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Abstract

In this paper, we define and investigate modified p-Leonardo,
p-Leonardo-Lucas and p-Leonardo sequences as special cases of the
generalized Leonardo sequence. We present Binet’s formulas, generating
functions, Simson formulas, and the summation formulas for these sequences.
Moreover, we give some identities and matrices related with these sequences.
Furthermore, we show that there are close relations between modified
p-Leonardo, p-Leonardo-Lucas, p-Leonardo numbers and Fibonacci, Lucas

numbers.
1 Introduction and Preliminaries
The sequence of Fibonacci numbers {F),} is defined by
Fo=F, 1+ F, 92 n>2 k=0 =1,
and the sequence of Lucas numbers {L,} is defined by
Ln=1Ln1+Lna n>2 Lo=2 L =1

The generalizations of Fibonacci and Lucas sequences lead to several nice and

interesting sequences.
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In , Catarino and Borges introduced a new sequence of numbers called

Lenonardo numbers. They defined Lenonardo numbers as
ln=1lp1+Ilp2+1, n>2,

with [ = 1,11 = 1. Lenonardo sequences has been studied by many authors, see

for example, [1}2l41617].
In Soykan [@], two sequences related to Lenonardo sequence were defined:

Modified Leonardo and Leonardo-Lucas numbers are defined as
Gn=Gn_1+G,2o+1, with Gog=0,G1=1, n>2,

and
H,=H, 1+H, -1, with Hy=3,H; =2, n > 2,

respectively. The sequences {Gy}, {H,} and {l,,} satisfy the following third order
linear recurrences:
Gn = 2Gp-1—Gn-3, Go=0,G1=1G2=2,
H, = 2H, 1 — Hp3, Ho=3,H, =2,H; =4,
ln = 2l41—1ly3, lo=11L=1/=3.

In Soykan @], generalized Leonardo sequence {W,}n,>0 = {Wy(Wo, Wi, W2) }n>0

is defined by the third-order recurrence relation
Wp =2Wp_1 —Wy_3 (1.1)

with the initial values Wy = cg, W1 = ¢1, Wa = c¢2 not all being zero. The sequence
{Whp}n>0 can be extended to negative subscripts by defining

W_opn =2W_(42) = W_(n3)

for n =1,2,3,.... Therefore, recurrence holds for all integer n.

Note that the sequences {G}, {H,} and {l,,} are the special cases of
the generalized Leonardo sequence {W,}. Next, we list some properties of the
sequences {W,}, {Gn}, {Hx»} and {l,,} as follows (see Soykan [6] for details).
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e Binet formula of generalized Leonardo numbers can be given as

B 21" 29" z3y"
P T N/ e Rl vy vy M

zlan+1 _ Z2Bn+1

T
where
z1 = Wy— (2 - Oé)Wl + (1 - Oé)WO, (13)
2 = Wa—(2-8)Wi+(1-8)W, (1.4)
zZ3 = W2 — W1 — W(). (1.5)

Here, o, 8 and ~y are the roots of the cubic equation

2 —22 +1= (2 —2—1) (z —1) = 0.

Moreover,
1++5
a = )
2
g = LoV8
= 5
= 1.
Note that
atfty = 2
af+ay+pBy = 0,
O‘B’Y = -1,
or

a+pB=1, af =-1.

e For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo
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numbers can be expressed using Binet’s formulas as

n+2 _ on+2

G, = =8y
a—p

Hn - an+5n+17

2 n+1 _ agn+l

(a1 g

a—f ’

respectively. Note that Binet’s formulas of Fibonacci and Lucas numbers,

respectively, are

and so

Gn - Fn+2 — 1,
H, = L,+1,
ln - 2Fn+1 — 1.

e We have the following interrelations:

5Gn == 3Ln+1 + Ln - 5,
H, = 2Fn+1_Fn+17
5L, = 2Lpi1+ 4L, — 5.

oo
e The ordinary generating function fy, () = > W,a" of the generalized

n=0
Leonardo sequence is given by

> —2 -2 2
Z W — Wo + (W Wo)x + (Wy Wh)x .
n=0

1—2x+ 23

e (Simson Formula of Generalized Leonardo Numbers) For all integers n, we
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have

Winie Wit Wy
Whtt Win Wi
W, Wat Wiao
= (—1)"(~W5 + W = W§ + 22W1 W3 + WoWi — 2WEW, + WEWs)
—3WoW, Wh).

e We now present a few special identities for the generalized Leonardo

sequence {W,,}. For all integers n and m, the following identities hold:

— (Catalan’s identity of the generalized Leonardo sequence)
WoimWanom — W2 = (W1 — W) Frimas + (Wa —2W1 + Wo) Frima1 —
(Wo =W =Wo) ) (W1 =Wo)EFpp— g2+ (Wo—2W1 +Wo) Fyy g1 — (Wa—
W1—Wo))— (W1 —Wo) Fp o+ (Wa—2W1+Wo) Fy 1 — (Wa— W1 —Wp))2.

— (Cassini’s identity of the generalized Leonardo sequence)

Wy i W1 — W2 = (-W3 — WE + W§ + 3W 1 W — WoWa — WoWh)
F2  + W3+ WP —W§ = 3Wi W+ WoWa + WoW1)F2 + (W — 3W1 +
2Wo)(Wa — W1 —Wo) EFp1 + (2Wo — 5W1 + 3Wo ) (—Wa + W1 + Wh) F, +
(W2 + W2 — W2 — 3W1Wa + WoWa + WoWh)Fy 1 F.

— (d’Ocagne’s identity)

W1 Wy — Wi Wi = (Wo — W) (Wo + Wi — Wa)(Frg1 — Fing1) +
(Wo—2W1+Wa) (Wo+ Wi —Wa)(E — )+ (WE —WE—WZ —WoW; —
WoWs + 3WiWo)(FFrt1 — FrnFryr).

— (Melham’s identity)
W1 WhniaWhie — W3+3 = <W02 — W12 — W22 — WoW71 — WoWs +

BWIWo) (—(Wi —Wa)F3 |+ (Wo—Wh)Fa+(Wo— Wa) F1 2 — (Wo —
2W1 + Wa)F2  Fo) + (Wo+ Wi — Wa)(5Wo + 2W7 — TWa) (Wo + Wi —
2Wo)F2, 1+ (Wo— Wa)(2Wo + 3Wq —5Wo) E2 + (TWE + 3WE +17TW3 +
TWoW1 — 21WoWe — 13W 1 Wo) Fy i1 Fy) + (Wo + Wy — Wa)2(—(4Wo +

3W, — 7W2)Fn+1 —(3WO + Wy — 4W2)Fn).
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e For n € Z, generalized Leonardo numbers have the following identity:
_ 1
W, = (=1)""(Wayp — H,W,, + 5(H,% — Hop)Wo).

o If we define

2 0 -1
A = 1 0 O ,
01 0
Gny1 —Gn1 —Gy
B, = Gn —Gp2 —Gp s
Gn_l _Gn—?) _Gn—2
then
B,=A"
ie.,
2 0 -1 Gpy1 —Gno1  —Gy
1 0 O = Gn —Gpo —Gp_
01 0 Gn—l _Gn—S _Gn—2
e For all integers m,n, we have
Wner = WnGerl - anlefl - anQGm- (112)

e For all integers m, n, we have

(Wo + Wi — Wa)(W§ = WT — W5 — WoWi — WoWa + 3W1Wa) Wi im
= Wo(=(W = 2W2 + WiWo) Wi i3 + (W2 + WoWy — 2W1 Wo) Wi 1

+(—=WE + WoWo)Wi1)

W1 (—(WE = 2WE + WiWo) W1 + (W + WoW, — 2W W) Wi,

+(=WE + WoWa)Wi_1)

~Wheo(—(WE — 2WE + WiWo)Winyo + (W2 + WoWy — 2W1Wo) Wit

(=W + WoWa)Wp,).
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Note that all the properties of the sequences {W,,}, {G,}, { H,} and {l,,} listed
above are given and proved in Soykan @ In the next sections, we present new

results.

2 Special Cases of Generalized Leonardo Sequence

Now, we define new three sequences related to modified Leonardo, Leonardo-Lucas
and Leonardo sequences: Modified p-Leonardo, p-Leonardo-Lucas and

p-Leonardo numbers are defined, respectively, as

prn = Gp,n—l + Gp,n_g +p, Gp70 = 0, Gp’1 = 1, n > 2,
Hp,n = Hp,n—l + Hp,n—2 - D Hp,O = 37 Hp,l =p+ 17 n > 27
lpvn = lp7n_]- + lp7n_2 +p7 lp70 = 17 lpv]- = 1 n 2 2’
where p is an arbitrary non-zero complex (or real) number.

The sequences {Gpn}, {Hpn} and {l, ,} satisfy the following third order linear

recurrences:

Gp,n = 2Gp,n71 - Gp,nfl%a Gp,O = 07 Gp,l = 1> Gp,2 =p+ 1)
Hp,n - 2Hp,n—1 - Hp,n—?n Hp,O = 37 Hp,l =p-+ 1, H 2 = 4:

lp,n = 2lp,n—1 - lp,n—37 lp,O = 17 lp,l = 17 lp,2 =p+ 2.
Note that
Gl,n = Gna
H, n = an

)

ll,n - lnu

and note also that the sequences {G,,}, {Hpn} and {l,,} are the special cases
of the generalized Leonardo sequence {W,,}. So, we can use all the results given
in ﬂ§|]

Next, we present the first few values of the modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers with positive and negative subscripts:

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 317-842
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Table 1: The first few values of the special third-order numbers with positive and

negative subscripts.

n 0 1 2 3 4 5 6 7 8 9
Gpn O 1 p+1 2p+2 4p+3  Tp+5 12p+8 20p+13 33p+21 54p+34
Gp—n 1—p -1 2—2p p—3 5—4p dp — 8 13—9p 12p—21 34—-22p
H,, 3 p+1 4 5 9—-p 14-—-2p 23—-4p 37—-Tp 60—12p 97—20p
H,_, 2p—2 5—p 4p—-T7 12—4p 9p—19 31—-12p 22p—50 81 —33p 56p— 131

lpm 1 1 p+2 2p+3 4p+5  Tp+8 12p+13 20p+21 33p+34 54p+55
lp,—n —p 1 -2p—-1 p+2 —4p-—-3 4p+5 —-9p—-8 12p+13 —-22p-—21

For all integers n, modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo

numbers can be expressed using Binet’s formulas as

(a+tp-1) ., _(B+p-1)

o = G pa-0" TB-aE-)" P
 5—2a+pla—2) , 5-28+p(B-2),,
Bon = B “ " GowE-n TP
_ 1+p n L+p n_
lpn = (a_ﬁ)(a_l)a +(6—0¢)(B—1)6 Ds
respectively.

We now present generating functions.

Corollary 1. The ordinary generating functions of modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers are given as

iG o r+ (p—1)2?
p7n -
n=0

1 -2z 423’
o
- 2 — 2p)
’ 1—2x+ a3
n=0
o0
1— 2
lenxn = x+p$’
’ 1—2z 423
n=0

respectively.

Next, we give Simson’s formulas.
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Corollary 2. For all integers n, Simson’s formulas of modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers are given as

Gp,n+2 Gp,n—i—l Gp,n
Gp,n+1 Gp,n Gp,nfl = p (_p2 +p+ 1) (_1)n’
Gp7n Gp7n_1 Gp7n_2

Hyni2 Hpnia Hyn
Hp,n+1 Hp,n Hp,nfl = p (p2 - 7]7 + 11) (_1)n’
Hp,n Hp,n—l Hp,n—Q

lp,n+2 lp,nJrl lp,n

lpntr lpn lpn—1 = pp+ 1)2 (_1)71“’

lpm lp,n—l lp,n—2

respectively.

3 Some Identities of Modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo Numbers

In this section, we obtain some identities of modified p-Leonardo,
p-Leonardo-Lucas and p-Leonardo numbers. First, we can give a few basic
relations between {W,,} and {Gp}.

Lemma 3. The following equalities are true:

(@) (—=p*+p*+p)Wyn = (—Wop? + Wip+ Wo + W1 — Wa)Gpnia — (Wo + Wi —
Wa+2pW1 — pWo —2p? Wo+p*W1)Gp i1 — (Wo + Wi — Wa+pWo — 2p* W1 +
2
p W2)Gp7n-

(b) (W§—2WEWa —2WoWE+3WoWi Wa — Wi+ 4WEWo — AW\ W3+ W3)Gpr =
—(Wg —=WE—=WoWa+ W1 W —pWE+pWoWa) Wi po+ (WE+ WG+ WoWy —
2WoWo — WiWo — pWE + 2pWoWa — pW1Wo)Wypq — (WE+ W3 + WoWy —
WoWs — 2W1Wo — pW — pWoWy + 2pW1 Wa)W,.

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 317-842
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Proof. Note that all the identities hold for all integers p, n. We prove (a). To show
(a), writing
Wp=aXGpni2+bxXGpni1+cxGpp

and solving the system of equations
Wo = ax Gp72—|—b>< Gp’l—l—CX Gp70

W, = aXGng—i—bXGp,g—l—CXGp’l
Wy = CLXGpA—i-bXGp’g—I-CXGp’Q

we find that
1
a = —5—5—(=Wop’ + Wip+ W+ W1 — Wh),
7p3 +p2+p( op vy 0 1 2)
1
b = _W(WO+WI—W2+22?W1—pW2—2p2W0 + p*PW),
1
c = —m——— (Wo+W7 —Wo + W—22W+ 2W )
it ot Wi — Wa b pWo = 20" W3+ p"Wa)
The other equalities can be proved similarly. ]

Note that all the identities in the above Lemma can be proved by induction
as well.

Next, we present a few basic relations between {W,,} and {H),,}.

Lemma 4. The following equalities are true:

(a) p(p? — Tp + 1DW,, = —(11Wy + 11W; — 11Wy — 5pWy — 4pWq + 2pWs +
P*Wa)Hp, o+ (11Wo+ 11W51 — 11Wo — 8pWo — 3pWs +4pWo+p*Wo) Hp i1 +
(11Wo + 11W — 11Wo — 4pWy — 8pWy + 5pWa + p?W1) Hpy .

(b) (—W§+2WEWo+2WoW3E—3WoW1 Wa+ W3 —AWEWo+-4W W3 —W3)H,, ,, =
(Wg — AW — 3W3 — 3WoWq + 2WoWs + TW Wy + pW§ — 2pWoWs +
pWAW)Wipo + (2WE 4+ 3WE+5W3 + 5Wo Wy — TWoWa — 8W Wo — 2pWE —
pW3 — pWoWi + dpWoWo) Wy, iq + (WE — 3WE — 2W3 — 2W Wy + 5WoWa +
WiWs + pW?3 + 2pW3 + 2pWo Wy — pWoWo — dpW Wa) W,

http://www. earthlinepublishers.com
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Now, we give a few basic relations between {IW,} and {l,,}.

Lemma 5. The following equalities are true:

(@) plp+ Wy = (=Wa + Wi + (1 + p)Wo)lpn+2 + (Wa + (p — W1 — (2p +
1)W0)lp,n+1 + ((p + 1>W2 - (217 + 1)Wl - WO)lp,n-

(b) (W@ —2W2Wy — 2WoW?2 + 3WoWiWa — W3 + AW2W, — AWL W2 + W)l =
QW2 — W2+ W2 + WoWy — 3WiWa + pW2 — pWoWa)Wsa — (W2 + W2 +
WoWi — WoWsy — 2W1 Wa + pW§ — 2pWoWa + pW1 Wo) Wy g + (WG — WE —
WoWa + WiWy + pW3 + pWoWi — 2pW1 Wa) W,

Next, we present a few basic relations between {G) ,} and {Hp .}

Lemma 6. The following equalities are true

(P =T+ 11)Gpn = —2(2p—5)Hppnia+2(p — 3)Hpnis — (p* — 9p + 15)Hp, 0,
P —Tp+11)Gpn = —2Bp—T)Hpnss — (p° — 9+ 15)Hp nyo + (4p — 10)Hp iy,
P =T+ 11)Gpn = —(p*+3p—13)Hp o + (4p — 10)Hp i1 + (6p — 14)Hyy
P =T+ 1)Gpn = 200" +p—8)Hpuy1 + (6p—14)Hp o + (0> +3p — 13)Hp 1,
(P —Tp+11)Gpn = 2(=2p* +p+9Hpn+ 0* +3p—13)Hp -1+ 20> +p — 8)Hpno,
and
(P> +p+DHpp = —(=p°+3p+1)Gpnia+ (—4p° + 8p + 6)Gpnts
—2(—2p” 4 3p+ 3)Gpny2,
(=" +p+V)Hpn = 2(—=p° +p+2)Gpniz — 2(=2p" + 3p+3)Gp 2
+(—p*+3p+ DGpn+1,
(0 +p+DHpn = —2(p — D)Gpusa + (=0 +3p + 1) Gt
—2(=p* +p +2)Gpn,
(=" +p+1V)Hpn = —(*+p—5)Gpns1 —2(—p" +p+2)Gpn +2(p — 1)Gpn-1,
(=P*+p+VHpn = —2(2p=3)Gpp +2(p — 1)Gpp1 + (P> +p = 5)Gpn2.

Next, we give a few basic relations between {G) ,} and {l,,}.

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 317-842
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Lemma 7. The following equalities are true:

(P+1)Gpn = —2pnia— P —Dlpnts + (2 — Dlpn+o,
(p+1)Gpn = —plpnts+ (2p — Dlpnt2 + 2lpn+1,
P+ 1)Gpn = —lpnt2+ 2pns1 + plpn,
(p+1)Gpn = Dlpn+lpn-1,
and
(—p*+p+ Dl = —2p+1)Gpnra+ 0° +4p+ 2)Gpnts — p(2p + 1)Gp o,
(—p2 +p+Dlpn = p2Gp,n+3 —p(2p+1)Gpny2 + (2p+ 1)Gpny1,
(=2 +p+ Dlpn = —0Gpnt2+ (20 + 1)Gpunt1 — P’ Gy,
(=" +p+Vlpn = Gpnt1 —p°Gpn +1Gpn1,
(—p2 +p+ 1)lp,n = —(p2 - 2)Gp,n +pGp,n—1 - Gp,n—Q-

Now, we present a few basic relations between {H,,} and {l,,}.

Lemma 8. The following equalities are true:

(p+DHpn = —(p—6)lpnta+ (4p — 13)lpni3 — 2(2p — 3)lpnye,
(p+1DHpn = (2p—Dlpnts —2(2p — 3)lpnt2 + (p — 6)lpnt1,
(p+DHpyn = 4pnto+ (p—6)lpnt1 — (20— Dlpns

P+ DHpn = (04 2lpnt1 = 2p = Dlpn —4lpn-1,

(p+1DHppn = 5lpn—4Hpn-1— P+ 2)pn—2,

( ) —(5p — 14)Hp nys + (4p — 15)Hp i3 — (p° — 8p + 10) Hp o,

( ) —(6p — 13)Hp nys — (p° = 8p + 10)Hp nyo + (5p — 14)Hp 1y,

P =T+ 1)l = =" +4p = 16)Hpni2 + (5p — 14)Hy i1 + (6p — 13)Hyy

( ) —(2p® +3p— 18) Hp pi1 + (6p — 13) pn+(p +4p — 16)Hy n—1,
( ) —(4p* —23)H, . + (p* +4p — 16)H, .1 + (2p* + 3p — 18)H,, 1, _o.

We can give a few basic identities by using Lemma

http://www. earthlinepublishers.com
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Corollary 9. The following identities hold:

() (=p* + P> +p)Gn = (p = 1) Gpns2 = (1° = 1) Gpnr1 + Gy

(b) Gpn=—(p—1)Gny2+ (2p—2)Gpy1 + Gy

() (=p*+p*+p)Hn = (=3p° + 2p + 1)Gpus2 + (49> — 1)Gpint1 — (3p + 1)Gpyn.
(d) 5Gpn = (8p+ 1)Hpi2 — (7p — 1) Hpy1 — (6p + 2) Hn,.

(e) (=P’ +p*+p)ln = —(0* =P+ 1)Gpni2+ P* +p+1)Gpni1— (0*+p—1)Gpn.
(£) 4Gpn = —2plni2 + (2p + 2)lnt1 + (4p — 2)ln.

Proof.

(a) and (b) Take W,, = G1, = G, in Lemma

(c) and (d) Take W, = Hy,, = H,, in Lemma 3]

(e) and (f) Take W, =11, = I, in Lemma 3|

We now present a few basic identities as a result of Lemma

Corollary 10. The following identities hold:

(@) p(p® —Tp+11)G,, = —(2p* — 11)Hp py2 + (5p — 11)Hp i1 + (0% + 2p — 11)
Hpp.
(b) Hypn=(2p—2)Gny2 — (4p — 71)Gnt1 + (p — 5)Gn.

(c) p(p*> — Tp+ 11)H,, = —(4p* — 15p + 11)Hpp o + (3p* — 14p + 11)Hp i1 +
(2p° — 8p+ 11)H .

(d) 5Hpp = —(Tp—T7)Hpq2+ (8p — 8)Hpq1 + (4p + 1) H,,.

(e) p(p* —Tp+11)l, = (=3p* +3p+11)Hy o+ (p* +p—11)Hp i1 + (> +3p —
11)H,,..

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 317-842
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(f) 2Hpn = (p+ 3)lny2 — Slny1 — (3p — 2) 1.
Proof.

(a) and (b) Take W, = G1, = G, in Lemma [4]
(c) and (d) Take W,, = Hy,, = H, in Lemma

(e) and (f) Take W, =l1, = I, in Lemma [4]

We next give a few basic identities by using Lemma

Corollary 11. The following identities hold:

(a) p(p+1)Gn = ~lppra+ P+ 1) lpny1 +lpn
(b) lp,n = _pGn—I—Q + (2]9 + I)Gn—l—l - Gy
(c) p(p+ 1) Hn = (Bp+ Vlpnt2 — (4p+ Dlpnt1 — lpn-

(d) Blpn = (8p+3)Hypyo — (Tp+ 2)Hpy1 — (6p + 1) Hy.

(e) p(p+ D)l = (= Dlpns2— @ = Dlpnr1 + 0+ 1Dlpn-

(f) 4lpn = —(2p —2)lpnt2 + (20 — 2) 141 + 4ply.
Proof.

(a) and (b) Take W, = G1, = G, in Lemma [j]
(c) and (d) Take W, = Hy,, = H,, in Lemma

(e) and (f) Take W, =l1,, = I, in Lemma5|
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4 Relations Betwen Special Numbers
In  this section, we present identities on p-modified Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers and Fibonacci and Lucas numbers.

Lemma 12. For all integers n, we have the following identities:

()
Gpn =
5Gpn =
(b)
Hyp, =
5H,, =
(c)

pFn+1+Fn_pa

(p + 2)Ln+1 + (2]? - 1)Ln - 5]7-

(B=p)Fuy1+ (p—2)F, +p,

(p - 1)Ln+1 + (8 - 3p)Ln + 5]7-

lp,n = pFn+1 + Fhy1 —p,

Proof. Note that

Fn+2
Fn+3
Fria
Ln+2

Lyys

We know that

(p + 1)Ln+1 + 2(]? + 1)Ln - 5]?-

= Fy1+ Fy,
— 9F, 1+ F,,
— 3F,, +2F,,
= Lpy1+ Ly,
Y T

Gn - Fn+2 - 1,
H, = L,+1,
ln = 2Fn+1 — 1.

FEarthline J. Math.
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We also know from Corollaries [0} [I0] and [1T] that

GPJL = - (p - 1) Gn+2 + (2]? - 2) Gn+1 + Gny
5Gpn = (Bp+1)Hpy2 — (Tp— 1) Hpq1 — (6p + 2) Hy,
4Gp,n - _2pln+2 + (2p + 2)ln+1 + (4]? - 2)lm
and
Hpn = (2p —2)Gni2 — (4p — 7)Gry1 + (p — 5)Gh,
5Hp,n = —(7]7 - 7)Hn+2 + (8p - S)Hn-H + (4]? + 1)Hna
2Hp,n = (p + 3)ln+2 - 5ln+1 - (3]9 - Q)Zna
and
lpn = —PGni2+ (2p+1)Gry1 — G,
Slpn = (Bp+3)Hps2 — (Tp+ 2)H,11 — (6p+ 1)H,,
4lp,n = —(2]? - 2)ln+2 + (2]? - 2)ln+1 + 4pln’
Now, use the above identities. ]

5 Special Identities

As special cases of Catalan’s identity of the generalized Leonardo sequence, we

have the following corollary.

Corollary 13. For all integers n and m, the following identities hold:

(a) Gp,n-i-mGP,n—m - G;lzi,n = (Fpymyz + (0 = DFugpmi1 — p)(Fomy2 + (p —
1)anm+1 - p) - (Fn+2 + (p - 1)Fn+1 - p)2

(b) H, ,n-i-me,n—m_Hg,n = ((p—2) Fatm+2+(5=2p) Fppm+1+p0) (P—2) F—mi2+
(5=2p)Fpmy1 +p) — ((p = 2)Fur2 + (5 — 2p) Fry1 +p)?

(C) lpntmlpn—m — lg,n = _(P + 1)<PFm+n+1 + pFaumy1r —
(p+ 1) Fognt1Fpgng1 + (0 + 1) F2 | — 2pFpy1)
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As special cases of Cassini’s identity of the generalized Leonardo sequence, we

have the following corollary.

Corollary 14. For all integers n, the following identities hold:

(a) Gpn+1Gpn-1 — G;%,n = (*pQ +p+ 1)F3+1 + (P2 - D 1)F3 + (p2 -p—1)
FoFoi1+p(p—2)F41 —p(2p — 3)F,.

(b) Hpn1Hpn—1 — Hg,n = (p* = Tp+ 11)F; + (p* = Tp+ 11)FFyp1 — p(5p —
12)F, + ((—p* + Tp — 11)F2,, + p(3p — 7) Fag1.

(©) lpntilppn—1— lg,n = -+ 1)2F3+1 +(p+1)°Fi+ (p+ 1)*FuFp1 +plp +
1)Fnt1 —p(2p + 2)F,.

As special cases of the d’Ocagne’s and Melham’s identities, we have the
following three corollaries. First one presents d’Ocagne’s and Melham’s identities

of modified p-Leonardo sequence {G, .}

Corollary 15. Let n and m be any integers. Then the following identities are
true:
(a) (d’Ocagne’s identity)
Gpm+1Gpn — GpmGpni1 = (_p2 +p+ D) (FnFnt1 — FnFot1) — p(Fng1 —
Foi1) —p(p — V) (Fm — F).
(b) (Melham’s identity)

Gpnt1Gpni2Gpnis—Go i3 = —p(p* —p—1)F3  + (0> —p—1)F} —p(Tp+
5)2p+1)F2 —p(p+1)(5p+2)F2+ (p—1)(p* —p—1)F2 1 Fo+ (p+1)(p* -
p—1)Fy 1 F2 — p(17p + 21p+ T)Ep i1 Fy 4+ p*(Tp 4+ 4) Epy1 + p*(4p + 3) F,.

Second one presents d’Ocagne’s and Melham’s identities of p-Leonardo-Lucas

sequence {H) ,}.

Corollary 16. Let n and m be any integers. Then the following identities are

true:
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(a) (d’Ocagne’s identity)

Hp,m-ﬁ-alm - Hp,me,n-i-l = _P(p_ 2)(Fn+1 - Fm-i-l) —p(2p— 5)(Fm - Fn) +
(—p? + Tp — 11)(FyFr1 — FrnFri1).

(b) (Melham’s identity)

Hpan+1Hp,n+2HP7n+6_Hg,n-i-f} = (p—3)(p2—7p+11)F3+1+(p—2)(p2—7p+11)
Fi4plp—4)(2p—11)F2,, —p(Bp—11)F? — (2p—5)(p* — Tp+11)F2,  F,, +
(P*—Tp+11) Fry1 F2 +p(3p* —25p+55) Fy 11 Fr—p? (3p—13) Fry 1 —p* (p—6) Fy.

Third one presents d’Ocagne’s and Melham’s identities of p-Leonardo sequence
{lp7n}'

Corollary 17. Let n and m be any integers. Then the following identities are

true:
(a) (d’Ocagne’s identity)

lm+tlpn = Imlpasr = = (0 + 1)?(FaFng1 — FaFog1) — p(p + 1) (Fin — Fo).
(b) (Melham’s identity)

lpntilpnt2lpnte =l pys = —(0+1)((p+1)°Fp +14p(p+ 1) F7 Ly +5p(p +
DE2 = (p+1)*F2, Fp — (p+ 1)?Fpi1 F2 + 17p(p + 1) Fog1 Fry — Tp?Frgy —
4p2Fn).

6 On the Recurrence Properties of Special Cases of

Generalized Leonardo Sequence

We present modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo numbers at

the negative index. Here, H,, = Hy .

Corollary 18. For n € Z, we have the following recurrence relations:

(a) modified p-Leonardo sequence:

Gpﬁn = (_1)_n(Gp,2n - HnGp,n)'
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(b) p-Leonardo-Lucas sequence:

3

Hpﬁn = (—1)_H(Hp,2n - Han,n + §(H1'2L - H2n))

(c) p-Leonardo sequence:

I
bpn=5(=1)7" (H2 — Hop + 2lpon — 2Hplpp) -

Note that since

Gp,n = pFyyi+F,—p,
Hpn = (3=p)Fny1+ (p—2)Fn +p,
lp,n = pF1+ Fup—p,

and
Fop=(-1)""'F,,
we get
Gpn = (=1)"(pFo — F) —p,
Hy o = (“1)"(B=pFa—(p—-2)F)+p,
lpn = (+1(=1)"Fo1—p.

7  Sum Formulas

The following Corollary gives sum formulas of Fibonacci and Lucas numbers.

Corollary 19. For n > 0, Fibonacci and Lucas numbers have the following

properties:
1.

(a) Sy Fi = 2F + Foq — 1.
(b) ZZ:O F2k = 2F2n - F2n72 —1.
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() Dh—o Fort1 = 2Fonq1 — Fop—1.

2.
(a) ZZ:O Lk = 2Ln + Ln—l -1
(b) > o Lok =2Lap — Lop—2 + 1.
(€) >p—oLoky1 = 2Lans1 — Lan—1 — 2.
Proof. Tt is given in Soykan [5], Corollary 4.5.]. O

The following Corollary presents sum formulas of modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers.

Corollary 20. For n > 0, modified p-Leonardo, p-Leonardo-Lucas and

p-Leonardo numbers have the following properties:

(@) YroGpr=2p+1)Fi+(+1)F,— (n+2)p—1.
(b) ZZ:O Gp,gk = (p + 1)F2n+1 + pFo, — (n + 1)p — 1.
(€) im0 Gpari1 = (20 + 1) Fany1 + (p + 1) Fop — (n 4 2)p.

(@) 54— Hpx = (6 —p)Lnt1 + (7 —2p)Lyn +5(n+1)p — 5.
(b) 5 ZZ:O Hp,Qk = (7 — 2p)L2n+1 + (p — 1)L2n + 5np + 10.
(c) 5> o Hpokt1 = (6 —p)Lopy1 + (7 —2p) Loy + 5(n + 2)p — 15.

(@) Yp—olpk =2+ )1+ (p+1)F, — (n+2)p— 1.
() Yr_olpor = P+ D) Font1+ (p+ 1) Fa — (n+ )p.
(c) Yicolpor1 =2+ 1) Fony1 + (p+ 1) — (n+2)p — 1.
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Proof. The proof follows from Corollary and the identities (4.2)), (4.4) and
(4.6), i.e.,

Gp,n - pFﬂ-‘rl +Fn - D
5Hyn = (p—1)Lypt1+ (8 —3p)Ly +5p,
lp,n = pFn—i—l + Fn+1 —D-

d

8 Matrices and Some Identities Associated With

Generalized p-Leonardo Numbers

Next, we present formulas for the p-modified Leonardo, p-Leonardo-Lucas and

p-Leonardo numbers.

Corollary 21. For all integers n, we have the following formulas for the

p-modified Leonardo, p-Leonardo-Lucas and p-Leonardo numbers.

(a) Modified p-Leonardo Numbers.

n

2 0 -1 1 ail aiz2 a3
1 0 O = m az1 Q22 G23
01 0 az1 aszy ass
where
air = (p—1) Gpn+3 — (p2 - 1) Gpnt2 + Gpnt1
agr = (p=1)Gpnt2— (0° = 1) Gpui1 + Gy
azi = (P—1)Gpny1 — (p2 —1) Gpn + Gpn—1
az = —((p—1) Gpn+1 — (P2 - 1) Gpn + Gp,n—l)
a2 = —((p - 1) Gp,n - (p2 - 1) Gp,nfl + Gp,nf2)
aszz = —((p - 1) Gp,nfl - (p2 - 1) Gp,nf2 + Gp,nfS)
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a3 = —((0=1) Gpnsz — (1 = 1) Gpns1 + Gpin)
azz = —((p—1) Gppr1 — (p* = 1) Gpn + Gpn-1)
as3 = —((p—1)Gpn — (1” = 1) Gpn—1 + Gpin—2)

(b) p-Leonardo-Lucas Numbers.

where

ba1

b31

bi2
bao

b32

bi3
ba3

b33

n
-1 ) bi1 b2 b3

T (P —Tp+11)

bar b2z a3

O =N
= o O

b31 b3z b33

—(2p* - 11)Hp i3+ (5p — 11)Hp i + (p* +2p— 11)Hpni1
—(2172 - ll)Hp,n+2 + (517 - 11)Hp,n+1 + (p2 +2p — ll)Hp,n
_(2172 —11)Hppt1 + (5p — 11)Hp7n + (p2 +2p—11)Hppn1

—(—(2192 - 11)Hp,n+1 + (5p — 11)Hp,n + (p2 +2p — 11)Hp,n71)
—(—(2192 - 11)Hp,n + (5p — ll)Hp,n—l + (p2 +2p— 11>Hp,n—2)
—(—(2p2 - 11)Hp,n—1 + (5p — 11)Hp,n—2 + (p2 +2p — ll)Hp,n—3)

—(—(2p® = 11)Hp a2 + (5p — 11)Hp i1 + (p° 4+ 2p — 11)Hp )
—(—(2p* = 11)Hp 41 + (5p — 11)Hypp + (p* +2p — 11)Hp 1)
_(_(2102 - 11)Hp,n + (510 - 11)Hp,n—1 + (p2 +2p — 11)Hp,n—2)

(c) p-Leonardo Numbers.

where

n

2 0 —1 1 C11 C12 (13
1 0 0 =——= | ¢ c22 c23
p(p+1)

01 0 €31 €32 C33
Cc11 = _lp,n+3 + (p + 1) lp,n+2 + lp,n-i—l

1 = _lp,n+2 + (p + 1) lp,nJrl + lp,n
31 = _lp,n+1 + (P + 1) lp,n + lp,nfl
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caz = —(“lpns1+ @+ pn+lpn-1)

2 = —(~lnt @+ lpna+lpn-2)

cer = —(~lpm1+ @+ lpn2+lpn3)
as = —(lpnr2+ @+ 1) lnt1 +lpa)
c3 = —(“lpnt1+ @+ 1) o+ lpn-1)
33 = —(“lpnt@P+1)ln1+lno)

Proof. We know that

2 0 -1 Gri1 —Gno1  —Ghn
A"=11 0 0 = G, —Gnp_a —Gp_
0 1 0 Gn—l _Gn—3 _Gn—2

Now, use the following identities respectively:

(=P +p*+p)Gn = (p—1)Gpni2— (p° = 1) Gpns1 + Gy (Corollary [9)),
p(p2 —Tp+11)G, = _(2P2 —11)Hp iz + (5p — 11) Hp
+(p* + 2p — 11)H,,,, (Corollary [10)),
p(p+1)Gn = —lpnia+ @+ 1) lpni1 +1p, (Corollary [11)).
0

In the following corollary, we give identities for the p-modified Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers.

Corollary 22. For all integers m,n, we have

Gp,n—i—m = Gpm,Gm—i—l - G'p,n—lG'm—l - Gp7n—2Gm’
Hp,ner = Hp,nGerl - Hp,nflefl - Hp,anGm,

lp,ner = lp,nGm+1 - lp,nflefl - lp,nf2Gm7
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where
Gm-1 = Gim-1,
Gmn = Gim,
Gmy1 = Gimer,
and
P* = 0> =p)Gpnim = —((p—DGpmiz+ (1 —p")Gpmi2 + CGpmi1)Gpn
(P = DGpms1 + (1= p*)Gpm + Gpm—1)Gpn1
+((p—1) Gpmr2 + (1 — pz)Gp,m—l—l + Gpm)Gpn—2,
and
—p(p* =T+ 1) Hppim = —((11 = 2p*)Hp oz + (5p — 11) Hpos2
+(p* +2p — 11)Hpys1) Hpon
+((11 = 2p°) Hp 1 + (5p — 11)Hyy
+(P* 4 2p — 11)Hp 1) Hpp1
+((11 = 2p*) Hpmt2 + (5p — 11) Hp oyt
+(p® 4+ 2p — 11)Hp ) Hp 2,
and

p(p+ 1)2 lpnsm = —@+1) (pmes — @+ Dipms2 = lpmt1)lpn
+((@+1) (lp7m+1 -+ 1)lp,m - lp,m—l)lpvn—l
+(p+1) (lp,m-i-? -+ 1)lp,m+1 - lp,m)lpm—?‘

9 Conclusion

Recently, there have been so many studies of the sequences of numbers in the
literature and the sequences of numbers were widely used in many research areas,
such as architecture, nature, art, physics and engineering. In this work, we study
on special third order linear recurrence relations.

We can summarize the sections as follows:
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e In Section 1, we present some background about generalized Leonardo

numbers.

e In Section 2, we define new three sequences related to modified Leonardo,
Leonardo-Lucas and Leonardo sequences, namely, modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers.

e In Section 3, we present some identities of modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers.

e In Section 4, we give identities on p-modified Leonardo,
p-Leonardo-Lucas and p-Leonardo numbers and Fibonacci and Lucas

numbers.

e In Section 5, we present special cases of Catalan’s, Cassini’s, d’Ocagne’s and

Melham'’s identities of the generalized Leonardo sequence.

e In Section 6, we present expression of modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers at the negative index.

e In Section 7, the sum formulas of modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo numbers have been given.

e In Section 8, we present matrices and some identities associated with

generalized p-Leonardo numbers.
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