular, if X = R, d(p,q) = |p — q| is the usual Euclidean metric and

d(p,q) = (p —q)% forallp,q €R

then (R,d) is a b-metric with s = 2. However, (R, d) is not a metric space on R since
the axiom 3 in Defintion 2.1 does not hold. Indeed,

d(=22)—16 > 8 — 4+ 4 — d(—2,0) + d(0,2).

Example 2.2 (see [18]). Let X be the set of Lebesgue measurable functions on [0,1] such
that

1
[} Ip(0)]? dt < oo.

Define d: X X X — [0, o) by

d(p.q) = J, Ip(®) — q(O)|? dt.

Then d satisfies the following properties

1. d(p,q) =0ifand only if p = q,

2. d(p,q) = d(q,p), forany p,q € X,

3. d(p,q) < 2(d(p,r) +d(r, q)), for any points p,q,r € X.
Clearly, (X, d) is a b-metric space with s = 2 but is not a metric space. For example, take
p(t)=0,q(t) =1landr(t) = %, for all t € [0,1]. Then

d(01) =1>2=2+3= d(o,§)+d(§,1).

We present now the concepts of convergence, Cauchy sequence and completeness in

b-metric spaces.

Definition 2.2 (see [5]). Let (X,d) be a b-metric space. Then, a sequence {x,} in X is
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called:

1. convergent if and only if there exists u € X such that d(p,,u) - 0, as n = +oo.

In this case we write lim,;, o, = U.
2. Cauchy if and only if d(p,, p) = 0, as n,m — +oo.
Definition 2.3 (see [2]). The b-metric space (X,d) is said complete if every Cauchy
sequence in X converges in X.
3. Main Results
The following lemma is useful in proving all main results.

Lemma 3.1 (see [13]). Let (X,d) be a b-metric space with coefficient s > 1 and
T:X - X be a mapping. Suppose that {p,} is a sequence in X induced by p,., = Tp,
such that

d(pn: pn+1) < Ad(pn—ln pn)

foralln € N, where A € [0,1) is a constant. Then {p,,} is a Cauchy sequence.
Now, we will prove of our main theorems.

Theorem 3.1. Let (X,d) be a b-complete b-metric space with coefficient s = 1 and
T:X — X be a mapping such that

d(p,Tp)d(q.,Tp)+d(q,Tp)d(p,Tq)
d(p,Tq)+d(q,Tp)

d(Tp,Tq) < 4d(p,q) + 2, (3.1)

forallp,q € X and 11,4, = 0,d(p,Tq) +d(p,Tq) # O withA; + A, < 1. Then T has a
unique fixed point in X.
Proof. Let pg be arbitrary in X, we define a sequence {p,,} in X such that

Pn+1 = TPn,
for all n € N, from the condition (3.1) with p = p,, and q = p,,_;. Therefore

d(Pn, Pn+1) = A(TPp-1,Tpn)

A(Pn-1,TPn-1)dPnTPn-1)+d(®OnTPn)d®n-1,TPn)
<
- Ald(pn_l, pn) + /12 A(Pn-1,TPn)+d(OnTPr-1)

Ad(Pn-1.Pn)dPnPn)+d(Pn.Pn+1)dPn-1.Pn+1)
d(Pn-1Pn+1)+d(®On,Pn)

< Ald(pn—l' pn) + ﬂ-2

< Ld(Pn-1,Pn) + 22d(Pn, Pns1)-
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It follows that
(1 - /’lz)d(Pn: pn+1) < Ald(pn—ln pn) (3-2)

A
AP, Pn+1) < (1__;2)(1(}971_1;}911)-

Put A = 1'1—; In view of 4; + 1, <1, then 0 < A < 1. Thus, by Lemma 3.1, {p,} is a
—A2

b-Cauchy sequence in X. Since (X, d) is b-complete, there exists some point u* € X such
that p,, = u* asn — oo,

By (3.1), it is easy to see that
d(Pp+1, Tw) = d(Tpn, Tu") (3.3)

A@nTr)dW" Tpn)+d ", Tp*)d(pn Tu")

< lid(pp,u’) + A, d(pp,Tu*)+d(u*,Tps)

A(PnPn+)dW" Ppy)+d @ Tu")d(pn Tu")

< d(pp, u*) + A3 AP Tu)+d(W'pri1)

34

Taking the limit as n — oo by both parties of (3.4), we have lim,,_,,d(py4+1, Tu*) = 0.
That is, p,, = Tu*. Hence, Tu* = u*, u” is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed
point v*, then by (3.1),

dw*,v*) =d(Tu", Tv")

d*,Tu")dw*, Tu")+d*,Tv")d(u*,Tv")

Shd',v) + 4, d(u* Tv*)+d(v*,Tu*)

du uM)d@* u*)+d@* v*)du*,v")

S hd@,v') + 4, d(u v)+d(v* u”) )

diu*,v*) < 1 d’,v). (3.5)
Since A; + 4, < 1 implies 4; < 1, we obtain that d(u*,v*) = 0, i.e., u* = v".
Example 3.1. Let X =[0,1] be equipped with the b-complete b-metric given by
d(p,q) = |p — q|? with s = 2. Consider the mapping T:X — X defined by
T(p) = -p2e™""
forallp,q € X

1 p2 1 212
d(Tp,Tq) = |;p’e™? —qe™d
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2
<3lpe™ — e
1 1
<slp—ql*<d@®q)

d(p,Tq)d(p.Tp)+d(q.Tq)d(p,Tq)

< 4d@.q) +4, d(p.Tq)+d(q,Tp)

Then, from Theorem 3.1, T has unique fixed point.

Theorem 3.2. Let (X,d) be a b-complete b-metric space with coefficient s > 1 and
T:X — X be a mapping such that

d(p,Tp)d(p,Tq)+d(q,Tq)d(q,Tp)

d(Tp,Tq) < 21d(p,q) + 1, 2oTa) T a@TD)

d(p,Tp)d(q.Tp)+d(q.,Tq)d(®,Tq) (3.6)
d(p,Tq)+d(q,Tp) ’ ’

+43

where Ay, A5, A3 are nonnegative constants with A1 + 1, + A3 < 1. Then T has a unique
fixed point in X.

Proof. Choose pg € X and construct a Picard iterative sequence {p,} by ppy1 = Tpn. If
there exists ng € N such that p,, = pp 41, then ppy = pr 41 = TPpy» 1-€., Dy, is a fixed

point of T. Next, without loss of generality, let p,, # p, 41 foralln € N. By (3.6), we get

d(PnPn+1) = A(TPn-1,Ton)

A(Pn-1TPn-1)d(Pn-1,TPn)+d®On.TPn)d®On,TPr-1)
d(Pn-1,TPn)+d(PnTPr-1)

< Ld(Pn-1,0n) + 12

Ad(Pn-1,TPn-1)dOnTPn-1)+dOnTPr)d(Pn-1,TPn)
d(Pn-1,TPn)+d(Pn,TPn-1)

+23

d(Pn-1Pn)d(Pn-1.Pn+1)+dOnPn+1)d(PnDn)
d(Pn-1Pn+1)+d(®On,Pn)

< Ald(pn—l' pn) + AZ

Ad(Pn-1,00)d®n,Pn) +dPnPn+1)dPnr-1,Pn+1)
Ad(Pn-1.Pn+1)+d®Onbn)

+43

< Ald(pn—ln pn) + Azd(Pn—1: pn) + /13d(pn: pn+1)-
It follows that

(1 = 23)d(Pn, Pn+1) < (A1 + 22)d(Pn-1,Pn) (3.7)

A+
d(Pp, Pn+1) < (11_/132) d(Pn—1,Pn)-

A+, +

Put 1 = . In view of 44 +4, + A3+, + 15 <1, then 0 <A< 1. Thus, by

3
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Lemma 3.1, {p,,} is a b-Cauchy sequence in X. Since (X,d) is b-complete, there exists

some point u* € X such that p, = u* asn — oo.

By (3.6), it is easy to see that
(3.8)

d(’,Tu") < s{d(u”, pn+1) + d(Pn+1, Tu")}
= s{d(u*, pn+1)} + s{d(Tpn' TU*)}
< s{d(W', ppe1)} + s{hd(pp, u™)

+ 7, 4Pn TR Ay T +A W TU)AW Try)
2 d(pn,TU*)+d(u*,Tpy)

2 d(pn,Tpn)d(u*,Tpn)+d(u*.Tu*)d(pn,Tu*)}
3 d(Pn,Tu)+d(W"Tpy)

< s{d(W', Ppe1)} + s{A1d(Pp, u")

d(PnPn+1)d@nTu")+d W, Tu")d (W Pry1)
1 3.9
42 Ad(Pn, Tu*)+d(U* Priq) 39

+2 d(pn,pn+1)d(u*,pn+1)+d(u*,Tu*)d(pn,Tu*)}
3 d(Pn,Tu")+d(W Pps1) '

Taking the limit as n = oo by both parties of (3.9), we have lim,,_,,d(u*, Tu*) = 0.
Hence, Tu™ = u* and u” is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed

point v*, then by (3.6),

d(u*,v*) = d(Tu*, Tv*)
. . d*, Tu®)dW*, Tv*)+d (", Tv*)d(v*,Tu")
< L dw*v*) + 1, d(w T ) +d (v Tu")

+1 d@*, Tu")d@w*, Tu*)+dw"*,Tv*)d(u*,Tv")
3 d(u*,Tv*)+d(w*Tu*)

* * d(u*,u*)d(u*,y*)+d(y*,v*)d(v*,u*)
< Ald(u U ) + 12 d(u*v*)+d(v*,u*)

+1 duwt,uM)d@ ur)+d@w*v*)du* v*)
3 d(u*v*)+d(w*u*)

dw*,v*) < A d*,v). (3.10)

Since A; + 4, + A3 < 1implies 4; + 13 < 1, we have d(u*,v*) =0, i.e., u*

*

=v.
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Example 3.2. Let X = [0,1] and define a mapping d: X X X - R* by d(p,q) = |p —
q|"(m = 1). We claim that (X,d) is a b-complete b-metric space with coefficient
s = 2771, Define a mapping T: X — X by Tp = eP~2%, where 1 > 1 + In2 is a constant.
Then by mean value theorem of differentials, for any p,q € X and p # q, there exists

some real number ¢ belonging to between p and q such that
d(Tp,Tq) = [eP=2* — e724|" = (e5-24)"|p — q|

< (e22)d(p, q)

d(p,Tp)d(p.Tq)+d(q.Tq)d(q,Tp)
< 4d@.q) +4, d(p.Tq)+d(q,Tp)

d(p,Tp)d(q.Tp)+d(q,Tq)d(p.,Tq)
d(p,Tq)+d(q,Tp)

+23

)

where 4, = (ez_ZA)n,Az = A3 = 0. Obviously, A; +1, + 13 <1. Hence, all the
conditions of Theorem 3.2 are satisfied and T has a unique fixed point in X, i.e., py is the

fixed point.

Theorem 3.3. Let (X,d) be a b-complete b-metric space with coefficient s =1 and
T:X — X be a mapping such that

d(p,Tp)d(q.,Tq) d(p.Tq)d(q,Tp)
d(p.q) 3 a

+A4[d(p, Tp) +d(q,Tq)] + A5[d(q, Tp) + d(p, Tq)] (3.11)

forall p,q € X and A1, ,,23,14 and A5 are nonnegative constants with A1 + 4, + 13 +
204 + 2545 < 1. Then T has a unique fixed point in X.

d(Tp,Tq) < 11d(p,q) + 1,

Proof. Let p, be arbitrary in X, we define a sequence {p,,} in X such that
Pn+1 = TPn,
for all n € N, from the condition (3.11) with p = p,, and ¢ = p,,_;. Therefore

Ad(PnsPn+1) = A(TPn-1,Ton)

A(Pn-1.TPn)A(OnTPn-1)
d(Pn-1.0n)

A(Pn-1,TPn-1)d(PnTPn)
d(pn—lvpn)

+A4 [d(pn—ln Tpn—l) + d(pn: Tpn)] + /15 [d(pn: Tpn—l) + d(pn—ln Tpn)]

Ad(Pn-1,Pn)d(PnPn+1) + Ad(Pn-1,Pn+1)d([®n.Pn)
d(Pn-10n) 3 d(Pn-1.0n)

< Ld(Pn-1,0n) + 12 + 13

< Ld(Pn-1,0n) + 12
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+4[d(Pn-1,Pn) + d(Pn, Pn+1)] + As[d(Pn, Pn) + d(Pn-1,Pn+1)]
< 4d(Pn-1,Pn) + 22d@n, Pn+1) + Aa[d(Pn-1,0n) + AP, Prt1)]
+ As[d(Pn-1, Pn+1)]
< Ld(Pn-1,Pn) + A2d(Pn, Pn+1) + Aa[d(Pn-1,Pn) + AP, Pn+1)]
+5As[d(Pn-1,Pn) + d(Pn) Pn+1)]-

It follows that

(1 =42 = A4 = 5A5)d(Pn, Pr+1) < (A1 + A4 + $45)d(Pp—1,Pn) (3.12)

Ai+A,+
d(pnr pn+1) < (1_;2_;4_55515) d(pn—lrpn)'
Put 25y view of A + A, + A5 + 244 + 2545 < 1, then 0 < 4 < 1. Thus, by
—A2T AT 5

Lemma 3.1, {p,,} is a b-Cauchy sequence in X. Since (X, d) is b-complete, there exists
some point u* € X such that p, = u* asn = oo,

By (3.11), it is easy to see that
A, Tu?) < s{dW, Pasa) + dPrs1, Tu")} (3.13)

= s{d(W", Pp+1)} + s{d(Tpp, Tu")}

d(pn,Tpn)d(u* Tu*)
d(pp.u*)

d(panu*)d(u*ern)
d(pnu*)

< s{d*, pps1)} + s d(p,, u*) + sA, + 513

+524[d(Pp, TPR) + A", Tu")] + s25[d(W", Tpy) + AP, Tu)]

d(PnTu")du" Pn+1)
d(ppu*)

d(pn'pn+1)d(u*vTu*)
d(ppu*)

+544[d(Pr, Ppe1) + AW, Tu)] + sA5[d (W, Ppis) + d(Pn, Tu)]

< s{d(W', pp+1)} + shd(pp,u) + 4,

+ A5

d(PnTu")du" Pn+1)
d(ppu*)

d(pn'pn+1)d(u*vTu*)
d(ppu*)

+524dPn, Pra1) + 52 Ae[d W, pn) + d 0y, Tu] + 52A5[d (W, Prsa) + d(pn, Tu?)].

< s{d(W', pp+1)} + shd(pp,u) + 4,

+ A5

Taking the limit as n — oo by both parties of (3.14), we have lim,,_,d(u*, Tu*) = 0.

Hence, Tu™ = u*and x” is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed
point v*, then by (3.11),
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dw*,v*) =d(Tu*, Tv")

d(u*,Tu")d(v*,Tv*)
d(u*,v*)

d*, Tv")dw* Tu")
d(u*v*)

< Ald(u*,v*) +/12 +/’{3

+[d@*, Tu*) + d(w*, Tu")] + A5[d(v*, Tu*) + d(u*, Tv™)]

du*uMd@w*v")
d(u*,v*)

d(u*,v*)d(v*,u*)}

< Ad',v*) + A s

+[d@w, u) + d@*, v)] + As[d(v*, u*) + d(u*, v™)]
d*,v*) < i d@,v*) + A3d@*, v*) + 2Asd(u”, v*)
< (A + A3 + 225)d(u, v™) (3.14)

since 0 <Ay + A, + 43 + 244 + 2515 <1 implies 44 + A3 + 245 < 1, then we have
d(x*,y*) = 0. Thus, we proved that T have a unique fixed point in X.

Example 3.3. Let X = [0,1] with the usual metric. We define an operator T: X — X as

follows:
LA ﬁpe@ﬁ]
— 12 4
PT-g e

Then T is continuous and non-decreasing. Take 1; = § Then, for any 4,, A3 € [0,1) with

M+ Ay + A5 < 1.
1
Case 01.1f p, q € [o,z], then

1
d(Tp,Tq) = |p —al

IA
v

1
lp —ql =<d(,q)

d(p,Tq)d(q.T)
d(p.q)

1 d(p,Tp)d(q,Tq)
Sgd(p,q) +AZ d(p,q) +A3

+A4[d(p, Tp) + d(q,Tq)] + As[d(q, Tp) + d(p, TQ)].

Thus, all the conditions of Theorem 3.3 are satisfied.

Case 02.If p,q € G, 1], then

1
d(Tp,Tq) = - Ip —al
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1 1
<:lp—aql=;d®q

1 d(».Tp)d(q.,Tq) A®.Tq)d(q.Tp)
;AP + =00 3 apa)

+A4[d(p, Tq) + d(q,Tq)] + As[d(q,Tp) + d(p, Tq)].

Thus, all the conditions of Theorem 3.3 are satisfied.

Case 03. If p € G, 1] and q € [O,ﬂ, then we can easily evaluate that % [4p — 1| < ﬁ.

Further, we have

atn =[5

1 1
sglp—al+512p -1

1 d(p.Tp)d(q,Tq) d(p.Tq)d(q.Tp)
<5dP @)+ 4 d(p.q) 3 apa

+A4[d(p, Tp) + d(q,Tq)] + As[d(q, Tp) + d(p, Tq)].

Thus all conditions of Theorem 3.3 are satisfied in X.Therefore, 0 € X is the unque fixed
point of T.

Theorem 3.4. Let (X,d) be a b-complete b-metric space with coefficient s = 1 and
T:X — X be a mapping such that

d(p,Tp)d(q,T d(q,Tq)[1+d(p,T
d(Tp,Tq) < Ayd(p, q) + A, “EOATD 3, LATDEEERIPL - (3.15)

for all p,q € X and 1., A5, A3 are nonnegative constants with Ay + A, + A3 < 1. Then T

has a unique fixed point in X.
Proof. Let pg be arbitrary in X, we define a sequence {p,,} in X such that

Pn+1 = TPn
for all n € N, from the condition (3.16) with p = p,, and ¢ = p,,_;. Therefore

d(Pn, Pn+1) = A(TPp-1,Tpn)

A(Pn-1,TPn-1)d[@nTPn) Ad(Pn.TPn)[1+d(Pn-1.TPn-1])
< Ald(pn—lv pn) + ﬂ-2 d(Pn—1,p) + 13 1+d(Pn-1.Pn)

Ad(Pn-1.Pn)dPnPn+1) Ad(PnPn+1)[1+d(®n-1,0n)
= Ald(pn_l’ pn) + Az d(Pn-1,0n) + A3 1+d(Pn-1.Pn)

< MdPn-1,Pn) + 22dPn, Pns1) + A3d(@n, Prs1)-
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It follows that

(1 - /12 - AB)d(pn: pn+1) < Ald(pn—ln pn) (3-16)

A
AP, Pn+1) < (m) d(Pn—1,Pn)-

Put A = ﬁ In view of 1; + 1, + 43 < 1, then 0 < A < 1. Thus, by Lemma 3.1,
—A27A3
{pn} is a b-Cauchy sequence in X. Since (X,d) is b-complete, then there exists some

point u* € X such that p,, = u* asn — oo,

By (3.16), it is easy to see that

A", Tu*) < s{d(u", Pps1) + d(Pne1, Tu)} (3.17)
= s{d(u", pp+1)} + s{d(Tpp, Tu")}
< S, i)} + ST d(pp, u') + Ay FERTRDCCTD)
+1 d(u*'Tﬁ)d[gzizZ?.Tpn)]}
< s{d@W', pp+)} + s{id(pp u’) + 4, d(”n"’;;:i(f;*fu*)
42, LDgUre e puenlly (3.18)

d(pnru*)
Taking the limit as n — oo by both parties of (3.19), we have lim,,_,,d(u*, Tu*) = 0.
Hence, Tu* = u* and u” is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed
point v*, then by (3.16),

dw*,v*) =d(Tu*, Tv")
% d(u*,Tu*)d("*,Tv") d(*,Tv*)[1+d(u*,Tu")]
Shd',v) +4; TS + A3 PR

% du*u")d*v*) dw*v9)[1+dw*u")]
S A‘ld(u 4 v ) + A‘Z d(u*,v*) + 3 1+d(u*,1.7*) }

du*,v*) < ,1dw*,v") (3.19)

since 0 < A; + 4, + 43 < 1 implies 4; < 1, then we get d(u*, v*) = 0. Thus, we proved
that T have a unique fixed point in X.

Example 3.4. Let (X,d) be a complete b-metric space, where X = [0,00) and d: X X
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X - [0,0), d(p,q) = (p — q)2 Let T: X - X be defined by Tp = E. Obviously,

9

—a)2 9 2 2
d(Tp,Tq) = % d(p,Tp) =, d(q,Tq) =

. 1 1 1
and, choosing 4; = = A, = 3 and A; = 5 we get

d(Tp,Tq) = - (p — q)?

1. 2, 1d®Tp)d(qTq) , 1d(q.Tq)[1+d(p,Tp)]
s 16 (p CI) +8 d(p,q) 4 1+d(p,q)

Clearly, A; + 4, + 13 = 1—16 + % + % = 1—76 < 1. We conclude that inequality (3.16) remains

valid by an application of Theorem 3.4, T has a unique fixed point. It is seen that O is the

unique fixed point of T.

Theorem 3.5. Let (X,d) be a b-complete b-metric space with coefficient s =1 and
T:X — X be a mapping such that
a(p,Tp)d(a.Tq) d(p,Tq)d(q.Tp)
<

d(q.Tq)[1+d(p,Tp)]
BT — (3.20)

+4
for all p,q € X and A,, A5, A3 are nonnegative constants with Ay + A, + A3 < 1. Then T
has a unique fixed point in X.
Proof. Let p be arbitrary in X, we define a sequence {p,} in X such that
Pn+1 =TPn
for all n € N, from the condition (3.20) with p = p,, and q = p,,_1. Therefore

d(PnPn+1) = A(TPn-1,Ton)

d(Pn-1.TPn-1)d[®OnTPn)
< hdPn-1,P0) + 42 ld(pn_i,pn)

d(PnTP)[1+d(Pn-1.TPr-1])
1+d(Pn-1.Pn)

A(Pn-1,TPn)dPnTPn-1)
d(Pn-1.0n)

+43 + A4

Ad(Pn-1.Pn)A(PnPn+1)
d(Pn-1.0n)

< Ld(Pn-1,0n) + 12

Ad(Pn—1.Pn+1)4®On.bn) d(PnPn+1)[1+d(Pr-1.0n)
+1 +1
3 d®n-1pn) ' 14d@n-1pn)

< MdPn-1,0n) + 22d@n, Pn+1) + 24d(Dn, Prs1)-
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It follows that
(1 =22 = 2)dPn, Pn+1) < 41d(Pn-1,Pn) (3.21)
d(Pn Prt1) < (1_/1)12—1_/14) d(Pn-1,Pn)-
Put A = m In view of 1; + 1, + 43 < 1, then 0 < A < 1. Thus, by Lemma 3.1,

{p.} is a b-Cauchy sequence in X. Since (X,d) is b-complete, there exists some point

u* € X such that p,, » u* asn — oo,
By (3.21), it is easy to see that
A, Tw") < s(AU’, Pos1) + APy, TU)) (3.22)
= s{d(W’, pns1)} + s{d(Tpn, Tu")}

< S{AQU', Pre)} + ST (P ) + 2 TEEEOCT)

d(ppu*)

}

d(PnPn+)d@’,Tu")
d(pp,u*)

d(u*'Tu*) [1 +d(panpn)]
1+d(pnu*)

d(panu*)d(u*ern)
d(pnu*)

+13 + A4

< s{d(W', pre)} + s{d(Pp, u7) + 45

dPnTu")dW" Ton+1)

A", Tu")[1+d(PnPn+1)]
Sl ) 1, ). (3.23)

3 d(pnu*)

Taking the limit as n — oo by both parties of (3.24), we have lim,,_d(u*, Tu*) = 0.
Hence, Tu™ = u™ and u” is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed
point v*, then by (3.21),
dw*,v*) =d(Tu*, Tv")

d(u*,Tu")d(v*,Tv") d(u*,Tv")d(v*,Tu")

< dyd (', v) + 2, WD) 5, ST
d*,Tv")[1+d(u*,Tu")]
+A4’ 1+d(u*v*)
£ % dw*,u?)d*v*) dw*v*)d@*u*) d@* v [1+d(u*u")]
< ALd@',v) + 1, D) + 13 awy T Ay Trd@ oY) }
du*,v*) < A d', v*) + Asd(u, v*)
< (A4 +A3)dwr, v (3.24)
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since 0 < Ay + 1, + 43 <1 implies 4; + A3 < 1, then we get d(u*,v*) = 0. Thus, we
proved that T have a unique fixed point in X.

Example 3.5. Let X = [0,1] be equipped with the b-metric d(p,q) = |p — q|? for all
p,q € X. Then (X,d) is a b-metric space with parameter s = 2 and it is complete. Let
T:X — X be defined as

T() =%, pelol]
Then for p,q € X,

2d(Tp,Tq) = 2d (gg)

_ 2 2
=lp—al

4 dTp)d(®Tq9)+d(q,79)d(q,Tp)
25 d(p.Tq)+d(q,Tp)

2 2
<5:d ) + +2d(Tp,Tq).

Clearly, A; +A, + 13 = % + % +§ = g < 1. We conclude that inequality (3.26)
remains valid by an application of Theorem 3.6, T has a unique fixed point. It is seen that

0 is the unique fixed point of T.

Theorem 3.6. Let (X,d) be a b-complete b-metric space with coefficient s =1 and
T:X — X be a mapping such that

d(p,Tp)d(p,Tq)+d(q,Tq)d(q,T
sd(Tp,Tq) < Ayd(p, q) + 2, “PIRIEICUIEAID 4 3,d(Tp, Tq) (3.25)

for all p,q €X and 1,A;,43 =20, d(p,Tq) +d(q,Tp) # 0 with 4 + A, + 13 < 1.
Then T has a unique fixed point in X.

Proof. Let p be arbitrary in X, we define a sequence {p,} in X such that

Pn+1 = TPn,
for all n € N, from the condition (3.26) with p = p,, and q = p,,_4. Therefore

d(PnPns1) = sd(Tpp_1,TPp)

A(Pn-1.TPn-1)d(Pn-1,TPn) +d(On.TPn)d(Pn.TPn-1)
Ad(Pn-1,TPn)+d(Pn,TOnr-1)

< Md(Pn-1,0n) + 42

+23d(Tpp-1,TPp)

Ad(Pn—1Pn)dPn-1.Pn+1) +d@nPn+1)d(PnPn)
= Ald(pn_l’pn) + /12 d(Pn-1Pn+1)+d(Pn,Pn)
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+A3d(Pp, Pn+1)
< Md(Pn-1,0n) + 22d(Pn-1,Pn) + A3d(Pn, Prs1)-
It follows that

(s = 43)d(Pn, Pr+1) < (4 + A2)d(Pp-1,Pn) (3.26)

A+
d(pn' pn+1) < (51_‘;32) d(pn—lr pn)'

Put 2 = 222 Tn view of ; + A, + 23 < 1, then 0 < 1 < 1. Thus, by Lemma 3.1, {p,,}

3
is a b-Cauchy sequence in X. Since (X, d) is b-complete, there exists some point u* € X

such that p,, - u* asn — oo,
By (3.26), it is easy to see that
AW, Tp") < (AW, Prs1) + APy, Tu")} (327)
= s{d(u’, pn+1)} + s{d(Tpn, Tu")}

% * AP Trn)d(@nTu")+d ", Tu")dw" ,Tpy,)
< S{AQ, Prra)} + d(pp, u) + 2, SRR S

+A3d(Tp,, Tu™)
< s{d(w', pns1)}

* A(PnPn+1)d@nTu")+d@W" Tu")dW" ,pn+1) *
+ {/hd(pn, u’) + 4, TRV — + A3d (xni1, TX )}. (3.28)

Taking the limit as n — oo by both parties of (3.29), we have lim,,_,,d(u*, Tu*) = 0.

Hence, Tu™ = u™ and u” is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed
point v*, then by (3.26),
sd(u*,v*) =sd(Tu*,Tv")

d*,Tv))d@*, Tu*)+d(v*Tv*")d(u*,Tv*)
du*,Tv*)+d(v*Tu*)

S Ad@w,v) + 4, + A3d(Tu*, Tv*)
duw*u))d@* u")+d@*v*)du*v*)

S A’ld(u*’ U*) + /12 d(u*,v*)+d(v*,u*)

}+ Azd(x7, y)d (W', v)

< A d@*,v) + Azd(wt,v)
< (A + A3)dW",v") (3.29)
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since 0 < Ay + 1, + 43 <1 implies 4; + A3 < 1, then we get d(u*,v*) = 0. Thus, we
proved that T have a unique fixed point in X.

Example 3.6. Let X = {1,2,3}, and let d: X X X — [0, +00) be a mapping satisfies the
following condition for all p,q € X:

1. d(p,q) =0, where p = q;
2. d(1,2) =1, d(1,3) =4, d(2,3)=2.
It is easy to check that d is a b-metric with s = %. Consider mapping T: X — X, by
TH=T2)=1, T@3) =2
Let A, = %,12 = % and A; = %. Clearly, 4 + 4, + 153 = g < 1. Next, we will verify the
condition (3.26). It have the following cases to be considered.
Case 1. d(Tp, Tq) = 0. Clearly, the inequality (3.26) holds.

Case 2. d(Tp,Tq) =1, that is, Tp=1,Tq=2 or Tp =2, Tq=1. When Tp =1,
Tq = 2, we get

Case 2.1.p = 1,q = 3, we can get d(p, q) = 4, then
2x1<2
3
1
=X 4 =4d(p, q)

d(p,Tp)d(p,Tq)+d(9,T7q)d(q.Tp)
< Ad,q) + 4, Ao Ta) @ D) + A3d(Tp, Tq).

Thus, the inequality (3.26) holds.

Case 2.2.p = 2,q = 3, we can get d(p, q) = 2, then
Ix1<Z
3 5

_ d(p,Tp)d(p.Tq)+d(q,Tq)d(q,Tp)
=A4dPq) + 4 d(p,Tq)+d(q,Tp)

1 2
_EX4+E

d(p,Tp)d(p,Tq)+d(q,Tq)d(q,Tp)
S hd(p,q) + 4, Ao Ta) @ D) + 43d(Tp,Tq).

Thus, the inequality (3.26) holds.

When Tp = 2,Tq = 1, we get
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Case 2.3.p = 3,q = 1, we can get d(p, q) = 4, then
ix1<2
3

1
= EX 4=4d({p q)

d(p.,Tp)d(p,Tq)+d(9,T7q)d(q.Tp)
< Ad(,q) + 4, Ao Ta) raaTD) + A3d(Tp, Tq).

Thus, the inequality (3.26) holds.

Case 2.4.p = 2,q = 3, we can get d(p, q) = 2, then

4 7
§X1<E

_1 2 _ d(p,Tp)d(p,Tq)+d(q,Tq)d(q,TP)
= X 4+ .= Ad(x,y) + Ay ATt d@ o)

d(p,Tp)d(p,Tq)+d(q,Tq)d(q,TP)
S hd(p,q) + 4, Ao Ta) raaTD) + 43d(Tp,Tq).

Thus, the inequality (3.26) holds.
Remark 3.1.

1) If s=1 and A, =13 =14, =45 =0 in Theorem 3.4, we get the Banach
Theorem [4].

2) If s=1and A; = A, = 13 = Az = 0 in Theorem 3.4, we get the Kanan Theorem
[17].

3) If s=1and A, = 13 = A5 = 0 in Theorem 3.4, we get the Fisher Theorem [11].

4) If s=1 and 44 =4, =43 =1, =0 in Theorem 3.4, we get the Chaterjee
Theorem [7].

5) If s =1and A3 = A4, = A5 = 0 in Theorem 3.4, we get the result of Jaggi [2].

6) If s=1and A, = 13 = 0 in Theorem 3.6, we get the result of Dass and Gupta
[6].

Theorem 3.7. Let (X,d) be a b-metric space with coefficient s > 1. Let T: X = X be a
mapping such that F(T) # @ and that

d(Tp,T?*p) < A2d(p, Tp) (3.30)

forallp € X, where 0 < A < 1 is a constant. Then T has the P property.
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Proof. We always assume that n > 1, since the statement for n = 1 is trivial. Let
z € F(T™). By the hypotheses, we get

d(z,Tz) = d(TT" 1z, T?T" 1z)
< Ad(T™ 1z,T"z)
= Ad(TT™ 2z, T?T" 22)
< A2d(T™ 2z, T" 1z)
< <Ad(z,Tz) - 0 (n —» o).
Hence, d(z,Tz) = 0, thatis, Tz = z.
Theorem 3.8. Under the conditions of Theorem 3.2, T has the P property.

Proof. We have to prove that the mapping T satisfies (3.31) In fact, for any p € X, for

one thing, we have

d(Tp,T?p) = d(Tp,TTp)

d(p,Tp)d(p,TTp)+d(Tp,TTp)d(Tp,Tp)
< hd(@,Tp) + 4, d(p,TTp)+d(Tp,Tp)

d(p,Tp)d(Tp,Tp)+d(Tp,TTp)d(p,TTP)
d(p,TTp)+d(Tp,Tp)

< 4d(p,Tp) + A,d(p, Tp) + A3d(Tp, T?p)

+23

(1 —23)d(Tp, T?p) < (A4 + 2,)d(p, Tp) (3.31)
A+A
d(Tx, T?x) < ——2d(p, Tp).
1-125
Denote that A = % Note that A; + A, + 13 < 1, then A < 1. Accordingly, (3.31) is
13

satisfied. Consequently, by Theorem 3.2, T has the P property.

4. Application to Non-Linear Integral Equations

Let X = C|[a, b] be the set of all real valued continuous functions on [a, b], where [a, b]
is a closed and bounded interval in R. For > 1 a real number, define d: X X X - R,
by:

d(p,q) = sup |p(t) —q(®)]"
t€[a,b]
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for all p,q € X. Therefore, (X,d) is a complete b-metric space with s = 271, In this
section, we apply Theorem 3.6 to establish the existence of solution of nonlinear integral

equation of Fredholm type defined by:

p(t) = g(t) + 1 [, K(t,5,p(s))ds, @.1)

where p € C|a, b] is the unknown function, A € R,t,s € [a,b],K:[a,b] X [a,b] X R -

R and g: [a, b] — R are given continuous functions.
Theorem 4.1. Assume that the following conditions are fulfilled.

1. There exists a continuous function Y:[a,b] X [a,b] = R, such that for all
p,q EX,A€ Randt,s € [a,b], we have

IK(t,5,p(s)) = K (&, 5, y(SHIT < (L, )M (p, q),

where

d(p,Tq)d(p,Tq)+d(q,Tq)d(q,T
M(p,q) < L1d(p, q) + 1, “EIDTPTOCATDAID) 4 3,d(Tp, T).

2. 1A <1,

b 1
3. t:&l,;)] fa Y(t,s)ds < a1

Then, the nonlinear integral equation (4.1) has a solution z € C|a, b].

Proof. Define a mapping T: X — X by:

b
Tp(t) = g(t) + 1, K(t,s,p(s))ds,
for all t € [a, b]. So, the existence of a solution of (4.1) is equivalent to the existence and

uniqueness of fixed point of T. Let f € R such that %+%= 1. Using the Holder

inequality, (1), (2) and (3), we have

T(Tp,Tq) = sup |Tp(t) —Tq®)|"
t€[a,b]

<1217 sup (J71(K(t,,p(s) = K(t,5,q(s)))]ds)’
t€[a,b]
1 97
< sup [(ff 1#as) ([ |(K<t,s,p(s))—K(t,s,q(s)))l"ds)”]
t€la,b]
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< - sup (JP1K (s, p(s) - K(t5,q()[ds)
tela,b]
< (b -a)"" sup (fP(t5)dsM(P.q))
t€[a,b]

<G-a sup (f (t,5)ds) M(p, q)

Thus

d(p,Tp)d(p,Tq)+d(q,Tq)d(q,T;
sd(Tp,Tq) < Aad(p, q) + A, “PARTLIBEATDLATD 4 44 (T, Tg).

Hence, all the conditions of Theorem 3.6 hold. Consequently, the integral equation (4.1)
has a solution z € C|[a, b].

Example 4.1. Let X = C[0,1] be a set of all continuous functions on [0,1]. Define
d:X X X - R, by:

d(p,q) = sup |p(t) —q@®)I?,
tef0,1]

for all p,q € X. Therefore, (X, d) is a complete b-metric space with s = 2. Consider the
following problem:

p(t) =3t += [ Zspds 4.2)
is the exact solution of (4.2).
Customize K (t,s,p(s)) = —sx gt)=3tand A == 1n Theorem 4.1. Note that:
1. K and g are continuous functions.
Vs
2. || = |5| <1

3. Y(t,s) = (ts)?, then

supf Y(t,s)ds supf (ts)?ds
te[0,1] te[0,1]

s e[S
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1
=-supt
3 tefo1]

<

W

<

N |-

1
==
4. For s € [0,1], we have
1
IK(t,s,p(s)) = K(t,5,q(sNI? =5 (ts)?|p — ql?
1
< (ts)? sup |p—ql?
te[0,1]
1
=¥ s)d®, ),

with P (t,s) = (ts)? and

d(p,Tp)d(p.Tq)+d(q,Tq)d(q,Tp)
M(p,q) < Dyd(p,q) + Ay =g e S 4 A3d(Tp, Ta),

where 1, = %,12 = A; = O it means that A; + 4, + 43 < 1.
Therefore, the conditions of Theorem 4.1 are justified, hence the mapping T has a
unique fixed point in C[0,1], with is the unique solution of problem (4.2).
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