Earthline Journal of Mathematical Sciences
E-ISSN: 2581-8147

Volume 12, Number 1, 2023, Pages 1-12
https://doi.org/10.34198/ejms.12123.112

On Necessary and Sufficient Conditions for Absolute

Matrix Summability

Bagdagiil Kartal

Department of Mathematics, Erciyes University, 38039 Kayseri, Turkey

Abstract

This study gets a new general theorem related to necessary and sufficient
conditions for ¢ —| D, 8;4 |, summability of the series ) a,\, whenever the
series Y ay, is summable ¢ — | C, 38;6 |, where C' = (¢ny) and D = (d,,) are
two positive normal matrices, k > 1, § > 0 and —3(dk+k — 1) +k > 0.

1 Introduction

In summability theory, the topic of summability of some infinite series (IS) or
factored IS attracts the attention of researchers. There are many studies that
give sufficient conditions for absolute Riesz summability and absolute matrix
summability of IS. Let us mention about the recent studies. Bor [I} 2, 3] proved
the theorems on sufficient conditions for absolute Riesz summability of the series
> an% by using the different class of sequences. Bor and Agarwal [4] proved a
theorem gives absolute summability of an factored IS by using an almost increasing
sequence. Sonker and Munjal [5], Karakag [6], Kartal [7] obtained the sufficient
conditions for absolute Riesz summability of the series ) a,A, via an almost
increasing sequence. Karakag [§], Kartal [0, 10], Ozarslan [T, 12, 13], Ozarslan
and Kartal [14] proved theorems on generalized absolute matrix summability
methods. In [I5], Ozarslan and Sakar obtained the sufficient conditions for
absolute Riesz summability of the series ) appu, where (p15,) is a (¢, ) monotone

sequence. Also, we can refer to some other papers about the relative strength of
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absolute summability methods, the sufficient or necessary conditions for absolute
summability of IS, some equivalence theorems on summability. In [16], Ozarslan
and Kandefer studied on the relative strength of two absolute matrix summability
methods. Ozarslan and Ari [I7] acquired the necessary and sufficient conditions
in order that ¢ — | A;6 |, summability of the series ) a, implies the p — | B;¢ |,
summability of the same series, where A = (an,) and B = (b,,) are two positive
normal matrices, and (y,) is a sequence of positive numbers, £ > 1, 6 > 0.
Ozarslan and Ozgen [18] got a result gives necessary conditions for absolute matrix
summability, and then Ozgen [19] obtained the sufficiency part of this result. Sezer
and Canak [20], Bor [21] obtained the equivalence theorems about summability
of the series. In the present article, the purpose is to get a more general theorem
gives the necessary and sufficient conditions for absolute matrix summability than

the theorems in articles some of which mentioned here.

2 Preliminaries

Let Y a, be an IS with its partial sums (s,). Let C' = (¢ny) be a normal matrix
which means a lower triangular matrix of nonzero diagonal entries. Then C' defines
the sequence-to-sequence transformation, mapping the sequence s = (s,) to C's =
(Cn(s)), where

Cn(s) = Zcmsv, n=0,1,...
v=0

Let C' = (cny) be a normal matrix, then two lower semimatrices C' = (&,,) and

~

C' = (ény) are defined as follows:

n
Crw :Zcm-, n,v=0,1,... (1)

i=v
€00 = €00 = €00, Cnv = G — Cn—1p, N =1,2,... (2)

and
n
AC,(s) = Cp(s) — Cp1(s) = Z CryQy. (3)
v=0
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If C' is a normal matrix, then ¢’ = (¢,,) denotes the inverse of C, and C' = (épy)

/

is a normal matrix and it has two-sided inverse C' = (&,

(see [22]).

) which is also normal

Definition 1. (I1,[x) denotes the set of all matrices C which map ly into ly, defined
by l == {az = (z;): 3 |z4]F < oo}

Lemma 1. 23] Let 1 <k < 00. C = (¢ny) € (I1,1k) <= sup, > .o |eno| < 00

Definition 2. [24] Let (py) be a sequence of positive numbers. The series > an,
is satd to be summable p — | C,B;6 |, k>1,6 >0 and B is a real number, if

D en O | Co(s) = Coa(s) [F< 00
n=1

For ¢, = n for all values of n, § = 1 and 6 = 0, we get |C|, summability
method [25].

3 Known Result

The following theorem about absolute matrix summability of IS has proved in
[26].

Theorem 1. Let k > 1. Let C = (cny) and D = (dny) be two positive normal

matrices satisfy

Cn—1v = Cny forn>v+1 (4)

=1 n=01,.. (5)

In order that ) anX, is summable |D|, whenever ) ay is summable |C|, it is

necessary that

| = 1_1%nmn
ol =0 (1) ©)

nn
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nk-1 ‘AU Aoy =0 cﬁv (7)
Py (dure)| =0 (ch)
> . k
Z nk ! dn,v—i—l)\v—i-l‘ =0 (1) . (8)
n=v+1
Also (@)—(@ and
dwo=1 n=01,.. (9)
Con — Cn+ln = O(cnncn+1,n+l) (10)
> Vol dol = O (|dursires) (11)
v=r-+2

are sufficient for the consequent to hold.

4 Main Result

The aim of the article is to generalize Theorem [I| as in the following form.

Theorem 2. Let C' = (¢py) and D = (dyy) be two positive normal matrices satisfy
and (@ Let o3 = O(1). In order that > anAy is summable p — | D, ;0 |,

whenever Y a, is summable ¢ — | C, B;0 |, it is necessary that

—B@ktk-1) ¢
nn
O . k
> DA, (dad )| =0 (ch) (13)
n=v+1
°© . k
> G | =0 (). (14)

n=v+1

Also @— and @— are sufficient for the consequent to hold, where k > 1,
d>0and —B(0k+k—1)+k > 0.
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Proof of Theorem 2

Necessity. Let (I,) and (U,) denote C-transform and D-transform of the series
> an and ) apA,. By , we get

AL = tnppay, and AU, =) dnyayho. (15)
v=0 v=0

Let us define

C= {a: (a;) : Zai is summable ¢ —| C, ;9 |}

D= {a)\ = (ai\;) : Zai)‘i is summable ¢ —| D, 3;0 ]k} )

If the above spaces are normed by

1
o] o) &
I\I!|={29055\A1n|} and HUH={Zs@ﬁ“’“*’“‘”\AUn\’“} (16)
n=0

n=0
then these are BK-spaces. By the hypotheses of the theorem, since the ¢ —
| C, B;0 | summability of the series ) a, implies the ¢ —| D, 3;9 |, summability

of the series > a,\,, we can write
|| <o = ||U|| < oc.

Let us consider the inclusion map 7' : C' — D defined by T'(xz) = z. Since C and
D are BK-spaces, this map is continuous. Thus, there exists a constant M > 0
so that ||U]| < M ||I]|. By writing a, = e, — ey41 in (15]), we have

0, n<wv 0, n<v
A[n = Crus n=uv and AUn = Ay Ay, n=v
AyCny, N> A, (cim))\v) , m>v

Then implies the following equality

o0
) = {gof%m, b3 |Avem,|}

n=v+1

Earthline J. Math. Sci. Vol. 12 No. 1 (2023), 1-12



6 Bagdagil Kartal

and

Eall

U = { PURTE-D gk 3 [F 4 37 B0k ‘AU (({m/\v> k}
n=v+1

Here, using the fact that ||U|| < M ||I]], we get

00 . k
AN D L (A
n=v+1
o k
< M BOR) +M’“< > ela, (énv)!> :
n=v+1

By using the above inequality and the equality > > . [Ay(énw)| = O(cpy) by

, , , we get

e . k
PB@k+h=1) gh 13 1k Z Blok+E=1) ‘Au (dm)\y>
n=v+1

=0(c")

(%

which means each term on the left equals to O(ck,). For the the first one, we have

76(6k+k DI
SBT3 2Ok = wzo(% )

U’U dvv

and this gives that is necessary.

For the second one, we get

5 |, (b))

n=v+1

= 0(ch)

that means is necessary. Similarly, by writing a, = e,41 in , we have

_ 0 n<uv _ 0 n<wv
Al =<¢ 7 - and AU, =< . ’ -
Cnoy+l, M >0 dn,v—i—l)\v-‘rlv n>v

Then again from , we obtain

IIIIIZ{ > en Icnml} and HUIIZ{ Y epkEy

n=v+1 n=v+1

1
k

k
dn, v+1)\v+1‘ }
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Similary, we can write

B(sk-+k—1)
> ol

n=v+1

and we get > >° | |énot1| = O(1) by , , , . Therefore
Z (Pn B(6k+k—1)

n=v+1

that means is necessary.
Sufficiency.
By the equalities in , we can write a, = Y »_oé,AL and AU, =

Zv 0 d,w)\ Zr 0 UTAI
Since an =d,0 — dn—l,o =0, we have

AU, = Z Ao Z ¢ Al
n n v—2
= Z Ao rollyy ALy + > dporotl ALy + Y duwde Y &, AT
v=1 v=1 v=1 r=0

n—1

= dunAn, AL + Z (dnwdofo + dnit Aos18ir ) AL

+ZAI Z W (17)

v=r—+2

k
00
dnv+1)\v+1‘ < Mk{ Z 9011‘26’671,?)4—1’}

n=v+1

dn U—‘rl)\"u—&-l‘ - O(l)

For 0y, (Kronecker delta), by using the equality > ;_, &, ¢ky = Ony, we get

Cim))\ év—l—l v
drw)\ v T dn U+1/\U+1cv+1 v P + d” w41 Av+1 e
() vacv—i-l v+1
o dnv)\v Ci A (Ev—i-l,v - va)
= - Uno+1N+1———
Coyv CovCo+1,0+1
. Aoy 5 (Cv+1,v+1 + Cytr10 — va)
= - dn,erl)\erl
Cov CovCo+1,0+1
Av(dnv)\v) 5 (CUU - CU+1,U)
= —+ dn,v+1)\v+1—'
Cyv CovCo+1,0+1
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If we write this equality in , we obtain

n—1 3 n—1

- ApnAn « Ay (dnyy) < 5 — _
AU, = AL+ ). MAIU +3° deAMMAL}
Cnn =1 Coyy =1 CovCo+1,v+1

ZAI Z Ao A

v=r—+2
= Un71 + U’I’L,Q
so that
Bondn « XA (dohy) « . L _ )
Upg = — AL+ Bolduodo) A p oy 3 dn,v+1)\v+1MAIv
Cnn v—1 Cyv p— CovCot1,0+1
and

Z Al Z o Ao

v=r—+2

Now, we show that

oo
Z@ﬁ(émk_l) Unil" <00 for i=1,2.

n=1
First
_1 A
SohtE-1) BGkik=1) d, N, 86k LA (dphy) <
Pn F Un,l = ©n AI + ©n F —— Al
Cnn p— Coy
B(sk+k—1) M1 (Cop — € )
-k 7 VY v+1,0) A
+ ©n F dn,v—l-l)\v—l-l—AIv
-1 CyvCou+1,v+1
v=
0o
= > hwAl
v=1
such that
B(5k+k—1) .
-k A'u(dnv)\'u) (C'u'v Cy+1, )
R L SRR
_ B(Sk+k=1)
finw = on " 722:71, v=mn
0, v>n
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B(6k+k 1) k

By Lemma ¥ Upi| < oo whenever ) ‘AI ‘ < oo is equivalently

sup, %% | [hny|* < 00 and by using , . . ., we have

S Jholt = O(1) § Bk | Tl
n=1 Cnn
00 I k
£y ey Ay (dnwAv) tdyii Ao (Cov — Cot1w)
mn,v v —
n=v+1 ! Cov CovCu+1,v+1
= O(l) as v— o0.
Now
B(5k+k—1) B(6k+k 1) N2 * B
on F Upp ZAI Z oMoy = > purALL
v=r+2 r=0
so that
B(5k+k—1) R
Pnr = Pn * EZZT—i-Z dm’)\véfum 0<r<n-2
07 r>n-— 2
B(5k+k—1) k ~
Again by Lemma (1} > |¢n * Up2| < oo whenever Z!Aln‘ < oo is

equivalently sup, Y >, |dm|k < oo and by using , , we have

0o 00 k
Z\dml Z doF = 0(1) 3 gpg@kﬂcl){ 3 CZ,“,AU@;”,}

n=r-+42 n—r+2 v=r—+2

= Z QB Gk+E-1) ‘Czn,r+1>\r+1
n=r—+2

= 0O(1) as 7 — oo.

‘k
Thus, we obtain that

oo
Zcpg(‘””k*l) ]Um]k <oo for i=1,2.

n=1

Earthline J. Math. Sci. Vol. 12 No. 1 (2023), 1-12



10

Bagdagiil Kartal

5

Conclusions

In this paper, a new general theorem related to necessary and sufficient conditions

for absolute matrix summability of IS is proved. In case of ¢, = n for all values
of n, 6 =1 and d = 0, the equalities , and reduce to the equalities
@, and respectively, thence Theorem |2 reduces to Theorem 1. Theorem
may be the basis for further studies, the result can be generalized for different

summability methods.
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