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Abstract

In this paper, along with a number of applications, the extension of Hadamard’s kind
inequality for v-convex functions and v-convex functions on triple ordinates given in

3-variables is shown.

1. Introduction

Let h:] € R* - R* where R* = [0,0) be a convex mapping familiar with real
numbers h:J] € Rt > R* be a convex mapping on the real numbers’ period J and

U1, Uy € ] of period J, with yy < p,. There are the following two inequalities:

Uy + Uy h(H1) + h(u,)
T

is acknowledged for convex maps, Hadamard’s inequality is well-known in the literature.

In [1] among others, Hudzik and Maligrada were seen as belonging to the v-convex
functions class. This class is referred to as the following: v-convex is a definition of a
function h: Rt - R*.

hlop+ (1 —-0)g+ (2—0)s] <ch(p) + (1 —a)’h(qg) + (2 — a)h(s) (2)
holds for all p,q,and s € R*, o € [0,1] and for some fixed v € (0,1]. Each 1-convex
function is convex, as may be easily proved.

In [3] Dragomir and Fitzpatrick show how v-convex functions satisfy a variable of
Hadamard’s inequality.
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Theorem A. Assume that h: Rt - R is a v-convex function in (2), where v € (0,1)
and let uq, u, € [0,00), 1y < uy. If h € L1[0,1], then the inequalities are as follows:

U2

4, (M1t 1 h(uq) + h(uz)

2v 1h< )s fh dp < ———— =2 3

> e (p)dp ] (3)
H1

the constant N = ﬁ is the better likely in the (3). Sharp inequalities appear on the top.

For a triple ordinated convex mapping on a rectangle in the plane R*, Dragomir
found the following Hadamard type inequality in [3].

Accurately, the following mapping on [0,1]3 is frequently used if h:[uq, up] X
[11,m2] X [{1, (2] = R* is a convex function:

Uz M2 2

im0 = (u2 — 1) (2 1_771)((2 -4) .f .f f h [)(P T <#1 ;M)'

U1 M1 G
+ +
q+ 1" (771 > 772) ,05+ 6" ((1 > (2)] dsdqdp.

In which " ={1-0+Q—-} "={1-1)+R2—-1)}, and 6" ={(1-86) +
(2-8)}
Theorem B. Suppose that h: R3 - R* is triple ordinated convex on R3. Thereafter,

there are inequalities.

h(ﬂ1+#2 N1+ 12 (1"‘(2)

2 2 72
1 Uz N2 G2
< h(p,q,s)dsdqdp
(U2 — )Mz —11) (G2 — G1) f f f
M1 M1 G

h(u1,m1,$1) + Ry, 11, $2) + h(pg, M2, $1) + h(ug,m2,42)
+ h(uz, 11, $1) + h(uz, 11, $2) + h(uz, 12, $1) + (U2, M2, $2) 4)
- 8

The resulting inequalities are clear.
In addition, one can have the following characteristics for H (see [4-6]):

(a) On [0,1], H is triple ordinated convex.
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(b) There are boundaries.

Uz M2 G2

1
sup  H(x,1,6) = fffh(p,q,s)dsdqdp
(xt.6)€l0,1]3 (2 — 1) (M2 — (G2 — (1)ﬂ ;

1 1 1

= H(1,1,1)

and

H(x,7,68) =

(H1 +u; ntny G
()(TS)E[O 1]3

+ ¢,
2 , 5 - ) = H(0,0,0).

2. Hadamard’s Inequality
Let us define the following concepts first to get things started:

Definition 2.1. Look the 3-dimensional period R3 = [y, t5] X [11,12] X [{1, (5] in
[0, 90) with ; < gy, 11 < 73, and {; < {,. The mapping h: R® - R* is v-convex if

hlop+ (1 —0)p, + (2 — 0)p;,0q + (1 — 0)q1 + (2 — 0)q3, 05
+ (1 —0a)s;+(2—0)s,]

<0"h(p,q,5) + (1 — 0)"h(p1, q1,51) + (2 — 0)"h(p2, 92, S2)
holds for all (p,q,s), (p1,q1,51), and (py,q,,s,) € R® with ¢ € [0,1] and for some
fixed v € (0,1].

If the partial mappings hg: 1y, 42] X [11,m2] » R, hs(i1,j2) = h(y, j2, 5)
hq:[ug, 2] X [1,42] = R™, hqG1,J3) = h(j1,q,j3), and  hy:[ng,m2] X [{4, 4] = R*,
hy (2, j3) = h(p,j2,j3), are v-convex on R3, a function h: R? —» R* is called triple
ordinated v-convex on R3. For any s € [{1,{2], q € [11,12], and p € [uy, 4], are
v-convex with some fixed v € (0,1].

Lemma 2.1. A v-convex mapping is one that is composed of v-convex h : [y, tz] X
M1,12] X [{1, 0] € R® - R3 is v-convex on the triple ordinates, but in general, the
converse is not true always.

Proof. Assume that h:[ug, us] X [n1,12] X [{1,¢5] € R3 - RT is  v-convex.
Consider the function hy, : [111,72] X [{1,{2] = [0,0), h,(jz,j3) = h(p, j2,j3)- Then for
o € [0,1] and 31, )22, )23 € [M1,M2], and jz1,J32,J33 € [$1, (2], there is:

hylojz1 + (1 = 0)jop + (2 = 0)ja3,0j31 + (1 — 0)jz, + (2 — 0))33]
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= h[p,0jz1 + (1 = 0)jaz + (2 = 0)j23,0j31 + (1 — 0)jzz + (2 — 0)jss3]

=hlop+ (1 —0)p+ (2 —0)p,0j21 + (1 = 0)j2z + (2 — 0)j23,0)31 + (1 — 0)j32
+ (2 = 0)j33]

< 0”h(p,j21,J31) + (1 = 0) h(D, j22,J32) + (2 — 0)"h(P, j23,)33)

= 0"hy(J21,J31) + (1 = 0)’hy(Ja2,j32) + (2 — 0)7hy (a3, J33)-

Therefore, hy (2. j3) = h(p.jz.Js) is v-convex on [, 1] X [¢1, 8,1

Consider the function hg: [py, p2] X [{1, {21 = R*, (1, j3) = h(j1,q,j3). Then for
o € [0,1] and j11,j12,J13 € [#1, H2] and j31,J32, )33 € [{1, (2], there is:
hqloji1 + (1 = 0)j12 + (2 — 0)j13,0j31 + (1 — 0)j3z + (2 — 0)j33]

= hloji1 + (1 — 0)j12 + (2 = 0)j13,q,0j31 + (1 — 0)j32 + (2 — 0)j33]

= hloj11 + (1 = 0)j12 + (2 —0)j13,09+ (1 —0)q + (2 — 0)q,0j31 + (1 — 0)j3,
+ (2 - 0)j33]

< 0h(11,q,J31) + (1 = 0)"h(j12,9,J32) + (2 — 0)"h(j13, G, J33)

=0"hg(11,J31) + (1 —0) hq(12,J32) + (2 — 0) hg (13, J33)-

Therefore, hq(ji1,j3) = h(j1,q, j3) is v-convex on [uy, U] X [{y, (2]

We will not go into details about the fact that hg: [y, 1] X [11,12] X [{1, (2] = RT,
hs(j1,j2) = h(j1,J2,8) is similarly v-convex and true on [uq,Hz] X [n1,1m,] for all

s € [¢1, 5]

In [4] Dragomir gave a mapping hy:[0,1]2 - R*, that is convex on the axes but not
convex on the coordinates and is defined by the function hy(p, q) = pq. To show that
v-convexity on the axis does not necessarily imply v-convexity on the axes, we employ
the same function with v = 1.

The following inequality is the mapping related to inequality (3).

Theorem 2.1. Assume that h: [y, i3] X [11,12] X [{1,{2] € R3 > R*, on the triple

ordinates of R3, is a v-convex function. The issue of inequalities is one such:

h(lh"‘ﬂz N +1; C1+(2)
2 2 2
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U2 N2
< 21]—2

H1 M1
¢

1 + +
+ j(lﬁ sz’h nzjs)ds

=G 2 2
¢

U2 M2 G2

1
8 (2 — 1) (2 = m1) (G — 51)! f f h(p, q,s)dsdqdp

1 M G

U2

< ! ! fh( {)d

=20+ 1D .uz_.ulu P, N1, 61)ap
1

7

2
1
" [RCER S
— P12, §1)dp

1
73

1
Uy — g

2
1
+ f h(p,n1,4z)dp +

H2

h(p,n,,{,)d

= f (P, M2, ¢2)dp
u U1

1

1 N2
h(uy,q,$1)d
nz_mnj 1,49,61)4q

+

1

+

1 2
h(uy,q,4)d
772"71! 2,4,61)0q

1

+

1 N2
h(uy,q,32)d
772"71! 1,.4,62)0q

1

1 M2
+ jh( ,q,{_2)d
772_771n U2,9,§ q

1

+

1 {2
h(uq,mq,s)ds
- J v

1

1 J2
T j h(uz 1, 5)ds

2= G
¢

1
=G

1
=G

+

¢ ¢
jh(ﬂpnz:s)ds"‘ jh(ﬂz,nz»s)ds
€1 €1

1 m+n, {1+, 1 pitu, G+ 4
— p——,—5—)dp + — »q, dq
Ho — 2 2 M2—M 2 2
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< h(uq,m1, 1) + h(ua,m2, 1) + h(uq,m1, 2) + h(ug, 12, 42)
- (v + 1)2
h(uz,m1,¢1) + h(uz, M2, ¢1) + h(pz, 11, $2) + h(uz, m2,$2)
+ .
(v+1)2

(5)

Proof. Since h:R3® — R*, it implies that hy:[n:,1;] X [{1,02] = R*, hy(q,s) =
h(p,q,s) is v-convex on [n,n2] X [{1,{y] for all p € [y, u,], is triple ordinated

v-convex on R3. Then there is v-inequality Hadamard’s (3), which gives us:

+ +
2v-1h, (771 y 772’51 y (2)

N2 ¢

1
= M2 —1) (G2 — 1) nf ! h,(q,s)dsdq

1

< o0 8 + (260 + Ry (11, G2) + hp (12, G2) VD € [y, 2]

v+1
That is,
o1 N1+ 1 €1+€z>
2 h<p’ 2 2
1 N2 ¢1
< h(p,q,s)dsd
(nz—m)(zz—cl)nf f P4, 5)as6q
1 1

< h(p' N1, 51) + h(p, N2, 51) + h(p' N1, (2) + h(p, N2, (2)

Vp € .
11 VD E [1y, 15]

On [y, 4, ], we get by integrating this inequality

U2
2v-1 + +
fh<l?,n1 772'51 (Z)dp

Hz — 2 2
U1
1 U2 N2 G2
< h(p, q, s)dsdqdp
(uz =) (M2 —m1) ({2 — ¢1) f f f
“1 M $
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1
)dp +
¢1)dp i —

2
< h(p, 12, {)d
v+ 1|1 ulﬁf (.12, ¢1)dp
1

1
h(p, 11, {)dp +
”rﬂlllf (p,m1,¢2)dp =
1

H2
f h(p,n2,§2)dp
Hq
U1

1
- TS uf [P, 10,600 + B2, 80) + (P, 12, 82) + h(p, 12, S )dp. (6)

Applying the same logic to hg: [y, u2] X [{1,{2] = R*, he(p,s) = h(p, q,s), we obtain:

M2
2yt + +
fh<ﬂ1 2 G Q)dq

lql
N2—M 2 2
M1
1 M2 Hz 2
< h(p,q,s)dsdpd
(M2 —m)(uz — 1) (G2 —G1) .f f f P4 paq
M #1 G
2 n2
<— dq +—— [ (0.8
-_— ql q .u 'q' q
v+1{n, — ! N2 — M1 2 !
N1
n2 1 N2
¥ | hGua.cdq + [ hGea.8dq
N2—M ! 2 N2—M 2 2

M1 M1

1
R LT nf [t 0,600 + (o, 0,80) + R, 4.62) + iz, .81 ()

And applying the same logic to hg: [u, t2] X [11,12] = RT, hs(p,q) = h(p,q,s), we
obtain:

{2
2v-1 + +
fh<ﬂ1 M2 M1 772'S> ds

(2—51{1 2 2
1 G2 U2 M2
h ,S)dqdpd
B ((2 $) (g — 1) (2 — 771),"!”[ (v, q,s)dqdpds
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02 %
<53 fh( )ds +— fh( )d
- )] S S , ,S S
v+1|0—4 Hoh =G KT
$! {1
G2 &
to fh( s +— fh( )d
#l ,S S l,[' 'S S
-4 v 12 -G 212
{1 &
1 ¢
= h(uq,nq4,s) + h(uy,nq4,s) + h(uy,n,,s) + h(uy, n,, s)lds. 8
(v+1)((2_§1)![ (11,11, 8) + h(uz, M1, 8) + h(pg, M2, 8) + h(uz, 2, 5)] (8)
1

By integrating the inequalities in (6), (7), and (8), we can obtain the second and third
inequalities in (5).

As a result of the v-Hadamard inequality (3), we also have:

N2 G2
pr+py m+n G+ 4 2v1 ty + Uy
h( , ) )S ffh(—, ,s)dsd 9
z 2 2 ) S memG-n) 2 @s)dsda )
1 1

and

Uz O3

Ui+ m+nz GG+ 4G 2v1 Ny +12
h( , ) )S f f h(p, ,s)dsdp 10
2 72 2 )G 2 (10)
U1 1
and

H2 T2
Uit py ntny G+ 0 2v1 G +4;
h( , , )s ffh( )dd 11
2 2 2 )70 =m0 ) P.q = )dadp (1)
1 1

Uz — M)

which provides the first inequality in (5). The same inequality can also be used to state
the following:

Uz
1 h(:ulr N1, (1) + h(:uZI N1, (1)
h(p,nq,{dp <
MZ_le (p,m1,¢1)dp —
(51
T B, 12,0 + h(itz, 112,80)
.ullrIZ' 1 + Il2;772: 1
h(p,n,,{)dp <
HZ_HIJ (P, N2, ¢1)dp ——
1
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H2
h(u1,m1,42) + Rz, 11, (2)
h(p,n{,¢)dp <
uz—ulf (P, M1, $2)dp ——
H1
T B2, 120 82) + Az, 12, )
H1,M2,$2) + nlpz, M2, 62
h(p,n,,{)dp <
uz—ulf (P12, ¢2)dp —
H1
17 Ry, 10,80 + Al 10, 80)
H1,M1,61) + (fq, 12,61
h(uq,q,0))dg <
772—771-f (11,9,$1)dq v+ 1
UEY
7 B(t2, 11, 80) + Rt 12,
Hzﬂh: 1 + [12,7'}2, 1
h dg <
Ny — 1f (2, 61)dq < v+1
N1
17 Bt 01, 82 + Gty 12, 82)
H1,M1,62) + n(H1,M2, ¢
h(uqy,9,0,)dg <
772—771f (11,9, C2)dq —
M1
T Rtz 11, 82) + Wy, 15,4
U2,M1,62) + 12,12, 62
h(u,,q,(,)dg <
nz—nlf (12, 9,$2)dq ——
Ui
L Ry, 1, 0) + hGs, 71, 8)
H1:771: 1 + H1:771: 2
h(uq,n,8)ds <
(2—<1f (11,11, 8)ds v+ 1
{1
7 R2 1, 61) + Rz, 11, G5)
U2,M1,61) + (U2, M1, 62
h(u,,n4,¢)ds <
(2—<1f (2, 1m1,¢1)ds v+ 1
{1
7 R, 12,80 + R, 12,82
H1,M2,61) + 11,12, 62
h(uq,n,,8)ds <
BT VR AT
{1
and
7 Rz, 12,80 + R, 12,8)
U2,M2,61) + n(U2,1M2, 42
h(uz,m2,8)ds <
62—61! 212 v+ 1
1

it, in addition, provides the final inequality in (5).
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Note. The inequality is reduced to inequality (4) when the condition v = 1, in (5).
For the mapping H, we currently have the following result(s):

Theorem 2.2. Assume that h:R3 — R3 is triple ordinated v-convex on R3. The
inequalities for H(x, 1, 8) are as follows:

(a) H is v-convex on the triple ordinates [0,1]3.
(b) On the triple ordinates, H is monotonic and non-decreasing.

(c) There are boundaries.

(Xrg)em@H(X 7,6) = H(0,0,0)
and
sup H(y,7,6)=H(1,1,1).
(x,T.6)ER3
Proof.

(a) Confirm y € [0,1]. Then for all w,y,z>0 with w+y+z=1 and 7;,0; €
[0,1] x [0,1]; i = 1,2,3 we have:

H(y,wty + y1, + 213, Ww8; + y6, + 263)

1
(e = )2 = 1) (G = $)
B2 M2 G2
xf f fh 2,(W11+y12+zr3)q
U1 M Gy
+ 771 2 ,(Wé, +y6, +2z83)s + 6 ; 52] dsdqdp.

In  which " =[{1—-(wty +y1,+273)}+{2— (wry +y7, +273)}] and & =
[{1 = (Wéy + y8; +263)} + {2 — (Wb + y8; + 253)}]

Uz N2 2

_( H1)(7721771)(<2 (1)[ .[.[ [XP+ %'W(qu-l_rznl;nz)

H1 M1 §1
+ +
+y(12q+r’2*—n 2n2)+z(r3q+rgn1 an),w(615+6f(1 2(2)

+ +
+y (525 45 %) z (53 pTss - (2)] dsdqdp
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1 Uz M2 2
LM .u2 L1t
=w'. f f f +x" + 1] ,0.8
(uz = 1) (M2 =11 (G2 — G1) AP 2 haThT !
Uy M $q
+ 65 Gt 5 qz)dsdqdp
Uz M2 ¢
+yv. . f f J xp+x Mt g
(2 — )Mz =11 (2 — &) 2 f2
M1 M1 G
+‘E§17 2 62 s+ 65 Gt (z)dsdqdp
1 Uz M2 ¢z
« P Hz
| ] e
"y — )2 —11) (G2 — 4y) P 2 t3q
H1 M1 1
+‘E§77 2 63 + 63 Gt (Z)dsdqdp

= W*H(X,Tl, 61) + y*H(X,T2,62) + Z*(X,T3,63).

In which 77 ={(1—-1)+Q—-1)}, ={0-1)+Q2—-1)}, 3={1—-13)+
(2-13)} and 67={1-6D)+2-6D} &={1-56)+2-6)}, &=
{(1-3835)+(2-63)}

Similarly, if T € [0,1] is stable, then for all y4, 2, X3, 61,02, and 83 € [0,1] x [0,1], and
w,y,z=0 with w+y+z=1. And if § € [0,1] is stable, then for all y;,7; € [0,1] X
[0,1];i =1,2,3,andw,y,z = 0 withw + y + z = 1, we also have:

H(W)(l + VX2 + ZX3,T, W61 + y(SZ + Z63)
< WUH(Xl, T, (51) + yUH(Xz, T, (52) + ZUH(X:;, T, 63)
and
Hwyy +yxz + zx3, wty +y7, + 273, 6)
< WUH(Xl, 1, 6) + yUH(Xz, Ty, 6) + ZUH(X:;, 13, 6)
and the statement is proved.
(b) First, we will show that

H(x,t,8) = H(0,0,5), Vx, 7,5 € [0,1]3. (12)

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 249-263
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By means of v-Hadamard’s inequality (3), we have:

1 G2 1 12%) 1 N2
M1+ U
H(x,t,6) = f h f [)(p +x ]dp, f [Tq
-4 Uy — g 2 N2—M
{1 H1 M1
+ +
+T* I T 72 772] dq,ds + & _51 & ds
2 2
L ¢z ¢ t¢
Uy T+ Uy Mg+ 172 11t ¢
= h( , ,0s +6* )ds=H(0,0,6),
{y— (1! 2 2 2
1

vy, 1,6 € [0,1]3.

Now, let 0<y; <y, <x3<1 and 0<1,<71,<73<1 Due to H(00,9)
v-convexity for any § € [0,1], we have:
H(x3,73,6) — H(X2,72,6) - H(x2,73,6) — H(x1,71,6) S H(xy,71,6) —H(0,0,6)
(X3, 13) — (X2 72) - (X2 72) — (o 71) B (1) a

We will see that we utilized a different inequality for the last one (12).

(c) We can deduce from Jensen’s inequality for integrals that g is s-convex on the
triple ordinates:
2 &

H2
1 1 Myt U
H(x,7,6) = f f fh()(pﬂ(* ,Tq
Mo — g l(’?z -1 —41) 2
753 N1 1

+ +
« 2”2,5s+5*<1 2€2>dsdq dp

+7

U2

1 +

M2 — 2
H1

v

n

2
1 f [ M+
q +T*—]dq,
772—771n 2

1

%

1 +
f [6s+6*<12—€2] ds |dp
4

2= 6
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2]

1 + + +
_ fh(xp+x*”1 H2,771 772’(1 fz)dp

M2 = My 2 2 2
51

U2

1 + + +
>h J' [)(p'l')(*ul Zﬂz]dp’m 2772'(1 2(2

Uy —
H1

=h(H1 tu, m+n, G+46

Bl )=H(0,o,0).

H is v-convexity on the triple ordinates gives us

12%) N2 2
H(p7,6) = — f ! ffh(+*”1
,T,0) = X X
Uy — Hq (M2 —11)(G2 — 1) P
753 N1 G1
N2 §2

H1+H2
*.6*
T mxcz zl)ff X

m+n, 1+¢
2 72

) dsdq|dp

N2 ¢z

( 771)((2 Cl)ff

1 +
+x fh<#l Hz,q,s)dp dsdq

Hz — g 2
258
N2 {2
ey ! f f
T
2 =112 —41) — U 2
N1 G1 258
+ + +
+)(*h<u1 . H2’771 . 772’51 . (2) dsdg

> Ha ,q, s) dsdq

h(p, q,s)dpdsdq

( Ny +12 (1+(2)d
S e L
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1 U2 N2 G2
=8y f f f h(p, q,s)dpdqds
(uz = )2 — 1) (G2 — 1)
U1 M1 1
1 N2 §2
U1t Uy
+ )" f f h( ,q,s)dsdq
(M2 =112 —¢1) 2
N1 §1
U2
+ +
+ XT*6* f h (p’ 7'}1 772 ) 51 {2) dp
Hz — 2 2
U1
v xony (H1TH2 M1+ 72 (1"‘(2)
+)(16h(2,2,2,
Therefore, by (6), (7), (8) and (9) we conclude that
H(y,1,6) < (8 + 16" + xt°6" + x"t76")
1 U2 N2 G2
X h(p,q,s)dsdqdp
(U2 = )2 — 1) (G2 — ¢1) f f f
U1 M1 G1
1 U2 M2 2
= h(p,q,s)dsdqdp
(uz = )2 —m1) (G2 — 1) f f f
U1 M1 G

= H(1,1,1).
The (¢) is therefore established.

Note. If we put v = 1 in Theorem 2.2, we get the conclusion obtained in Theorem B.

Corollary 2.1. Assume that h:R3 — RT is v-convex and triple ordinated on R3.
Make the mapping g:[0,1] X [0,1] > R, g(x,x) = G(x, x, x). As a result, g is non-
decreasing convex monotonic on [0,1] X [0,1], and one has the following boundaries:

inf g(x,x) = g(0,0) = G(0,0,0),
X€ER2
and

sup g(x, x) = g(1,1) = ¢(1,1,1).
XERZ2

Proof. There is an immediate outcome from Theorem 2.2.
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