
Earthline Journal of Mathematical Sciences 

ISSN (Online): 2581-8147   

Volume 2, Number 2, 2019, Pages 483-490 

https://doi.org/10.34198/ejms.2219.483490   
 

Received: August 3, 2019; Accepted: September 2, 2019 

2010 Mathematics Subject Classification: 16W25, 47B47. 

Keywords and phrases: generalized derivation, generalized Jordan derivation, incidence algebras.   

Copyright © 2019 Ruth Nascimento Ferreira and Bruno Leonardo Macedo Ferreira. This is an open access 

article distributed under the Creative Commons Attribution License, which permits unrestricted use, 

distribution, and reproduction in any medium, provided the original work is properly cited. 

Generalized Jordan Derivations of Incidence Algebras 

Ruth Nascimento Ferreira
1
 and Bruno Leonardo Macedo Ferreira

2,∗
 

1 
Universidade Tecnológica Federal do Paraná, Av. Profa. Laura Pacheco Bastos, 800, 85053-510, 

Guarapuava, Brazil 

e-mail: ruthnascimento@utfpr.edu.br 

2 Universidade Tecnológica Federal do Paraná, Av. Profa. Laura Pacheco Bastos, 800, 85053-510, 

Guarapuava, Brazil 

e-mail: brunoferreira@utfpr.edu.br 

∗ Corresponding author 

Abstract 

For a given ring ℜ and a locally finite pre-ordered set ( ) ,, ≤X  consider ( )R,XI  to be 

the incidence algebra of X over ℜ. Motivated by a Xiao’s result which states that every 

Jordan derivation of ( )R,XI  is a derivation in the case ℜ is 2-torsion free, one proves 

that each generalized Jordan derivation of ( )R,XI  is a generalized derivation provided 

ℜ is 2-torsion free, getting as a consequence the above mentioned result. 

1. Introduction 

For a given ring ℜ, recall that a linear map d from ℜ into itself is called a derivation 

if ( ) ( ) ( )badbadabd +=  for all ;, R∈ba  and a Jordan derivation if ( ) =2
ad  

( ) ( )aadaad +  for each .R∈a  More generally [5], if there is a derivation RR →τ :  

such that ( ) ( ) ( )babadabd τ+=  for all ,, R∈ba  then d is called a generalized 

derivation and τ  is the relating derivation; analogously, if there is a Jordan derivation 
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RR →τ :  such that ( ) ( ) ( )aaaadad τ+=2  for all ,R∈a  then d is called a 

generalized Jordan derivation and τ  is the relating Jordan derivation. The structures of 

derivations, Jordan derivations, generalized derivations and generalized Jordan 

derivations were systematically studied. It is obvious that every generalized derivation is 

a generalized Jordan derivation and every derivation is a Jordan derivation. But the 

converse is in general not true. Herstein [4] showed that every Jordan derivation from a 

2-torsion free prime ring into itself is a derivation. Brešar [2] proved that Herstein’s 

result is true for 2-torsion free semiprime rings. Jing and Lu, motivated by the concept of 

generalized derivation, introduce this concept of generalized Jordan derivation in [5]. 

Let us now recall the notion of incidence algebra [7], [12], which we deal in this 

paper. Let ( )≤,X  be a locally finite pre-ordered set. This means ≤  is a reflexive and 

transitive binary relation on the set X, and for any yx ≤  in X there are only finitely 

many elements z satisfying .yzx ≤≤  The incidence algebra ( )R,XI  of X over ℜ is 

defined as the set 

( ) ( ){ }yxyxfXXfXI ≤/=|→×= if0,::, RR  

with algebraic operation given by 

( ) ( ) ( ) ( ),,,, yxgyxfyxgf +=+  

( ) ( ) ( ),,, yxrfyxrf =  

( ) ( ) ( ) ( )∑
≤≤

=
yzx

yzgzxfyxfg ,,,  

for all ( ) RR ∈∈ rXIgf ,,,  and .,, Xzyx ∈  The product fg is usually called 

convolution in function theory. It would be helpful to point out that the full matrix 

algebra ( )RnM  and the upper (or lower) triangular matrix algebras ( )RnT  are special 

examples of incidence algebras. The identity element δ  of ( )R,XI  is given by 

( ) xyyx δ=δ ,  for ,yx ≤  where { }1,0∈δxy  is the Kronecker delta. For given 

Xyx ∈,  with ,yx ≤  let xye  be defined by ( ) 1, =vuexy  if ( ) ( ),,, yxvu =  and 

( ) 0, =vuexy  otherwise. Then xvyuuvxy eee δ=  by the definition of convolution. 

Moreover, the set { }yxeB xy ≤|=:  forms an ℜ-linear basis of ( )., RXI  Note that 
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incidence algebras allow infinite summation, and hence the ℜ-linear map here means a 

map preserving in finite sum and scalar multiplication. 

Incidence algebras were first considered by Ward [15] as generalized algebras of 

arithmetic functions. Rota and Stanley developed incidence algebras as the fundamental 

structures of enumerative combinatorial theory and allied areas of arithmetic function 

theory (see [11]). Motivated by the results of Stanley [13], automorphisms and other 

algebraic mappings of incidence algebras have been extensively studied (see [1], [3], [6], 

[7], [8], [9], [10], [11] and the references therein). Baclawski [1] studied the 

automorphisms and derivations of incidence algebras ( )R,XI  when X is a locally finite 

partially ordered set. More specifically, he proved that every derivation of ( )R,XI  with 

X a locally finite partially ordered set can be decomposed as a sum of an inner derivation 

and a transitive induced derivation. Koppinen [7] has extended these results to the 

incidence algebras ( )R,XI  with X a locally finite pre-ordered set. Xiao [14] proved 

that every Jordan derivation of ( )R,XI  is a derivation provided that ℜ is 2-torsion free. 

Motivated by Xiao’s result our main objective is to prove that every generalized Jordan 

derivation of ( )R,XI  is a generalized derivation provided that ℜ is 2-torsion free. 

2. Results 

We first collect some background material to prove our main result. Throughout this 

section, ℜ denotes a 2-torsion free ring. Let ( ) ( )RR ,,: XIXI →Ξ  be a generalized 

Jordan derivation and ( ) ( )RR ,,: XIXI →τ  the relating Jordan derivation. 

Lemma 2.1. For all ( ),,,, RXIcba ∈  the following statements hold: 

(1) ( ) ( ) ( ) ( ) ( ),ababbababaab τ+Ξ+τ+Ξ=+Ξ  

(2) ( ) ( ) ( ) ( ),aabababaaaba τ+τ+Ξ=Ξ  

(3) ( ) ( ) ( ) ( ) ( ) ( ) ( ).acbabcbaccabcbabcacbaabc τ+τ+Ξ+τ+τ+Ξ=+Ξ  

Proof. See [5]. □ 

According to Lemma 2.1, ( ) ( ) ( ) ( ).aabababaaaba τ+τ+Ξ=Ξ  In the case 

,0== baab  we obtain ( ) .0=τ aba  Furthermore, it follows that  
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 ( ) ( ) ( ),eeeee τ+Ξ=Ξ   (1) 

for any idempotent ( )., RXIe ∈  In particular, since (1), ( ) ,0=τ eae  for any 

( )R,XIa ∈  satisfying ,0== aeea  and ( ) ( ) ( ) ( ) .0=τ+Ξ+τ+Ξ aeaeeaea  

Multiplying by e on the right yields 

 ( ) ( ) ( ) ( ),0 aeaeeaea τ+Ξ==τ+Ξ   (2) 

for any idempotent e satisfying .0== aeea  

Now assume that the set { }yxeB xy ≤|=:  forms an ℜ-linear basis of ( )., RXI  It is 

a consequence of (1) that 

 ( ) ( ) ( )iiiiiiiiii eeeee τ+Ξ=Ξ  and ( ) ,0=τ ijiiki eee   (3) 

for all i and .jik ≤≤  From Lemma 2.1 and the fact that ( ) ( )iiijijiiij eeeee +Ξ=Ξ  for 

all ,1 nji ≤<≤  we obtain  

 ( ) ( ) ( ) ( ) ( )iiijiiijijiiijiiij eeeeeeeee τ+Ξ+τ+Ξ=Ξ  (4) 

whenever .ji <  Furthermore (2) implies that 

 ( ) ( ) ( ) ( ) 0=τ+Ξ=Ξ+Ξ kjiikjiiiikjiikj eeeeeeee   (5) 

for all ., ijk ≠  Define a ℜ-linear map φ  from ( )R,XI  into itself by letting 

 ( ) ( ) ( ) ., jieeeee ijiiijiiij ≤τ+Ξ=φ   (6) 

According to (3), ( ) ( ).iiii ee Ξ=φ  Xiao proved the following result. 

Lemma 2.2 (Lemma 3.2 [14]). Let ( ) ( )RR ,,: XIXI →τ  be a Jordan derivation. 

Then 

( ) ∑ ∑
∈ ∈

+++=τ
i jLx Ry

ji
ij
jiiy

jj
jyij

ij
ijxj

ii
xiij eCeCeCeCe  

for all ,Beij ∈  where the coefficients 
ij
xyC  are subject to the following relations 

,0=+ kk
jk

jj
jk

CC  if ;kj ≤  

,ik
ik

jk
jk

ij
ij CCC =+  if ., kjji ≤≤  
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Lemma 2.3. φ  is a generalized derivation. 

Proof. Let us consider ( ) ∑ ∑
∈ ∈

++=
i jLx Ry

iy
jj
jyij

ij
ijxj

ii
xiij eCeCeCed  for all ,Beij ∈  

where the coefficients ij
xyC  are subject to the following relations 

;if,0 kjCC
kk
jk

jj
jk

≤=+  

.,if, kjjiCCC
ik
ik

jk
jk

ij
ij ≤≤=+  

By [14, Theorem 2.2] d is a derivation. First we check that  

 ( ) ( ) ( ),klijklijklij edeeeee +φ=φ   (7) 

for all ., Bee klij ∈  We split the argument into two cases. 

Case 1: .kj ≠  Since ( ) ,0=φ klijee  it suffices to prove that ( ) +φ klij ee  

( ) .0=klij ede  By (6) we get 

( ) ( ) ( ( ) ( )) ( )klijklijiiijiiklijklij edeeeeeeedeee +τ+Ξ=+φ  

( ) ( ).klijklijii edeeee +τ=  

If ,ki ≠  then 

( ) ( ) ( ) ( ) klkkijklijiiklijklijii eedeeeeedeeee +τ=+τ  

( ( ) ( )) klkkijkkijii eedeeee +τ=  

klii ee 0=  

,0=  

by Lemma 2.2 and ( ) ( ) ( ).kkijkkijkkij eeeeee τ−τ=τ  Finally, if ,ki =  then 

( ) ( ) ( ) ( )iliiijilijiiilijilijii eedeeeeedeeee +τ=+τ  

( ) ( ) iliiijilijii eedeeee +τ=  
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( ( ) ( ) iliiijijii eedeee +τ=  

( ( ) ( ) ijiiij eee τ−τ=   

( ) ( ) ( )) iliiijiiijiiij eedeeeee +τ−τ−  

( ( ) ( )) .0=τ−= iliiiiij eeede  

Case 2: .kj =  We must prove that 

( ) ( ) ( ).jlijjlijil edeeee +φ=φ  

Assume .lji <<  As a consequence of (6), 

( ) ( ) ( ( ) ( )) ( )jlijjlijiiijiijlijjlij edeeeeeeedeee +τ+Ξ=+φ  

( ) ( ( ) ( ) ( ))jlijjlijiliiil edeeeeee −τ−τ−φ=  

( ) ( ( ) ( ) ( ) ( ))jlijijjlijjljlijiiil edeeeeeeeee −τ+τ+τ−φ=  

( ) ( ( ) ( )) ( ).iljljlijil eedeee φ=−τ−φ=  

If ,lji <=  then 

( ) ( ) ( ) ( ) ( ) ( )iliiiliiiliiiliiiliiilii eeedeeeeeedeee τ−+τ+Ξ=+φ  

( ) ( ) ( ).ililiiilii eeeee φ=τ+Ξ=  

If ,lji =<  then 

( ) ( ) ( ( ) ( )) ( )jjijjjijiiijiijjijjjij edeeeeeeedeee +τ+Ξ=+φ  

( ) ( ) ( ) jjijiiijiiijii eeeeeee τ+τ+Ξ=  

( ) ( ).jjijijii edeee +τ−  

Since ( ) ,jj
ij
ijjjijii eCeee =τ  

( ) ∑
∈

+=τ
jRy

iy
jj
jyij

ij
ijijii eCeCee  
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and  

( ) ∑
∈

+=
jRy

iy
jj
jyij

ij
jjjjij eCeCede  

it follows that ( ) ( ) ( ) .0=+τ−τ jjijijiijjijii edeeeeee  Hence ( ) ( ) =+φ jjijjjij edeee   

( ) ( ) ( ).ijijiiijii eeeee φ=τ+Ξ  If ,lji ==  by (3) we obtain ( ) ( ) =Ξ=φ iiii ee  

( ) ( ) ( ) ( ).iiiiiiiiiiiiiiii edeeeeeee +φ=τ+Ξ  Thus, for all ,, Bee klij ∈  we get ( ) =φ klijee  

( ) ( ).klijklij edeee +φ  Finally, linearity of φ  yields ( ) ( ) ( )badbaab +φ=φ  for all 

( ),,, RXIba ∈  which proves that φ  is a generalized derivation.  □ 

We are now in a position to prove the main result of this paper. 

Theorem 2.1. Let ℜ be a 2-torsion free commutative ring with identity. Then any 

generalized Jordan derivation of the incidence algebra ( )R,XI  is a generalized 

derivation. 

Proof. Put ,φ−Ξ=Ψ  then ( ) ( ) ( )ijijij eee φ−Ξ=Ψ  and ( ) ( ) ( )iiiiii eee φ−Ξ=Ψ  

0=  for all .Beii ∈  Since Ψ  is a generalized Jordan derivation, ( ) =Ψ ije   

( ) ( ) ( ) ( ) .jjijijjjjjijijjjjjij eeeeeeeeee Ψ=Ψ+Ψ=+Ψ  According to (4) and (6), if 

ji <  we have 

( ) ( ) ( )iiijiiijij eeeee τ+Ξ=Ψ  

( ( ) ( )) ( )iiijiiijij eeeee τ+Ψ+φ=  

( ) ( ) ( ) iiijiiijiiij eeeeee Ψ+τ+φ=  

( ) ( ) iiijiiij eeee Ψ+φ=  

( ) .iiij eeΨ=  

Thus  ( ) ( ) .0=Ψ=Ψ jjijij eee  Therefore  0=φ−Ξ=Ψ  and Ξ  is a generalized 

derivation. 

As a consequence of our Theorem we have the following result. 

Corollary 2.1 (Theorem 3.3 [14]). Let ℜ be a 2-torsion free commutative ring with 

identity. Then every Jordan derivation of the incidence algebra ( )R,XI  is a derivation. 
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