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Abstract

In this paper, we introduce a generalized double Hurwitz-Lerch Zeta function
and then systematically investigate its properties and various integral
representations. Further, we show that these results provide certain known as
well as new extensions of earlier stated results of generalized Hurwitz-Lerch

Zeta functions.

1 Introduction

A generalization of Hurwitz Zeta function ((s,a) defined by [1, p. 249] and [6, p.
89]

oo

(sa) =Y —— 1)

n=0 (a + n)s
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(aEC\Za,SE(C,ZO_:{0,—1,—2,—3,...}, R(s) > 1, is set of complex

numbers, is given by Hurwitz-Lerch Zeta function in the form [8, p. 27]

m

zsa Z a+m (2)

m=0
(a € C\Z;,s € C, when |z| <1, and when z =1, R(s) > 1).

In 1997, Goyal and Laddha [12] extended the Hurwitz-Lerch Zeta function (2)

in the form
m

il = 3 B ®)

(a € C\Zgy, s, € C, when |z| <1, and when z =1, R(s — p) > 0, R(a) > 0).

It is remarked that when N is large, then by the Gaussian formula of gamma
function |27, p. 20], there exists a relation lim, oo n°I'(n) = lim,_oo I'(n + $),

(see also in [15]), thus the formula (3) is written by

= 1 & (@)™
= ¢p(25,0) Zo a—i—msm' () mZNH(a-i-S)mm!’ (4)

The last series in Eqn. (4) converges for the conditions (a +s) € C\Zg , s, 1 €
C, when |z| <1, and when z = 1,R(s — p) > 0, (a +5) € C\Z; .

Later on Pathan and Daman [20] defined a generalization of (1) to (3) for two

variables as

=> 0" (28,04 ). (5)

((a+s) € C\Zg, 1, A, s € C, when |z| < 1,[t| <land for z =t =1,R(s —p— ) >0).
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The alternating Hurwitz Zeta function (or, equivalently, Hurwitz-Euler eta

function) 7(s,a) is defined by

n(s, a) = Z_; (f:)nn) R(s) > 0,a > 0. (6)

The special case of alternating Hurwitz Zeta function, when a = 1, denoted
by

= (1!
77(57(1) = 77(37 1) = Z T)%(S) > O) (7)
n=1

is called the Dirichlet eta function (or the alternating Riemann Zeta function).

It is known that 7(s,a) and so also n(s) can be continued analytically to the
whole complex s - plane. Therefore, each of the functions 7(s,a) and 7n(s) is an

entire function of s,a € C.

Motivated by the researches done in the extensions of Hurwitz-Lerch Zeta
function in ( for example [2], [3], [4], [5], [6], [7], [12], [15], [17], [18] [19], [20], [22],
[23] [26], [28], and others), we further investigate and introduce a general double
Hurwitz Lerch Zeta function to study some of its identities with known and new

double zeta functions.

2 The General Hurwitz-Lerch Zeta Function of Two
Variables and Related Double Zeta Functions

In this section, we define a general Hurwitz-Lerch Zeta function of two variables
consisting of a double sequence of arbitrary complex numbers and then making
an appeal to the convergence conditions of double series in ( [13], [14], [22], [23],
[24], and [25]), we obtain convergence conditions for general Hurwitz-Lerch Zeta

function of two variables and its related double zeta functions.

Theorem 2.1. Let a € C\Z;,s € C,{Amn} > be a double sequence of

m,n=0
arbitrary complex numbers, suitably exists and follows Horn theorem. Then the
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general Hurwitz-Lerch Zeta function of two variables defined by

> 2
¢z, t,5,0) = Y Amp————, (8)
oo (a+m+n)

converges for a € C\Z; ,s € C, when |z| < 1,[t| < 1,R(s) > 0, and for z =t =1,
R(s) > 1.

Proof. On applying techniques given in Eqn. (4), for large M, N, the formula (8)

is written in the form

m=Mn=N Lmyn
z,t,8,a) = App——
9 ) m%g " (a4 m+n)s

I'(a4+m+n) myn

+ > Amn 2" (9)
m=M+1n=N+1 F(CL ts+m+ ’I’L)

Now in last series of (9), use the Horn theorem due to [25] together with the
formulae of (9], [10], [13], |14], [23], [25]) to get rational functions of m and n,

given by
M(m+1,n) M(m,n+1)
f(m,n) = WZ and g(m, n) = Wt
where M(m,n) = Am,n%zmt”
. ) Amusinu| . a4+ 1+u(m+n))
1 =1 — 1
= M [F(mu, nu)| = lim (=0 = !na s+ 1+ a(m+n)
« lim I'(a+ s+ u(m+n)) 2. (10)
u=oo | I'(a+u(m+n))

Then in formula (10), in the region |arg(u)| < 7™ —¢, |arg(u+a)| <7 —¢€,0 <
e < 7, use the formula |27, p. 24]

— fim oot [ 4 l@=D@tb—1)

V—00 F(V—I—b) V—00 2 +O(U ):| ,Vm>0,n_07
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to find that
Amqul,nu

|2l. (11)

lim |F(mu,nu)| = lim ‘

U— 00 U—00 Amu nu
)

Since Ym > 0,n > 0,A,, follows Horn Theorem [23], hence

mu+1,nu

. A
limy, 00 A

< 1, and thus due to Eqn. (11), we get

mu,nu

lim |F(mu,nu)| < |z[,Ym > 0,n > 0. (12)
U—00

In (12) if R(s) > 0, |z| < 1, then for any large m or n, we have

lim |F(mu,nu)| < 1. (13)
uU—00
Again, in a similar way, as we have done in Eqns. (10) to (13), that if R(s) >

0, |t| < 1, then for any large m or n,

lim |G(mu,nu)| < 1. (14)
U—00
Hence, making an appeal to the Eqns. (9) to (14), the series (8) converges for
a € C\Zy,s € C, when |z| < 1,]t| <1, and R(s) > 0. Further for z = 1, by Eqns.
(10) we have

[e.e] o0
ulingo Zl./\/l(mu—i—l,nu) < Zlulgrgo \.F(mu,nu)]ulggo |M(mu, nu)|
m,n= m,n=

< i lim {u}®®) lim |A | lim Lla+mu +nu)
U—00 u—oo I T F(a + s+ mu+ nu)

m,n=1
(Since by (12), when z = 1,limy o |F(mu, nu)| < 1,¥Ym > 0,n > 0) and again by
(10), we have

0o 00
ulingo Z M(mu+ 1, nu)| < Z ul;ngo{u} ulglc}o | A,
m,n=1 m,n=1
00 0o
< Z uli{go ‘Amu,nu‘ (m + n)_‘%(s) < M, Z (m + n)—?R(s)
m,n=1 m,n=1

(Let Vm >0, > 0, there exists lim |[Apynal < M, My > 0) .
U o
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Therefore, Ym > 0,n > 0,

lim Z M(mu + 1, nu) <M12N_§R(S).

U—00
m,n=1 N=1

Certainly, the series in right hand side converges when

R(s) > 1. (15)
In a similar manner using Eqn. (15) for ¢ = 1, we have

ulggo Zl./\/l(mu, nu+1)| < My, if ®(s) > 1. (16)

Therefore when ¢t = z = 1, then by Eqns. (15) and (16), the series (8) converges
for R(s) > 1.

Finally, we are led to the assertion of Theorem 2.1. O

Example 2.2

Let m > 0,n > 0 and A, , = %,Va,ﬁ,ﬁ’,%v’ € C and if R(a) =

a1, R(B) = B1,R() = 1, R(Y) = %, | il | < Nomint < (m 4 ),
then we get

I(a+u(m+ n))I(B + mu)T (8 + nu)
I+ u(m +n))L(y + muw)T (v + nu)

) ) C(u(m+n)+1)

1 Am.u nuw N 1 )
Jm el < Ny i \ ‘r(um DT (un + 1)
= lim |Amune] < N1Cy lim (w(m + 1))~ (mu)® =7 (nu)® 1,

uU—r 00 uU—r 00

(since by Stirling formula lim,_;.o ‘%’ < (Ch, 0<Cy < o0),

= lim |Amune] < N1CL(m+n) " m)P 71 (n)701 lim @ A48
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The limit in (17) exists if
o+ +1—-m—mn—1=0. (18)
= lim [Apypu| < N1C1(m +n)® = (m)5 =71 (n)10
U—00
; a1—1 B1— 81— Ny a1+2e—1
lim [Apynu] < N1Ci(m +n)*t"(m)1" 1 (n)P 177 < —C1(m +n)™ ,
U—00 ’ 4€ (19)

(on letting e > max (81 — 71,81 — 1) ,€ > 0 and using the concept of Geometric
Mean < Harmonic Mean).

Hence by (15) and (19), we find that

lim Z M(mu + 1, nu)| < Z li_)m |Amu7nu|(m+n)_%(s)

U— 00

m,n=1 m,n=1
N > N s
<1y Z (m + n)Mt2E-17R06) o oy Z(N)al-i-Q&—l—?R(s)
4¢ 4€ )
m,n=1 N=1

here, the series >.%0_, (V)1 F2571=%() converges when R(s) > ay + 2¢.

Similarly, we get

o0 o0
N
lim |} M(mu,nu+1)| < 47101 S (N1t =R when R(s) > an + 2.
u o0
m,n=1 N=1

(20)

Since for special values, a double sequence of arbitrary complex numbers
{A;,n} reduces to all the extended generalized Hurwitz-Lerch zeta functions
defined in Section 1 and other known zeta functions studied in the work due

to (6] and [3]), we shall call it the unified Hurwitz-Lerch zeta function of two

variables.

% in the double series (8). It yields a

Hurwitz-Lerch Zeta function due to ( [6] and [3]), given by

Again consider A,,, =

oo

) min(B)m B, n 2"
bnsmttnd = 3 R e @)

m,n=0
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where, o, 8,6" € C,7v,7,a € C\Zg , s, z,t € C and R(s) > 0, when |z| < 1,[t| <1
and for z=t=1, R(vy++y +s—a—-58-0)>0
Remark 2.1. Tt is remarked that the conditions found by Theorem 2.1, are

equivalent to the constraints given in (21) in the researches of ( [6] and [3]).

Remark 2.2. Amongst various other specializations, we consider in our present
investigation, the following special cases and limiting cases of extended

Hurwitz-Lerch Zeta Function ¢, g gy, (2,t,s,a) given by (21), as

Case 2.1. Consider the following limiting case of (21) to get the generalized
Hurwitz-Lerch Zeta function of Pathan and Daman [20]

. é 72 't
m —.,8,a
300 a,B,8"v o

~ S s (), 2757

B (V)m (7)), mIn! o™t (a +m +n)s

Intn

a,y,y'—00
m,n=0

mtn

mln!  (a+m+n)s N (%’B,(z’ t9,a) 22)

m,n=0

where, ((a +s) € C\Zy,B,6,s € C, when |z| < 1,|t| < 1 and for z =t = 1,
R(s—p—p")>0).

Case 2.2. The following is the limiting case of extended generalized Hurwitz Zeta

function of two variables

. z t
Jim. {¢a,ﬂ By (a ' 37“)

— lim > (@) msn(B)m (B )n 2"
_a1—>oom7zn;0 (V)m (), m!n! aman(a+m+n)s

= 05,3y, (2,1, 5,a) (let).  (23)

o (Bm(B), mgn
- m;O (7)m (’7/)n min! (a +m + 77,)5
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Case 2.3. The following limiting case is found as

. t
B!I_I)noo PaB8.8'v:7' 27@757‘1

- (@) msn(B)m (B/)n 2"
B0 (V)m (V), minl B (a+m+n)

mtn

- amn/Bm <
3 (W) m+n(B)

(V)m (’Y,)n m!n! (a +m+n)s = (bz,ﬁ;’y,'y’(zv t,s,a), (24)

m,n=0
where, a, B € C,7v,7',a € C\Zy,s,z,t € C and R(s) > 0, when |z| < 1,[t] <1
and forz=t=1, R(v++7 +s—a—3) > 0.

Case 2.4. The following limiting case of extended generalized Hurwitz Zeta

Function of two variables is obtained as

I é z t
11m ’. =,
/87,81*>OO a,ﬁ,ﬁ VY 67 6/ ) 87 a

— lim = (@) m4n(B)m (B), A Al
N ﬁvé’%o Z (Vm (V) minl 7B (@ + m + n)s
‘m%( (il @t m e = e (2 65,@) (25)

Here, a« € C,v,7,a € C\Zy,s,z,t € C and R(s) > 0, when |z| < 1,[t] <1
and for z=t=1, R(y++ +s—a) > 0.

Theorem 2.2. Let {By,,} be a sequence of arbitrary complex numbers, suitably
convergent and follows Horn Theorem. Then the alternating Hurwitz zeta function

(or, equivalently, Hurwitz-Euler eta function) n(z,t, s,a) function of two variables

exits as -
-1 m+nzmtn
77(257t7 S,CL) - Z Bm,n((a_z’rn_'_n)s,g{(!?) > 0,a > 0. (26)
m,n=0

Proof. Following the methods used to prove Theorem 2.1, we can evaluate

existence conditions of (26) and prove the Theorem 2.2. O
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3 Integral Representations of ¢, s 3.,~(2,t,5,a)

In this section, under the conditions «, 8, 8, z,y € C,7,7',a € C\Z , we recall
Appell’s hypergeometric function of two variables Fy(.) ( [27, p. 53], [9, p. 23])
defined by

Fy [a,ﬁ,ﬁ';’y,fy';x,y] = Z (a)?;;éiLT)(ﬁ/)niT%? (Jz| + |y]) < 1. (27)

m,n=0

Also, the following are the confluent forms of Appell hypergeometric function
F5 (see (9], [21], [25] and [27])

v [ By iy = Y SR (28)

m,n=
(o)
(@) min ™Y
b losy Ay = 3 AQmin 7 (29)
: I= 2 G, i

Theorem 3.1. If (|z| + |t|) < e* Vz € (0,00), and a,f,8,2,t,s € C,
7,7 € C\Zy, a > 0, R(s) > 0, then, following integral representation of
G838y~ (2,1, 8,a) in (21) holds true

1 oo
P8,y (2,1, 8,0) = F(s)/ e R, (a,ﬂ,ﬁ';’y,'y’; ze_x,te_x) dzx. (30)
0

Proof. In the integrand of (30), under the conditions (|z| + |t]|) < e* V = € (0, 00),
a,B,8,2,t,s € C,v,v € C\Zy,a > 0,R(s) > 0, expand the Appell function
F5(.) in the series form, then change the order of integration and summation and

then applying a formula

1 — 1 > s—1_—(a+m+n)t .
@tmtn)y F(s)/o " e dt, (see in [10] and [20])

and finally making an appeal to the formula (21), we obtain left hand side of
(30). O
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Remark 3.1. Setting v = 8 and 7/ = [’ in (30) and using [27, p. 54(9)],
particularly, we get the integral formula of Hurwitz-Lerch zeta function as in [23,

Eqn. (1.4)]

10) (z,t ) = 1 / e dr = ¢(z+t ) (31)
a /. z,1,8,a) = AT = z ;3 S,a).
8,8":8,8 T(s)Jo (1—(z+t)e®)

Remark 3.2. On applying suitably known linear transformations for the Appell
series F(.), available in ( [9], [10], [16], [21], |25] and [27]) it is not difficult to

deduce several further results equivalent to those which are presented in this paper.

Similarly, employing Theorem 3.1, and Remark 2.2 and then applying the
formulae (28) and (29), we get the integral representations asserted by the

corollaries stated below:

Corollary 3.1. If z € (0,00), R(s) > 0, R(a) > 0, then following integral
representations for ¢Zt,b’;%7’ (2,t,8,a) and ¢* .y~ (2,t,5,a) hold true

1 o0
b gy (2,1, 8,0) = m/ x5~ te 9y (o, B;7y,7's 267" te™") da, ze™" < 1,te”" < 0.
B s) J,
(32)

1 o0 . .
Py (251, 8,0) = m/ 25 tem Ny (a;v,v’;ze‘x,te_”) dx,ze " < oo,te” " < 0.
s s) Jo
(33)

Corollary 3.2. In the formula (30), if v = «, by the transformation formula [25,
p. 305/

Fy (0,a1,a2;0, B 2,y) = (1 —x) " F <a27a170 — a; Ba; %J/) ,

we get

1 oo
¢a7575,§a77/ (Z7 t’ S, a) = F(S) /0 x87leiam(1 — Zeiw)iﬁ

t
x Iy (5/,57(1 - 5;7,5 ex_z,te_x) dr. (34)

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 229-247
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4 Relationship  between ¢, 3p.,(2,t, 5 a) and

Generalized Hypergeometric Functions

In this section, we establish certain relationship between extension of
generalized Hurwitz-Lerch Zeta function ¢, g g,y (2,t,s,a) and the generalized

hypergeometric functions ,Fj for p =2 and ¢ = 1.

Theorem 4.1. If R(a) > 0,R(8) > 0,R(8) > 0,R(y—8) > 0,R(8—a) >0,
RB —7) >0, v,7,a € C\Z;, then for |z| + |t| < |e*|, following Barnes type

integral representation of ¢o.g gy~ (2,1, 5, a) holds true

1T / c+ioco T T'(—
Pap,priy (21,8, a) = mrgg’; /c_ioo “ JFFZ)( :

¢k+u,6;'y(27 a+u, 3) (_t)udua
(35)
where,

(@B (Y
CYCET

¢a,6;'y(2’; a, 5) = Z

r=0

Va,B,s € C,R(a) > 0,R(s) > 0,7,a € C\Zj; .

Proof. For |z|+|y| < 1, we recall an Euler type integral of F5(.) due to Slater |21],
given by

I'(MI ()
BT (B)T(y =B (v = 3')

1 1
x /0 /0 PN — )BT — ) BN — o — y7) " Ydpdr,  (36)

F2 (06676/;'777/;-1773/) = T

provided that R(a) > 0,R(8) > 0,R(B) > 0,R(y —B) > 0,R(B — a) >
0,R(6'—+) > 0,7, € C\Z;, and use it when |ze™*| 4 |[te”*| < 1, in the

http://www. earthlinepublishers.com
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formula (30) to get

ba,8,8 0y (2,1, 8,a) = T(s F(7);()712(7 B)
/ // s-1g-av Sl 61
y (1 4 weex_1> dudrda. (37)

zZp—e® zZpu—e*

NowletVaztG(C( iz >€C

arg( iT )‘ < m, and in the complex
plane, if path is the vertical line from ¢ — ico to ¢ + ico, where —R(a) < ¢ < 0,
then for the given conditions R(c) > 0, |z| + [t| < e*, we have (see in [15])

(1+ 757__(35) o ;/jer (a4 u)(—u) < tr )udu. (38)

zu)~* —1 Tl Je—ioo I'(«) Zu — e®

Upon using (38) in the formula (37), we get

/ c+100 Q U —U
Ba,B,8yy (2,1, 8,0) = Qiziggli /C_ioo I( ‘;(35( )

00 ((X—FU)T(ﬂ)T (Z)T .
" {; (7)rr! (a+u+r)s } (—t)"du,

now let there exists a generalized zeta function defined by [11]

o

@ r _
Ga,piy(2,0,8) = Z:O (i o a—l—)r) Vo, B,s € C,R(a) > 0,R(s) > 0,7,a € C\Z; .

(39)
Then finally, we are led to Barnes type integral
_ L T() [ T(a+ul(~u) u
¢a,ﬁ”3/;%,yl(2; t7 S, a) = % T (6/) /C_ioo W(]%Hruﬁw(z, a—+ u, S)(—t) du.
(40)
O

Theorem 4.2. If R(a) > 0,R(B) > 0,N(F) > 0,R(y — B) > 0,N(B — a) >
0,R(B'—+) >0, v,7,a € C\Z;, then for |z| + |t| < |e7|, following integral

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 229-247
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representation for ¢a. g gy~ (2,1, 5, a) holds true

Pa,8,8 7 (2,1, 5,a) / / “U e Y (B ze )
x 1Fy (B39 te™ y) dedy.  (41)

Proof. For ®(«) > 0, consider the Eulerian integral (see in [10] and [20])

1 (o.9)
(1 —wu—zv)" %= 1"(04)/0 e~ (Imwu—zvjtya—i gy (42)

Under the conditions given in Theorem 4.2, use the above relation (42) in (37)

and then on changing the order of integration, we get

Paf, iy (2,1, 8, 0) = T ()
SRR T TGN ()T = AT (0 = B)T(a)

0o 00 1 1 ,
% / / / 5~ 1 —a:cluﬁ 1 B -1
0 0 0 JO

x (1—p) P11 — T)'Yl*ﬁ/fle_(l_ze_x“_te_xT)yyafldudrda:dy. (43)

For R(a) > 0 and R(c — a) > 0, an integral representation of confluent

hypergeometric function [21] is given as

1
1Fi(a;¢2) = L(e) ] /0 t77 11—ty e letdt, (44)

I'(a)'(c—a
Using (44) in (43) and after further simplifying we get

¢a7557’y’y(zt‘sa / / 5= l—ama l—y

X 1F1 (857 2e "y), F1 (85795 te™y) dady.  (45)

O]
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5 Concluding Remarks and Observations

Theorem 4.1 is applicable in computation of analytic continuation theory and
analytic number theory [1]. An integral representation of the Appell series
Fy(a, 8,85 7,7; x,y) is used in ( [16], [21]) to obtain several finite-sum expansions
in terms of the less cumbersome hypergeometric functions oF} and gFb. In
the case when the parameters o, 3, 3',7’ are all positive integers, some of our
results obtained in Section 3, may be seen as a generalization of the finite-sum
expansions of o F] and 3F5. Reduction formulas of Appell hypergeometric function
F5(.) involving the Gauss 2 F7 and the Clausen 3F», hypergeometric functions are
available in [16]. The following assertions given in |16, Theorem 1, Eqn. (2.2) and
(2.3), p.182], are useful from this point of view.

1 x

oy, a,1; 81,22,y = ———————211 [a17a2;51;}
: f vl ay(l —y) -y

1

= aTyQFl [a1, a3 Brs @], (1 # 0,00 € C, 81 € C\Zg, || + |y| < 1), (46)

and
1T x
F2 1,(11,1;51,2;.7),3/ :73}7‘2 |:04171a1;61+172; :|
[ | Bry(1 —y) -y
1T In(1 — _
—@3}72 [a1,1,1;51+1,2;$]—(:yy),(a1 EC,,B]_ E(C\ZO,|SC‘+’?J| < 1)

(47)

Result 5.1. For all |z|+|t| < 1, and a,0q € C, p1 € C\Z;,R(a) > 1,R (a1) > 0,

there exists an integral representation

1 ©
Paraatipra(st5,a) = a1tr(8)/0 o
e\ —o ze T .
X {(1 —te ) oF [Oﬂ,aQ;Bl;l_te_I] —9F] [al,az;ﬁl;ze ]}dm (48)

Result 5.2. For all |z|+|t| <1, and a,aq € C, B1 € C\Z; ,R(a) > 1,R (1) > 0,
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there exists another integral representation

a1z > s—1_—ax
. ¢ ==

D1,01,1:8.,2(2, 1, 5,0) /Bltf(s)A ¥ e

X {(1 _te_m)il 3% |:0‘171a1§61 + 1,2;121_} —3F (1, 1,15 81 + 1,2;ze_l]}dm
— te xT
1 DO -1, —(a—1)z —z

- s In(1—te *)dx. (49
tr(s)/oxe n( e)x()

Additionally, it may be shown that an integral representation of Appell’s Fs(.)
series can be used to generate many integral representations like (48),(49) in terms
of the hypergeometric functions o F; and 3F5 which are very useful in applications.
A listing of some useful reduction (and transformation) formulas is provided
in [16]. As a consequence of the present work, special cases of the integrals
containing the Appell hypergeometric function F(.) can now be expressed in

terms of elementary hypergeometric and algebraic functions.
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