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Abstract

In this paper, we introduce new approximation operators such as first lower
approximation and first upper approximation of a sub undirected graph hu € Q by using
incident edges system and non-incident edges system respectively. Some properties of
these concepts are investigated. In addition the first accuracy of lower and upper
approximation operators are introduced and some of its characteristics are studied.

1. Introduction and Preliminaries

Combinatorics branch of graph theory is strongly related to other areas of
mathematics like topology, group theory, and matrix theory. The second reason is that
graphs will be very beneficial in practice when numerous concepts are empirically
represented by them. Topological graph theory is a branch of mathematics with extensive
applications in both theoretical and practical contexts [1, 2, 3, 4, 5, 8, 9]. We forecast that
a significant factor in bridging the gap between topology and applications would be
topological graph structure. We cite Harary [6] for all terms and nomenclature related to
graph theory, and Moller [7] for all terms and notation related to topology. Here are some
fundamental ideas in graph theory [10]. A undirected graph or graph is pair =
(0(Q), E(2)) where O(Q) is a non-empty set whose elements are called points or vertices
(called vertex set) and £(Q) is the set of unordered pairs of elements of O(Q) (called
edge set). An edge of a graph that joins a vertex to itself is called a loop. If two edges of a
graph are joined by a vertex, then these edges are called the edges @ incident with the
edges @;. The set of g is {Q; € £(Q): gincident with g} and the edges ¢ non incident
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with the edges @;. The set of @ is {Q; € £(Q): @, nonincident with @}. A sub graph of a
graph Q is a graph each of whose vertices belong to O(2) and each of whose edges
belong to £(Q). An empty graph if the vertices set and edge set is empty. A degree of a
vertex U in a graph ) is the number of edges of Q incident with . Let Q =
(0(Q), E(2)) be und. g. and an edge @ € £(Q). The incident edges set of g is denoted by
IE(Q) and defined by 1E(Q) = {91 € £(Q): @incident with ¢} and the non-incident
edges set of @ is denoted by NIE(Q) and defined by NIE(Q) = {9 € E(Q):
@inonincident with ¢}. An und. g., Q = (0(2), £(Q)) the incident edges system (resp.
non incident edges system) of an edge @ € £((1) is denoted by IES(Q) (resp. NIES(Q))
and defined by: 1ES(Q) = {I€E(Q)} (resp. NIES(Q) = {NIE(Q)}). The combined edges
system of an edge @ € £E(Q) is denoted by CES(Q) and defined by CES(Q) =
{I€S(Q), NIES(Q)}. An edge g € £(Q) is called isolated edge if {g € £(Q); ACES(Q) N
(E(h) —{g}) = d}. Let Q = (0(Q), E(Q)) be an und. g. and suppose that b.: E(Q) —
P(P(E(Q))) is a mapping which assigns for each g in £(Q) its combined edges system in
P(P(E(L))). The pair (Q, b.) is called the C-space.

2. First New Approximation Operators using Combined Edges Systems

In this section, our main goal is to present a set-theoretic framework for granular
computing with combined edges systems. There are numerous varieties of arbitrary edges
systems in use. Consider the generalized approximation space 3 = (0(Q),E(Q)), we
introduce new definitions of the lower and upper approximation operators using
combined edges systems. The properties of the suggested operators are obtained. We also
define accuracy for the introduced approximations and investigate its characteristics.

Definition 2.1. Let 3 = (0(Q),E(Q)) be a generalized approximation space and
v € Q. Then

a) The first lower and upper approximations of hy using incident edges systems are
denoted by L} (€£(lv)) and U (€(lv)) and defined by:

Li (E()) = {g € E(hv); 1E(Q) < E(hv)},
Ui (E(v)) = E(h) U {g € E(Q) — E(hv); 1E(Q) N E(Mv) # B},

b) The first lower and upper approximations of hv using nonincident edges systems
are denoted by LY (E(hv)) and UL (E(tv)) and defined by:

Ly (E(v) = {g € E(hv); NIE(Q) € E(h)},
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Un(E(h)) = E(v) U {g € E(Q) — E(tv); NIE(Q) N E(hv) + B},
¢) The first lower and upper approximations of v using combined edges systems
are denoted by LL(E(h)) and UL(E(hv)) and defined by:
LL(E(h)) = {g € E(hv); for some CE(Q) € E(tv)},
UL(E()) = E(h) U {Q € £(Q) — E(hv); for all CE(Q) N E(tv) # B).
Definition 2.2. Let 3 = (0(Q), £(Q)) be a generalization approximation space and
v € Q. Then

a) The first boundary, positive and negative regions of hy using incident edges
systems are denoted by Bd;(E(tv)), POS!(E(hv)) and NEG{(E(hv)) and
defined by:

Bd} (E(v)) = U (E(v)) — L} (E(v)),

POSL(E(hv)) = LE(E()),
NEGL(E(W)) = E(Q) — UL (E()),

b) The first boundary, positive and negative regions of vy using nonincident edges
systems are denoted by Bd} (£(hv)), POSE(E(hv)) and NEGL(E(hv)) and defined
by:

Bdy(E(t)) = Up(E(tv)) — Ly (E(hv)),

POSL(E()) = LL(E()),
NEGL(E(W)) = £(Q) — UL(E()),

¢) The first boundary, positive and negative regions of hy using combined edges
systems are denoted by Bd2(E(lv)), POSL(E(tv)) and NEGL(E(v)) and defined
by:
Bdg (E(hv)) = Uz (E()) — Le(E(N)),

POS¢(E(h)) = Le(E(v)),
NEGE (E()) = £(Q) — Uz (E(hv)).
Definition 2.3. Let 3 = (0(Q),E(Q)) be a generalized approximation space. Then

the first accuracy of the approximation of a sub und. g. lhv € Q using (incident,
nonincident and combined) edges systems are denoted by ({!(E(hv)),¢E(E(h)) and
¢2(E(hv))) and defined respectively by:
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|Bd} (E(v))]
e = 1- o
) _ . IBdy(E))
AEm) =1~
) . IBALEM))]

It is obvious that 0 < {H(E()) <1, 0 < ¢ (E()) <1 and 0 < 2 (E(v)) < 1.
Moreover, if {1(E()) =1 or {E(E()) =1 or {L(E()) =1, then hv is called hv-
definable (tv-exact) und. g. otherwise, it is called hv-rough.

Example 24. Let Q= (0(Q),E(Q)) such that 0(Q) = {3y,%,33,%,} and

E(Q) ={91,92,93,94,95}-
3 Q2 B,
Q3
Qs
Qs Y2 — o

Figure 2.1. und. g. () given in Example (2.4).

We get:
16(91) = {91' 92}' 18(92) = {91' 93}1 18(93) = {92' Q4, 95}1

1€(94) ={93,94,95},  1€(9s) = {93,094}

Also we have

NIE(Q1) ={93,94,95},  NIE(Q2) = {0495},  NIE(Q3) = {91},
NIE(Q4) = {01,923,  NIE(Qs) = {91,92}-

Then we obtain
CE(91) = {{91,92},{93,94, 953}, CE(92) = {{91,93}, {94,953},
CE(Q3) = {{92,94, 95}, {01}},  CE(Q4) = {{93, 94,95}, {01,92}},

C‘S(QS) = {{93' 94-}' {91' 92}}
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According to Definition 2.3 we get the following table.

Table 2.1. L} (£(tv)), L (£(hv)) and LL(E(tv)) for all bu € Q.

E(h) Li (E()) Ly (E(h)) L (E())
{01} ¢ ¢ ¢
{92} ¢ ¢ ¢
{93} ¢ ¢ ¢
{04} ¢ ¢ ¢
{95} ¢ ¢ ¢
{91,902} {01} (0] {01}
{91,093} (0] {93} {93}
{91,904} (0] (0] ¢
{91, 95} ¢ ¢ ¢
{92,903} ¢ (0] ¢
{92,904} ¢ ¢ ¢
{92, 95} ¢ ¢ ¢
{93,094} (0] (0] (0]
{93, 95} ¢ ¢ ¢
{94, 95} ¢ ¢ ¢

{91,92,93} {91, 92} {93} {91,92,93}

{91,92,94} {01} {04} {91,904}

{91, 92, 95} {01} {95} {91,95}

{92,093, 94} (0] ¢ ¢

{92, 93,95} ¢ ¢ ¢

{93, 94,91} (0] {93} {93}

{93, 94,95} {94, 95} ¢ {94, 95}

{94,95,01} ¢ ¢ ¢

{94, 95,92} ¢ {92} {92}

{91, 93,95} ¢ {93} {93}
{91,92,93,94} {91, 92} {93,094} {91,902, 93,94}
{91,92, 93,95} {91, 92} {93, 95} {91,92, 93,95}
{92, 93,94, 95} {93, 94,95} {92} {92, 93,94, 95}
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{91, 93, 94,95} {94, 95} {91, 93} {91, 93, 94,95}
{91, 92, 94,95} {01} {92, 94, 95} {91, 92, 94,95}

Q) () () E(Q)

¢ ¢ ¢ ¢
Table 2.2. UL (E()), UL (E(v)) and U(E()) forall v € Q.

E(h) Ui (E(v)) Un (E(hv)) UL (E(hv))

{01} {01,92} {91,93,94, 95} {01}

{02} {01,92,93} {02,94,95} {02}

{03} {Q2,93,94, 05} {01,093} {03}

{04} {93,094, 95} {01,92, 04} {04}

{os} {93,094, 95} {91,902, 95} {os}
{01,092} {91,92, 93} EQ) {91,92, 93}
{01,903} E(2) {91,93,94, 95} {91,93,94,95}
{01,094} E() £(Q) E(Q)
{01,9s5} E() £(Q) E(Q)
{0293} E() £(Q) E(Q)
{02,094} E() {91,92,94, 95} {01,92,94, 95}
{02, 95} E() {01,92,94, 95} {01,92,94, 95}
{03,094} {Q2,93,94, 95} {01,92,93,04} {92,093, 04}
{03,905} {Q2,93,94, 95} {91,92,93,95} {92,093, 04}
{04,905} {93,094, 95} {01,92,94, 95} {04,905}

{01,92,93} E() £(Q) E(Q)
{01,92,04} E() £(Q) E(Q)
{01,92,95} E() £(Q) E(Q)
{92,93,04} E() £(Q) E(Q)
{92,93,95} E() £(Q) E(Q)
{03,94,91} E() £(Q) E(Q)
{93,94,95} {Q2,93,94, 95} E(Q) {Q2,93,94, 95}
{04,95, 01} E() £(Q) E(Q)
{94,95, 92} E() {91,92,94, 95} {91,92,94, 95}
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{91, 93,95} E(Q) E(Q) E(Q)
{91, 92,93, 94} Q) EQ) EQ)
{91, 92,93, 95} E(Q) E(Q) E(Q)
{92, 93, 94, 95} E(Q) E(Q) E(Q)
{91, 93,94, 95} E(Q) E(Q) E(Q)
{91, 92,94, 95} {01} E(Q) E(Q)

£(Q) E(Q) E(Q) E(Q)

¢ ¢ ¢ ¢
Table 2.3. B} (£(hv)), BL(E(hv)) and B (E(hv)) forall b € Q.

E(h) B{ (E(v)) B (E(v)) B{(E())

{91} {0192} {91,93,94, 95} {01}

{02} {01,902, 93} {02,94,95} {02}

{03} {Q2,93,94, 05} {01,03} {03}

{04} {93,094, 95} {01,092, 04} {04}

{os} {93,094, 95} {91,902, 95} {os}
{91,902} {92, 93} E) {92, 93}
{01,903} E() {91,094, 95} {01,094, 95}
{01,094} E() E(Q) E(Q)
{01,905} E() E(Q) E(Q)
{0293} E() E(Q) E(Q)
{02,094} E() {01,92,94, 95} {01,92,94, 95}
{02, 95} E() {91,92,94, 95} {91,92,94, 95}
{03,094} {Q2,93,94, 95} {01,92,93, 04} {92,03,04}
{03,905} {Q2,93,94, 95} {91,92,93,95} {92,03,04}
{04,905} {93,094, 95} {91,92,94, 95} {04,905}

{01,92,93} {93,094, 95} {91,92,94, 95} {04,095}

{01,92,04} {Q2,93,94, 95} {91,92,93,95} {92,93,95}

{01,92,95} {Q2,93,94, 95} {91,92,93, 94} {92,03,04}

{92,903, 04} E() E(Q) E(Q)

{92,93,95} E() E(Q) E(Q)
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{03,94,91} E(Q) {91,92,94, 95} {91,92,94, 95}
{93,94,95} {92,093} E(Q) {92,093}
{Q4,95,01} E(Q) Q) E(Q)
{94,95, 92} E(Q) {91,94,95} {01,904, 95}
{01,93,95} E(Q) {91,92,94, 95} {91,92,94, 95}
{01,92,93, 94} {93,94,95} {01,902, 95} {os}
{01,92,93, 95} {93,94,95} {01,902, 95} {04}
{92,93,94, 95} {01,902} {91,93,94, 95} {01}
{Q1,93,94, 95} {01,902, 93} {92,94,95} {02}
{01,92,94, 95} {Q2,93,94, 95} {91,093} {03}
E(Q) ¢ ¢ ¢
¢ ¢ ¢ ¢
Table 2.4. ¢! (E(h)), E(E(W)) and ¢E(E()) for all v € Q.
E(h) §i (E()) {n (E()) {¢(E())
{91} 3/5 1/5 4/5
{02} 2/5 2/5 4/5
{93} 1/5 3/5 4/5
{04} 2/5 2/5 4/5
{9s} 2/5 2/5 4/5
{01,902} 3/5 0 3/5
{91,93} 0 2/5 2/5
{91,904} 0
{01,905} 0
{92, 93} 0
(92,94} 0 1/5 1/5
{92,95} 0 1/5 1/5
(93,94} 1/5 1/5 2/5
{93,95} 1/5 1/5 2/5
{94, 95} 2/5 1/5 3/5
{91,92,93} 2/5 1/5 3/5
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{91,902, 94} 1/5 1/5 2/5
{91, 92,95} 1/5 1/5 2/5
{92,93,94} 0 0 0
{92,93, 95} 0 0 0
{93, 94,91} 0 1/5 1/5
{93,94, 95} 3/5 0 3/5
{94,95,91} 0 0 0
{94,905, 92} 0 2/5 2/5
{91,93,95} 0 1/5 1/5
{91, 92,93, 94} 2/5 2/5 4/5
{01,92,93,95} 2/5 2/5 4/5
{02,93,94,95} 3/5 1/5 4/5
{91, 93,94, 95} 2/5 2/5 4/5
{91, 92,94, 95} 1/5 3/5 4/5
£(Q) 1 1 1
¢ 1 1 1

Theorem 2.5. Ler 3 = (0(Q),E(Q)) be a generalized approximation space and
v € Q. Then

(a) Le(E()) = Li(E()) U Ly (E(h)).

(b) U (E(hv)) = Ui (E(tv)) N Uz (E(t)).

(©) Bd(E(v)) = Bdj (E(v)) N Bdj(E(hv)).

Proof.

(a) Let @ € (Li (E(v)) U Ly (E(v))) & @ € Li (E(v)) V @ € Ly (E()) = 1E(Q) €
E() VNIE(Q) € () & 3 CE(Q) such that CE(Q) € E(hv) & g € LL(E()), hence
Le(E(t) = Li(E()) U Li(E(h)).

(b) Let ¢ € U2(E(hv)). Then there are two cases:
1) g€ &) = g€ U (E() AgE Ui(E(v)) = g € Ui (E(v)) N Up(E(hv)).

2) @ € E(Q) — E(hv), since g € UL(E()) = for all CE(Q), CE(Q NEM) # @ =
(1E(Q) N E(l) # B) A (NIE(Q) NE(N) # @) = ¢ € U (E()) A @ € Us(E())
= g € UL(E()) N UA(EQ)).
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Conversely, ¢ € (L}(E(lv)) N UL(E(Iv))), then there are two cases:

1) g€ &) = g € UL(EM)).

2) Q€ E(Q) —EM), since g€ (LH(EM)) NUL(EM))) = (IE(Q) N E(hv) #

@) A(NIE(Q NEM) # @)= for all CEQW), CEQNEMN)+P=>9E€
UL(E(Iv)). Consequently, U2 (E(v)) = UL(E()) NUL(E()).

(c) Let ¢ € Bdl(E(h)) = g € UL(E(h)) A g & LL(E(v)) since ¢ € UL(E(v)) by
Theorem (2.5(b)) we get ¢ € (UL(E()) NUL(E())) = ¢ € UL (E(hv)) and g €
UL(E(h)). Since @€ LL(E(tv)) by  Theorem  (2.5(a)) we  get
9 ¢ (LYEM)) ULL(E())) = 9 & LI (E(v)) and ¢ ¢ LL(E(lv)) and hence g€
Bdl(E(v)) and g € Bdi(E(h)) = g € (Bd!(E(v)) N BdL(E(hv))). Conversely,
Q € (Bd} (E(hv)) N BdL(E(W))) = ¢ € Bd}(E(lv)) and g € BdL(E(hv)) since g€
Bd}(E(hv)) = 9 € U (E(lv)) and ¢ & LI(E(hv)) and since ¢ € Bdi(E(hv)) =g €
UL(E()) and ¢ & LL(E(v)) and hence ¢ € (U(E(h)) N UL(E(hv))) by Theorem
(2.5(b)) we get ¢ € U(E(hv)) and @ & (L} (E(hv)) U LL(E(v))) by Theorem (2.5(a))
we get @ € LL(E(tv)) then g € Bdl(E(h)).

Proposition 2.6. Let 3 = (0(Q), E(Q)) be a generalized approximation space and
h,k € Q. Then

(D) Le(E()) € E(hv).

(2) Le(E() = ().

(3) Le(@) = 9.

(4) IfE(hv) € E(K), then LL(E(W)) S LL(E(K)).
(5) Le(E(hv) N E(R)) < Le(E()) N Le(E(K)).
(6) Le(E(hv) U Le(E(R) € Le(E(v) U E(K)).
(7) Le(E(h)) = E(Q) — [Ue (E(Q) — E(u))]-

Proof.
The proof (1), (2) and (3) by Definition (2.1(c)).

(4) Let E(hv) € £(K) and g € LL(E(h)), then 3 CE(Q) such that CE(Q) € E(hv) so
Q € LL(E(l)) € E(v) € E(K). Thus we have ¢ € E(K) and there exist CE(Q) such that
CE(Q) € E(hv) € £(K). Hence, ¢ € LL(E(K)) and so LL(E(v)) € LL(E(K)).

http:/fwww.earthlinepublishers.com



New Approximation Operators using Combined Edges Systems 353

(5) Since (E(lv) NE(K)) € E(hv) by Proposition (2.6(4)) we get LL(E(v) N
E(R) S LL(EM) ———=(1). And since (E(v)NE(K)) € EK) by Proposition
(2.6(4)) we get LL(E(h) N E(K)) € LL(E(K)) — — — (2). From (1) and (2) we get
LL(E(v) N ER)) € LAEM)) N LLER)).

(6) Since E(hv) € (E(hv) U E(K)) by Proposition (2.6(4)) we get LL(E(h)) S
LL(E(h) U E(K)) — — — (1). And since E(K) € (E(hv) U E(K)) by Proposition (2.6(4))
we get LL(E(R)) € LL(E(v) U E(K)) — — — (2). From (1) and (2) we get LL(E(v) U
E(R)) < LL(E) U ER)).

(7) Let QELLEM)) 29€&(Mv) and 3ICERQ) S EM) > g€ EW) —
[£(Q) — £(v)] and 3 CE(Q): CE(Q) N [E(Q) — EQW)] = 8 = ¢ & UL(E(Q) — E(v)) =
Q € E(Q) — UH(EW) — E()) = LL(E()) € E(Q) — UL (EWQ) — E(hv)) — — — —(D).
On other side let g€ £(Q) — UL(E(Q) —E(v)) = g € E(Q) and ¢ & UL(E(Q) —
£()) = 3 CE(Q): CE(Q) N[E(Q) — ()] = @ and ¢ € E(Q) — [E(Q) — E(v)] and
3 CE(Q) € E(hv) = g € Le(E(h)) = E(Q) — UL(EWQ) — E()) € Le(E()) — = —
(2). From (1) and (2) we get LL(E(hv)) = E(Q) — [UL(E(Q) — E(hv))].

Proposition 2.7. Let 3 = (0(Q), E(Q)) be a generalized approximation space and
h,k € Q. Then

(1) E(v) € U (E(h)).

(2) UL(EWD) = E().

(3) Ui (@) = 0.

(4) IFE() € E(R), then UL(E(N)) € UL(E(R)).
(5) Ud(E() N E(R)) € UF(E()) N UL(ER).
(6) UL (E(h) U UL(ER) € U(EM) U E(R)).
(7) U (E(h)) = E(Q) — [Le(E(Q) — E())].

(8) Le(E()) € U(E()).

Proof.

The proof (1), (2) and (3) by Definition (2.1(c)).

(4) Let E(bv) € £(K) and ¢ € U2 (E(hv)), we have:
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If g€ E() = ge () S EKR) = g€ ER) = g € ULEW)). If g€ E(Q) —
E(Iv) since @ € UL(E(h)) = V CE(Q): CE(Q) N E(v) # @ and since E(hv) € E(R) =
VCEWQ):CE(QNEKR)#® and hence if Q€e&R)—EM) = qeé&(k)=>
QEULEWR)) if QEE)—ER) =V CEWQ):CEQNEK) =0 = g € ULEK))
thus UL(E(h)) € UL(E(K)).

(5) Since (E(h)) nS(k)) c £(lv) by Proposition (2.7(4)) we get UX(E() N
E(R) € ULEM))———(1). And since (E(hv) NnE(K)) € E(kK) by Proposition
(2.7(4)) we get U(E(hv) N E(K)) € UL(E(K)) — — — (2). From (1) and (2) we get
U (E(v) N E(R)) € UL(EM)) n UL (EK)).

(6) Since £(h) € (E(v)UE(K)) by Proposition (2.7(4)) we get UL(E(h)) S
UL(E()UE(K)) — — — (1). And since E(K) € (E()UE(K)) by Proposition (2.7(4))
we get Ucl(E(k)) C UL(EM)UEKR) — ——(2). From (1) and (2) we get
U (E(h)) U Ug (E(R)) € Ug(E(h) U EK)).

(7) By Proposition (2.6(7)) LL(E()) = E(Q) — [UL(EQ) — E(hv))] = E(Q) —
Le(E(h)) = E(Q) — (E(Q) — [U(EQ) — E))]) = UL(EW) — E(v) = E(Q) -
LL(E(hv)). Now we replace £(Q) — E(h) for E(hv) we get UL(E(h)) = EQ) —
LL(e(Q) — E()).

(8) By Proposition (2.6. (1)) we get LL(E(hv)) € £(tv) and by Proposition (2.7(1))
we get £(hv) € UL(E()) thus LL(E(h)) € UL(E(h)).

Remark 2.8. Let 3 = (0(Q),E(Q)) be a generalized approximation space and
hy, k € Q. Then the following statements are not necessarily true:

(1) Le(E(h)) = Le(Le(E))).

(2) Le(E()) = Ug (Le(E(t))).

(3) E(h) < Le(Ue (E())).

(4) Le(E(v)) € Le(Le(E())).

(5) Le(E(h) U E(R)) = Le(E(h)) U Le(E(R)).
(6) U (E(h)) = Ug (Ue (E(v))).

(7) Ue (E(tv) = Le(Uc (E(h))).

(8) UX(LL(E(W))) € E(hv).
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(9) Us (U (E(h))) € Ug(E()).

(10) UZ(E(hv) U E(R)) = UZ(E(W)) U Ug (E(R)).

The following example is used to demonstrate this notion.
Example 2.9. In Example (2.4) we get

(1) Let hv = (O(hv), E(v)) such that O(hv) = {3s3,14} and E(hv) = {Q4,92}. Then
Le(E() = {@1}, Le(Lt(E(v)) = @. Therefore, Lt(E(tv)) # Le(Le(E ().

(2) Let v = (O(hv), E(v)) such that O(hv) = {31,, 3,34} and E(Wv) = {941, 92,93}
Then LL(E(W)) ={01,92,93}, UL(LL(E(W)) = E(Q). Therefore, LL(E(N)) #
U (Le(E(h)).

(3) Let v = (0(hv), E(v)) such that O () = {1,,} and E(lv) = {Q4, 95}. Then
U(E)) = {94, 95}, Lt(UZ (E()) = @. Therefore, €(tv) & Lt(UZ (E(tv)).

(4) Let hv = (O(hv), E(v)) such that O(hv) = {Rr3,1,4} and E(hv) = {Q1,92}. Then
Le(E(h)) = {91}, Le(Le(E(hv)) = @. Therefore, Lt (E(hv)) & Le(Le(E(h)).

(5) Let v = (0(v), E(lv)) such that O(hv) = {R51,3,} and E(hv) = {gs}. And
k = (0(K), E(K)) such that O(K) = {31, y, s} and E(K) = {91, 9} Then LL(E(hv)) =
0, Le(E®) ={o1}, Le(E)ULL(ER) ={o1}, Le(E()UEK)) = {91,905}
Therefore, LL(E(hv) U E£(K)) # LL(E(h)) U LL(E(K)).

(6) Let v = (O(hv), E(v)) such that O(hv) = {3s3,1,4} and E(hv) = {Q1,92}. Then
Uz (E(v)) = {Q1, 92,93}, U (UL (E(tv)) = E(Q). Therefore, U (E(N)) # U (UF(E()).

(7) Let hv = (0(lv),E()) such that O(lv) = {3} and E(lv) ={g;}. Then
Uz (E(v) = {e1}, Le(Ue (E(tv)) = @. Therefore, UZ (E(tv)) # Le(Ue (E(hv)).

(8) Let v = (0(hv), E(v)) such that D () = {r,, 33,35, } and E(W) = {Q1,92,94}-
Then LL(E(W)) = {91, 94}, UL(LL(E(hv)) = E(Q). Therefore, UL (LL(E(hv)) € E(N).

(9) Let v = (0(hv), E(v)) such that O(v) = {33,354} and E(v) = {Q4,9,}. Then
Uz (E(v)) = {Q1, 92,93}, Ud (UZ (E(hv)) = E(Q). Therefore, U (U (E(N)) & UZ(E()).

(10) Let by = (0(hv),E(M)) such that O(lv) ={,} and E(v) ={g;}. And
k = (0(K), £(K)) such that O(K) = {33,%,} and E(K) = {9,}. Then UL(E(hv)) = {9,},

ULER) = {92}, U (E()) U UL(ER)) = {91,092}, UL(EM) U E(R)) = {91,92,93}-
Therefore, UL(E(hv) U E(K)) # UL(E(h)) U UL(E(K)).
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Corollary 2.10. Let 3 = (0(Q), E(Q)) be a generalized approximation space and
be antisymmetric und. g. and v,k € Q). Then

(D) LLEM)) = E().

(2) LL(E() N E(R)) = LE(E(h)) N LL(EK)).
(3) Le(E()) U LL(E(R)) = LE(E(t) U ).
(4) E(h) = UX(EM)).

(5) UX(E() N E(R)) = UL(EM)) N UL(ER)).
(6) U (E(h)) U UA(ER)) = UL(E(h) U EK)).

(7) Le(E()) = U (E()).
Proof.

(1) Let Q be an antisymmetric und. g. and v € Q by Proposition (2.6(1)) we get
LL(E()) € E(v) — — — (1). Let g € E(hv) and @ & LL(E(l)) = V CE(Q) & E(hv) and
this contradiction with Q is antisymmetric since V @ € £(lv) = 1€(Q) € £(lv) and hence
Q € LL(E(h)) = E(hv) € LL(E()) — — — (2). From (1) and (2) we get LL(E(hv)) =
E(h).

(2) Let Q be an antisymmetric und. g. and hy, K € Q by Proposition (2.6(5)) we get
Le(E(hv) N E(R)) € LL(E()) N Le(E(R)) — — — (D). Let Q € [Lt(E(v) n
LL(E(R))] = g € LL(E(hv)) A @ € LL(E(K)) by Corollary (2.10(1)) we get g € E(hv) A
QEE(R) = g€ (E()NE(K)) by Corollary (2.10(1)) we get g € Li(E(v) N
E(R)) = LL(E()) NLL(E(R)) € LL(E(v) N E(K)) — — — (2). From (1) and (2) we
get LL(E(hv) N E(R)) = Le(E(hv)) N Le(E(K)).

(3) Let Q be an antisymmetric und. g. and hy, K € Q by Proposition (2.6(6)) we get
LLEM)) ULLER) S LL(EM) U ER) — — — (1). Let g€ Li(E() UEK)) by
Corollary (2.10(1)) we get Q € (E(lv) UE(K)) = g € E(lv) Vg € E(K) by Corollary
(210(1)) we get Q€ Le(E()) Ve € Le(E(R) = € [Le(E() U Le(E(R)] =
LY (E() U ER)) S LE(E()) ULL(E(R) — — —(2). From (1) and (2) we get
Le(E()) U Le(E(R)) = Le(E(tv) U E(R)).

(4) Let Q be an antisymmetric und. g. and v € Q by Proposition (2.7(1)) we get
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E(h) Cc UL(EM)) — — — (1). Let g € UL(E(h)) = g € E(h) or g € E(Q) — E();
VCEQNEM) #0. If ge &) >U(EM) cE(). If e &) —E();
VCEQNEM) =0 = T9, €CE(Q)and ¢, € E(lv) = ¢; EIE(Q) and this
contradiction with () is antisymmetric and hence @ & £(Q) — E(hv); V CE(Q) N E(v) #
@. Thus ¢ € £(v) = UL(E()) € E(v) — — — (2). From (1) and (2) we get E(v) =
Uz (E(hv)).

(5) Let Q be an antisymmetric und. g. and hy, K € Q by Proposition (2.7(5)) we get
Ut (E() NER)) S UL(EM)) N ULEM) ———(1). Let Q€[UHEM)) N
ULEKR))] = g€ UL(EM)) A g € UL(E(K)) by Corollary (2.10(4)) we get QE€E
E)ANQeEE&KR) = g (E(v)N&E(K)) by Corollary (2.10(4)) we get QE€E
ULEM) NEKK)) = ULEM)) n ULEK)) € ULEM)NEK) ———(2). From
(1) and (2) we get UX(E(v) N E(K)) = U(E()) n UL(EK)).

(6) Let Q be an antisymmetric und. g. and hy, K € Q by Proposition (2.7(6)) we get
Us (E()) UULER) € Ug(E(v) UER)) —— — (1). Let g € Ug(E(v) U E(K)) by
Corollary (2.10(4)) we get Qg € (E(hv) U E(K)) > g€ E(lv) Vg e E(K) by Corollary
(2.10(4)) we get @€ Us(E()) Vo€ Uz (E(K) = g € [UZ(E() U U (E(R)] =
ULEM) UEK)) c ULEM) UULEK) ———(2). From (1) and (2) we get
Uz (E(h)) U UZ(E(R)) = Ug(E(hv) U E(R)).

(7) Let Q be an antisymmetric und. g. and hv € Q by Corollary (2.10(1)) we get
LL(E(h)) = E(v) — — — (1). And by Corollary (2.10(4)) we get UL(E(h)) = E(h) —
— — (2). From (1) and (2) we get LL(E(hv)) = UL(E(h)).

Example 2.11. Let Q = (0(Q),E(Q)) such that 0(Q) = {31,355, 3,34} and

E(Q) = {91,92,93,94}-
ko O
Q4 Q]
%3093 =),

Figure 2.2. Antisymmetric und. g. Q given in Example (2.11).
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Hence b, is defined by
P.(91) = {{91}: {92,903, 94}}' P.(92) = {{92}: {91'93:94}}'

Pe(93) = {{93}, {91, 92,943} Pc(94) = {{04}. {01, 92,933}

Table 2.5. LL(£(v)), and UL (E(hv)) for all v € Q.

E(tv) LE(E() U ()
{01} {01} {01}
{92} {92} {92}
{93} {93} {93}
{04} {94} {94}
{91,92} {01,92} {01,92}
{91,93} {91,93} {91,93}
{91,94} {91,94} {91,94}
{92, 93} {92,903} {92,93}
{92,04} {92, 94} {92,94}
{93,94} {93, 94} {93,94}
{01,92,93} {91,92,93} {01,92,93}
{91,92, 94} {91,92,94} {91,92,94}
{91,93, 94} {91,93,94} {91,93,94}
{92, 93,04} {92, 93,94} {92, 93,94}
E(Q) E(Q) €(Q)
1) @ @
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