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Abstract

g-Calculus Theory is rapidly growing in various directions. The goal of
this paper is to collect and underline recent results on ag-analogs of the
Cesdro matrix andemphasize various generalizations. One ag-analogs of the
Cesaro matrix of order one is the triangular matrix with nonzero entries

n—k
2 () = %, 0 < k < n, where a,q € (0,1). The purpose of this

article examines various spectral decompositions of C¢ = (cpy;, (¢)) such as
the spectrum, the fine spectrum, the approximate point spectrum, the defect

spectrum, and the compression spectrum on the sequence space c.

1 Introduction

Spectral theory is a sub-branch of functional analysis and its applications. It
deals with the general properties of the inverse operator. The principal operator
also allows us to understand the relationship between spectrum and set point
spectrums. It consists of three discrete sets, the continuous spectrum and the
residual spectrum. Spectral theory also plays an important role in physics.
For example, in quantum mechanics The point spectrum of the Hamiltonian
transformations is the energy at the boundary state of the system. The continuous

and residual spectrum play a significant role in distribution theory.
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146 Merve Esra Tirkay

The studies on g-mathematics have many applications in branches such as
mathematics and engineering in recent years, and the history of studies on these
subjects are actually so old that they go back to the time of Euler. With ¢ # 1,
the g-analogue of the integer n is given by the following expression:

1—-4q"

[n]q = :

1—gq

The transformation given by
gz "+ ¢ R 4y,

Sp (T 1.1
. (@) TR Sty (L.1)
is called the g-Cesaro mean and denoted by C (q). If we take ¢ — 1~ in (1.1)),

the C; Cesaro transformation given by

rotrit+a2+---+2x
tn (z) = T = (1.2)

In [9], Bekar studied the g-analogue of this Cesaro transformation given by
(1.2). Also [2], Aktug and Bekar compared g-Cesaro transform and g¢-statistical

convergence. In [I7] , [2I] and [36] , the spectrum and spectral decomposition of

the g-Cesaro transform on various spaces are given.
For 0 < a, ¢ < 1, the transformation given by
(aq)" zo + (aq)" L1+ (ag)" 2zo+ -+ 2,
L+q+-+q"

is called the genaralized ag-Cesaro mean C¢' or simply the Cg' mean. The matrix

(1.3)

zn (z) =

of the C7' method is given by

n—k
a(@:{1$2+w,0<k§n
0 , k>mn.

In this case, « — 17 in this matrix, the ¢-Cesaro matrix is obtained. The spectra
and spectral decompositions of the ag-Cesaro matrix over the ¢y sequence space
are investigated in [34].

This study is about the spectrum and spectral decompositions of the ag-Cesaro
operator on Banach space c. Here ¢ denotes the space of convergent sequences,
which is considered with the supremum norm. This study is expected to broaden

the applicability of g-calculus.
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2 Preliminaries and Notation

Let us give a brief information on the spectrum of a bounded linear operator
T :X — X, defined in an infinite dimensional X Banach space. Let Ty =1 — Al
for A € C. If there is an inverse operator 7' for A € C, then R(\;T) :=
R\ (T) := Ty ! is called the resolvent operator of T If 1) Ry (T) exists, 2) Ry (T)
is bounded, and 3) Ry (T") is defined on a dense set at X, then this A is called a
regular value of 7" and p (7', X)) denotes the set of all regular values of T'. The set
o(T,X) =C\p(T,X) is also called the spectrum of T. If we are working on a
particular Banach space X, we will write o (T') for short instead of o (T, X).

The set in which Ry (T") does not exist is called the point spectrum or
discrete spectrum, and is denoted by o, (7). Also, a number A € o, (T) is
called the eigen-value of 7. The set of A € o (T) elements, where Rx(T)
exists and will provide 3) but not 2), that is, Ry (7T") is unbounded, is called
the continuous spectrum and it is denoted by o (7). The set of A € o (T)
elements such that Ry (T") exists (bounded or unbounded) and 3) cannot be
realized is called the residue spectrum of 7' and it is denoted by o, (T'). Thus
o(T) =0p(T)Uo.(T)Uo, (T) and these sets are binary discrete. This creates
the natural spectral decomposition of the T' € B (X) operator [31].

Now let’s give the Goldberg decomposition of the o (T') spectrum. Let A €
o (T). Then there are three possibilities for R (T)), the range of T = T — AI:
I) Ty is surjective, II) R (Ty) = X, but R (Ty) # X, III) R (Ty) # X; and three
possibilities for Ry = T)le 1) Ty is injective and Ry is bounded, 2) T} is injective

and R is unbounded, and 3) T) is not injective.

There are nine different states for a A € C: Iy, I, I3, 111, 11, 115, I111, 1115,
III5. f T\ € I or T € I then it is A € p(T'). From the closed graph theorem,
there is no A so that T € I, so Iy = (). Therefore, we get a decomposition of the

spectrum as

o(T) =130 (T)UIllyo (T)UIlz0(T)
UIILo(T)U Lo (T)U 0 (T).

This is called the Goldberg decomposition of the spectrum.
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We can summarize these two decompositions of the spectrum in with the Table
below [24].

Table 1. Goldberg’s and fine decomposition of the spectrum

1 2 3
R exists R exists Ry

and is bounded | and is unbounded | does not exists

I [ R(T)=X| Aep(T) = X € o, (T)
I | R(T)=X| Aep) A€ e (T) X € o, (T)
I | R(TN#X | A€o, (T) A€o, (T) A€o, (T)

The fine spectrum of some bounded linear operators over various spaces has
been specified by many authors ([1], [12], [I8], [19], [20], [22], [23], [25]-[28], [30],
1321, [33], [35], [37]-[41]).

Let X be Banach space on a field K and 7' € B (X). If (z,,) C X is a sequence
such that |Tz,| — 0 while n — oo and ||z,| = 1, then (x,) is called a Weyl

sequence for T'.
The set

oap (T, X) := {X € K: there is a Weyl sequence for \I — T} (2.1)
is called as the approximate point spectrum of 7. Moreover, the subspectrum
o5 (T,X) :={X € K: A\ — T is not surjective}, (2.2)

is called defect spectrum of T'.
The two subspectra (2.1) and ([2.2)) form a (not necessarily disjoint) subdivision

0 (T) = 00y (T) U (T) (2.3)
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of the spectrum. There is another subspectrum,
Oeo (T, X) = {AGK:R()\I—T);AX} (2.4)

which is often called compression spectrum.
These three sets make up the non-discrete spectrum of the spectrum. ([2.4)

gives rise to another (not necessarily disjoint) decomposition
0(T) =04p (T) Uoeo (T) (2.5)

of the spectrum. Clearly, o, (T') C 04, (T) and o, (T) C 05 (T'). Moreover, we
note that

or (T') = 0co (T) \op (T) (2.6)
and
oc (T) = o (T)\|op (T) U oo (T))- (2.7)

Sometimes it is useful to relate the spectrum of a bounded linear operator to that

of its adjoint.

Proposition 2.1. [/, Proposition 1.3] The spectra and subspectra of an operator
T € B(X) and its adjoint T* € B(X™) are related by the following relations:

(a) o (T*) = o (T).

(b) 0c(T*) € oap (T).

(¢c) 0ap (T7) = 05 (T).

(d) o5 (T*) = 0ap (T).

(e) op (T7) = 0c0 (T).

(f) 0co (T*) 2 0op (T).

(9) 0 (T) = 04p (T) U0y (T7) = 0 (T) U gap (T7).

We can write the above definition as follows (Table 1)
In order to obtain this non-discrete decomposition for a finite linear operator
T, the following template created in the articles [5]-[7], [10] and [11] is used,

considering the proposition and Theorems in [4].
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Table 2. Non-discrete decomposition of the spectrum

(1) 2) 3)
R), exists R), exists R
and is bounded | and is unbounded | does not exists
(1) R(Ty) =X A€ p(T) - A€ ag(T)
R(Iy) # X
(II) | R(Th) =X A€ p(T) A€ og(T) X € og(T)
A€ os(T) A€ os(T)
(I1I) | R(Ty) # X A€oy (T) A€ ogp(T) A€ ag(T)
AEUg(T) A€ os(T)
A€ oe (T) A€ 0e (T) A€ 0e (T)

Various divisions of the spectrum are possible. The non-discrete spectrum
(Apporoximate point spectrum, defect spectrum and compression spectrum) can
be found in the book entitled ” Nonlinear Spectral Theory”;, published by J. Appell
et al. Using this Table 2, separation of an operator for the first time in the
literature was handled in 2011 by Kh. Amirov and Nuh Durna, Mustafa Yildirim
[3]. After, using this separation, the non-discrete spectrum of some bounded linear

operators on various spaces has been studied by various authors ([3], [8], [I3]-]16]).

3 Boundedness and Various Spectral Decompositions
of C

In this section, we will show that C¢' is a bounded linear operator on ¢, and then
examine its various spectral decompositions.

In order for the ag- Cesaro operator matrix given by C¢ = (¢, (¢)) to be in
B (c), it must be shown that the conditions of the Kojima-Schur Theorem given
in [29, p.166] are met.
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Lemma 3.1. Let0<g¢<1,0<a<1. ThenCaeB andHCaH—l

Proof. i) Since a < 1, the following inequality is obtained

) n :
gl = sups S el =y { gt 35 (0]

LA g™ 3.1
< sup, ZO% (3.1)

=1

On the other hand, the following inequality is valid;

I w0 |12,

a 1
0, 1720 T T %15 )
= sup
0 (eI
x;€0 1 aq a2q2 .
P T+q THgtq®’
2.2

— aq _o?¢® ) _
= sup (1 1+q’ T+g+¢?’ >_1'

< (3.2)

From H and HC’;‘H =1 is obtained.
ii) For each k

7L
o e = Jim 5 i

—k
= lim Z (aq)”

1—(0%*{)””’+1

— 1 1—aq
= Mn—oo =7 3T

Thus, i) and ii) satisfy the conditions of the Kojima-Schur Theorem in [29]
p.166]. This proves the Lemma. O

It should be noted that if 0 < ¢ < 1 and 0 < a < 1, there is always m € Ny
such that o < ¢™. There is also o < ¢° = 1.
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Theorem 3.2. Let 0 < g<1 and 0 < a <1. Then, if a« < ¢, then

1 1 1

ap(Cg‘,c): T e k: a< g™ yU{l}
PO DN 2.4
k=0 k=0 k=0

and if o« = 1, then o, (C&, ¢) = {1}.
Proof. Let Cg'x = Az. In this case, the following equations exist;

i) = /\JIO

(aqxo + x1) = A1y

((00)? w0 + agas + ) — Am

1+ +aqra—1 +xn) = Az,

If 2y # 0, then A\ = 1 is obtained from the first line of equation (3.3). If we put
A =1 in other equations, we get x,, = a"xg, n = 1,2,.... Thus, since 0 < a < 1,
the eigenvector corresponding to A =1 is z = (a”) € c.

Same way, let x,, be the first nonzero term of the sequence (z,). Thus, from
the mth row of the equation (3.3])

is found. Hence, we have

http://www. earthlinepublishers.com
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since x,, # 0. Since x1 = r9 = x3 = -+ = ;1 = 0, from the equations after the

(m+1)th line of system, we get

(&) (B) (5 9)
e (g (5

that is,

Tm, n=1,2,3,...;

T, forn>m.  (3.5)

Since ¢ > q",

1_m
limxm—m:lima[l—kqn q}:i

N0 Tpyp—1  n—oo ¢ I—q" q

is obtained.  Therefore, for a« < ¢, we have lim, ,o0 Tmin = 0, that
is, the eigenvector corresponding to A = -t for a < ¢m is z =
> q*
k=0
(0,0,...,0, Ty, Tmt1y- -+ Tmtn,---) € c. Also, for a = A =1, Cf (q)z = Mz
with = (1,1,1,...) € c¢. So the point spectrum is obtained as follows;
Jp(Cg,C): 1 a< g™y Ul O
>ak X d* > ak
k=0 k=0 k=0

The following Lemma will be very useful for calculating the adjoint of operator

Cg‘:

Lemma 3.3. [/Z, p.267] If T : ¢ — c is a linear transformation and T* : ¢* — 01,

Tg = goT, g € ¢* = (', then T and T* have matriz representations, also

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 145-172
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T* : 01 — 0% is given by
T A — ( x (imA)  (9,),2, )

(ar)p=o A
x(imA) dg 91 O
ap app aio a0
= ax apl1 a1 a - |,
a2 Go2 Q12 a2
where
ag = lim a,
" o0
X (A) =limAe— ) lim Aey = limy, Y ang — > limy, ank
k=0 k k
I =x(PpoT)=(P,oT)e—> ank,
k

If0<a<1,0<qg<1, then one can get the following result from the above

Lemma for ag—Cesaro matrix.
Making use of the relations given above Lemma [3.3] we easily arrive at the

following Lemma:

Lemma 3.4. The adjoint of C1 (q) on c is given by

lljjq 00
C)* = 0 3.6

Proof. Since 0 < a<1,0< g <1, we get

. _ (ag)" " (1—q)
e = limen = Jim S

_ k4 . ()"
= (aq) " (1 —q) lim 77— 57 =

and

n 3 n . B n B e i1
D car = gt Y (aq)" ™ = LG8 Y (ag)* = (R 2R

k=0 k=0 k=0
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Thus, x (Cg‘) can be calculated as follows;

X (C’g‘) = limy, D ) Cnk — D limy, cpp

_ (1—g) 1=(a@)"™" __ 1-¢
= limy, 1- 7 (1=ag) 0= T—aq"

To calculate ¥, the following expression is required;

)n+1

(Pnng‘)e:{chkxk} ch = i_n?zll(_l(f‘qaq) .37

k=0

From (3.7)), we have

(1-¢q) 1-(a@""  (1-¢q) 1—(ag""

_ =0
1—q"+1 (1-aq)  1-¢"" (1-aq)

Y, = P oCO‘ chk

Hence, by Lemma [3.3], desired is obtained. O

Theorem 3.5. If0 < g¢<1and 0 < a <1, then

q 1— a2g?
u<qil, 11 , ,ml Da< g™
> gk > gk
k=0 k=0

Proof. Let x # 0 and (C{)* (¢)x = Ax. Since the matrix (C{)" (¢) is given by
the equation (3.6)), the following system of equations is obtained

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 145-172
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11:0?111’0 = )\ZL‘O
2 3
leY o o
x1 + (1 %) x2+(2q) x3+(3q) Tq + - = A
> g > ¢ > q"
k=0 k=0 k=0
1 « aq)?
I To + (261) x3+(3q) T4+ - = AT9
> > g > "
k=0 k=0 k=0
1 «
3 xr3 + (3 9 T4+ = Ax3
> qF > g
k=0 k=0
Hence
T L 1
— 1 . —
o= o L[ Ao [ n=23
k=1 Z qv
v=0
where 27 # 0.
Let’s assume that
1 1 1
)\ S 1, 1 ' 9 9 Y n ’
S Y g > ¢
k=0 k=0 k=0

If A =1, then (C{)" (q)x

get that 1 € o, ((C)" (q), ¢%)
1 x

If A= Trd then (C{)" (¢)z =

=z for x = (x9,21,0,...) € £ and = # 6. So we

x for x = (wo,wl,—ml 0,0,...) et

o

1+g¢
1
and x # 0. Hence, we get that 1 €op ((CF) (q),04).
q
1 1
If A\ = —— then (CH)*(QJz = —— 5z for =z =

L+q+¢* 14 q+ ¢
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~ 000y, %21,0,0,...) € L and @ £ 0. S t that —— €
(:c(),xl, o T1,5271,0,0,. .. and x # 0. So we ge a T
ap ((CT)" (9) . ")
Similarly, we obtain
(o)
1 2% * 1
0 Cap ((C) (), ()" = 1)
>
k=0 n=0
o0
1
Let us now assume that A ¢ CIf
> g
k=0 n=0
1
lim Tntl) _ lim |[— -
n—oo | Iy, n—oo | ag\ Z g
v=0 (3.8)
e =3P < - n+1 |
_ | <1
~ lagh hmn%oo 1 —q"t) ’
the series Y |z,| is convergent and hence (x,,) € ¢1. For this,
1 1—g¢q
—A—=(1- <le|l-——|<
(== <1 1= 120 <aq
A=udiv 1—g¢q 1—q
& 1_u2+02u+u2—|—v2m < aq (3.9)
oo 1-9 (1-q)ag
(1—a2¢?) l—aq
1-— 1-—
is realized. (3.9) shows us, if |\ — (1-4) < (1-q) aq’ then (z,,) € ¢1. Also,
(1 —a2q?) 1—oaq
since . ) ) .
. —q —q
T s 0 € {)\E(C. ’)\— 1= a2 < 1_a2q2aq}
>oab 3 4k
k=0 k=0
for a > ¢"™, m=0,1,2,..., the desired result is obtained. O
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We know that c is a Banach space, o ([Cg‘]* ,Kl) =0 (Cg‘, c) and o), (Cg‘, c) C
o (C’g‘, c) are valid. Let’s determine the spectrum of C7' using these.

An infinite matrix defined as

a 0 0 O

b(_) al 0 0
Aa,b = 0O b ay O

0 0 bz as

is called a lower triangular double band matrix with a variable sequence, where

(ar) and (by) are two nonzero sequences of real numbers with

lim a, =a and lim b, = b # 0. (3.10)
n—oo

n—oo

This matrix defines a A, : ¢ — ¢ operator with
Ambl‘ = Aa,b($k) = (apxr + bk—lxk—l)zozo withz_1=b6_1=0 (3.11)

Corollary 3.6. The matriz operator A, is bounded on c and ||Aa,b||B(c) =
sup (|ax| + [bg—-1)-

The matrix A, satisfies the conditions of the Kojima-Schur Theorem, so it
can be easily seen that it is A, ;, € B (c¢) and it can also be seen that HAa,bHB(C) =
sup (|ag| + |bx—1]) as in [19].

Theorem 3.7.
o(Dgpc) ={AeC:|A—a| < |bl}U{ar:keN, |ap—al > |b} U{l}.

The proof of the theorem can be given by the same method as [19, Theorem
2.1].
Let 0 <a <1 and 0 < g < 1. The generalized ag-Cesaro matrix Cf' : ¢ — ¢
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has an inverse and this inverse matrix is given by:
Ao 0 0 O
By A1 0 0
=0 B a0

0 0 By As

where .
A, = qu and B, = —aqa, for all n € Ny. (3.12)
k=0
Therefore,
1— qn+1 1
lim 4, = lim (1+¢+¢*+---+¢") = lim = =a,
n—00 n—00 n—oo | — q 1— q (3 13)
. . 9 n aq :
lim B, = lim —aq(1+q+q +dgq ):_725
n—o0 n—o0 1— q
is obtained from (3.12)).

It is clear that the operators [Cﬂ ! and Cy are bijective. If we take Ay p =

[Cg‘]_l in Theorem it is easily seen that the inverseloperator [C’g‘ s
bounded on the sequence space c. If we take Ayp = [C{;] ~ "~ in Corollary 3.6 it

is an obvious result that it will be 0 & o(Agp, c).

—-

Theorem 3.8. If0<g<1and 0 < a <1, then

1—gq 1—gq
o (C&,c) —{/\EC:‘/\—l_Qqu Sl—a2q2aq}
UQ <2, a< g™ U{l}.
> g > q
k=0 k=0

Proof. From Theorem the following scope is obtained:
l—q

op ([C3]7, ) :{)‘EC: ‘A_ 1— a2¢? < 11_a2qqzo‘q}
1 1 . m

U{1+q""’1+q+---+qm' a<q }U{l}

co([ce],0") =0 (C2c).

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 145-172
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If closure is taken from both sides,

{AGC:P 1-4g

1—q
1 aq

1-— oz2
U {1 ! }
14+q¢ 14+q+¢*
is obtained since the spectrum is closed and 1 — g €
1-— 1-
AeC: | A— a < q aq p. Also, taking A = — and o = ¢
1 — a2¢? 1 — a2¢? Z &
k=0
. : 1—¢q 1—q . o
turns the inequality [\ — aq into equality.it should be
1—a2q¢? 1—a2q¢?
noted that when o = ¢ for a m € N, A = —2— is the point at the right end of
> ak
k=0

the circle and on the z-axis.

From the explanation above the [C’qa] ~!is invertible and bounded on ¢. From
Theorem it is known that

J([C{;‘]_l,c> =0 (Dgp, )
={AeC:|A—da| < b} (3.14)
U{ag : k€N, |ag —a| > [b|} U{1}

With a = —, b = —1% q, am = > jtoq", the 1st set forming the union on the
second side of equation (3.7]) is equal to

1 aq
AeC: - — | < ——
{ © ' 1Q"1q}
and the 2nd set is equal to
{ag : k €N, |ag —al > |b]} = {ao,a1,...,am : o< q"}.

Since

= +iy & A ! ! i Y +1
= _ =7 7 —_ — = = — 1 = U Z'U,
=3 4 woortiy x4+ yr a2 +y?
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we have
1 BT AU R S P
1—g¢q 1—g¢q ko 1l—gq 1—gq
& (u—(1—9)" +0* < (ag)® (u* + v?)
l—q l—q
S lp—— —_.
‘M 1—a?¢?| — "1—a2¢?

Therefore, the following expressions can be written from the spectral maping
Theorem;

U(C’é‘,c) { eC: AEU([C’O‘]_I,C)}

={lec: \)\—a|<\b\}u{ ‘meN, |am — a\>]b[}u{1}
1 aq
—J1 . = 1 1. m
= /\E(C.‘)\ 1—q < } {a :meNa<gq }U{l}
— N
={reci - il < }
U o 1y u{1}.
Sk ¥ gk Zq’“
k=0 k=0 k=0
O
Remark 3.9. In Theorem (3.8 since 11 , 21 e < @ C

m
DRI DN > qF
k=0 k=0

{AEC:‘/\—ilglqjq}asaﬁl_,weget

1+q
7 (Ci(9)¢) z{AeCWA_%%?_li%@
U 1 21 7".77711 .a<qm U{l}
Z ¢ X gk > g
=0 k=0 k=0

{AGC A = 5}
This shows that [I7, Theorem 2.6] is still valid when as v — 17.

Theorem 3.10. If0<qg¢<1and 0 < a <1, then

o l—¢q
Ur(Cq,c):{AGC:‘A—l_a2q2

l—q
<1z a2q2aq} U{1}.
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Proof. We know from Theorem [3.2] and [3.5] that

1 1
C%c) = ey ra<qg™ryU{l},
UP( qC) {1+q 1+q+...+qm « q } {}

al* () l—q l—-q
Jp([C'q} o)t tt) = AEC:'A—l_a2q2 1_a2q2aq}
Ug T, a<q™pU{l}
> qF > g
k=0 k=0

Therefore we get

UT(C’(‘;‘,C):{)\GC:‘)\ 1—q2

1-a2q

l—q
< 1_a2q2aq} U{1},

because o, (C&,¢) = 0, (Cf (q) ,£') \op (C2, ¢). O

q )

Theorem 3.11. If0<g¢<1l and 0 < a <1 and a = q™, then
I—q
UC(C’g‘,c) =qAeC:|A 5

1—gq
— = [0
1—a2q 1—a2q¢? 1

1 1 .
\{1’1+q>'--am.()¢<qm}

and if o # ¢, then

o. (CF,c) = {)\GC: ‘)\— 11_;%

_ 1-a
2| T 122y

Proof. Since
0. (CF¢) =0 (Cr(q),e)\{{op(C1(q),0) Vo, (C, )} },
the result can be seen immediately from Theorems and Table 2. [J

Now let’s do the Goldberg classification for the spectrum of operator Cg'.

Lemma 3.12. [2]], p.60]A linear operator T has a bounded inverse if and only if

T* is onto.

http://www. earthlinepublishers.com



agq-Cesaro Matrices 163

Theorem 3.13. If0<q¢<1and 0 < o <1, then

1 1
IIIQO' (C;,C) = W,W7...

PRI
k=0 k=0
where a < q™.

1 1

m
Proof. Let « < qm. Hence ST T S €
_ 1—¢q 1—g¢q 1 1
{)x eC: '/\ —1- 2 T a2q2aq}. Therefore ST R ST C
Oy (Cg‘,c) = 17740 (C’g‘,c) U ZZ7Zs0 (Cg‘,c) from Theorem Is it
1 1 . .
{Zzﬁol ST } C 1II7y0 (C’g‘, c)? It is sufficient to show that

operator (C’g‘ — )\I)* from Lemma is surjective. If (Cg‘ — )\I)* T =y, then

we get,

I-=XNzo = yo

(0q)” (oq)®
(I =Xz + T+ a3+ x4t =
> g > g > g
k=0 k=0 k=0
(3.15)
1 (aq) (aq)?
1 — A | x9 + 5 T3 + 3 s = Y9
> q* > q" > "
k=0 k=0 k=0
Thus we get
0 n—1 1 Yo n—1 1
m = ——og ll [A—= + — Il | A==
! (agA)" ™" o S ) (Aga)" T in > g
k=0 k=0 3 16)
n—1 1 Yi n—1 1 1 ( .
+ Z : — H A— = — Y Yn+1-
=1\ g (qo)" T =i > q* A
A Z q =0
k=0
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from (3.15)). Since A € ﬁ,ﬁ,...,% ve (yn) € ¢!, we have z =
PRI INL > g
k=0 k=0 k=0
(x,) € ¢! where z,, = —%yn. Hence the operator (CO‘ )\I)* is surjective. For
these A’s, the Cf' — AI operator has bounded inverse. Zs s € ITT50 (C’g“, c)
k=049
for s > m.
Let us now assume that \ ¢ {Zm+l = Zm}rg k,} Since Zoio - Zil
o STE ¢ T77 from Table 2, it is A 7é for each n € N. From here,
Z k=09 oq

since y € ¢! is in equation , ”sequence of (xy,) is convergent if and only if

1
H;O: (A - v L
0 Zk:o qk

the sequence in the infinite product must be 1. From here, we get A = 2 — ¢ since

must be convergent. Thus, the limit of the general term of

. l—gq
S A T T g

Jim =A—(1—-¢q) =1
> ¢t
k=0
Therefore, since the infinite product for A # 2 — ¢ will be divergent, it is = ¢ £*.
Thus, while

1 1

>oab Y ¢
k=0 k=0
the (Cg‘ — a[)* operator is not surjective. From here 1) for \’s, operator

C’g‘ — Al has no bounded inverse. So

1 1 N 1 1
m+1 7m+2 e gIIIQO-(Cq7C)g m+1 7m+2 PRI U{2_q}

DR DN DR DN
k=0 k=0 k=0 k=0

is valid. If we take A = 2 — ¢, the first component of (x,) in (3.16)) becomes

n—1

To 1
@e-oril S (19
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Since0 < a<land¢<1,0< aqg(2—¢q) < 1isvalid. Hence = — 00.

1
(aq(2—q))
Thus, even if the infinite product in (3.18)) is finite, x ¢ ¢ is. From here, x ¢ ¢! is

obtained. Thus, if A = 2 — ¢, operator (Cg‘ — )\I)* is not surjective; i.e, operator
Cg — Al from Lemma does not have bounded inverse. As a result,

1 1
IIIQO' (an,c) = W,W,...
> dk Y
k=0 k=0
is obtained. ]

Corollary 3.14. Let 0 < g¢<1 and 0 < a < 1. Then

1—
ITT10 (C2,c) = {)\ eC: ‘)\— : _a§q2

1—¢q 1 1
<1_a2q20‘Q\ mtl mi2

>ab Y ¢k
k=0 k=0
where a < q™.

Proof. Since 0,(C¢',¢) = IIT10 (Cg‘, c) UZZZo0 (C’g‘, c), the proof from Theorem
and Theorem [3.13] is clear. O

The following Corollary is immediately seen from Theorem [3.11]

Corollary 3.15. Let 0 <g< 1l and 0 < a < 1. If a =q™, then

1—¢q aq}\ 1

T 122 m
1 > q*
=0

Izga(cg,c)z{AeC:‘A S

C1-ag

and if a # ¢, then

IIQO'(C?,C):{)\E(Ci‘)\ 1—q2

1-a2q

1—q
= (8% .
1—a2q? q
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Let us give the following Lemma, which we will use in the proof of the next

Theorem.

Lemma 3.16. [2], Theorem II 3.7] A linear operator T has a dense range if and

only if the adjoint operator T* is one to one.

Theorem 3.17. Let 0 < g <1 and 0 < a < 1. Then

1 1 1
ITT30 (Cfrc) = —— 5 m— ¢ U{1}
PRI >
k=0 k=0 k=0

where a < q™.
Proof. We know from Table 2 and Theorem that

op (Cg‘, c) =130 (Cg‘, c) UZZz0 (C’qo‘, c) UZZITIs0 (Cg, c)

1 1 1

e PR u{1}
gk Y gk > q
k=0 k=0 k=0

for o < ¢™. Let (C’,‘;‘ — I)* x =0 and x¢g = 1. Thus, we have

_ 1 . 1
T = 3aq A i :
q
k=0
_ 1 1 1
vy Kl ) .
q q
k=0 k=0

From these equations the following facts are obtained. Since 2° = (1,0,0,...) #
6 and 2 € Ker (Cg‘ — I), the (Cg‘ — I)* operator is not one-to-one. So

itis 1 € III3U(C§‘,C). Since z! = (1,%(%— ),0,0,...) # 6 and
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*
z! € Ker (C’;Y — 1Tquj)’ the (C’;Y — 1—;]) operator is not one-to-one. So it

is 1—J1rq € 11730 (C’qo‘, c). Continuing this way, since

zm = 17 1+q2”+qm ml -1 ) (1+Q+'"+2qm)2 ml -1 m1 - 11
q S gk (agq) S g S gk S g

k=0 k=0 k=0 k=0

(14+g+--+¢™)* ﬁ 11 0

R (aq)Q P g‘f: & k & » Y
a > q
k=0 k=0
#0,
*

m a_ 1 a 1 3 _to-
and 2™ € Ker (Cq 1+qI), the (Cq ST I) operator is not one-to-one.
So it is —m—y € IZT30 (C“, c). Consequently, we have

2 k=04 K

1 1 1
I1T30 (C’g‘,c) =<1, '3 ey
Yot Yot X
k=0 k=0 k=0
for a < ¢™. O

Corollary 3.18. Let 0 < ¢ <1 and 0 < a < 1. 30 (C¢,¢) = IZ30 (CZ,c) = 0.

Proof. The proof is clear from Table 2, Theorem and Theorem O

Now, let’s determine the defect spectrum, the approximate point spectrum,

the compression spectrum of the operator C7".

Theorem 3.19. Let 0 < g < 1 and 0 < a < 1. The following expressions are
hold;

(a)

oap (CZ, ) :{)\GC:‘)\ '

q> _1—042(]

_(1—QMm}

2|7 1 —a2g?

1 1
b ol g} Jora<a,
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(b) X o
—dq —q)aq
05 (Cg.c) =qr€eC ‘A_l—aQqQ = 1—a2q2}
Ul —1—, ..., , for a < q™.
> qk > q*
k=0 k=0
“ 1 (1-9)
—q —q)oq
7e0 (Cf s ) :{)‘EC ‘A_l_azqz 1—a2q2}
U o1 ’ 11 ) ) ml >f07na<qm'
PO > "
k=0 k=0 k=0

Proof. (a) The desired result is obtained by using Table 2, Theorem Corollary
and the expression o), (C;”, c) =0 (Cg, c) \ZIZo (C’g‘, c).

(b) The desired result is obtained by using Theorem Table 2, Theorem
Corollary and the expression o (C’g, c) =0 (C’g‘, c) \Zso (Cf;, c).

(¢) The desired result is obtained by using Theorem Table 2,
Theorem Corollary and the expression o, (C’;‘, c) = 11T 0 (C’? , c) U

11T50 (CS,¢) UTIZ30 (CY,c). O
Corollary 3.20. Let 0 < g< 1l and 0 < a < 1.
(a) ) 1
N . —q —q)aq
Uap([ccﬂ ) —{)‘EC"A_l_O;qQ S1_Oé2qz}
u<gl, 11 pp— for a < q™,
> ¢ > ak
k=0 k=0
(b) (g
l—q l-q)aq
* 1 — . —
03 (C5* (), 1) = {/\GC. ‘/\— e }
U{l,%ﬂ,ﬁ,} fOT’a<qm.
Proof. The expressions ogp( [Cg]* Y = 05(Cec) and os( [Cg]* AN =
0ap(Cy', ¢) are known from [4]. Thus, the desired result is obtained from Theorem
.19 O
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