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Abstract

The object of this article is to explore two subclasses of regular and
bi-univalent functions subordinate to Horadam polynomials in the disk
{¢ € C: |¢] < 1}. We originate upper bounds for the initial Taylor-Maclaurin
coefficient estimates of functions in these subclasses. Fekete-Szego functional
problem is also established. Furthermore, we present some new observations

and investigate relevant connections to existing results.

1 Preliminaries

Let the set of all complex numbers be denoted by C and let the unit disk {¢ € C:
|s] < 1} be denoted by ©. Let N := {1,2,3,...} = Np\{0} and R be the sets of
real numbers. We signify by A, the set of functions g that are regular in ® and

have the form:

9(<) =<+§:dj<j, (ceD), (L.1)
=2

with ¢g(0) = 0 = ¢’(0) — 1 and we symbolize by S, a sub-set of A comprising
univalent functions in ©. According to Koebe theorem (seel6]), every function g

in § has an inverse given by

g w) = f(w) = w — dow? + (2d3 — d3)w® — (5ds — 5dads + dy)w* + ... (1.2)
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satisfying ¢ = g71(g(¢)) and w = g(g~'(w)), |w| < ro(g), To(g) > 1/4, ¢, w € D.

We say that a function g of A is bi-univalent in ® if ® C ¢g(®) and if both g and
g~ ! are univalent in ©. Let o stands for the set of bi-univalent functions in ® given
by . Some functions in the family o are given by —log(1 — <), %log (%Z)
and 1=-. However, the Koebe function ¢ o. Other functions € S such as ¢ — %
and 1= are not members of o.

Coefficient related investigations for elements of the family ¢ begun around
the year 1970. Lewin [16] examined the family o and claimed that |da| < 1.51 for
elements of o. Brannan and Clunie [3] proved that |d2| < v/2 for members of o.
Subsequently, Tan [31] found coefficient related investigations for functions € o.
Brannan and Taha [4] investigated bi-starlike and bi-convex subfamilies of ¢ in
9. Coefficient bounds for bi-starlike analytic functions of order o, 0 < a < 1,
were found by Mishra and Soren [I8]. The research trend in the last decade was
to investigate coefficient related bounds for elements of certain subfamilies of o
as it can be seen in papers [5l, 9] [10, 24] 32].

The trend in recent years is the study of functions belonging to the family
o which are associated with modified sigmoid functions, Horadam polynomials,
Fibonacci polynomials, Legendrae polynomials, Gegenbauer polynomials and
Lucas polynomials. Interesting results about coefficient estimates and
Fekete-Szegd functional |d3—dd3| for members of some subfamilies of o linked with
any of the aforementioned polynomials have been found by many. We mention
here some of them. Srivastava et al. [23] have proposed certain subfamilies of o
subordinate to Horadam polynomials, Frasin et al. [12] examined a comprehensive
subfamily of o associated with k-Fibonacci numbers, a comprehensive subfamily
of o subordinate to Horadam polynomials was investigated by Shammaky et al.
n [21], Swamy and Wanas [29] have introduced a subfamily of ¢ subordinate to
(m,n)-Lucas polynomials, Swamy and Yalgin [30], initiated two subclasses of o
linked with Gegenbauer polynomials, Wanas et al. [33] explored a comprehensive
subfamily of ¢ making use of Gegenbauer polynomials, Horadam polynomials
were used by Wanas and Lupas [34] to define Bazilevic bi-univalent function class,

Frasin et al. [11] investigated coefficient bounds for a subfamily of o defined by
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Horadam polynomials and so on. Coefficient related investigations for elements
of certain subclasses of ¢ linked with any of the aforementioned polynomials and
a modified sigmoid function appeared like the ones published in [2] 26} 27].
Recently, the Horadam polynomials H;(») (or H;(s,a,b;p,q)), were
investigated by Horgum and Koger [I3] (See also [14]) and are quantified by the

recurrence relatiOIl
Hj(3¢) = paeHj_1(5) + qHj—2(x), (1.3)

with initial conditions H1(») = a, Ha(s) = b, where 3, p, ¢, a, b € R, and j €
N\{1,2}. Tt is seen from (1.3 that H3(3) = pbs® + qa. The generating function
of the sequence H;(x), j € N, is as below (see [13]):

_(b—ap)s+a

1.4
E—— (1.4)

where ¢ € C is such that JR(c) # s, » € R.

The Horadam polynomial H;(s¢,a,b; p,q) leads to known polynomials for
particular choices of a, b, p and ¢, among them, we illustrate some for
example: i).  Uj(sx) := H;(s,1,2;2,—-1), thesecond type Chebyshev
polynomials, ii). Fj(») := H;(s»,1,1;1,1), the Fibonacci polynomials,
ili). Tj(s) := H;(s,1,1;2,—-1), the first type Chebyshev polynomials, iv).
Lj(5) :=H;(5,2,1;1,1), the Lucas polynomials, v). Q;(2) :=H;(5,2,2; 2,1),
the Pell-Lucas polynomials, and vi). Pj(») = H;(»,1,2;2,1), the Pell

polynomials.

For g,, g,€ A holomorphic in ®, we say that g, is subordinate to g,, if there
is a Schwarz function () that is holomorphic in ® with ¢(0) = 0 and |¢(s)| < 1
(¢ € @), such that g,(s) = g,(¥(s)), s € ©. This subordination is indicated as
g1 < g, 0r g;(¢) <g,(s) (¢ €D). In particular, if g, € S, then

01(s) < 82(6) & 0.(0)=9,(0) and (D) C g,(D).

Motivated by the aforementioned trends on coefficient related problems and

the Fekete-Szegd functional [§] on certain subclasses of o, we present two new
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families SU7 (v, ») and ST (7, pu, »#) of o subordinate to Horadam polynomials

H;(») as in (1.3) with the generating function (1.4). #H(s,<) is as in (1.4) and
g 1(w) = f(w) an inverse function as in ([1.2)), are used throughout this paper.

Definition 1.1. A function g € o is said to be in the class SU7 (v, ), v >0, 7 >
land s € R, if

(1=v)(d' ()" + T 1—a+H(x5),s€D,

and

[(wf'(w))]"
f'(w)

Remark 1.1. We note that SU7 (0, ) = P (x), 7 > land » € R is the class of

functions g € o satisfying

1 =v)(f' (W) +v <1-—a+H(xw), w €D.

(d() =1—a+H(xc), s €Dand (f'(w) <1—a+H(w), weD.

Definition 1.2. A function ¢ in ¢ having the power series (|1.1]) is said to be in
the set ST (v, p,2), 0 <~y <1, u>~,7>landsx € R, if

s(g'($)™ + us?g" (<)
Y59’ (s) + (1 =)<

<1—a+H(x%c),c€D

and
w(f'(W)T + o f(w)
Ywf(w) + (1 = y)w

<1l-—a+H(w),w eD.

The family ST7 (v, i, ») contains new as well as many existing subfamilies of
o for particular choices of v and u, as illustrated below:
1. 30 (u, 22) = STL(0, p, 32), 0 > 0 and s € R, is the set of functions g € o
satisfying
(9" ()" +psg"(c) < L—a+H(xc), c €D

and

(F (W) +pwf’(w) <1 —a+H(ow),weD.
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2. AL (u,x) = STL(1, p, ), 0 > 1 and s € R, is the family of functions g
€ o satisfying

and
/ T—1 wf”(w)
(@) (1 +ult )

3. L(y, ) = ST (7,1,5),0 <~ < land s € R, is the collection of functions

> <1l—-a+H(»w),weD.

g € o satisfying

s(9'(9))” +5%9"(s)
vsg'(s) + (1 =)

<1l—a+H(xcs),s€D

and
w(f' (W) +w’ f"(w)
Y f(w) + (1 =7
Remark 1.2. We observe that i) J7(1,) = £5(0,2),7 > 1 and » € R. ii)
RI(1,5¢) = £1(1,5,), 7> 1 and » € R. iii) P7 () = J7(0, ), € R,

<l—-a+H(rw),w €D.

Remark 1.3. i) When 7 = 1, the family S (v, ») was examined by Orhan et
al.[19].

ii) When 7 = 1, the family ST. (v, i, 3¢) was investigated by Swamy and Sailaja
[28].

In Section 2, we find estimations for |da|, |d3] and |d3—dd3|,d € R for functions
€ SU7(v,s). In Section 3, we derive the upper bounds for |da|, |ds| and |d3 —
§d3|,6 € R for functions € ST (7, u, »). Interesting consequences and relevant

connections to the known results are presented.

2 Bi-univalent Function Class S (v, s)

First, We find the coefficient related estimates for g € SU7 (v, 5), the class given
in Definition [I.1]
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Theorem 2.1. Let 0 <v <1, 7> 1and »x € R. If g € SUT (v, ), then

] < |bse| /||
~ V@@ ) (T — 1) + 37 — (27 — 1)) (b5)2 — 4(7(v + 1) — v)2(pbs? + qa)|’
(2.1)
(bx)? |b|
bl < sy = T3t =) (2:2)
and for 6 € R
2 3 2|b%|1— s 1—=01 < J
|d3—5d2|§ (T(V+)V) .
|bse]”® [1-6] SL—5| > J
[(27(Bv+1)(7—1)+37—v(27—1)) (b3)2—4(7(v+1)—v)2(pbs2+qa)| ’ = D
(2.3)
where

27(3v + 1)(17 — 1) + 37 — v(27 — 1))b?52 — 4(7(v + 1) — v)%(pbs* + qa)

/= 3(r(2v — 1) + v)b2 52 '
(2.4)
Proof. Let g € SUT (v, »). Then, on account of Definition we get
/ nr
=@ + T 1ot Hnm(o) (2.5)
e of )T
-0y + DT 1o piGene), @0)
f'(w)
where
m(s) = mis + mas® + mae + .. (2.7)
and
n(w) = niw + now? + naw® + ..., (2.8)
are some analytic functions with m(0) = 0 = n(0),|m(¢)| < 1 and |n(w)| <
1,6, we®. It is known that
|m;| <1,(i € N) and |n;| <1, (i € N). (2.9)

It follows from ([2.5))-(2.8) with (1.4) that

P YRT CA )i

; = 1—a+7—[1(%)+7-[2(%)m(g)+7-[3(%)m2(g)+... (2.10)
g9'(<)
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and

(1= ) (f (@) + @ @)

f'(w)
In view of (1.3)), we find from (2.10) and (2.11)) that

TR (SO

=1—a+Hi(5) + Ha(ze)n(w) + Hz(se)n?(w) + ...
(2.11)

= 1+7‘[2(%)m1§+[7‘[2(%)1‘(12-1—7‘[3(%)1’(1%}(2—{—... (2.12)

9'(<)
and
(1 —v)(f' (W) + VW = 1+ Ha(se)nw + [Ha(e)ng + Hz(se)ndw? + ...
(2.13)
Comparing and , we have
2(T(U + 1) — V)dz = 7‘[2(%)11‘11, (2.14)

3(7(2v+1)—v)d3—2(2v(27—1)—7(3v+1) (7—1))d3 = Ho(s)mo+Hz(s)m3, (2.15)
— Q(T(V + 1) — I/) do = Hg(%)tll (216)
and

3(1(2u+1)—v)(2d5—d3) —2(2v(27—1) —7(3v+1)(7—1))d3 = Ha(s)ng+Hsz(s)n3.

(2.17)
From ([2.14]) and (2.16|), we easily obtain
m; = —mn (2.18)
and also
8((v +1) = v)*d3 = (m} + n) (Ha(>))*. (2.19)

To obtain the bound on |ds|, we add (2.15) and (2.17):
[(27(Bv+1)(7—1)+37—v(27—1))]2d5 = Ha(5¢)(ma+n2)+H3(3c)(mi+n}). (2.20)

Substituting the value of m? + n? from (2.19) in (2.20)), we get

2 H3(50) (m2 + 1)
2 2[2rBr + 1) (T — 1) + 37 —v(27 — 1))H3(>) — 4(7(v + 1) — y)mg((%)] ' |
2.21
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Applying (2.9) for the coefficients my and ngy, we obtain (2.1).
To obtain the bound on |ds|, we subtract (2.17) from (2.15)):

Ha(>)(m2 — n2)
6(r(2v+1)—v)’

Then in view of (2.18)) and (2.19)), (2.22)) becomes

ds = d3 + (2.22)

b O ) | Ha(oe)(ma — o)
8(r(v+1)—v)2  6(t(2v+1)—v)’
and applying (2.9)) for the coefficients my, mo, n; and ny we get ([2.2)).
From (2.21)) and (2.22), for 6 € R, we get in view of ([1.3|) that

o2 [Ha(>)| 1
’dg 5d2‘ = 9 %(5,%)4‘ 3(T(21/+1)—1/) mo
1
(209 s )
where
_ 2
B(5, 20) — (1= 0)#ts() |
[(27(31/ +1)(t—1)+37—v(2r —1))H5(¢) —4(t(v + 1) — 1/)27-[3(%)]
Clearly
[Ha ()] ) 1
\dy — 83| < 3(r2v+1)—v) ; 0<[B(6, )] < 3(r2v+1)—v)
Ha(IIBO, )| 5 1B0.59)] 2 gy
from which we conclude with J as in (2.4)). O

Remark 2.1. i) Taking 7 = 1 in Theorem we get a result of Orhan et al.
[19] Theorem 1]. Further by letting v = 1, we obtain Corollary 2.3 of Magesh et
al. [I7], which is also stated as Corollary 1 in Orhan et al. [19]. Also, we get
Corollary 2 of Orhan et al. [19], if we let v = 0 instead of v = 1.

ii) Taking v = 1 in Theorem [2.1] we get Corollary 2.4 of Swamy and Sailaja [28].

Corollary 2.1. Let 7 > 1 and » € R. If g € PL (), then

] < |bse| /| bs]

~ VI(T27 + 1)) (b3)2 — 472(pbse? + qa)|

)
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(b>)® | [b]
d3| < —_—
s < 472 + 3
and for 6 € R
e -6 < J
2 37 ) >~ J1
s = 03] < bl [1-9] 18> T
(eIt e awry B LRl T
where
I (7(27 4+ 1))b%5% — 472(pbs® + qa)
! 37b252 '
Remark 2.2. Letting 7 = 1 in Corollary we get Theorem 2.2 of Alamoush
.

3 Bi-univalent Function Class S%7 (v, »)

Next, we state and prove the coefficient related estimates for g € ST (v, »), the
class defined in Definition [I.2l

Theorem 3.1. Let 0 < v < 1, u>~,72>1land »x € R. If g € ST(v, p, ),

then
| < |bse|+/ b
T VB =4y (T =)+ 27(r = 1) + 3u)) (bx)? — 4(u+ 7 — 7)? (pbs? + qagl’ |
3.1
(bx)? |b>|
R T R T TE (32
and for 6 € R
. - 1-d < Q
‘d _5d2‘ < J 3@CutT—) ) =
3 2= [b<|® [1—4] 1—6l> Q
[((B—4) (ut7—7)+27(7—1)+3)) (b5)? —4(u+7—7)(pbs*+qa)| =
(3.3)

where

0= |B=Mrr—n) 2+ 35> — A+ 7 — 7)? (pb® + qa)
N 3(2u+ T — 7)b?s2 ’
(3.4)

Earthline J. Math. Sci. Vol. 11 No. 2 (2023), 185-198
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Proof. Let g € ST (7, u, »). Then, on account of Definition we get

s(9'(9))™ + pus®g" (<)
¥sg'(s) + (1 —7)s

=1—a+H(»x,m()) (3.5)

and
w(f'(w))7 + pw? " (w)
2o f (@) + (1= )
where m(s) and n(w) are given by and (2.8), respectively. It is known that
lm;] <1,(i € N)and |n;| < 1(i € N)if [m(¢)| = [mic+mac?+mzc®+..| < 1,6 €D
and [n(w)| = [mw + now? + n3w?® + .| < 1,w € D. Following — in the
proof of Theorem one gets in view of and

2(# + 7 — 7)d2 = ’Hg(%)ml, (37)

=1—-a+H(e,n(w)), (3.6)

3(2u+ 7 —7)ds —2(2v(p+ 7 —7) — 7(1 — 1))d3 = Ha(s¢)mg + H3(3)m7, (3.8)
— 2(/L + 7= ’y) do = 7‘[2(%)111 (39)

and
3(2u+7—7)(2d5—d3) —2(2y(u+7—7)—7(1—1))d5 = Ha(3)na+Hz()n7. (3.10)

The results with @) as in of this theorem will now follow
from - by applylng the techmque as in Theorem [2.1| with respect to

& €1 0
Remark 3.1. Theorem 2.1 of Swamy and Sailaja [28] is a case of Theorem
when 7 = 1.

When « = 0, Theorem [3.1] would yield:

Corollary 3.1. Let p > 0,7 > 1,6 € Rand» € R. If g € J7(p, %) =
STT(0, p, 5), then

|bse| /||

. :
S @ T DT 60 — 2a T P + 40

b% 52 |be|

5] < Adp+7)%  32u+7)

http://www. earthlinepublishers.com
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and

12 .

|ds — 02| < { 3CrFT) P1=ol< @
300l = bl |19 =8> Q
(@ +1)+61) (b5)>—A(u+7)7 (b +ga)| = Wb

+qa
where Q1 = m (21 + 1)+ 6p — 4(p +7)?2 <b2%2q> ‘

Remark 3.2. Corollary 2.1 of Swamy and Sailaja [28] is a case of Corollary
when 7 = 1. Also, Theorem 2.2 of Alamoush [1] is another case of Corollary
and is got when =0 and 7 = 1.

Allowing v = 1 in Theorem [3.1] we obtain

Corollary 3.2. Let p > 1,7 > 1,6 € Rand» € R. If g € J7(u, ) =
ST (1, p, ), then

|boe| /||
|da]

< Y
~ V(2 =37+ 14+ 20)(b52)% — 4(u + 7 — 1)2(pbs® + qa)]

b%s2 |b|

ds| <
ds] < dp+7-1)2 32u+7-1)
and
- L 1—6 < Q
\ds — 6d3| < 32u+T—1) ’ = W2
SRl Jb[? [1—¢] >
s e AP ¢ L0 2 Q2
pbs® + qa
where Qg = m (72 =37+ 1+2u) —4(u+7-1)>2 (WN

Remark 3.3. Allowing 7 = 1 in Corollary we obtain a result of Swamy and
Sailaja [28, Corollary 2.2].

Setting 4 =1 in Theorem we have

Corollary 3.3. Let 0 < v < 1,7 > 1,6 € Rand»x € R. If g € £ (y, %) =
STT(v,1, ), then

] < |bse| /||

VIO =7) + (7 = 7)1 = 47) + 272)(b5)? — 4(1 + 7 — 7)2(pbse® + qa)|’
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PR (R
T4 +T7-7)? 324+T17—7)

and

. - 1 -6 <
‘dg . (5d%| < 32+7—) ) | ’ = QS

o 1] .
G- -+ 2 PP 110 2 Qs
where
o v s e (Pt aa
Q3,3(2+7_7) 61—+ (T—y)A—4y)+2° —4(1+7—7) ( 252 )‘

Remark 3.4. Allowing v = 7 = 1 in Corollary we obtain a result of Magesh
et al. [I7, Corollary 2.3], which is also stated as Corollary 1 in Orhan et al. [19)].

4 Conclusion

In the current paper, two subfamilies of o associated with Horadam polynomials
are defined and the upper bounds of |d2| and |d3| for functions belonging to
these subfamilies are obtained. Furthermore, we have found the Fekete-Szego
functional |d3 — dd3],d € R for functions in these subfamilies. We have pointed
out several consequences by fixing the paramerters in Theorem and Theorem
Relevant connections to the existing results are also identified. Problem
to estimate bound of |d;|,(j € R — {1,2,3}) for the families that have been
defined in this paper remain open. Subfamilies explored in this investigations
could inspire many researchers to focus on large number of recent publications
based on i) g-derivative operator |7, 25], ii) ¢g-integral operator [15], iii) operators

on fractional g-calculus[22], iv) integro-differential operator [20] and so on.
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