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Abstract

Motivated by Aouf differential operator, a class F)\'f p(O( , B, y) of p-valent functions in

the punctured disc U~ ={z:0 <|z| <1} =U\0} is defined. The coefficient estimates,

growth and distortion theorems for the class are obtained.

1. Introduction

Let A denote the class of functions g(z) of the form
g(z)=z+ Zakzk (1.1)
k=2

which are analytic in the open unitdisc U ={z 0 C :|z| < 1}.

Let g(z) 0 A, n O N,. Then the Ruscheweyh differential operator of the function

g(z) is definedas R" : A - A

Received: August 6, 2019; Accepted: August 24, 2019
2010 Mathematics Subject Classification: Primary 30C50; Secondary 30C45, 30C55.

Keywords and phrases: analytic function, punctured disc, differential operator, p-valent, growth and
distortion.

Copyright © 2019 Olubunmi A. Fadipe-Joseph and K. O. Dada. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.



474 Olubunmi A. Fadipe-Joseph and K. O. Dada

R%(z2) = ¢(z)

R"g(z) = 2(R""¢(2)) +(n—1)R"(g(z)), z O

Liu and Srivastava [1] and [2] respectively defined linear operators L P and D" ona
class zp of functions which are analytic and p-valent in the punctured disc

U:={z:z0Cand 0 <|z|<1} =U\Y0}. Joshi and Aouf [3] considered a class

consisting of regular and p-valent functions in the punctured disc with fixed second
coefficients. Some properties on the class were established. Joshi and Srivastava [4]
studied a certain family of meromorphically multivalent functions by using the
Ruscheweyh derivative. Aouf [5] introduced a class of meromorphic multivalent
functions in a punctured disc by using a differential operator to obtain some properties of
the class. Logu [6] considered the works of Aouf and others thereby introduced and
studied a generalized subclass of meromorphic p-valent functions using a differential
operator to obtain some interesting results. Singh and Singh [7] investigated a
generalized subclass of multivalent functions related to sigmoid function. Nunokawa and
Sokol [8] proved some new sufficient conditions for function to be p-valent or p-valently

starlike in the unit disc.

Motivated by the works of Aouf and others, let ZS denote the class of functions of

the form
fe) =27+ Zakzk_p (@ 20, pON=1,2,..) (1.2
k=1

be analytic and p-valent in the punctured disc U”={z:zOC and 0 < lz]<1

= U\o}}.

For f(z) O ZS, define

Dy ,f(2) = £(2)
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2\

D)l\,pf(z) =(1-2)f(z) +%zf'(z) + Z_I’

1 <&(p-2\p+\k _
= D)l\,pf(Z) = —Zp + z(—p I;D ]akzk P
k=1

Also,
2 _ 1 Az 1 )
Dy, pf(z2) =(1=N)Dy ,f(2) + " (D, pf(2)) + >

o0 2
_ Lp N Z(p -2\p +7\kj aka_p
z k=1 p

1~ (p=-20p+ MY -
D}, f(2) :—p+2[%] ap kP, (1.3)
T k=l

2. Main Results

Here, the main results are discussed.

Definition 2.1. A function f(z) of the form (1.2) is in the class Fy' ,(a, B, y) if it

satisfies
DR L f () +p

1 , <B @2.1)
2y -1)z""(Dy ,f(2)) +(2va - p)

(zDUD;G(OSG<p);B(0<BS1);\{%<y£lj);)\20;pDN;nDN0.

Theorem 2.1. Let a function f(z) be in the class F)\”, p(a , B, Y). Then

D k- p)[@] (1+ 2By ~B)ay < 2By(p ~ 1) (22)
k=1

forOSO(<p;0<BS1;%<ysl;nDN0;pDN;)\ZO.
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Proof. Suppose f(z) 0 Fy' ,(a, B, y), then by definition

PUDE L FE) +p

@y -1)2"* (D}, f(2) + 2y - p) <P

I

(0f () = {Lp S e U

k=1 p

p

- =z oA + MY -
= Zpi +Z(k—P)(—p . j a7
k=1

Substituting (2.3), we have

- % -2\ + MY -
ZPHLPi +Zk:1(k-p)(ppJ 7P l}ﬂv

p

p

% - 2\p + Ak
—p+zk:1(k—p)(p;) az +p

2\p + Ak
2V—1[ p+Zk1 [ppj “kzk]"@VO(‘P)

p

o —2Ap + Ak )"
e

14

2 - )+ 2y =) 37 (= p) (22N

2Ap + Nk k
B

- % =2+ MY -
(- UZ””{pfl DI e P 1} +(2ya - p)
Z

(2.3)
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00 n
> (k- p)(MJ g

p

IN

2By(p - a).

This implies that

ap < ZBY(p—O(l ; k=21, pON; nON.
- 2\p + Ak
TR

Corollary 1. A function f(z) is in the class Fy. (o, 1, 1) if

i;(k e PR

k=1 p

Corollary 2. A function f(z) is in the class FOO, p(a L) if
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Sk - p)ay < (p - ).
k=1

Corollary 3. A function f(z) is in the class FO(? p(0, B, 1) if
D (k= p)(1+B)a < (p-0).
k=1

Theorem 2.2. If the function f(z) belongs to the class Fy' ,(a, B, ), then for

0<|f(z)| =r <1, wehave

1 2By(p —a)
(1- p)(m] (1 +2By - B)
P

P

IN

1, 2By(p — a)
’ (1—p)[p‘2”’”j (1 + 28y~ )
P

Proof. From Theorem 2.1,

P, (2.4)

(- p)[%]"u L By-pS o

k=1
<3k —za)[@] (1+ 28y - By
k=1

< 2By(p - a).
That is,

c 2By(p - a)
Zak < - .
- p)(”‘iﬁp”) (1+28y-p)

http://www.earthlinepublishers.com



A Class of p-valent Functions in the Punctured Disc 479

For 0<|z|=r<]1,

| f(2)| s —+ PP (2.5)

and
ZBY(P ~ G) AP (2.6)
(1 - p)[w] (1+2By - p)
p

|f(z)|sri,,—

Combining (2.5) and (2.6), gives the desired result.

Theorem 2.3. Let f(z) belong to the class Fy' ,(a, B, y). Then for 0 <] f(z)]

=r <1, we have

P 2By(p —a) P
(B oy
p
<] f'(2)]
< 14 + ZBy(p B G) r_P (2 7)
o —op A ' '
(750
p

Proof. In view of Theorem 2.1,
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i o < 2By(p - a) ‘
ST ey -p)
p
Thus,
] - P o -
| f'(z)] < e + ;akz p
| f'(2)] < fﬂ + ZBy(pn_ o) PP, (2.8)
r (HW‘) 1+ 2By - P)
V4
Similarly,
| ()] = fﬂ - 2BV(pn— o) rP. (2.9)
r [MJ (1+ 2By -B)
p

From (2.8) and (2.9), the result follows.
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