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Abstract

Unemployment is one of the major socioeconomic issues across the globe in which
Ghana is no exception. The unavailability of jobs and its creation as being searched by
persons belonging to the labour force actively looking for jobs makes the problem
escalate rapidly in a growing economy. In this seven state model, we analysed into the
three main economic sectors of Ghana to investigate how unemployment, employment,
and newly created vacancy creation behave at equilibrium on the three economic sector
levels. Moreover, we analysed how in a specific sector, the dynamics of the state
variables control unemployment. Further analyses on the parameters indicated that, an
increase in the rate of newly created vacancies results in a decrease in the number of
unemployed persons and an increase in the number of employed. We assumed that a
jobless person who is available for work but fails to make an effort to seek work is not
part of the unemployed class among others. It was established that the model has one
nonnegative equilibrium point. Lastly, we analyse the impact of perturbation of some
parameters on the number of the unemployed and employed persons at equilibrium.

1. Introduction

In recent decades, computers have taken the place of a number of jobs, including
bookkeepers, cashiers, operators and etc., Bresnahan [1]. According to Manyika et al.,
[2], there has been an overturn of events with the introduction of technologies. Inversely,
industrial robots have taken on physically difficult, dangerous, or dirty jobs, such as
welding, spray painting, manufacturing, aviation among others, Manyika et al., [2]. It is
not surprising that new technologies make certain forms of human labour unnecessary or
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economically uncompetitive and create demand for new skills, Manyika et al., [2]. The
impact of technological progress on unemployment requires an examination to which
susceptible jobs are likely to be computerised. More recently, weak labour market
performance in advanced economies has heightened the discussion on sectoral and
industrial unemployment among economies. Ghana’s economic drive depends on sector
indicators for employment growth on job creation. The country’s economic sectors are
grouped into three main sectors thus, agriculture, industry and services according to GSS
[3]. Due to limited sectoral employment opportunities within the economy, employment
responses to growth have been weak and unemployment continue to rise, Aryeetey and
Baah-Boateng [4]. In 2021, youth unemployment rate stood at 19.7% [5]. By 2035, the
youth will overtake all other age groups in Ghana’s population, a situation that presents
opportunities and challenges [5]. The need to have a global target on closing the
unemployment gap, gave rise to the United Nations Sustainable Development Goals 8,
part of the 17 global goals, which included achieving decent work and economic growth
by 2030 [6]. The responsiveness to unemployment crisis and the long term effect it
carries cannot be undermined with the ongoing economic upheaval, Brand [7]. In the sub
Saharan African countries, employment dynamics have witnessed new twist with the
evolution of technology and inventions, pandemics, population growth, infrastructure
expansion, agriculture, economic performance and other important indicators, Bloom and
Freeman [8]. The problem of unemployment is very evident and severe in the West
African region, Kazeem et al. [9]. There exist wide variation between labour force
(skilled and unskilled) and available jobs in Ghana making unemployment a serious
economic crisis that needs to be tackled, [10]. Due to this socioeconomic emergency,
attempts have been made by many researchers to find solutions to the crisis in different
areas some of which includes the use of econometric models, mathematical models and
other stochastic models, Aryeetey and Baah-Boateng [4]. By multidisciplinary
publications, several models have been proposed to study this phenomenon in different
countries. Pathan and Bhathawala [11] approached the unemployment from a different
aspect, developed a nonlinear dynamic model of four variables for unemployment,
namely: number of unemployed persons, the number of present jobs in the market, the
number of employed persons and newly created vacancies. Due to this economic gab, this
research seeks to address the issue in a developing country Ghana, with limited financial
resources. The number of unemployed persons in the Agriculture Sector represented by
Uy, number of unemployed persons in the Industry Sector denoted by U;, number of
unemployed persons in the Service Sector Us, Number of employed persons in the
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Agriculture Sector be E4, Number of employed persons in the Industry Sector Ej,
Number of employed persons in the Service Sector is Eg, and Newly created vacancies by
all three sectors C.

2. Mathematical Model

In the process of making the model, we assume that an increase in the number of
unemployed is different across all three sectors. The rate of death is same for unemployed
and employed populations. Vacancies can be created due to death, resignation or
retirement of persons across the sectors. A jobless person who is available for work but
fails to make an effort to seek work is not part of the unemployed. As some of the
unemployed persons become employed, the rate of movement of unemployed persons
joining the Agriculture Sector is denoted by a,, the rate of movement of unemployed
persons joining an Industry Sector denoted by as, rate of movement of unemployed
persons joining Services Sector denoted by a,. Where as is a positive constant which
represents the rate of retirement and death of employed persons from a sector. a, denotes
the rate of employed persons getting unemployed and the rate of resignation of employed
persons out of a sector is denoted by a,. Lastly, the creation of vacancies is highly
dependent on the number of unemployed and employed persons in the given sectors.
aandd are the rate of newly created vacancies by the government and private sectors in
relation to the unemployed and employed persons respectively. [ represents the

diminution of newly created vacancies by all sectors at time .
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Figure 1. Schematic diagram of the model.
2.1. Positivity and boundedness of solutions

We ascertain boundedness and positivity of the system. Under suitable conditions, all
solutions of system (1) are nonnegative.

Theorem 1. Let all parameters in system (1) be positive and Q be the region in R’,
defined by

3a
Q :{(UA,U,,US,EA,E,,ES,C) ERLIO<SU,+U +Us+Es+E +Es+C 571}
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where y = min{(as), (as + a; — &), B} is a region of attraction for the system (1) and it
attracts all solutions initiating in the interior of the positive octant. Therefore, the
solution is positive and bounded.

2.2. Existence of equilibrium point

The system (1) has a non-negative equilibrium point as

@146 + (Aazas — a;a, + & + asag + (Aa, + as)a;)B + /X,

1
Ua = 2(ayasf — ayasd + (aas + aya,)a)
U,l _ a,az6 + (1a3a5 —aqa3 + a§ +asag + (lag + a5)a7)/3 + \/X—z
2(azasp — azasé + (azas + azaz;)a)
Ul = a1a40 + (Sasas — aja, + a2 + asag + (Sa, + as)a;)B + \/X_3
2(agasfB — azas6 + (azas + aza;)a)
L 010,058 — 2(a10,05 + a,a,0,)a — (Aazal + aya,a5 + af + aZag + (Aayas + ad)a;)p — [X,as
4 2 ((azag + 2aasa; + aza2)a + (aya? + ayasa;)f — (aza + a2a5a7)5)
El = a1a3a56 — 2(ayazas + ajaza;)e — (laza? + a,azas + ad + aZag + (lagas + ag)a7)ﬁ - \/X—sas
2 ((a3a§ + 2azasa; + aza?)a + (aza? + azasa,;)p — (azaZ + a3a5a7)6)
L 0104058 — 2(a10405 + a10407)a — (Sasa? + aasas + a3 + afag + (Sasas + ad)a;)B — \[Xeas
S 2 ((a4a§ + 2a4a5a; + aza?)a + (a,a? + azasa;)pB — (aza + a4a5a7)6)
ol X7+\/X—8((a5+a7)0(—a56)

2((a02 + 2a,a50; + a,03)af + (a,02 + a,a50,)B2 — (a,0% + a5a5a,)p6 )
was obtained by solving the following set of algebraic equations;
Fi =a;-aUy(A+ C-Ey))-asUy + agEy = 0
Fy = ay-a3U;(I + C-E)-asU; + agE; = 0
F3 = ay-aUs(S + C-Es)-asUs + agEs = 0
Fy, = aUg(A + C-Ey)-asEg-agEs-a, E4 =0
Fs = azU;(I + C- E;) - asE; - agE; - a;E; = 0
Fo = a,Us(S + C- Eg) - asEg - agEs - a,Eg = 0
F; = a(Uy + Uy +Us) + 6(Eg + Ef + Eg) — pC = 0. €))
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3. Results

3.1. Characteristics of equilibrium values

Here, we analyse the impact of perturbation of the values of some parameters on the
number of the unemployed and employed persons at equilibrium. The parameters to be
considered are:

i.  The rate of movement of the unemployed class to employed class in Agriculture,
Industry and Services respectively, thus: a,, az and a,.

ii. The rate of newly created vacancies in relation to the unemployed person a.
iii. The rate of newly created vacancies in relation to the employed persons 6.

3.2. Characteristics of rate of movement of unemployed persons joining the
employed in agriculture sector (a,) at equilibrium

The characteristic of the equilibrium values of unemployed persons and employed
persons with respect to a, (on rate of movement of unemployed persons joining the
employed in Agriculture sector) is analysed to investigate it behaviour on the system.

F1(U4, U}, Ug, Ez, Ef  E5,CY) = a; - apUz (A + C* — E}) - asU; + agE; (2)
F,(Us, U}, U, B, B Eg, C) = aUA(A + €1 — Ep)- asEj — agEf — a;E; (3)
OF  0F
0E} 0day

. OFL  9F, OFy 0F, O0F; 0F,
AUz  |0E; dax| 9E} da, da, 0E}

da, O0F,  0F |~ 9ul oF, OF,
oUL  0E4 0EY OEL ou}
0E}  OF,
ou; OE}
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OF, ( a(U;, U}, Ug) +5(5,},E},Eg)>
—=—a(A+ —as

Ul 5

6F1 a26

a—EjzazUj+a6—7 j

aaz ﬂ

OF, _ a(Ux, U}, US) + 8(EX ELES)

Py a2 A +

U} B

0F, a,d

a_E'/} = —azuj +7U}( - (a5 + ag + a7)

Oy _ ( 4 gty ©ULULUS) + 6<E3.E}.Esl)>
- YA A

da, B

oF, 0F, OF, OF
1-—4——1-—4=—(a5Uj+a7Uj)(A—Ej+

a(U, UL U + 6(E4, E},E§)>

OE} da, 0da, OE} B

<0
0F, 0F, O0F, OF a(UN, UL UD + 8(EL EL EL
I I Oh O (e a4 g LTI OB B E)
Ul OE} OE} 0U} B

+a2a5Uj + aé + asa,

Thus, a, increases, then U/} decreases.

Now,
oF, 0F, O0F, OF, vt(a—g s a(U, U}, U) + 8(E}, E}LER)
= —— . — = —
da, aUl  aUl da, 54 A 3
>0

F,
—-———-—=(a5+a7)(A—E,}+

a(UL, UL UD + §(EL ELED
U 9EI 9E} U}

B
+ayasUi + a2 + asa,
>0
dE}

—>0
da,

Thus, a, increases, then E| j increases.

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 211-228



218 Bridget Sena Borbor, Lewis Brew and Joseph Acquah

3.3. Characteristics of rate of movement of unemployed persons joining the
employed in industry sector (a3) at equilibrium.

The characteristic of the equilibrium values of unemployed persons and employed
persons with respect to a3 (the rate of movement of unemployed persons joining the
employed in industry sector) is analysed to investigate it behaviour on the system.

Fp(U}, UL U EL EL ER CY) = ay — asUL(I + C — E}) — agU} + agE} 4)

Fs ((Uj, Ui, UL E} EL ES, Cl)) = azUl (I + C* — E}') — asE} — agEl' — a; E} 5)

OF, ( a(Ui, U, US) + 8(E4, E} ES )
=—az(I+ — Qs

U} B
JF, 1 a,o
a_E'IlzagUl +a6—7U11
OF, i () g, €WLULUD + (5L B ED
aa3 1 1 ﬁ
9Fs _ a(UL, UL UL + 8(EL EL EY
aur— 3 B
0F5 ag(s
351 = —azU} +7U,1 —(as +ag + ay)
I
%: U1 A_El+a(U1}’U11'U51)+6(EAIE};E§)
aa3 A 1 ﬁ

a(UN, UL UD + §(EL EL EL
(a5U11+a7U11)(I—E11+ ( Ar Yl S) ( Ar =] S))

B
<0

F 1
2.5 2.5 (a5 +a,)|A—El +

a(Uj, Ullv U.Sl) + S(Ej' Elll E_%))
B
+a,asUt + a2 + asa,
>0

das

Thus, a; increases, then U} decreases.
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Now,
0F: O0F: 0F: OF a(UL, UL, UD + 85(EL EL EL
:—5-_51__51._5=a5U11 A—E}+ Uz, Ui, Us) (A L s)
daz 0U; 0U; Oday B
>0

a(UL, UL, UY) + 6(EL EL, E&))

——————— =(a5+a7)(A—E,1+ 3

oul 9E} OE! au}
+azasUt + a2 + asa,
>0

—>0
das

Thus, a; increases, then E} increases.

3.4. Characteristics of rate of movement of unemployed persons joining the
employed in services sector at equilibrium

The characteristic of the equilibrium values of unemployed persons and employed
persons with respect to a, (on rate of movement of unemployed persons joining the
employed in services sector) is analysed to investigate it behaviour on the system.

F3(U;, UL UL EL EL ES CY) = ay — a,US(S + Ct — EY) — asU + agE} (6)

Fe ((UJ:U}:Usl:Ej:Ell:Esl:CI)) = a,U3(S + C' = Eg) — asEg — agEs — asEg )

0F; ( a(UL, UL U +5(Ej,E,1,E§)>
—T=—au(S+ —as

UL~ 3
aF3 a46
6_ESl= a,Us + ag —7U51
OFs _ afs_ g1y @WULULUD + 8L EL ED
da, S s 3
0Fs _ (o, @WLULUD +6(E} B} EY)
aug B
0F¢ a,0
g5L = ~aaUd + = Ud = (as + ag + a7)
S
%zUl S_E1+“(U/}'UIIIU§)+5(Ej,E11,E§)
da, ° s 3
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0F, 0F. 0F, OF a(UN, UL, UD + §(EL EL EL
—31'—6——3'—61=—(G5U§+a7U§) S—Eg+ Wi, U, Us) + 85, Fi, Bs)
0E! 0da, Oda, OE} B

<0

0F; OF, 0F; OF,
_3._6__3._61=(a5+a7>(A_Eg+

a(Us, U}, UY) + 8(EL EY, E&))
B
+a4a5U51 + ag + asa,
>0

Thus, a, increases, then Us' decreases.
4 s

Now,

0F, 0F, 0F, OF a(UY UL U + §(EL EL EL
SO0 e T e i (s - p o SCAYLUD HOELELE)
da, 0Ug 0Ug Oay B

OF, OF OFy 0F (o o,
oul 9EX 9EX aui BT Y s

a(Ui, UL U + 8(ER, Ell,Esl))
B
+azasUd + a2 + asa,
>0

Thus, a, increases, then Esl increases.

3.5. Characteristics of the equilibrium value of unemployed persons with respect

toa

Characteristics of the equilibrium value of unemployed persons with respect to o
(rate of newly created vacancies in relation to the unemployed persons) is analysed to

investigate it behaviour on the system.
F (U}, UL UL EL ELES CYa) = a; — a,UF (A + CH — ER) — asUL + agEj ®)

F, (U3, UL, U3, B} B B, CY), a) = aUi(A+ C' — E}) — asE} — agEj — a;Ef  (9)
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OF 0

0E; da

OFi OFal  OF OF4 _OF, 0F4
dUi |oE} oa| 38} a  da 0E}
da  |0Ff 9F|  OF OFa _ OF 0Fa

ou4 oEj| oUi 0E4 0E; 0U}

o  0E}
oF, a(U}, UL, Ud) + 8(E} EL ES)
—=—a A+ —as
ou, B
J0F; a6
— =a,U} +as——U;
an 2YA 6 ﬁ A
0F 1 ((UEIUII' Usl)>
— = _a2 UA - @
da B
OF, a(Us, U}, Ug) + 6(Ej, B} E§)
—=aqa
Uy’ B
dF, a6
— 1 1

a—Ej = —ayUj; +7UA —(as +ag+ay)

aF4 1 (Uf}lUIl:U_%)
a_:aZUA T

oF, 0F, OF,; OF, Ur, Ut Ut
OF, O0F, 0F 4:(a2a5+a2a7)yj((/4‘+s)>

a(U}, UL UE) + 6(E4 EL ES
0T 3p1 " 3pi gl = @stan) (A—E; + (U, UE, U5) + 3(E4, B1, )
oUl OE} OE} ou} B

+ayasU; + a2 + asa,
>0

Then, by further simplification, we get

du}
—<0
da

Thus, as a increases, U j decreases.
3.6. Characteristics of the equilibrium values on employed persons with &

The characteristic of the equilibrium values on employed person vacancies with
respect to o (rate of newly created vacancies in relation to the employed persons) is
analysed to investigate it behaviour on the system.
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Now from equations (8) and (9),

a(U, U, UH) + 6(E/1.E,1,Esl)>

:>—-———-—=a5UA<A—Ej+ Z

oF, OF, OF, 6F4_(a +a)<A o
‘Al Al Al 5 7 — by

a(Ui, UL, US) + 8(EZ, E},Esl)>
B
+a2a5Uj + a§ + asa,
>0

Thus, as o increases, E j increases.

3.7. Characteristic of the equilibrium values on unemployed persons with respect

toa

The characteristic of the equilibrium values on unemployed person with respect to a
(rate of newly created vacancies in relation to the unemployed persons) is analysed to

investigate it behaviour on the system.
Fo(UA, UL, US, Bz, Bf B3, CY) = ay — asUF(I + € — E}) — asUj + agEf (10)

Fs (U3, U}, U3, B3, EL E&,CY)) = asUR(L + C* — E}) — asE} — agB} —azEF (1)

oF, ( a(Uj,U},Usl)+5(Ej,E,1,ESl)>
as + —as

aul ~ ~ B
JF, a,o

a_E'Il = a3U11 + a6 _7U11

0F, 1 ((Uﬁ. ut, Usl)>

Ja B

—=a

our— 3 B
an a3(5

9EL = —asU} +7U11 — (as +a¢ + ay)
0Fs 1 ((Uj: U}'U§)>

da 15
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OF, OF; OF, 0Fs _
0E} da da OE}
<0

J0F, 0F; O0F, OF
—2-—5——2-—i=(a5+a7)<A—Ej+

a(UL UL UY) + 8(EL, E},E}))

a(Uz, Ui, Us) + 8(Ex, Ef, Esl)>
B
+ayasU} + a2 + asa,
>0

Thus, «a increases, then U 11 decreases.
3.8. Characteristic of the equilibrium values on employed persons with respect to 6

The characteristic of the equilibrium values on employed persons with respect to o
(rate of newly created vacancies in relation to the employed persons) is analysed to

investigate it behaviour on the system.

Now from equations (10) and (11),

0F: 0F: O0F: OF, a(UL, UL, UD + §(E} EL EL
—5'—51——51'—5=a5U,1 A—El+ (Us,Uj,Us) + 6(Ey, Ef Es)

a8 au} ou} as B

0F. 0F. 0F: OF. a(UN, UL UD + §(EL EL EL
O, Oy O 0% (ag a4 - 4 SOV U H OELELE)
oUl OE} O9E! aU; B

+azasUt + a2 + asa,
>0
dE}

>0
dé

Thus, § increases, then E ,1 increases.

3.9. Characteristic of the equilibrium values on unemployed persons with respect
to a

The characteristic of the equilibrium values on unemployed persons with respect to o
(rate of newly created vacancies in relation to the unemployed persons) is analysed to

investigate it behaviour on the system.
F5(U}, UL UL EL EL ER CY) = ay — a,U(S + Ct — EY) — asU + agE} (12)

Fo (UL, UL U, B} EL, B2, CY)) = a,U3(S + C* — EY) — asEd — agEd — a,E  (13)
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LI
OES da
Oy O Oy OF, Ry 0F
dUs  |arr 9a| 98! 9a  oa 9EL
da ~ |0 0F) " OF 0F _0F OF
au} ot ou} oE} 0E} UL
ok or
au} okt
—T =S+ —as
aUs B
0F; 1 a0
a—E§= a4U5 +a6 _TU‘%
oF, . ((WLULUD
Jda B
oF, a(U, UL U + 6(EL E} ES)
_1 == a4_ S +
aul B
J0F, a6
a_Eg —a4U51+7U51—(a5 +a6+a7)
aFﬁ 1 (UAIU}I Ug)
a  Qals T
0F; 0Fy OF; 0Fg (Ut 4+ audy(s— g+ a(U;, UL, US) + 8(EX EL ES)
9EX da  da 9EX ST s 3
<0
0F; 0F, 0F; O0Fg . a(Us, UL Ug) + 8(Ej, Ef ES)
—1'—1——1'—1= (a5 +a7) A—ES +
dU; 0E; O0E; 0Ug B
+asasUs + a2 + asa,
>0
dus <0
da
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0F; ( a(UL, UL UY + 5(5[},5,1,551))
a4_ + - a5

aud ~ B

J0F; s

a_ES:}: Cl4U5:~L + ag —TU_%

OF; __ 1y (WAULUD

da 4YS ﬁ

OF a(Ux, UL U + 8(E} E} EY)
Y = a4_ S +

d0F¢ aso

AET —a,Ug +7U§ — (as + ag + a;)
aFﬁ 1 (U/}'UIIIU.%)

da 15

a(U){, Ullr US:‘L) + S(E.A:lll Ellv E.S:'L)>

—-———-—=—(a5U51+a7U51)(S—E51+ 3

0E{ O0a Oa OE}
<0

0F; 0Fg O0F; OF,
—3-—6——3-—61=(a5+a7)(A—E§+

a(UA, Ut Us) + 6(E}, Ef, E§)>
B
+azasUd + a2 + asa,
>0
dU?
—<0
da
Thus, a increases, then Usl decreases.
3.10. Characteristic of the equilibrium values on employed persons with respect to

The characteristic of the equilibrium values on employed persons with respect to &
(rate of newly created vacancies in relation to the employed persons) is analysed to

investigate its behaviour on the system.

Now from equations (12) and (13),
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Oy 3y O 90 (s 4 SLE) £ O LD

OF, OF, OF, 0F,
—1-—1——1-—1=(a5+a7) S—Esl-l-

a(Ui, UL, U}) + 8(E4, EL, E§)>
B
+asasUL + a2 + asa,
>0

dE} S0
ds

Thus, 6 increases, then 551 increases.

From (1),
_a(Ui+ Ul +Ug) +6(E; + El + EJ)
B B

Cl
Thus, the its derivative with respect to a gives

dc* Ui +Uj +Us
da B
>0

Therefore, as « increases, C! also increases.

4. Conclusions

It can be deduced that at the equilibrium, the number of unemployed persons
decrease as the rate of movement from the unemployed class to employed a,, as, a,
increases across the three sectors, agriculture, services and industry. Thus, at equilibrium
level, rate of movement of unemployed person to employed class grows with a decrease
in the number of unemployed persons. For the number of employed persons, we observe
an increase when the rate of movement from the unemployed class to employed a,, as,
a, increases across the three sectors. This is as expected since an increase in employed
population is as a result of a decrease in the population of the unemployed. Further
analyses on the parameter o indicates that, an increase in the rate of newly created
vacancies results in a decrease in the number of unemployed persons and an increase in
the number of employed persons in the agriculture, services and industry sectors. As
more vacancies are created, it is expected to see a decrease in the unemployed class since
they will be employed by the government or private sector into agriculture, industry or

service sectors respectively.
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