
Earthline Journal of Mathematical Sciences
E-ISSN: 2581-8147
Volume 11, Number 1, 2023, Pages 23-114
https://doi.org/10.34198/ejms.11123.23114

On Generalized Fibonacci Polynomials: Horadam

Polynomials
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Abstract

In this paper, we investigate the generalized Fibonacci (Horadam)

polynomials and we deal with, in detail, two special cases which we call them

(r, s)-Fibonacci and (r, s)-Lucas polynomials. We present Binet’s formulas,

generating functions, Simson’s formulas, and the summation formulas for

these polynomial sequences. Moreover, we give some identities and matrices

associated with these sequences. Finally, we present several expressions and

combinatorial results of the generalized Fibonacci polynomials.

1 Introduction: Generalized Fibonacci (Horadam)

Polynomials

The sequence of Fibonacci numbers {Fn} and the sequence of Lucas numbers

{Ln} are defined by

Fn = Fn−1 + Fn−2, n ≥ 2, F0 = 0, F1 = 1,

and

Ln = Ln−1 + Ln−2, n ≥ 2, L0 = 2, L1 = 1

respectively. The generalizations of Fibonacci and Lucas sequences lead to several

nice and interesting sequences.
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The generalized Fibonacci polynomials (or Horadam polynomials or

x-Horadam numbers or generalized (r(x), s(x))-polynomials or (r(x), s(x))

Horadam polynomials or 2-step Fibonacci polynomials)

{Wn(W0,W1; r(x), s(x))}n≥0

(or {Wn(x)}n≥0 or shortly {Wn}n≥0) is defined as follows:

Wn(x) = r(x)Wn−1(x) + s(x)Wn−2(x), W0(x) = a(x),W1(x) = b(x), n ≥ 2

(1.1)

where W0(x),W1(x) are arbitrary complex (or real) polynomials with real

coefficients and r(x) and s(x) are polynomials with real coefficients with r(x) 6= 0,

s(x) 6= 0.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n(x) = −r(x)

s(x)
W−(n−1)(x) +

1

s(x)
W−(n−2)(x)

for n = 1, 2, 3, ... when s(x) 6= 0. Therefore, recurrence (1.1) holds for all integers

n. Note that W−n(x) need not to be a polynomial in the ordinary sense. For some

references on special cases of Horadam polynomials see [3,4,5,11,12] for papers

and [1,2,6,7,8,10] for books.

Binet’s formula of generalized Fibonacci (Horadam) polynomials can be

calculated using its characteristic equation (the quadratic equation, polynomial)

which is given as

y2 − r(x)y − s(x) = 0. (1.2)

The roots of characteristic equation are

α(x) := α =
r(x) +

√
r2(x) + 4s(x)

2
, β(x) := β =

r(x)−
√
r2(x) + 4s(x)

2
,

(1.3)
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and the followings hold

α+ β = r(x),

αβ = −s(x),

(α− β)2 = (α+ β)2 − 4αβ = r2(x) + 4s(x),

r(x)− 2α = −(α− β),

r(x)− 2β = α− β,

(r(x)− 2α)(r(x)− 2β) = −(α− β)2 = −(r2(x) + 4s(x)).

Note also that

(W1 − αW0)(W1 − βW0) = W 2
1 + αβW 2

0 − αW0W1 − βW0W1

= W 2
1 + αβW 2

0 − (α+ β)W1W0

= W 2
1 − sW 2

0 − rW1W0

⇒

(W1 − αW0)(W1 − βW0) = W 2
1 − sW 2

0 − rW1W0.

If the roots α and β of characteristic equation (1.2) are distinct, i.e., α 6= β, then

r2(x) + 4s(x) 6= 0 and if the roots α and β of characteristic equation (1.2) are

equal, i.e., α = β, then (1.2) can be written as

y2 − r(x)y − s(x) = (y − α)2 = y2 − 2αy + α2 = 0

and, in this case,

α =
r(x)

2
,

r(x) = 2α,

s(x) = −α2 = −r
2(x)

4
,

r2(x) + 4s(x) = 0.

Now, we define two special cases of the polynomials Wn(x).

(r(x), s(x))-Fibonacci polynomials {Gn(0, 1; r(x), s(x))}n≥0 (or shortly Gn(x))
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and (r(x), s(x))-Lucas polynomials {Hn(2, r(x); r(x), s(x))}n≥0 (or shortly

Hn(x)) are defined, respectively, by the second-order recurrence relations

Gn+2(x) = r(x)Gn+1 + s(x)Gn(x), G0(x) = 0, G1(x) = 1, (1.4)

Hn+2(x) = r(x)Hn+1 + s(x)Hn(x), H0(x) = 2, H1(x) = r(x). (1.5)

The (sequences of polinomials) {Gn(x)}n≥0 and {Hn(x)}n≥0 can be extended

to negative subscripts by defining

G−n(x) = −r(x)

s(x)
G−(n−1)(x) +

1

s(x)
G−(n−2)(x),

H−n(x) = −r(x)

s(x)
H−(n−1)(x) +

1

s(x)
H−(n−2)(x),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.4) and (1.5) hold for all

integers n.

NOTE: For the sake of simplicity throughout the rest of the paper we use

Wn, r, s,W0,W1, α, β,Gn, Hn, G0, G1, H0, H1

instead of

Wn(x), r(x), s(x),W0(x),W1(x), α(x), β(x), Gn(x), Hn(x), G0(x), G1(x), H0(x), H1(x),

respectively. For example, we write

Wn = rWn−1 +Wn−2, W0 = a,W1 = b, n ≥ 2

for the equation (1.1).

Next, we present the first few values of the (r, s)-Fibonacci and (r, s)-Lucas

polynomials with positive and negative subscripts:
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Table 1: The first few values of the special second-order numbers with positive

and negative subscripts.

n 0 1 2 3 4

Gn 0 1 r s+ r2 r
(
2s+ r2

)
G−n

1
s − r

s2
1
s3

(
s+ r2

)
− r
s4

(
2s+ r2

)
Hn 2 r 2s+ r2 r

(
3s+ r2

)
4r2s+ r4 + 2s2

H−n − r
s

2s+r2

s2
−r 3s+r2

s3
4r2s+r4+2s2

s4

Some special cases of (r, s)-Fibonacci sequence {Gn(0, 1; r, s)}n≥0 and

(r, s)-Lucas sequence {Hn(2, r; r, s)}n≥0 are as follows:

1. Gn(0, 1; 1, 1) = Fn, Fibonacci sequence,

2. Hn(2, 1; 1, 1) = Ln, Lucas sequence,

3. Gn(0, 1; 2, 1) = Pn, Pell sequence,

4. Hn(2, 2; 2, 1) = Qn, Pell-Lucas sequence,

5. Gn(0, 1; 1, 2) = Jn, Jacobsthal sequence,

6. Hn(2, 1; 1, 2) = jn, Jacobsthal-Lucas sequence.

7. Gn(0, 1; 3,−2) = Mn, Mersenne sequence,

8. Hn(2, 3; 3,−2) = Hn, Mersenne-Lucas sequence,

9. Gn(0, 1; 6,−1) = Bn, balancing sequence,

10. Hn(2, 6; 6,−1) = Hn, modified Lucas-balancing sequence,

11. Gn(0, 1; 1,−1
4) = Gn, modified Oresme sequence,

12. Hn(2, 1; 1,−1
4) = Hn, Oresme-Lucas sequence,

13. Gn(0, 1;x, 1) = Fn(x), Fibonacci polynomials,
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14. Hn(2, x;x, 1) = Ln(x), Lucas polynomials,

15. Gn(0, 1; 2x, 1) = Pn(x), Pell polynomials,

16. Hn(2, 2x; 2x, 1) = Qn(x), Pell-Lucas polynomials,

17. Gn(0, 1; 1, 2x) = Jn(x), Jacobsthal polynomials,

18. Hn(2, 1; 1, 2x) = jn(x), Jacobsthal-Lucas polynomials.

Using the roots α, β and recurrence relation (1.1), Binet’s formula can be given

as follows:

Theorem 1.

(a) (Distinct Roots Case: α 6= β) Binet’s formula of generalized Fibonacci

(Horadam) polynomials is

Wn =
p1α

n

α− β
+

p2β
n

β − α
=
p1α

n − p2βn

α− β
(1.6)

where

p1 = W1 − βW0, p2 = W1 − αW0.

(b) (Single Root Case: α = β) Binet’s formula of generalized Fibonacci

(Horadam) polynomials is

Wn = (D1 +D2n)αn (1.7)

where

D1 = W0,

D2 =
1

α
(W1 − αW0) .

Proof.
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(a) If the roots α, β of (1.2) are distinct, then (the sequences (αn)n≥0 and (βn)n≥0

are both solutions of (1.1)) the general formula ofWn is in the following form:

Wn = A1α
n +A2β

n

where the coefficients A1 and A2 are determined by the system of linear

equations

W0 = A1 +A2

W1 = A1α+A2β.

Solving these two simultaneous equations for W0 and W1, we obtain

A1 =
W1 − βW0

α− β
, A2 =

W1 − αW0

β − α
.

(b) If the roots α, β of (1.2) are equal, i.e., α = β, then Wn is in the following

form:

Wn = (D1 +D2 × n)αn

where D1 and D2 are the polynomials whose values are determined by the

values W0 and any other known value of the sequence. By using the values

W0 and W1, we obtain

W0 = (D1 +D2 × 0)α0

W1 = (D1 +D2 × 1)α1.

Solving these two simultaneous equations for W0 and W1, we get

D1 = W0, D2 =
1

α
(W1 − αW0)

i.e.,

Wn = (W0 +
1

α
(W1 − αW0)n)αn.

Note that (a) and (b) of the above theorem can be given as follows:
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Theorem 2. The general term of the generalized Fibonacci (Horadam)

polynomials Wn can be presented by the following Binet’s formula:

Wn =


W1 − βW0

α− β
αn − W1 − αW0

α− β
βn , if α 6= β (Distinct Roots Case)

(nW1 − α (n− 1)W0)αn−1 , if α = β (Single Root Case)
(1.8)

=


W1 − βW0

α− β
αn − W1 − αW0

α− β
βn , if α 6= β (Distinct Roots Case)

(nW1 − r
2 (n− 1)W0)

(
r
2

)n−1
, if α = β (Single Root Case)

.

(1.6) can be written in the following form:

Wn = A1α
n +A2β

n (1.9)

where

A1 =
W1 − βW0

α− β
, A2 =

W1 − αW0

β − α
.

Note that

A1A2 =
(W 2

1 − sW 2
0 − rW1W0)

−(r2 + 4s)
,

A1 +A2 = W0.

Note also that

D1D2 =
W0(2W1 − rW0)

r
,

D1 +D2 = 2
W1

r
.

The Binet’s form of a sequence satisfying (1.6) for non-negative integers is

valid for all integers n and we have the following formula

W−n =
βnp1 − αnp2

αnβn(αnp1 − βnp2)
Wn.

Note that for all n, we have

G−n =
−1

αnβn
Gn =

−1

(−s)n
Gn,

H−n =
1

αnβn
Hn =

1

(−s)n
Hn.
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If the roots α, β of (1.2) are distinct, then we can also give Binet’s formula of

the generalized (r, s) polynomials (the generalized Fibonacci polynomials) for the

negative subscripts as follows: for n = 1, 2, 3, ... we have

W−n =
−r + α

s

α−n+1p1
α− β

+
−r + β

s

β−n+1p2
β − α

.

If the roots α, β of (1.2) are distinct, i.e., α 6= β, then for all integers n,

(r, s)-Fibonacci and (r, s)-Lucas polynomials (using initial conditions in (1.6))

can be expressed using Binet’s formulas as

Gn =
αn

(α− β)
+

βn

(β − α)
=
αn − βn

α− β
, (1.10)

and

Hn = αn + βn, (1.11)

respectively. If the roots α, β of (1.2) are equal, i.e., α = β, then for all integers

n, (r, s)-Fibonacci and (r, s)-Lucas polynomials (using initial conditions in (1.6))

can be expressed using Binet’s formulas as

Gn = nαn−1,

and

Hn = 2αn,

respectively, i.e.,

Gn =


αn − βn

α− β
, if α 6= β (Distinct Roots Case)

nαn−1 , if α = β (Single Root Case)
,

Hn =

{
αn + βn , if α 6= β (Distinct Roots Case)

2αn , if α = β (Single Root Case)
.

Next, we give the ordinary generating function
∞∑
n=0

Wny
n of the sequence

{Wn}.
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Lemma 3. Suppose that fWn(y) =
∞∑
n=0

Wny
n is the ordinary generating function

of the generalized Fibonacci (Horadam) polynomials {Wn}n≥0. Then,
∞∑
n=0

Wny
n is

given by
∞∑
n=0

Wny
n =

W0 + (W1 − rW0)y

1− ry − sy2
. (1.12)

Proof. Using the definition of generalized Fibonacci polynomials, and substracting

ry
∑∞

n=0Wny
n and sy2

∑∞
n=0Wny

n from
∑∞

n=0Wny
n, we obtain

(1− ry − sy2)
∞∑
n=0

Wny
n =

∞∑
n=0

Wny
n − ry

∞∑
n=0

Wny
n − sy2

∞∑
n=0

Wny
n

=

∞∑
n=0

Wny
n − r

∞∑
n=0

Wny
n+1 − s

∞∑
n=0

Wny
n+2

=
∞∑
n=0

Wny
n − r

∞∑
n=1

Wn−1y
n − s

∞∑
n=2

Wn−2y
n

= (W0 +W1y)− rW0y +
∞∑
n=2

(Wn − rWn−1 − sWn−2)y
n

= W0 + (W1 − rW0)y.

Rearranging above equation, we obtain (1.12).

Lemma 3 gives the following results as particular examples (generating

functions of (r, s)-Fibonacci and (r, s)-Lucas polynomials).

Corollary 4. Generating functions of (r, s)-Fibonacci and (r, s)-Lucas

polynomials are
∞∑
n=0

Gny
n =

y

1− ry − sy2
,

∞∑
n=0

Hny
n =

2− ry
1− ry − sy2

,

respectively.

Proof. In Lemma 3, take Wn = Gn with G0 = 0, G1 = 1 and Wn = Hn with

H0 = 2, H1 = r, respectively.
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2 Simson Formulas

There is a well-known Simson Identity (Cassini Identity) for Fibonacci sequence

{Fn}, namely

Fn+1Fn−1 − F 2
n = (−1)n

which can be written in the form∣∣∣∣∣ Fn+1 Fn

Fn Fn−1

∣∣∣∣∣ = (−1)n.

The following theorem gives generalization of this result to the generalized

Fibonacci polynomials Wn.

Theorem 5 (Simson Formula of Generalized Fibonacci (Horadam) Polynomials).

For all integers n, we have∣∣∣∣∣ Wn+1 Wn

Wn Wn−1

∣∣∣∣∣ = (−1)nsn

∣∣∣∣∣ W1 W0

W0 W−1

∣∣∣∣∣ . (2.1)

Proof. Eq. (2.1) can be proved by mathematical induction. For the proof of

the case of generalized Fibonacci (Horadam) numbers, see Soykan [9, Theorem

2.1].

The previous theorem gives the following results as particular examples.

Corollary 6. For all integers n, Simson formula of (r, s)-Fibonacci and

(r, s)-Lucas polynomials are given as∣∣∣∣∣ Gn+1 Gn

Gn Gn−1

∣∣∣∣∣ = (−1)nsn−1,∣∣∣∣∣ Hn+1 Hn

Hn Hn−1

∣∣∣∣∣ = (−1)n+1sn−1(r2 + 4s),

respectively.
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3 Some Identities

In this section, we obtain some identities of generalized Fibonacci (Horadam)

polynomials, (r, s)-Fibonacci polynomials and (r, s)-Lucas polynomials. Firstly,

we can give a few basic relations between {Gn} and {Wn}.

Lemma 7. Let n ∈ Z. Then the following equalities are true:

s3Wn = ((s+ r2)W1 − r(2s+ r2)W0)Gn+4 + (−r(2s+ r2)W1

+(3r2s+ r4 + s2)W0)Gn+3, (3.1)

s2Wn = (−W1r + (r2 + s)W0)Gn+3 + ((s+ r2)W1 − r(2s+ r2)W0)Gn+2,

sWn = (W1 − rW0)Gn+2 + (−rW1 + (s+ r2)W0)Gn+1,

Wn = W0Gn+1 + (W1 − rW0)Gn,

Wn = W1Gn + sW0Gn−1,

and

s3(−W 2
1 + sW 2

0 + rW1W0)Gn = −((s+ r2)W1 + srW0)Wn+4 + (r(2s+ r2)W1

+s(s+ r2)W0)Wn+3,

s2(−W 2
1 + sW 2

0 + rW1W0)Gn = (rW1 + sW0)Wn+3 − ((s+ r2)W1 + srW0)Wn+2,

s(−W 2
1 + sW 2

0 + rW1W0)Gn = −W1Wn+2 + (rW1 + sW0)Wn+1,

(−W 2
1 + sW 2

0 + rW1W0)Gn = W0Wn+1 −W1Wn,

(−W 2
1 + sW 2

0 + rW1W0)Gn = −(W1 − rW0)Wn + sW0Wn−1.

Proof. We prove (3.1). Writing

Wn = a×Gn+4 + b×Gn+3

and solving the system of equations

W0 = a×G4 + b×G3

W1 = a×G5 + b×G4

we find that a = (s+r2)W1−r(2s+r2)W0

s3
, b = −r(2s+r2)W1+(3r2s+r4+s2)W0

s3
. The other

equalities can be proved similarly.
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Note that all the identities in the above Lemma can be proved by induction

as well.

Secondly, we can give a few basic relations between {Hn} and {Wn}.

Lemma 8. Let n ∈ Z. Then the following equalities are true:

s3(4s+ r2)Wn = (−r(3s+ r2)W1 + (4r2s+ r4 + 2s2)W0)Hn+4

+((r4 + 2s2 + 4r2s)W1 − r(5r2s+ r4 + 5s2)W0)Hn+3,

s2(4s+ r2)Wn = ((2s+ r2)W1 − r(3s+ r2)W0)Hn+3 + (−r(3s+ r2)W1

+(r4 + 2s2 + 4r2s)W0)Hn+2,

s(4s+ r2)Wn = (−rW1 + (2s+ r2)W0)Hn+2 + ((2s+ r2)W1 − r(3s+ r2)W0)Hn+1,

(4s+ r2)Wn = (2W1 − rW0)Hn+1 + (−rW1 + (2s+ r2)W0)Hn,

(4s+ r2)Wn = (rW1 + 2sW0)Hn + s(2W1 − rW0)Hn−1,

and

s3(−W 2
1 + sW 2

0 + rW0W1)Hn = (r(3s+ r2)W1 + s(2s+ r2)W0)Wn+4

−((r4 + 2s2 + 4r2s)W1 + rs(3s+ r2)W0)Wn+3,

s2(−W 2
1 + sW 2

0 + rW0W1)Hn = −((2s+ r2)W1 + rsW0)Wn+3 + (r(3s+ r2)W1

+s(2s+ r2)W0)Wn+2,

s(−W 2
1 + sW 2

0 + rW0W1)Hn = (rW1 + 2sW0)Wn+2 − ((2s+ r2)W1 + rsW0)Wn+1,

(−W 2
1 + sW 2

0 + rW0W1)Hn = (−2W1 + rW0)Wn+1 + (rW1 + 2sW0)Wn,

(−W 2
1 + sW 2

0 + rW0W1)Hn = (−rW1 + (2s+ r2)W0)Wn + s(−2W1 + rW0)Wn−1.

Thirdly, we give a few basic relations between {Gn} and {Hn}.

Lemma 9. Let n ∈ Z. Then the following equalities are true:

s3Hn = −(3rs+ r3)Gn+4 + (4r2s+ r4 + 2s2)Gn+3,

s2Hn = (2s+ r2)Gn+3 − (3rs+ r3)Gn+2,

sHn = −rGn+2 + (2s+ r2)Gn+1,

Hn = 2Gn+1 − rGn,

Hn = rGn + 2sGn−1,

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 23-114
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and

(r2s3 + 4s4)Gn = −(3rs+ r3)Hn+4 + (4r2s+ r4 + 2s2)Hn+3,

(r2s2 + 4s3)Gn = (2s+ r2)Hn+3 − (3rs+ r3)Hn+2,

(r2s+ 4s2)Gn = −rHn+2 + (2s+ r2)Hn+1,

(r2 + 4s)Gn = 2Hn+1 − rHn,

(r2 + 4s)Gn = rHn + 2sHn−1.

Note that from the last Lemma we have

(r2 + 4s)Gn = 2Hn+1 − rHn (3.2)

so if (r2 + 4s) = 0, i.e., α = β (in this case r = 2α, s = −α2), then

2Hn+1 − rHn = 0

and so 2Hn+1 − 2αHn = 0 and thus, if (r2 + 4s) = 0, i.e., α = β, then

Hn+1 = αHn. (3.3)

We now give some identities.

Corollary 10. Let n,m ∈ Z. Then

(a)

(i) Hn = Gn+1 + sGn−1.

(ii) (r2 + 4s)Gn = Hn+1 + sHn−1.

(b)

(i) (r2 + 4s)Gn +Hn = (Hn+1 +Gn+1) + s(Hn−1 +Gn−1).

(ii) (r2 + 4s)Gn −Hn = (Hn+1 −Gn+1) + s(Hn−1 −Gn−1).

Proof.
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(a) We use the identities

Hn = 2Gn+1 − rGn,

(r2 + 4s)Gn = 2Hn+1 − rHn.

Note also that

Gn+1 = rGn + sGn−1 ⇒ Gn+1 − rGn = sGn−1,

Hn+1 = rHn + sHn−1 ⇒ Hn+1 − rHn = sHn−1.

(i)

Hn = 2Gn+1 − rGn = Gn+1 +Gn+1 − rGn = Gn+1 + sGn−1.

(ii)

(r2 + 4s)Gn = 2Hn+1 − rHn = Hn+1 +Hn+1 − rHn = Hn+1 + sHn−1.

Note: the proof of (i) and (ii) can also be given by using Binet’s

formulas of Gn and Hn.

(b)

(i) Use (a).

(ii) Use (a).

Note that

(r2 + 4s)GnHn = (2Hn+1 − rHn)(2Gn+1 − rGn).

4 Special Identities

We now present a few special identities for the generalized Fibonacci

(Horadam) polynomials {Wn}, (r, s)-Fibonacci polynomials {Gn} and (r, s)-Lucas

polynomials {Hn}.
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Theorem 11. Let n,m and k be any integers. Then the following identities are

true:

(a) Catalan’s identity.

(i) Wn+mWn−m −W 2
n = −(−s)n−m(W 2

1 − sW 2
0 − rW0W1)G

2
m.

(ii) Gn+mGn−m −G2
n = −(−s)n−mG2

m.

(iii) Hn+mHn−m −H2
n = (−s)n−m(r2 + 4s)G2

m.

(b) Cassini’s identity.

(i) Wn+1Wn−1 −W 2
n = −(−s)n−1(W 2

1 − sW 2
0 − rW0W1).

(ii) Gn+1Gn−1 −G2
n = −(−s)n−1.

(iii) Hn+1Hn−1 −H2
n = (−s)n−1(r2 + 4s).

(c) d’Ocagne’s identity.

(i) Wm+1Wn −WmWn+1 = −(W 2
1 − sW 2

0 − rW0W1)(−HmGn +Gm+n).

(ii) Gm+1Gn −GmGn+1 = −(−HmGn +Gm+n).

(iii) Hm+1Hn −HmHn+1 = (r2 + 4s)(−HmGn +Gm+n).

(d) Gelin-Cesàro’s identity.

(i) Wn+2Wn+1Wn−1Wn−2 − W 4
n = (−s)n−3 (W 2

1 − sW 2
0 −

rW0W1)(s
(
r2 − s

)
W 2
n + r2 (−s)nW 2

1 − r2s (−s)nW 2
0 − r3 (−s)n

W0W1).

(ii) Gn+2Gn+1Gn−1Gn−2 −G4
n = (−s)n−3 (r2 (−s)n − s

(
s− r2

)
G2
n).

(iii) Hn+2Hn+1Hn−1Hn−2 − H4
n = (−s)n−3 (r2 +

4s)
(
−s
(
r2 − s

)
H2
n + r2 (−s)n (r2 + 4s)

)
.

(e) Melham’s identity.
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(i) Wn+1Wn+2Wn+6−W 3
n+3 = −(−s)n+1(W 2

1 − sW 2
0 − rW0W1)(r

3Wn+2−
(−s)2Wn+1).

(ii) Gn+1Gn+2Gn+6 −G3
n+3 = −(−s)n+1)(r3Gn+2 − (−s)2Gn+1).

(iii) Hn+1Hn+2Hn+6 −H3
n+3 = (−s)n+1(r2 + 4s)(r3Hn+2 − (−s)2Hn+1).

(f) Vajda’s identity (Taguiri’s identity (a generalization of Catalan’s identity)).

(i) Wn+mWn+k −WnWn+m+k = (−s)n(W 2
1 − sW 2

0 − rW0W1)GkGm.

(ii) Gn+mGn+k −GnGn+m+k = (−s)nGkGm.

(iii) Hn+mHn+k −HnHn+m+k = −(−s)n(r2 + 4s)GkGm.

Proof. To prove (i)’s, use the identities (1.6) and (1.7) in Theorem 1 or the identity

(1.8) in Theorem 2. Then, for (ii)’s and (iii)’s, set Wn = Gn and Wn = Hn in

(i)’s, respectively. For (b), set m = 1 in (a).

In the last Theorem, all the identities are true without any restriction on α

and β i.e., if α 6= β (distinct roots case: r2 + 4s 6= 0) or if α = β (single root case:

r2 + 4s = 0). However, if α = β (single root case: r2 + 4s = 0) the results of the

above Theorem can be given in the following form.

Remark 12. Let n,m and k be any integers. If α = β (single root case: r2+4s =

0), then the following identities are true:

(a) Catalan’s identity.

(i) Wn+mWn−m −W 2
n = −1

4m
2 (2W1 − rW0)

2 ( r
2

)2n−2
.

(ii) Gn+mGn−m −G2
n = −m2

(
r
2

)2n−2
.

(iii) Hn+mHn−m −H2
n = 0.

(b) Cassini’s identity.

(i) Wn+1Wn−1 −W 2
n = −1

4 (2W1 − rW0)
2 ( r

2

)2n−2
.

(ii) Gn+1Gn−1 −G2
n = −

(
r
2

)2n−2
.
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(iii) Hn+1Hn−1 −H2
n = 0.

(c) d’Ocagne’s identity.

(i) Wm+1Wn −WmWn+1 = −1
4

(
r
2

)m+n−1
(m− n) (−2W1 + rW0)

2 .

(ii) Gm+1Gn −GmGn+1 = −
(
r
2

)m+n−1
(m− n) .

(iii) Hm+1Hn −HmHn+1 = 0.

(d) Gelin-Cesàro’s identity.

(i) Wn+2Wn+1Wn−1Wn−2 − W 4
n = − 1

16 (−2W1 + rW0)
2 (4(5n2 − 4)W 2

1 +

r2(5n2 − 10n+ 1)W 2
0 − 4r(5n2 − 5n− 4)W0W1)

(
r
2

)4n−4
.

(ii) Gn+2Gn+1Gn−1Gn−2 −G4
n = (4− 5n2)

(
r
2

)4n−4
.

(iii) Hn+2Hn+1Hn−1Hn−2 −H4
n = 0.

(e) Melham’s identity.

(i) Wn+1Wn+2Wn+6 −W 3
n+3 = 1

8

(
r
2

)3n+6
(2W1 − rW0)

2(−2(7n+ 15)W1 +

r(7n+ 8)W0).

(ii) Gn+1Gn+2Gn+6 −G3
n+3 = − (7n+ 15)

(
r
2

)3n+6
.

(iii) Hn+1Hn+2Hn+6 −H3
n+3 = 0.

(f) Vajda’s identity.

(i) Wn+mWn+k −WnWn+m+k = 1
8km (2W1 − rW0)

2H2n+m+k−2.

(ii) Gn+mGn+k −GnGn+m+k = 1
2kmH2n+m+k−2.

(iii) Hn+mHn+k −HnHn+m+k = 0.
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5 On the Recurrence Properties of Generalized

Fibonacci Polynomials

Now, we can propose a problem as follows: Whether and how can the generalized

Fibonacci (Horadam) polynomials Wn at negative indices be expressed by the

sequence itself at positive indices?

We present the following result which completely solves the above problem for

the generalized Fibonacci (Horadam) polynomials Wn.

Theorem 13. For n ∈ Z, for the generalized Fibonacci (Horadam) polynomials,

we have

W−n = (−1)−n−1s−n(Wn −HnW0)

= −(−s)−n(Wn −HnW0)

= (−1)n+1s−n(Wn −HnW0).

Proof. If the roots of characteristic equation (1.2) are distinct, then by using the

Binet’s formulas of Wn and Hn, we get

(−1)n+1snW−n = −(−s)nW−n
= −αnβn(A1α

−n +A2β
−n)

= −(βnA1 + αnA2)

= (A1α
n +A2β

n)− (A1 +A2)(α
n + βn)

= Wn −W0Hn

⇒

W−n = (−1)−n−1s−n(Wn −HnW0).

and if the roots of characteristic equation (1.2) are equal, then by using the Binet’s
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formulas of Wn and Hn, we obtain

(−1)n+1snW−n = −(−s)nW−n
= −α2n(D1 +D2 × (−n))α−n

= −α2n(W0 +
1

α
(W1 − αW0)× (−n))α−n

= (nW1 − α (n− 1)W0)α
n−1 −W0 × 2αn

= (D1 +D2 × n)αn −W0 × 2αn

= Wn −W0Hn

⇒

W−n = (−1)−n−1s−n(Wn −HnW0).

This proves the theorem.

Note that from the definition of Hn, we obtain

H−n = (−s)−nHn

i.e., H−n = (−s)−nHn and so Hn = (−s)nH−n. Note also that

(−s)n =
1

2
(H2

n −H2n).

If we take Wn = Hn in Theorem 13 and by using G0 = 0, we obtain

G−n = (−1)−n−1s−n(Gn −HnG0) = (−1)−n−1s−nGn = −(−s)−nGn.

Since

Wn = W0Gn+1 + (W1 − rW0)Gn,

Hn = 2Gn+1 − rGn,

and

W−n = −(−s)−n(Wn −HnW0)
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we get

W−n = −(−s)−n(Wn −HnW0)

= −(−s)−n(W0Gn+1 + (W1 − rW0)Gn − (2Gn+1 − rGn)W0)

= (−s)−n(W0Gn+1 −W1Gn).

By using Lemma 8 and Theorem 13 we obtain the following theorem.

Theorem 14. For n ∈ Z, for the generalized Fibonacci polynomials, we have

W−n =
(−1)n+1s−n

−W 2
1 + sW 2

0 + rW0W1
((2W1 − rW0)W0Wn+1 − (W 2

1 + sW 2
0 )Wn).

6 Sum Formulas

In this section, we present sum formulas of generalized Fibonacci (Horadam)

polynomials.

6.1 The Sum Formula
∑n

k=0 z
kWmk+j

The following theorem presents sum formulas of generalized Fibonacci (Horadam)

polynomials.

Theorem 15. Let z be a real (or complex) number. For all integers m and

j, for generalized Fibonacci (Horadam) polynomials, we have the following sum

formulas:

(a) If (−s)mz2 − zHm + 1 6= 0, then

n∑
k=0

zkWmk+j =

((−s)m z −Hm)zn+1Wmn+j + (−s)m zn+1Wmn+j−m
+Wj − (−s)m zWj−m

(−s)mz2 − zHm + 1
.

(6.1)

(b) If (−s)mz2 − zHm + 1 = u(z − a)(z − b) = 0 for some u, a, b ∈ C with u 6= 0

and a 6= b, i.e., z = a or z = b, then

n∑
k=0

zkWmk+j =

(z(n+ 2) (−s)m − (n+ 1)Hm)znWj+mn

+ (−s)m (n+ 1)znWmn+j−m − (−s)mWj−m
2 (−s)m z −Hm

.
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(c) If (−s)mz2 − zHm + 1 = u(z − c)2 = 0 for some u, c ∈ C with u 6= 0, i.e.,

z = c, then

n∑
k=0

zkWmk+j =

(n+ 1)
(
(−s)m (n+ 2)zn − nzn−1Hm

)
Wmn+j

+ n(n+ 1) (−s)m zn−1Wmn+j−m
2 (−s)m

.

Proof.

(a) Note that if the roots of characteristic equation (1.2) are distinct, then

n∑
k=0

zkWmk+j = znWmn+j +

n−1∑
k=0

zkWmk+j

= znWmn+j +
n−1∑
k=0

(A1α
mk+j +A2β

mk+j)zk

= znWmn+j +A1α
j

(
(αmz)n − 1

αmz − 1

)
+A2β

j

(
(βmz)n − 1

βmz − 1

)
.

Simplifying the last equalities in the last two expression imply (6.1) as

required. If the roots of characteristic equation (1.2) are equal, then the

proof is similar.

(b) We use (6.1). For z = a and z = b, the right hand side of the above sum
formula (6.1)) is an indeterminate form. Now, we can use L’Hospital rule.
Then we get (b) by using

n∑
k=0

akWmk+j

=
d
dz

(
((−s)m z −Hm)zn+1Wmn+j + (−s)m zn+1Wmn+j−m +Wj − (−s)m zWj−m

)
d
dz

((−s)mz2 − zHm + 1)

∣∣∣∣∣
z=a

=
(z(n+ 2) (−s)m − (n+ 1)Hm)znWj+mn + (−s)m (n+ 1)znWmn+j−m − (−s)mWj−m

2 (−s)m z −Hm

∣∣∣∣
z=a

=
(a(n+ 2) (−s)m − (n+ 1)Hm)anWj+mn + (−s)m (n+ 1)anWmn+j−m − (−s)mWj−m

2 (−s)m a−Hm
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and
n∑
k=0

bkWmk+j

=
d
dz

(
((−s)m z −Hm)zn+1Wmn+j + (−s)m zn+1Wmn+j−m +Wj − (−s)m zWj−m

)
d
dz

((−s)mz2 − zHm + 1)

∣∣∣∣∣
z=b

=
(z(n+ 2) (−s)m − (n+ 1)Hm)znWj+mn + (−s)m (n+ 1)znWmn+j−m − (−s)mWj−m

2 (−s)m z −Hm

∣∣∣∣
z=b

=
(b(n+ 2) (−s)m − (n+ 1)Hm)bnWj+mn + (−s)m (n+ 1)bnWmn+j−m − (−s)mWj−m

2 (−s)m b−Hm
.

(c) We use (6.1). For z = c, the right hand side of the above sum formula (6.1)
is an indeterminate form. Now, we can use L’Hospital rule (twice). Then
we get (c) by using

n∑
k=0

ckWmk+j

=
d2

dz2

(
((−s)m z −Hm)zn+1Wmn+j + (−s)m zn+1Wmn+j−m +Wj − (−s)m zWj−m

)
d2

dz2
((−1)mz2 − zHm + 1)

∣∣∣∣∣
z=c

=
(n+ 1)

(
(−s)m (n+ 2)zn − nzn−1Hm

)
Wmn+j + n(n+ 1) (−s)m zn−1Wmn+j−m

2 (−s)m

∣∣∣∣∣
z=c

=
(n+ 1)

(
(−s)m (n+ 2)cn − ncn−1Hm

)
Wmn+j + n(n+ 1) (−s)m cn−1Wmn+j−m

2 (−s)m .

Note that (6.1) can be written in the following form

n∑
k=1

zkWmk+j =

((−s)m z −Hm)zn+1Wmn+j + (−s)m zn+1Wmn+j−m
+ z(Hm − (−s)m z)Wj − (−s)m zWj−m

(−s)mz2 − zHm + 1
.

6.2 The Sum Formula
∑n

k=0 z
kW 2

mk+j

In this subsection, we present sum formulas of generalized Fibonacci (Horadam)

polynomials. The following theorem presents sum formulas of generalized

Fibonacci (Horadam) polynomials in the case the roots α and β of characteristic

equation (1.2) are distinct, i.e., r2 + 4s 6= 0.

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 23-114
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Theorem 16 (Distinct Roots Case). Suppose that the roots α and β of

characteristic equation (1.2) are distinct, i.e. r2 + 4s 6= 0. Let z be a real (or

complex) number. For all integers m and j, for generalized Fibonacci (Horadam)

polynomials, we have the following sum formulas:

(a) If (1 + (−s)2mz2 − zH2m)((−s)mz − 1) 6= 0, then

n∑
k=0

zkW 2
mk+j =

Ω1

(r2 + 4s)(1 + (−s)2mz2 − zH2m)((−s)mz − 1)
(6.2)

where

Ω1 = (r2 + 4s)((−s)m z − 1)((−s)2m z − H2m)zn+1W 2
mn+j + (r2 +

4s) (−s)2m ((−s)mz − 1)zn+1W 2
mn−m+j + (r2 + 4s)((−s)mz − 1)W 2

j − (r2 +

4s) (−s)2m ((−s)mz−1)zW 2
j−m+2 (−s)j (W 2

1 −sW 2
0 −rW1W0)((−s)mn zn−

1)(H2m − 2 (−s)m)z.

(b) If (1 + (−s)2mz2− zH2m)((−s)mz− 1) = u(z− a)(z− b)(z− c) = 0 for some

u, a, b, c ∈ C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c, then

n∑
k=0

zkW 2
mk+j =

Ω2

(r2 + 4s) (3 (−s)3m z2 − 2 (−s)m (H2m + (−s)m)z +H2m + (−s)m)

where

Ω2 = (r2 + 4s)((−s)m ((−s)2m z − H2m)zn+1 + ((−s)m z −
1)((−s)2m (n+ 2) z− (n+ 1)H2m)zn)W 2

mn+j + (r2 + 4s) (−s)2m ((−s)m(n+

2)z−(n+1))znW 2
mn−m+j+(r2+4s)(−s)mW 2

j −(r2+4s) (−s)2m (2(−s)mz−
1)W 2

j−m + 2 (−s)j (W 2
1 − sW 2

0 − rW1W0)(z
n (−s)mn (n + 1) − 1)(H2m −

2 (−s)m).

(c) If (1 + (−s)2mz2− zH2m)((−s)mz− 1) = u(z− a)2(z− c) = 0 for some u, a, c

∈ C with u 6= 0 and a 6= c, then if z = c, then

n∑
k=0

zkW 2
mk+j =

Ω3

(r2 + 4s) (3 (−s)3m z2 − 2 (−s)m (H2m + (−s)m)z +H2m + (−s)m)

where
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Ω3 = (r2 + 4s)((−s)m ((−s)2m z − H2m)zn+1 + ((−s)m z −
1)((−s)2m (n+ 2) z− (n+ 1)H2m)zn)W 2

mn+j + (r2 + 4s) (−s)2m ((−s)m(n+

2)z−(n+1))znW 2
mn−m+j+(r2+4s)(−s)mW 2

j −(r2+4s) (−s)2m (2(−s)mz−
1)W 2

j−m + 2 (−s)j (W 2
1 − sW 2

0 − rW1W0)(z
n (−s)mn (n + 1) − 1)(H2m −

2 (−s)m)

and if z = a, then

n∑
k=0

zkW 2
mk+j =

Ω4

2 (r2 + 4s) (−s)m (3 (−s)2m z − (−s)m −H2m)

where

Ω4 = (r2+4s)((−s)3m (n+3)(n+2)z2−z (−s)m (n+2)(n+1)(H2m+(−s)m)+

n(n + 1)H2m)zn−1W 2
mn+j + (r2 + 4s) (−s)2m (n + 1)((2 + n) (−s)m zn −

nzn−1)W 2
mn−m+j − 2(r2 + 4s) (−s)3mW 2

j−m + 2n (n+ 1) (−s)mn+j (W 2
1 −

sW 2
0 − rW1W0) (H2m − 2 (−s)m) zn−1.

(d) If (1 + (−s)2mz2 − zH2m)((−s)mz − 1) = u(z − a)3 = 0 for some u, a ∈ C
with u 6= 0, i.e., z = a, then

n∑
k=0

zkW 2
mk+j =

Ω5

6 (−s)3m (r2 + 4s)

where

Ω5 = (r2 + 4s) (n+ 1) ((−s)3m (n + 3)(n + 2)z2 − n (−s)m (n +

2)(H2m + (−s)m)z + n(n− 1)H2m)zn−2W 2
mn+j + n (−s)2m (r2 + 4s) (n+ 1)

((n+ 2) (−s)m z + 1− n) zn−2W 2
mn−m+j+2(n−1)n(n+1) (−s)mn+j (H2m−

2 (−s)m)(W 2
1 − sW 2

0 − rW1W0)z
n−2.

Proof.

(a) Note that
n−1∑
k=0

amk+j = aj
(

(am)n − 1

am − 1

)
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and

n∑
k=0

zkW 2
mk+j = znW 2

mn+j +
n−1∑
k=0

zkW 2
mk+j

= znW 2
mn+j +

n−1∑
k=0

(A1α
mk+j +A2β

mk+j)2zk

= znW 2
mn+j +A2

1α
2j
n−1∑
k=0

(α2mz)k +A2
2β

2j
n−1∑
k=0

(β2mz)k

+2A1A2α
jβj

n−1∑
k=0

(αmβmz)k.

Simplifying the last equalities in the last two expression imply (6.2) as

required.

(b) Note that we can write (1 + (−s)2mz2 − zH2m)((−s)mz − 1) = 0 as

(−s)3m(z2 − z 1

(−s)2m
H2m +

1

(−s)2m
)(z − 1

(−s)m
) = 0.

Solving this equation we find that

z1 = a =
1

2(−s)2m

(
H2m +

√
H2

2m − 4(−s)2m
)
,

z2 = b =
1

2(−s)2m

(
H2m −

√
H2

2m − 4(−s)2m
)
,

z3 = c =
1

(−s)m
.

If H2
2m− 4(−s)2m 6= 0, then a 6= b. We assume that b 6= c. We use (6.2). For

z = a, the right hand side of the above sum formula 6.2) is an indeterminate

form. Now, we can use L’Hospital rule. Then we get (b) by using

n∑
k=0

akW 2
mk+j =

d
dz (Ω1)

d
dz ((r2 + 4s)(1 + (−s)2mz2 − zH2m)((−s)mz − 1))

∣∣∣∣∣
z=a

.

The proof for the case z = b and z = c are the same.
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(c) IfH2
2m−4(−s)2m = 0, then a = b =

H2m

2(−s)2m
.We suppose that a 6= c = 1

(−s)m .

If z = c, then the required result is obtained by (b). Now suppose that z = a.

We use (6.2). For z = a, the right hand side of the above sum formula (6.2)

is an indeterminate form. Now, we can use L’Hospital rule (twice). Then

we get the required result by using

n∑
k=0

akW 2
mk+j =

d2

dz2
(Ω1)

d2

dz2
((r2 + 4s)(1 + (−s)2mz2 − zH2m)((−s)mz − 1))

∣∣∣∣∣
z=a

.

(d) If H2
2m − 4(−s)2m = 0, then a = b =

H2m

2(−s)2m
. We suppose that a = c =

1
(−s)m . We use (6.2). For z = a, the right hand side of the above sum

formula (6.2) is an indeterminate form. Now, we can use L’Hospital rule

(three times). Then we get (b) by using

n∑
k=0

akW 2
mk+j =

d3

dz3
(Ω1)

d3

dz3
((r2 + 4s)(1 + (−s)2mz2 − zH2m)((−s)mz − 1))

∣∣∣∣∣
z=a

�

Note that (6.2) can be written in the following form:

n∑
k=1

zkW 2
mk+j =

Ω6

(r2 + 4s)(1 + (−s)2mz2 − zH2m)((−s)mz − 1)

where

Ω6 = (r2 + 4s)((−s)m z − 1)((−s)2m z − H2m)zn+1W 2
mn+j + (r2 +

4s) (−s)2m ((−s)mz − 1)zn+1W 2
mn−m+j − (r2 + 4s)((−s)m z − 1)((−s)2m z −

H2m)zW 2
j − (r2 + 4s) (−s)2m ((−s)mz − 1)W 2

j−mz + 2 (−s)j (W 2
1 − sW 2

0 −
rW1W0)((−s)mn zn − 1)(H2m − 2 (−s)m)z.

The following theorem presents sum formulas of generalized Fibonacci

polynomials in the case the roots α and β of characteristic equation (1.2) are

equal, i.e., α = β so that r2 + 4s = 0.

Theorem 17 (Single Root Case). Assume that the roots α and β of characteristic

equation (1.2) are equal, i.e., α = β so that r2 + 4s = 0. Let z be a real (or
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complex) number. For all integers m and j, for generalized Fibonacci (Horadam)

polynomials, we have the following sum formulas:

(a) if ((−s)m z − 1)3 6= 0, i.e., z 6= (−s)−m , then

n∑
k=0

zkW 2
mk+j =

Ω7

((−s)m z − 1)3
(6.3)

where

Ω7 = ((−s)m z − 1)((−s)2m z − 2 (−s)m)zn+1W 2
mn+j + (−s)2m ((−s)mz −

1)zn+1W 2
mn−m+j + ((−s)mz − 1)W 2

j − (−s)2m ((−s)mz − 1)zW 2
j−m +

2m2 (−s)m+j−1 (W 2
1 − sW 2

0 − rW1W0)((−s)mn zn − 1)z.

(b) if ((−s)m z − 1)3 = 0, i.e., z = (−s)−m , then

n∑
k=0

zkW 2
mk+j = Ω8

where

Ω8 = 1
6s (−s)−mn (n+1)(3ns (−s)mW 2

mn−m+j−3s(n−2)W 2
mn+j−2m2n(n−

1) (−s)j+mn (W 2
1 − sW 2

0 − rW1W0)).

Proof. Note that

H2m = α2m + β2m =

(
r +
√
r2 + 4s

2

)2m

+

(
r −
√
r2 + 4s

2

)2m

(6.4)

and if r2 + 4s = 0, then s = − r2

4 = −α2 and

H2m = 2α2m = 2 (−s)m .

By using (6.4), we see that

lim
s→− r2

4

(H2m − 2 (−s)m)

(r2 + 4s)
= m2 (−s)m−1 . (6.5)

(a) Use (6.5) and (6.2) (which is given in Theorem 16 (a)).
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(b) We use (6.3). For z = (−s)−m , the right hand side of the above sum formula

(6.3) is an indeterminate form. Now, we can use L’Hospital rule (three

times). Then we get (b) by using

n∑
k=0

zkW 2
mk+j =

d3

dz3
(Ω7)

d3

dz3
((−s)m z − 1)3

∣∣∣∣∣
z=(−s)−m

= Ω8.

Note that (6.3) can be written in the following form:

n∑
k=1

zkW 2
mk+j =

Ω9

((−s)m z − 1)3

where

Ω9 = ((−s)m z − 1)((−s)2m z − 2 (−s)m)zn+1W 2
mn+j + (−s)2m ((−s)mz −

1)zn+1W 2
mn−m+j − z (−s)m ((−s)m z − 2)((−s)m z − 1)W 2

j − (−s)2m ((−s)mz −
1)zW 2

j−m + 2m2 (−s)m+j−1 (W 2
1 − sW 2

0 − rW1W0)((−s)mn zn − 1)z.

6.3 The Sum Formula
∑n

k=0 z
kW 3

mk+j

In this section, we present sum formulas of generalized Fibonacci polynomials.

The following theorem presents sum formulas of generalized Fibonacci

polynomials in the case the roots α and β of characteristic equation (1.2) are

distinct, i.e., r2 + 4s 6= 0.

Theorem 18 (Distinct Roots Case). Suppose that the roots α and β of

characteristic equation (1.2) are distinct, i.e., r2 + 4s 6= 0. Let z be a real (or

complex) number. For all integers m and j, for generalized Fibonacci (Horadam)

polynomials, we have the following sum formulas:

(a) If ((−s)3mz2 − zH3m + 1)((−s)3mz2 − z(−s)mHm + 1) 6= 0, then

n∑
k=0

zkW 3
mk+j =

Ψ1

(r2 + 4s)((−s)3mz2 − zH3m + 1)((−s)3mz2 − z(−s)mHm + 1)

(6.6)
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where

Ψ1 = (r2 + 4s)zn+1(−s)3m((−s)3mz2 − (−s)mzHm + 1)W 3
mn−m+j +

(r2 + 4s)zn+1((−s)3mz −H3m)((−s)3mz2 − (−s)mzHm + 1)W 3
mn+j − (r2 +

4s)(−s)3mz((−s)3mz2 − (−s)mzHm + 1)W 3
j−m + (r2 + 4s)((−s)3mz2 −

(−s)mzHm + 1)W 3
j + 3zn(−s)mn+m+jz((−s)3mz2− zH3m + 1)(W 2

1 − sW 2
0 −

rW0W1)Wmn+m+j + 3zn(−s)mn+2m+jz((−s)3mz2 − (−s)mzHm + 1)(W 2
1 −

sW 2
0 − rW0W1)Wmn−m+j − 3zn(−s)mn+jz((−s)4mz2Hm − ((−s)mzHm −

1)H3m)(W 2
1 − sW 2

0 − rW0W1)Wmn+j − 3z(−s)m+j((−s)3mz2 − zH3m +

1)(W 2
1 − sW 2

0 − rW0W1)Wm+j − 3z(−s)2m+j((−s)3mz2 − (−s)mzHm +

1)(W 2
1 −sW 2

0 − rW0W1)Wj−m+ 3z(−s)j((−s)4mz2Hm−H3m((−s)mzHm−
1))(W 2

1 − sW 2
0 − rW0W1)Wj .

(b) If ((−s)3mz2 − zH3m + 1)((−s)3mz2 − z(−s)mHm + 1) = u(z − a)(z − b)(z −
c)(z − d) = 0 for some u, a, b, c, d ∈ C and u 6= 0 and a 6= b 6= c 6= d, i.e.,

z = a or z = b or z = c or z = d, then

n∑
k=0

zkW 3
mk+j =

Ψ2

Λ1

where

Ψ2 = (r2 + 4s)(−s)3mzn((−s)3mz2(n + 3) − z(−s)m(n + 2)Hm + n + 1)

W 3
mn−m+j + (r2 + 4s)((−s)6m(n + 4)z3 − (−s)3m((−s)mHm + H3m)(n +

3)z2 + (−s)m(HmH3m + (−s)2m)(n + 2)z − (n + 1)H3m)znW 3
mn+j + (r2 +

4s)(−s)3m(−3(−s)3mz2 + 2(−s)mzHm − 1)W 3
j−m + (r2 + 4s)(2(−s)3mz −

(−s)mHm)W 3
j +3(−s)mn+m+j((−s)3m(n+3)z2−z(n+2)H3m+n+1)(W 2

1 −
sW 2

0 −rW0W1)z
nWmn+m+j+3(−s)mn+2m+j((−s)3m(n+3)z2−z(−s)m(n+

2)Hm+n+1)zn(W 2
1 −sW 2

0 −rW0W1)Wmn−m+j +3(−s)mn+j(−(−s)4m(n+

3)z2Hm + z(−s)m(n + 2)H3mHm − (n + 1)H3m)zn(W 2
1 − sW 2

0 − rW0W1)

Wmn+j+3(−s)m+j(−3(−s)3mz2+2zH3m−1)(W 2
1 −sW 2

0 −rW0W1)Wm+j+

3(−s)2m+j(−3(−s)3mz2 + 2(−s)mzHm − 1)(W 2
1 − sW 2

0 − rW0W1)Wj−m +

3(−s)j(3(−s)4mz2Hm − 2(−s)mzHmH3m +H3m)(W 2
1 − sW 2

0 − rW0W1)Wj

and
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Λ1 = (r2 + 4s)(4(−s)6mz3 − 3(−s)3m((−s)mHm + H3m)z2 +

2(−s)m(2(−s)2m +HmH3m)z − ((−s)mHm +H3m)).

(c) If ((−s)3mz2−zH3m+1)((−s)3mz2−z(−s)mHm+1) = u(z−a)2(z−b)(z−c) =

0 for some u, a, b, c ∈ C and u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or

z = c, then if z = b or z = c, then

n∑
k=0

zkW 3
mk+j =

Ψ3

Λ2

where

Ψ3 = (r2 + 4s)(−s)3mzn((−s)3mz2(n + 3) − z(−s)m(n + 2)Hm + n + 1)

W 3
mn−m+j + (r2 + 4s)((−s)6m(n + 4)z3 − (−s)3m((−s)mHm + H3m)(n +

3)z2 + (−s)m(HmH3m + (−s)2m)(n + 2)z − (n + 1)H3m)znW 3
mn+j + (r2 +

4s)(−s)3m(−3(−s)3mz2 + 2(−s)mzHm − 1)W 3
j−m + (r2 + 4s)(2(−s)3mz −

(−s)mHm)W 3
j +3(−s)mn+m+j((−s)3m(n+3)z2−z(n+2)H3m+n+1)(W 2

1 −
sW 2

0 −rW0W1)z
nWmn+m+j+3(−s)mn+2m+j((−s)3m(n+3)z2−z(−s)m(n+

2)Hm+n+1)zn(W 2
1 −sW 2

0 −rW0W1)Wmn−m+j +3(−s)mn+j(−(−s)4m(n+

3)z2Hm + z(−s)m(n + 2)H3mHm − (n + 1)H3m)zn(W 2
1 − sW 2

0 − rW0W1)

Wmn+j+3(−s)m+j(−3(−s)3mz2+2zH3m−1)(W 2
1 −sW 2

0 −rW0W1)Wm+j+

3(−s)2m+j(−3(−s)3mz2 + 2(−s)mzHm − 1)(W 2
1 − sW 2

0 − rW0W1)Wj−m +

3(−s)j(3(−s)4mz2Hm − 2(−s)mzHmH3m +H3m)(W 2
1 − sW 2

0 − rW0W1)Wj

and

Λ2 = (r2 + 4s)(4(−s)6mz3 − 3(−s)3m((−s)mHm + H3m)z2 +

2(−s)m(2(−s)2m +HmH3m)z − ((−s)mHm +H3m))

and if z = a, then

n∑
k=0

zkW 3
mk+j =

Ψ4

2(r2 + 4s)(−s)m(6(−s)5mz2 − 3z(−s)2m((−s)mHm +H3m)
+ 2(−s)2m +HmH3m)

where

Ψ4 = (r2 + 4s)(−s)3m((−s)3m(n + 3)(n + 2)z2 − (−s)mz(n + 2)(n +

1)Hm + n(n + 1))zn−1W 3
mn−m+j + (r2 + 4s)((−s)6m(n + 4)(n + 3)z3

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 23-114
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− (−s)3m(n + 3)(n + 2)((−s)mHm + H3m)z2 + z(−s)m(n + 2)(n +

1)(HmH3m+ (−s)2m)−n(n+ 1)H3m)zn−1W 3
mn+j + 2(r2 + 4s)(−s)4m(Hm−

3(−s)2mz)W 3
j−m + 2(r2 + 4s)(−s)3mW 3

j + 3(−s)mn+m+j((−s)3m(n+ 3)(n+

2)z2−z(n+2)(n+1)H3m+n(n+1))(W 2
1 −sW 2

0 −rW0W1)z
n−1Wmn+m+j +

3zn−1(−s)mn+2m+j((−s)3m(n + 3)(n + 2)z2 − z(−s)m(n + 2)(n + 1)Hm +

n(n+1))(W 2
1 −sW 2

0 − rW0W1)Wmn−m+j +3zn−1(−s)mn+j(−z2(−s)4m(n+

3)(n + 2)Hm + z(−s)m(n + 2)(n + 1)H3mHm − n(n + 1)H3m)(W 2
1 −

sW 2
0 − rW0W1)Wmn+j + 6(−s)m+j(H3m − 3(−s)3mz)(W 2

1 − sW 2
0 −

rW0W1)Wm+j + 6(−s)3m+j(Hm− 3(−s)2mz)(W 2
1 − sW 2

0 − rW0W1)Wj−m +

6(−s)m+j(3(−s)3mz −H3m)Hm(W 2
1 − sW 2

0 − rW0W1)Wj .

(d) If ((−s)3mz2− zH3m + 1)((−s)3mz2− z(−s)mHm + 1) = u(z−a)3(z− b) = 0

for some u, a, b ∈ C and u 6= 0 and a 6= b, i.e., z = a or z = b, then if z = b,

then
n∑
k=0

zkW 3
mk+j =

Ψ5

Λ3

where

Ψ5 = (r2 + 4s)(−s)3mzn((−s)3mz2(n + 3) − z(−s)m(n + 2)Hm + n + 1)

W 3
mn−m+j + (r2 + 4s)((−s)6m(n + 4)z3 − (−s)3m((−s)mHm + H3m)(n +

3)z2 + (−s)m(HmH3m + (−s)2m)(n + 2)z − (n + 1)H3m)znW 3
mn+j + (r2 +

4s)(−s)3m(−3(−s)3mz2 + 2(−s)mzHm − 1)W 3
j−m + (r2 + 4s)(2(−s)3mz −

(−s)mHm)W 3
j +3(−s)mn+m+j((−s)3m(n+3)z2−z(n+2)H3m+n+1)(W 2

1 −
sW 2

0 −rW0W1)z
nWmn+m+j+3(−s)mn+2m+j((−s)3m(n+3)z2−z(−s)m(n+

2)Hm+n+1)zn(W 2
1 −sW 2

0 −rW0W1)Wmn−m+j +3(−s)mn+j(−(−s)4m(n+

3)z2Hm + z(−s)m(n + 2)H3mHm − (n + 1)H3m)zn(W 2
1 − sW 2

0 − rW0W1)

Wmn+j+3(−s)m+j(−3(−s)3mz2+2zH3m−1)(W 2
1 −sW 2

0 −rW0W1)Wm+j+

3(−s)2m+j(−3(−s)3mz2 + 2(−s)mzHm − 1)(W 2
1 − sW 2

0 − rW0W1)Wj−m +

3(−s)j(3(−s)4mz2Hm − 2(−s)mzHmH3m +H3m)(W 2
1 − sW 2

0 − rW0W1)Wj

and

Λ3 = (r2 + 4s)(4(−s)6mz3 − 3(−s)3m((−s)mHm + H3m)z2 +

2(−s)m(2(−s)2m +HmH3m)z − ((−s)mHm +H3m))
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and if z = a, then

n∑
k=0

zkW 3
mk+j =

Ψ6

6(r2 + 4s) (−s)3m (4 (−s)3m z − (−s)mHm −H3m)

where

Ψ6 = (r2 + 4s)(−s)3m(n + 1)((−s)3m(n + 3)(n + 2)z2 − z(−s)mn(n +

2)Hm + n(n− 1))zn−2W 3
mn−m+j + (r2 + 4s)((−s)6m(n+ 3)(n+ 2)(n+ 4)z3

− (−s)3m(n + 3)(n + 2)(n + 1)((−s)mHm + H3m)z2 + (−s)mn(n + 2)(n +

1)(HmH3m + (−s)2m)z − n(n − 1)(n + 1)H3m)zn−2W 3
mn+j − 6(r2 + 4s)

(−s)6mW 3
j−m + 3(−s)mn+m+j(n + 1)((−s)3m(n + 3)(n + 2)z2 − zn(n +

2)H3m+n(n−1))(W 2
1 −sW 2

0 −rW0W1)z
n−2Wmn+m+j+3(−s)mn+2m+j(n+

1)((−s)3m(n + 3)(n + 2)z2 − z(−s)mn(n + 2)Hm + n(n − 1))(W 2
1 −

sW 2
0 − rW0W1)z

n−2Wmn−m+j + 3(−s)mn+j(n + 1)(−z2(−s)4m(n + 3)(n +

2)Hm + z(−s)mn(n + 2)H3mHm − n(n − 1)H3m)(W 2
1 − sW 2

0 − rW0W1)

zn−2Wmn+j − 18(−s)4m+j(W 2
1 − sW 2

0 − rW0W1)Wm+j − 18(−s)5m+j(W 2
1 −

sW 2
0 − rW0W1)Wj−m + 18(−s)4m+jHm(W 2

1 − sW 2
0 − rW0W1)Wj .

(e) If ((−s)3mz2 − zH3m + 1)((−s)3mz2 − z(−s)mHm + 1) = u(z − a)4 = 0 for

some u, a ∈ C,u 6= 0 i.e., z = a, then

n∑
k=0

zkW 3
mk+j =

Ψ7

24(r2 + 4s) (−s)6m

where

Ψ7 = (r2 + 4s)(−s)3mn(n+ 1)((−s)3m(n+ 3)(n+ 2)z2− z(−s)m(n− 1)(n+

2)Hm+(n−1)(n−2))zn−3W 3
mn−m+j +(r2+4s)(n+1)(z3(−s)6m(n+4)(n+

3)(n+2)−z2(−s)3mn(n+3)(n+2)((−s)mHm+H3m)+z(−s)mn(n−1)(n+

2)(HmH3m+(−s)2m)−n(n−1)(n−2)H3m)zn−3W 3
mn+j+3(−s)mn+m+jn(n+

1)(z2(−s)3m(n + 3)(n + 2) − z(n + 2)(n − 1)H3m + (n − 1)(n − 2))(W 2
1 −

sW 2
0 − rW0W1)z

n−3Wmn+m+j + 3(−s)mn+2m+jn(n + 1)(z2(−s)3m(n +

3)(n + 2) − z(−s)m(n + 2)(n − 1)Hm + (n − 1)(n − 2))(W 2
1 − sW 2

0 −
rW0W1)z

n−3Wmn−m+j +3(−s)mn+jn(n+1)(−z2(−s)4m(n+3)(n+2)Hm+

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 23-114
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z(−s)m(n+ 2)(n− 1)H3mHm − (n− 1)(n− 2)H3m)(W 2
1 − sW 2

0 − rW0W1)

zn−3Wmn+j .

Proof.

(a) Note that

n−1∑
k=0

zkW 3
mk+j

=
n−1∑
k=0

(A1α
mk+j +A2β

mk+j)3zk

= A3
1α

3j
n−1∑
k=0

α3mkzk +A3
2β

3j
n−1∑
k=0

β3mkzk

+3A1A
2
2α

jβ2j
n−1∑
k=0

αmkβ2mkzk + 3A2
1A2α

2jβj
n−1∑
k=0

α2mkβmkzk

= A3
1α

3j

(
α3mnzn − 1

α3mz − 1

)
+A3

2β
3j

(
β3mnzn − 1

β3mz − 1

)
+3A1A

2
2(−s)jβj

(−s)mnβmnzn − 1

(−s)mβmz − 1
+ 3A2

1A2(−s)jαj
(−s)mnαmnzn − 1

(−s)mαmz − 1
.

Simplifying the last equalities in the last two expression imply (6.6) as

required.

(b) We use (6.6). For z = a, the right hand side of the above sum formula (6.6)

is an indeterminate form. Now, we can use L’Hospital rule. Then we get

(b) by using

n∑
k=0

akW 3
mk+j

=
d
dz (Ψ1)

d
dz (r2 + 4s)((−s)3mz2 − zH3m + 1)((−s)3m z2 − z (−s)mHm + 1)

∣∣∣∣∣
z=a

=
Ψ2

Ψ
.

The proof for the case z = b, z = c and z = d are the same.
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(c) If z = b or z = c, then the required result is obtained by (b). Now suppose

that z = a. We use (6.6). For z = a, the right hand side of the above sum

formula (6.6) is an indeterminate form. Now, we can use L’Hospital rule

(twice). Then we get the required result by using

n∑
k=0

akW 3
mk+j

=
d2

dz2
(Ψ1)

d2

dz2
(r2 + 4s)((−s)3mz2 − zH3m + 1)((−s)3m z2 − z (−s)mHm + 1)

∣∣∣∣∣
z=a

=
Ψ3

2(r2 + 4s)(−s)m(6(−s)5mz2 − 3z(−s)2m ((−s)mHm +H3m)
+2(−s)2m +HmH3m

) .
(d) If z = b, then the required result is obtained by (b). Now suppose that z = a.

We use (6.6). For z = a, the right hand side of the above sum formula (6.6)

is an indeterminate form. Now, we can use L’Hospital rule (three times).

Then we get the required result by using
n∑
k=0

akW 3
mk+j

=
d3

dz3
(Ψ1)

d3

dz3
(r2 + 4s)((−s)3mz2 − zH3m + 1)((−s)3m z2 − z (−s)mHm + 1)

∣∣∣∣∣
z=a

=
Ψ4

6(r2 + 4s) (−s)3m (4 (−s)3m z − (−s)mHm −H3m)
.

(e) We use (6.6). For z = a, the right hand side of the above sum formula (6.6) is

an indeterminate form. Now, we can use L’Hospital rule (four times). Then

we get the required result by using
n∑
k=0

akW 3
mk+j

=
d4

dz4
(Ψ1)

d4

dz4
(r2 + 4s)((−s)3mz2 − zH3m + 1)((−s)3m z2 − z (−s)mHm + 1)

∣∣∣∣∣
z=a

=
Ψ7

24(r2 + 4s) (−s)6m
.
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Note that (6.6) can be written in the following form:

n∑
k=1

zkW 3
mk+j =

Ψ8

(r2 + 4s)((−s)3mz2 − zH3m + 1)((−s)3m z2 − z (−s)mHm + 1)

where

Ψ8 = (r2 + 4s)zn+1(−s)3m((−s)3mz2 − (−s)mzHm + 1)W 3
mn−m+j + (r2 + 4s)

zn+1((−s)3mz − H3m)((−s)3mz2 − (−s)mzHm + 1)W 3
mn+j − (r2 +

4s)(−s)3mz((−s)3mz2 − (−s)mzHm + 1)W 3
j−m + (4s + r2)(H3m −

(−s)3mz)((−s)3mz2 − (−s)mzHm + 1)zW 3
j + 3zn(−s)mn+m+jz((−s)3mz2 −

zH3m + 1)(W 2
1 − sW 2

0 − rW0W1)Wmn+m+j + 3zn(−s)mn+2m+j

z((−s)3mz2 − (−s)mzHm + 1)(W 2
1 − sW 2

0 − rW0W1)Wmn−m+j −
3zn(−s)mn+jz((−s)4mz2Hm − ((−s)mzHm − 1)H3m)(W 2

1 − sW 2
0 − rW0W1)

Wmn+j − 3z(−s)m+j((−s)3mz2 − zH3m + 1)(W 2
1 − sW 2

0 − rW0W1)Wm+j −
3z(−s)2m+j((−s)3mz2 − (−s)mzHm + 1)(W 2

1 − sW 2
0 − rW0W1)Wj−m +

3z(−s)j((−s)4mz2Hm −H3m((−s)mzHm − 1))(W 2
1 − sW 2

0 − rW0W1)Wj .

The following theorem presents sum formulas of generalized Fibonacci

polynomials in the case the roots α and β of characteristic equation (1.2) are

equal, i.e., α = β so that r2 + 4s = 0.

Theorem 19 (Single Root Case). Assume that the roots α and β of characteristic

equation (1.2) are equal, i.e., α = β so that r2 + 4s = 0. Let z be a real (or

complex) number. For all integers m and j, for generalized Fibonacci (Horadam)

polynomials, we have the following sum formulas:if (z
(
r
2

)3m − 1)4 6= 0, i.e., z 6=(
r
2

)−3m
, then

n∑
k=0

zkW 3
mk+j =

Ψ9

(z
(
r
2

)3m − 1)4
(6.7)

where

Ψ9 = ((z
(
r
2

)3m − 1)4((D1 + D2(mn + j))
(
r
2

)mn+j
)3zn + (D3

1(z
(
r
2

)3m −
1)3(zn

(
r
2

)3mn+3j −
(
r
2

)3j
) + D3

2(j3
(
r
2

)3j − z
(
r
2

)3m+3j
(z2
(
r
2

)6m
(j −

m)3 − z
(
r
2

)3m
(−6j2m + 3j3 + 4m3) − 3jm2 − 3j2m + 3j3 − m3) +

zn
(
r
2

)3mn+3j
(z
(
r
2

)3m
(−3jm2 − 3j2m − 3m3n − 3m3n2 + 3m3n3 + 3j3 −
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m3 − 6jm2n + 9j2mn + 9jm2n2) − z2
(
r
2

)6m
(−6j2m − 6m3n2 + 3m3n3 + 3j3 +

4m3 − 12jm2n + 9j2mn + 9jm2n2) + z3
(
r
2

)9m
(j −m + mn)3 − (j + mn)3))) +

3D1D2(z
(
r
2

)3m−1)(D1(z
(
r
2

)3m−1)(j
(
r
2

)3j−( r2)3m+3j
(j−m)z+

(
r
2

)3mn+3j
(−j−

mn+ z
(
r
2

)3m
(j−m+mn))zn) +D2(−j2

(
r
2

)3j
+
(
r
2

)3m+3j
(−2jm+ 2j2−m2)z−(

r
2

)6m+3j
(j−m)2z2 +

(
r
2

)3mn+3j
(m2n2 + j2 +2jmn−z

(
r
2

)3m
(−2m2n+2m2n2−

2jm+ 2j2 −m2 + 4jmn) + z2
(
r
2

)6m
(j −m+mn)2)zn))).

Proof. Note that

n−1∑
k=0

zkW 3
mk+j =

n−1∑
k=0

((D1 +D2(mk + j))αmk+j)3zk

=

n−1∑
k=0

(
D3

1α
3mk+3jzk +D3

2(mk + j)3α3mk+3jzk
)

+
n−1∑
k=0

3D1D2(mk + j) (D1 +D2(mk + j))α3mk+3jzk.

Simplifying the last equalities in the last two expression imply (6.7) as required.

6.4 The Sum Formulas
∑n

k=0 z
kWk and

∑n
k=0 kz

kWk via Generating

Functions

Next, we give the ordinary generating function
∞∑
n=0

znWnu
n of the sequence

{znWn}.

Lemma 20. Suppose that fznWn(u) =
∞∑
n=0

znWnu
n is the ordinary generating

function of the sequence {znWn}n≥0. Then,
∞∑
n=0

znWnu
n is given by

∞∑
n=0

znWnu
n =

W0 + z(W1 − rW0)u

1− rzu− sz2u2
. (6.8)

Proof. Note that

znWn = zn(rWn−1 + sWn−2).
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Using the definition of generalized Fibonacci numbers, and substracting

rzu
∑∞

n=0 z
nWnu

n and sz2u2
∑∞

n=0 z
nWnu

n from
∑∞

n=0 z
nWnu

n, we obtain

(1− rzu− sz2u2)
∞∑
n=0

znWnu
n

=
∞∑
n=0

znWnu
n − rzu

∞∑
n=0

znWnu
n − sz2u2

∞∑
n=0

znWnu
n

=
∞∑
n=0

znWnu
n − r

∞∑
n=0

zn+1Wnu
n+1 − s

∞∑
n=0

zn+2Wnu
n+2

=

∞∑
n=0

znWnu
n − r

∞∑
n=1

znWn−1u
n − s

∞∑
n=2

znWn−2u
n

= (W0 + zW1u)− rzW0u+
∞∑
n=2

zn(Wn − rWn−1 − sWn−2)u
n

= W0 + z(W1 − rW0)u.

Rearranging above equation, we obtain (6.8).

Lemma 20 gives the following results as particular examples.

Corollary 21. Generating functions
∞∑
n=0

znGnu
n and

∞∑
n=0

znHnu
n are

∞∑
n=0

znGnu
n =

zu

1− rzu− sz2u2
,

∞∑
n=0

znHnu
n =

2− rzu
1− rzu− sz2u2

,

respectively.

The following theorem presents some sum formulas of generalized Fibonacci

(Horadam) polynomials with positive subscripts.

Theorem 22. Let z be a nonzero complex (or real) number. Let

Sn =

n∑
k=0

zkWk.

Then we have the following properties.
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(a) If 1− rz − sz2 6= 0, then

Sn =
W0 + z(W1 − rW0)

1− rz − sz2
− 2W1sz

2 + 2W0sz +W1rz −W0rsz
2

2(1− rz − sz2)
znGn

− W1z +W0sz
2

2(1− rz − sz2)
znHn

=
Θ(z)

2(1− rz − sz2)
(6.9)

where

Θ(z) = 2(W0 + (W1− rW0)z)− (s(2W1− rW0)z+ (rW1 + 2sW0))z
n+1Gn−

(W1 + szW0)z
n+1Hn.

(b) If 1 − rz − sz2 = u(z − a)(z − b) = 0 for some u, a, b ∈ C with u 6= 0 and

a 6= b, i.e., z = a or z = b, then

Sn =
Θ1(z)

−2 (r + 2sz)

where

Θ1(z) = 2(W1 − rW0) + (−(r+ nr+ 4sz + 2nsz)W1 + s(−2n+ 2rz + nrz −
2)W0)z

nGn − zn((n+ 1)W1 + sz(n+ 2)W0)Hn.

(c) If 1− rz− sz2 = u(z− c)2 = 0 for some u, c ∈ C with u 6= 0, i.e., z = c, then

Sn =
Θ2(z)

4s

where

Θ2(z) = (n+ 1)((nr+ 4sz+ 2nsz)W1 + s(2n−2rz−nrz)W0)z
n−1Gn+ (n+

1)(nzn−1W1 + szn(n+ 2)W0)Hn.

Proof.

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 23-114
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(a) Note that using generating functions, we get

∞∑
n=0

Snu
n

=
1

1− u
W0 + z(W1 − rW0)u

1− rzu− sz2u2

=
W0 + z(W1 − rW0)

1− rz − sz2
1

1− u

−2W1sz
2 + 2W0sz +W1rz −W0rsz

2

2(1− rz − sz2)
zu

1− rzu− sz2u2

− W1z +W0sz
2

2(1− rz − sz2)
2− rzu

1− rzu− sz2u2

=
W0 + z(W1 − rW0)

1− rz − sz2
∞∑
n=0

un

−2W1sz
2 + 2W0sz +W1rz −W0rsz

2

2(1− rz − sz2)

∞∑
n=0

znGnu
n

− W1z +W0sz
2

2(1− rz − sz2)

∞∑
n=0

znHnu
n

=
∞∑
n=0

(
W0 + z(W1 − rW0)

1− rz − sz2
− 2W1sz

2 + 2W0sz +W1rz −W0rsz
2

2(1− rz − sz2)
znGn

− W1z +W0sz
2

2(1− rz − sz2)
znHn

)
un.

Comparing on both sides leads to (6.9).

(b) We use (6.9). For z = a and z = b, the right hand side of the above sum

formula (6.9) is an indeterminate form. Now, we can use L’Hospital rule.

Then we get (b) by using

n∑
k=0

akWk =
d
dzΘ(z)

d
dz (2(1− rz − sz2))

∣∣∣∣∣
z=a

and similarly
n∑
k=0

bkWk =
d
dzΘ(z)

d
dz (2(1− rz − sz2))

∣∣∣∣∣
z=b

.

http://www.earthlinepublishers.com



On Generalized Fibonacci Polynomials: Horadam Polynomials 63

(c) We use (6.9). For z = c, the right hand side of the above sum formula (6.9)

is an indeterminate form. Now, we can use L’Hospital rule (twice). Then

we get (c) by using

n∑
k=0

ckWk =
d2

dz2
Θ(z)

d2

dz2
(2(1− rz − sz2))

∣∣∣∣∣
z=c

.

The following theorem presents some sum formulas of generalized Fibonacci

(Horadam) polynomials with positive subscripts.

Theorem 23. Let z be a non-zero complex (or real) number. Let

Yn =

n∑
k=0

kzkWk.

Then

(a) If 1− rz − sz2 6= 0, then

Yn =
z(1− rz − sz2)Θ′(z) + z(r + 2sz)Θ(z)

2(1− rz − sz2)2
(6.10)

=
∆1

2(1− rz − sz2)2

where Θ(z) is as in Theorem 22 (a) and Θ
′
(z) denotes the derivative of Θ(z)

with respect to z, and

∆1 = 2z((sz2+1)W1−sz(rz−2)W0)+((2ns2z3+rsz2+3nrsz2+nr2z−2nsz−
4sz−r−nr)W1−s(nrsz3+2sz2+r2z2−2nsz2+nr2z2−2rz−3nrz+2n+2)

W0)z
n+1Gn + ((nsz2 − sz2 + nrz − n − 1)W1 + sz(nsz2 + nrz − n + rz −

2)W0)z
n+1Hn.

(b) If 1 − rz − sz2 = u(z − a)(z − b) = 0 for some u, a, b ∈ C with u 6= 0 and

a 6= b, i.e., z = a or z = b, then

Yn =
4sΘ(z) + 2szΘ

′
(z)−

(
4sz2 + 3rz − 2

)
Θ
′′
(z) + z(1− rz − sz2)Θ′′′(z)

4 (−2s+ 6s2z2 + r2 + 6rsz)

=
∆2

4 (−2s+ 6s2z2 + r2 + 6rsz)
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where Θ
′′
(z) and Θ

′′′
(z) denote the second and third derivatives of Θ(z),

respectively, with respect to z, and

∆2 = 12szW1−4s(3rz−2)W0+((−nr(n+1)2+z((n+2)(n+1)(nr2−2ns−
4s)+sz(n+3)(2n2sz+3n2r+8nsz+7nr+2r)))W1+s(−2n(n+1)2+z(r(3n+

2)(n+2)(n+1)−z(n+3)(n2rsz+3nr2−2n2s+n2r2 +4nrsz−2ns+2r2 +

4s)))W0)z
n−1Gn + ((−n(n+ 1)2 + z(n+ 2)(n2r+ n2sz + 2nsz + nr− 3sz))

W1 + sz(−(n + 1)(n + 2)2 + z(n + 3)(n2sz + n2r + 4nsz + 2r + 3nr))W0)

zn−1Hn.

(c) If 1− rz− sz2 = u(z− c)2 = 0 for some u, c ∈ C with u 6= 0, i.e., z = c, then

Yn =
−4 (2r + 5sz) Θ

′′′
(z)− (10sz2 + 7rz − 4)Θ

′′′′
(z) + z((1− rz − sz2)Θ

′′′′′
(z)

48s2

=
∆3

12s2

where Θ
′′′′

(z) and Θ
′′′′′

(z) denote the fourth and fifth derivatives of Θ(z),

respectively, with respect to z, and

∆3 = z−2(((nzn(2r+ 5sz)(n+ 1)(−r+nr+ 4sz+ 2nsz) + 546z12(630s2z3 +

187r2z+760rsz2−450sz−154r))W1+s(nzn(n+1)(2n−2rz−nrz−2)(2r+

5sz)−546z12(315rsz3−440sz2+270r2z2−599rz+308))W0)Gn+((nzn(n−
1)(n+ 1)(2r + 5sz) + 6006z12(20sz2 + 17rz − 14))W1 + sz(nzn(n+ 2)(n+

1)(2r + 5sz) + 24570z12(7sz2 + 6rz − 5))W0)Hn).

Proof.

(a) We know from Theorem 22 that

Sn =
n∑
k=0

zkWk =
Θ(z)

2(1− rz − sz2)

where

Θ(z) = 2(W0 + (W1 − rW0)z)− (s(2W1 − rW0)z + (rW1 + 2sW0))z
n+1Gn

−(W1 + szW0)z
n+1Hn.
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By taking the derivative of the both sides of the above formulas with respect

to z, we get

n∑
k=0

kzk−1Wk =
(1− rz − sz2)Θ′(z) + (r + 2sz)Θ(z)

2(1− rz − sz2)2

i.e.

Yn =
n∑
k=0

kzkWk =
z(1− rz − sz2)Θ′(z) + z(r + 2sz)Θ(z)

2(1− rz − sz2)2

=
∆1

2(1− rz − sz2)2
.

(b) We use (a). For z = a and z = b, the right hand side of the above sum

formula 6.10) is an indeterminate form. Now, we can use L’Hospital rule

(twice). Then we get (b) by using

Yn =
n∑
k=0

kakWk =
d2

dz2
(z(1− rz − sz2)Θ′(z) + z(r + 2sz)Θ(z))

d2

dz2
(2(1− rz − sz2)2)

∣∣∣∣∣
z=a

=
4sΘ(a) + 2saΘ

′
(a)−

(
4sa2 + 3ra− 2

)
Θ
′′
(a) + a(1− ra− sa2)Θ′′′(a)

4 (−2s+ 6s2a2 + r2 + 6rsa)

=
∆2

4 (−2s+ 6s2a2 + r2 + 6rsa)

and similarly

Yn =

n∑
k=0

kakWk

=
4sΘ(b) + 2sbΘ

′
(b)−

(
4sb2 + 3rb− 2

)
Θ
′′
(b) + b(1− rb− sb2)Θ′′′(b)

4 (−2s+ 6s2b2 + r2 + 6rsb)
.

(c) We use (a). For z = c, the right hand side of the above sum formula 6.10) is

an indeterminate form. Now, we can use L’Hospital rule (four times). Then
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we get (c) by using

Yn =

n∑
k=0

kakWk =
d4

dz4 (z(1− rz − sz2)Θ
′
(z) + z(r + 2sz)Θ(z))

d4

dz4 (2(1− rz − sz2)2)

∣∣∣∣∣
z=c

=
−4 (2r + 5sz) Θ

′′′
(z)− (10sz2 + 7rz − 4)Θ

′′′′
(z) + z((1− rz − sz2)Θ

′′′′′
(z)

48s2

=
∆3

12s2
.

7 Matrices associated with Generalized Fibonacci

Polynomials

Matrix formulation of Wn can be given as(
Wn+1

Wn

)
=

(
r s

1 0

)n(
W1

W0

)
. (7.1)

We define the square matrix A of order 2 as:

A =

(
r s

1 0

)

such that detA = −s. From (1.1) we have(
Wn+1

Wn

)
=

(
r s

1 0

)(
Wn

Wn−1

)
(7.2)

and from (7.1) (or using (7.2) and induction) we have(
Wn+1

Wn

)
=

(
r s

1 0

)n(
W1

W0

)
.

Note that (7.2) can be written in the following form

(
Wn+1 Wn

)T
=

(
r s

1 0

)(
Wn Wn−1

)T
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where T stands for the transpose of the vector.

If we take Wn = Gn in (7.2) we have(
Gn+1

Gn

)
=

(
r s

1 0

)(
Gn

Gn−1

)
. (7.3)

We also define

Bn =

(
Gn+1 sGn

Gn sGn−1

)
,

and

Cn =

(
Wn+1 sWn

Wn sWn−1

)
.

In the next theorem, we find the Binet’s formulas of Wn, Gn and Hn by matrix

method with other results.

Theorem 24. For all integers m,n, we have

(a)

(i) Bn = An, i.e., (
r s

1 0

)n
=

(
Gn+1 sGn

Gn sGn−1

)
.

(ii) if r2 + 4s 6= 0, i.e., α 6= β, then(
r 2s

2 −r

)(
r s

1 0

)n
=

(
Hn+1 sHn

Hn sHn−1

)
,

and if r2 + 4s = 0, i.e., α = β, then(
r s

1 0

)n
=

(
1
2α (n+ 1)Hn+1 −1

2αnHn

1
2
n
αHn −1

2α(n− 1)Hn−1

)
.
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(iii)

(−W 2
1 + sW 2

0 + rW1W0)

(
r s

1 0

)n

=

(
(−W1 + rW0)Wn+1 + sW0Wn s(W0Wn+1 −W1Wn)

W0Wn+1 −W1Wn −W1Wn+1 + (rW1 + sW0)Wn

)

where

−W 2
1 + sW 2

0 + rW0W1 =

∣∣∣∣∣ W0 W1

W1 rW1 + sW0

∣∣∣∣∣ =

∣∣∣∣∣ W0 W1

W1 W2

∣∣∣∣∣ .
(b) C1A

n = AnC1.

(c) Cn+m = CnBm = BmCn.

(d)

(i) The Binet’s formula of Wn is

Wn =


W1 − βW0

α− β
αn − W1 − αW0

α− β
βn , if α 6= β (Distinct Roots Case)

(nW1 − α (n− 1)W0)αn−1 , if α = β (Single Root Case)
.

(ii) The Binet’s formula of Gn is

Gn =


αn − βn

α− β
, if α 6= β (Distinct Roots Case)

nαn−1 , if α = β (Single Root Case)
.

(iii) The Binet’s formula of Hn is

Hn =

{
αn + βn , if α 6= β (Distinct Roots Case)

2αn , if α = β (Single Root Case)
.

Proof.

(a)
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(i) We use induction on n. First we assume that n ≥ 0. For n = 0, we get(
1 0

0 1

)
=

(
G1 sG0

G0 sG−1

)

which is true because G0 = 0, G1 = 1, G−1 = 1
s . Suppose that the

relation holds for all k with 0 ≤ k ≤ n. Then(
r s

1 0

)n+1

=

(
r s

1 0

)n(
r s

1 0

)
=

(
Gn+1 sGn

Gn sGn−1

)(
r s

1 0

)

=

(
rGn+1 + sGn sGn+1

rGn + sGn−1 sGn

)

=

(
Gn+2 sGn+1

Gn+1 sGn

)
.

For n ≤ 0, we use induction on v = |n| = −n. For v = 0, the relation

already been verified. Assume now that it holds for all v with 0 ≤ v ≤
|n| . Then(

r s

1 0

)−(n+1)

=

(
r s

1 0

)−n−1
=

(
r s

1 0

)−n(
r s

1 0

)−1

=

(
G−n+1 sG−n

G−n sG−n−1

)(
0 1
1
s − r

s

)

=

(
G−n G−n+1 − rG−n
G−n−1 G−n − rG−n−1

)

=

(
G−n sG−n−1

G−n−1 sG−n−2

)

=

(
G−(n+1)+1 sG−(n+1)

G−(n+1) sG−(n+1)−1

)

which completes the proof by using induction.

Note that proof of the case n ≥ 0 can also be given as follows.
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By expanding the vectors on the both sides of (7.3) to 2-columns and

multiplying the obtained on the right-hand side by A, we get

Bn = ABn−1.

By induction argument, from the last equation, we obtain

Bn = An−1B1.

But B1 = A. It follows that Bn = An.

(ii) First we consider the case r2 + 4s 6= 0, i.e., α 6= β. Note that since

(4s+ r2)Gn = 2Hn+1 − rHn, we have

(4s+ r2)Gn = 2Hn+1 − rHn,

(4s+ r2)Gn+1 = 2Hn+2 − rHn+1 = rHn+1 + 2sHn,

(4s+ r2)Gn−1 = 2Hn − rHn−1 = 2Hn −
r

s
(Hn+1 − rHn),

Hn+1 = rHn + sHn−1 ⇒ sHn−1 = Hn+1 − rHn

⇒

Hn−1 =
1

s
(Hn+1 − rHn),

so from (a) we get(
r s

1 0

)n

=
1

r2 + 4s

(
rHn+1 + 2sHn s(2Hn+1 − rHn)

2Hn+1 − rHn s(2Hn − r
s(Hn+1 − rHn))

)

=
1

r2 + 4s

(
rHn+1 + 2sHn s(2Hn+1 − rHn)

2Hn+1 − rHn s(2Hn − r
s(Hn+1 − rHn))

)

×

(
r 2s

2 −r

)(
r 2s

2 −r

)−1

=

(
Hn+1 sHn

Hn Hn+1 − rHn

)(
r 2s

2 −r

)−1

=

(
Hn+1 sHn

Hn sHn−1

)(
r 2s

2 −r

)−1
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and so (
r 2s

2 −r

)(
r s

1 0

)n
=

(
Hn+1 sHn

Hn sHn−1

)
.

Note that the proof of the case r2 +4s 6= 0 can also given by induction.

Now we assume that r2 + 4s = 0, i.e., α = β. In this case we have

α =
r

2
,

s = −α2

and from (3.3) we get Hn+1 = αHn, i.e., Hn = 1
αHn+1 = 1

α2Hn+2 and

so Hn−1 = 1
αHn = 1

α2Hn+1. We also have

H−n+1 = α2H−n−1,

H−n = αH−n−1,

H−n−1 = αH−n−2,

H−n = α2H−n−2.

We prove by induction that

(
r s

1 0

)n
=

(
1
2α (n+ 1)Hn+1 −1

2αnHn

1
2
n
αHn −1

2α(n− 1)Hn−1

)
.

Firstly, we suppose that n ≥ 0. For n = 0, we get

(
1 0

0 1

)
=

(
1
2αH1 0

0 1
2αH−1

)

which is true because H1 = r = 2α,H−1 = − r
s = − 2α

−α2 = 2
α . Suppose
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that the relation holds for all k with 0 ≤ k ≤ n. Then

(
r s

1 0

)n+1

=

(
r s

1 0

)n(
r s

1 0

)

=

(
1
2α (n+ 1)Hn+1 −1

2αnHn

1
2
n
αHn −1

2α(n− 1)Hn−1

)(
2α −α2

1 0

)

=

(
(n+ 1)Hn+1 − 1

2nαHn −1
2α (n+ 1)Hn+1

nHn − 1
2α (n− 1)Hn−1 −1

2nαHn

)

=

(
1
2α ((n+ 1) + 1)H(n+1)+1 −1

2α(n+ 1)H(n+1)
1
2
(n+1)
α H(n+1) −1

2α((n+ 1)− 1)H(n+1)−1

)
.

which completes the proof by using induction in the case n ≥ 0. Now,

for n ≤ 0, we use induction on v = |n| = −n. For v = 0, the relation

already been verified. Assume now that it holds for all v with 0 ≤ v ≤
|n| . Then

(
r s

1 0

)−(n+1)

=

(
1
2α (n+ 1)Hn+1 −1

2αnHn

1
2
n
αHn −1

2α(n− 1)Hn−1

)−n(
r s

1 0

)−1

=

(
1
2α (−n+ 1)H−n+1 −1

2α(−n)H−n
1
2
−n
α H−n −1

2α(−n− 1)H−n−1

)(
2α −α2

1 0

)−1

=

(
1
2α (−(n+ 1) + 1)H−(n+1)+1 −1

2α(−(n+ 1))H−(n+1)
1
2
−(n+1)

α H−(n+1) −1
2α(−(n+ 1)− 1)H−(n+1)−1

)

which completes the proof by using induction.

(iii) Note that since (−W 2
1 + sW 2

0 + rW1W0)Gn = W0Wn+1 −W1Wn and
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Wn+1 = rWn + sWn−1 we have

(−W 2
1 + sW 2

0 + rW1W0)Gn+1 = (−W1 + rW0)Wn+1 + sW0Wn,

(−W 2
1 + sW 2

0 + rW1W0)Gn−1 =
1

s
(−W1Wn+1 + (rW1 + sW0)Wn),

Wn+1 = rWn + sWn−1

⇒

sWn−1 = Wn+1 − rWn

⇒

Wn−1 =
1

s
(Wn+1 − rWn),

so from (a) we obtain, if (−W 2
1 + sW 2

0 + rW1W0) 6= 0,(
r s

1 0

)n

=

(
Gn+1 sGn

Gn sGn−1

)
=

1

(−W 2
1 + sW 2

0 + rW1W0)

×

(
(−W1 + rW0)Wn+1 + sW0Wn s(W0Wn+1 −W1Wn)

W0Wn+1 −W1Wn −W1Wn+1 + (rW1 + sW0)Wn

)
Note that if −W 2

1 + sW 2
0 + rW0W1 = 0, then the claim in (iii) is true

for all n because in this case we have

−W 2
1 + sW 2

0 + rW0W1 =

∣∣∣∣∣ W0 W1

W1 rW1 + sW0

∣∣∣∣∣ =

∣∣∣∣∣ W0 W1

W1 W2

∣∣∣∣∣ = 0,

(−W1 + rW0)Wn+1 + sW0Wn =

∣∣∣∣∣ W0 W1

Wn+1 sWn + rWn+1

∣∣∣∣∣ = 0,

s(W0Wn+1 −W1Wn) = s

∣∣∣∣∣ W0 W1

Wn Wn+1

∣∣∣∣∣ = 0,

W0Wn+1 −W1Wn =

∣∣∣∣∣ W0 W1

Wn Wn+1

∣∣∣∣∣ = 0,

−W1Wn+1 + (rW1 + sW0)Wn =

∣∣∣∣∣ W0 W1

Wn+1 − rWn sWn

∣∣∣∣∣ = 0.
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So there is no need to restriction on −W 2
1 + sW 2

0 + rW0W1 whether

it is equal zero or not. This completes the proof.

Note that proof can also given by induction.

(b) Using (a) and definition of C1, (b) follows.

(c) We have

ACn−1 =

(
r s

1 0

)(
Wn sWn−1

Wn−1 sWn−2

)

=

(
rWn + sWn−1 Wn−2s

2 + rWn−1s

Wn sWn−1

)
= Cn

i.e. Cn = ACn−1. From the last equation, using induction we obtain Cn =

An−1C1. Now

Cn+m = An+m−1C1 = An−1AmC1 = An−1C1A
m = CnBm

and similarly

Cn+m = BmCn.

(d) First, we give some remarks. If a, b, c, d ∈ R and M =

(
a b

c d

)
, then we

have the following results:

• Eigenvalues of the matrix M are λ1 = 1
2a+ 1

2d+ 1
2

√
(a− d)2 + 4bc and

λ2 = 1
2a+ 1

2d−
1
2

√
(a− d)2 + 4bc.

• If (a− d)2 + 4bc 6= 0, i.e., λ1 6= λ2, then

M
n

=

 λn1 + (a− λ1)
λn1−λ

n
2

λ1−λ2
b
λn1−λ

n
2

λ1−λ2
c
λn1−λ

n
2

λ1−λ2
λn1 + (d− λ1)

λn1−λ
n
2

λ1−λ2


=

1

λ1 − λ2

(
a(λn1 − λ

n
2 )− λ1λ2(λ

n−1
1 − λn−1

2 ) b(λn1 − λ
n
2 )

c(λn1 − λ
n
2 ) d(λn1 − λ

n
2 )− λ1λ2(λ

n−1
1 − λn−1

2 )

)
.

• If (a− d)2 + 4bc = 0, i.e., λ1 = λ2, then

Mn =

(
λn1 + nλn−11 (a− λ1) bnλn−11

cnλn−11 λn1 + nλn−11 (d− λ1)

)
.
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If we modify this results to our case, we get

• If r2 + 4s 6= 0, i.e., α 6= β, then

An =

(
r s

1 0

)n
=

1

α− β

(
αn+1 − βn+1 −αβ(αn − βn)

αn − βn −αβ(αn−1 − βn−1)

)
.

(7.4)

• If r2 + 4s = 0, i.e., α = β, then

An =

(
r s

1 0

)n
=

(
(n+ 1)αn −nαn+1

nαn−1 − (n− 1)αn

)
. (7.5)

(i) Suppose first that r2 + 4s 6= 0, i.e., α 6= β. Then, by comparing (7.4)

and (a) (iii), we obtain

(−W1 + rW0)Wn+1 + sW0Wn =
αn+1 − βn+1

α− β
(−W 2

1 + sW 2
0 + rW1W0),

W0Wn+1 −W1Wn =
αn − βn

α− β
(−W 2

1 + sW 2
0 + rW1W0).

Solving the above simultaneous equations with respect to Wn and

Wn+1, we get

Wn =
1

α− β
(αnW1 − βnW1 + ααnW0 − ββnW0 − rαnW0 + rβnW0),

Wn+1 =
1

α− β
(ααnW1 − ββnW1 + sαnW0 − sβnW0).

Using the fact

α+ β = r ⇒ α = r − β, β = −r + α,

we get

Wn =
W1 − βW0

α− β
αn − W1 − αW0

α− β
βn.

Suppose now that r2 + 4s = 0, i.e., α = β. Then, by comparing (7.5)

and (a) (iii), we obtain

(−W1 + rW0)Wn+1 + sW0Wn = (n+ 1)αn(−W 2
1 + sW 2

0 + rW1W0),

W0Wn+1 −W1Wn = nαn−1(−W 2
1 + sW 2

0 + rW1W0).
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Solving the above simultaneus equations with respect to Wn and Wn+1,

we get

Wn =
1

α
(ααnW0 + nαnW1 + nααnW0 − nrαnW0) ,

Wn+1 =
1

α
(ααnW1 + nααnW1 + nsαnW0) .

Then, using r = 2α, we get

Wn = (nW1 − α (n− 1)W0)α
n−1.

(ii) Just compare the matrices in (7.4) and (7.5) with matrix in (a) (i) or

take Wn = Gn in (i).

(iii) Just compare the matrices in (7.4) and (7.5) with matrices in (a) (ii)

or take Wn = Hn in (i).

Some properties of matrix An can be given as

An = rAn−1 + sAn−2

and

An+m = AnAm = AmAn

and

det(An) = (−s)n

for all integers m and n.

Theorem 25. For all integers m,n we have

Wn+m = WnGm+1 + sWn−1Gm. (7.6)

Proof. From the equation Cn+m = CnBm = BmCn we see that an element of

Cn+m is the product of row Cn and a column Bm. From the last equation we

say that an element of Cn+m is the product of a row Cn and column Bm. We
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just compare the linear combination of the 2nd row and 1st column entries of the

matrices Cn+m and CnBm. This completes the proof.

Proof can also be given by using induction as follows. For m ≥ 1 and m ≤ 0,

we proceed by induction on m. First we assume that m ≥ 1. For m = 1, (7.6) is

true because we have, by definition of Wn and the values G1 = 1, G2 = r,

Wn+1 = rWn + sWn−1 = WnG2 + sWn−1G1.

For m = 2, (7.6) is true because, we get again by definition of Wn and the values

G2 = r,G3 = s+ r2,

Wn+2 = rWn+1 + sWn = r(rWn + sWn−1) + sWn = (s+ r2)Wn + rsWn−1

= WnG3 + sWn−1G2.

Suppose now that (7.6) holds for all m with 1 ≤ m ≤ k+1. Then, by assumption,

for m = k and m = k + 1, we have, respectively,

sWn+k = s(WnGk+1 + sWn−1Gk),

and

rWn+k+1 = r(WnGk+2 + sWn−1Gk+1).

By adding up these two equations, we get

rWn+k+1 + sWn+k = r(WnGk+2 + sWn−1Gk+1) + s(WnGk+1 + sWn−1Gk),

i.e.,

Wn+k+2 = Wn (rGk+2 + sGk+1) + sWn−1 (rGk+1 + sGk)

= WnGk+3 + sWn−1Gk+2

which yields the (7.6) for m = k + 2.

Now, if m ≤ 0, then we proceed by induction on |m| = −m = v. For v = 0,

that is m = 0, (7.6) is true because

Wn = WnG1 + sWn−1G0
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where G0 = 0 and G1 = 1. For v = 1, that is, m = −1, (7.6) is true because

Wn−1 = WnG0 + sWn−1G−1

where G0 = 0 and G−1 = 1
s . Suppose now that (7.6) holds for all v = |m| = −m

with 1 ≤ v ≤ k + 1. Then, by assumption, for v = k and v = k + 1, we have,

respectively,
1

s
Gn−k =

1

s
(WnG−k+1 + sWn−1G−k)

and
−r
s
Wn−k−1 =

−r
s

(WnG−k + sWn−1G−k−1).

By adding up these two equations, we get

−r
s
Wn−k−1+

1

s
Gn−k =

−r
s

(WnG−k+sWn−1G−k−1)+
1

s
(WnG−k+1+sWn−1G−k),

that is,

Wn−k−2 = Wn(−r
s
G−k +

1

s
G−k+1) + sWn−1(−

r

s
G−k−1 +

1

s
G−k)

= WnG−k−1 + sWn−1G−k−2;

thus we get (7.6) for v = |m| = k + 2.

By Lemma 7, we know that

(−W 2
1 + sW 2

0 + rW1W0)Gm = W0Wm+1 −W1Wm,

so (7.6) can be written in the following form

(−W 2
1 + sW 2

0 + rW1W0)Wn+m = (W0Wm+2 −W1Wm+1)Wn (7.7)

+s(W0Wm+1 −W1Wm)Wn−1

= ((−W1 + rW0)Wm+1 + sW0Wm)Wn

+s(W0Wm+1 −W1Wm)Wn−1.
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Corollary 26. For all integers m,n, we have

Gn+m = GnGm+1 + sGn−1Gm,

Hn+m = HnGm+1 + sHn−1Gm,

and

(r2 + 4s)Hn+m = (2Hm+2 − rHm+1)Hn + s(2Hm+1 − rHm)Hn−1

= (2(rHm+1 + sHm)− rHm+1)Hn + s(2Hm+1 − rHm)Hn−1

= (rHm+1 + 2sHm)Hn + s(2Hm+1 − rHm)Hn−1

= 2Hm+1Hn+1 + (r2 + 2s)HmHn − r(Hm+1Hn +HmHn+1),

where

Hm+2 = rHm+1 + sHm,

Hn−1 =
1

s
(Hn+1 − rHn).

If we replace m = n, m = n+ 1 and m = 2n, respectively, in the last corollory

and use the identities (given in Lemma 9)

Gn+1 = rGn + sGn−1,

(r2 + 4s)Gn = rHn + 2sHn−1,

Hn = rGn + 2sGn−1,

Hn = 2Gn+1 − rGn,

we get the following result.

Corollary 27. For all integers m,n, we have

G2n = Gn (Gn+1 + sGn−1) = GnHn,

H2n = HnGn+1 + sHn−1Gn,

2H2n = (r2 + 4s)G2
n +H2

n,

(r2 + 4s)H2n = (2Hn+2 − rHn+1)Hn + s(2Hn+1 − rHn)Hn−1,
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and

G2n+1 = GnGn+2 + sGn−1Gn+1,

H2n+1 = HnGn+2 + sHn−1Gn+1,

(r2 + 4s)H2n+1 = (2Hn+3 − rHn+2)Hn + s(2Hn+2 − rHn+1)Hn−1,

and

G3n = GnG2n+1 + sGn−1G2n,

H3n = HnG2n+1 + sHn−1G2n,

(r2 + 4s)H3n = (2H2n+2 − rH2n+1)Hn + s(2H2n+1 − rH2n)Hn−1.

Next, we present some identities on Wn, Gn and Hn.

Corollary 28. For all integers m,n, j, we have the following identities:

(a)

(i) Wn+m = Wn+1Gm + sWnGm−1.

(ii) Wn+m = WmGn+1 + sWm−1Gn.

(iii) Gn+m = Gn+1Gm + sGnGm−1.

(iv)

• Gn+m+1 = Gn+1Gm+1 + sGnGm

• Gn = Gn−m+1Gm + sGn−mGm−1

• Gn+m−1 = GnGm + sGn−1Gm−1

• G2n+1 = G2
n+1 + sG2

n

• Gn = GmGn−m+1 + sGm−1Gn−m

(v) Hn+m = Hn+1Gm + sHnGm−1.

(vi)

• Hn+m+1 = Hn+1Gm+1 + sHnGm

• Hn = Hn−m+1Gm + sHn−mGm−1
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• Hn+m−1 = HnGm + sHn−1Gm−1

• H2n+1 = Hn+1Gn+1 + sHnGn

• Hn = HmGn−m+1 + sHm−1Gn−m

(b) Wn+m = Wm−jGn+j+1 + sWm−j−1Gn+j .

(c) Wn+m = Wn+jGm−j+1 + sWn+j−1Gm−j .

Proof.

(a)

(i) Take n→ n+ 1 and m→ m− 1 in Theorem 25.

(ii) Take n→ m and m→ n in Theorem 25.

(iii) Set Wn = Gn in (i).

(iv) Take n→ n, m→ m−1 and n→ n−m,m→ m and n→ n−1,m→ m

and n → n,m → n + 1 and n → m − 1 m → n − m + 1 in (iii),

respectively.

(v) Set Wn = Hn in (i).

(vi) Take n→ n, m→ m−1 and n→ n−m,m→ m and n→ n−1,m→ m

and n→ n,m→ n+1 and n→ m−1 m→ n−m+1 in (v), respectively.

(b) Take n→ m− j and m→ n+ j in Theorem 25.

(c) Take n→ n+ j and m→ m− j in Theorem 25.

Now, we give some identities by using Theorem 25.

Corollary 29. For all integers n, we have the following identities:

(a) W2n =
1

r
(Wn+1Gn+1 − s2Wn−1Gn−1).

(b) W2n+1 = Wn+1Gn+1 + sWnGn.
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(c) W2n−1 = WnGn + sWn−1Gn−1.

(d) W3n =
1

r
(Wn+1G

2
n+1 + rsWnG

2
n − s3Wn−1G

2
n−1).

(e) W3n+1 =
1

r
(Wn+1Gn+1Gn+2 + rsWnGnGn+1 − s3Wn−1GnGn−1).

(f) W3n−1 =
1

r
(Wn+1GnGn+1 + rsWnGnGn−1 − s3Wn−1Gn−1Gn−2).

(g) W4n = Wn(G3
n+1 + s2G2

nGn−1 + 2sG2
nGn+1) + sWn−1Gn(

(
s+ r2

)
G2
n +

3sGn−1Gn+1).

Proof. (a) Take m = n in Theorem 25 and use definition of Wn and Gn.

(b) Take n→ n+ 1 and m = n in Theorem 25.

(c) Take n→ n− 1 in (b).

(d) Take n→ 2n and m = n in Theorem 25 and use (a) and (c).

(e) Take n→ 2n+ 1 and m = n in Theorem 25 and use (a) and (b).

(f) Take n→ 2n and m = n− 1 in Theorem 25 and use (a) and (c).

(g) Take n→ 3n and m = n in Theorem 25 and use (d) and (f).

Taking Wn = Gn in the previous corollary, we get

Corollary 30. For all integers n, we have the following identities:

(a) G2n =
1

r
(G2

n+1 − s2G2
n−1).

(b) G2n+1 = G2
n+1 + sG2

n.

(c) G2n−1 = G2
n + sG2

n−1.

(d) G3n =
1

r
(G3

n+1 + rsG3
n − s3G3

n−1).
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(e) G3n+1 =
1

r
(G2

n+1Gn+2 + rsG2
nGn+1 − s3GnG2

n−1).

(f) G3n−1 =
1

r
(GnG

2
n+1 + rsG2

nGn−1 − s3G2
n−1Gn−2).

(g) G4n = Gn(G3
n+1 + sG2

n(2Gn+1 + r2Gn−1 + 2sGn−1) + 3s2G2
n−1Gn+1).

Replacing Wn = Hn in Corollary 29, we obtain

Corollary 31. For all integers m,n, we have the following identities:

(a) H2n =
1

r
(Hn+1Gn+1 − s2Hn−1Gn−1).

(b) H2n+1 = Hn+1Gn+1 + sHnGn.

(c) H2n−1 = HnGn + sHn−1Gn−1.

(d) H3n =
1

r
(Hn+1G

2
n+1 + rsHnG

2
n − s3Hn−1G

2
n−1).

(e) H3n+1 =
1

r
(Hn+1Gn+1Gn+2 + rsHnGnGn+1 − s3Hn−1GnGn−1).

(f) H3n−1 =
1

r
(Hn+1GnGn+1 + rsHnGnGn−1 − s3Hn−1Gn−1Gn−2).

(g) H4n = Hn(G3
n+1 + s2G2

nGn−1 + 2sG2
nGn+1) + sHn−1Gn(

(
s+ r2

)
G2
n +

3sGn−1Gn+1).

Now, we give some identities by using identity (7.7).

Corollary 32. For all integers n, we have the following identities:

(a) (−W 2
1 + sW 2

0 + rW1W0)W2n = ((−W1 + rW0)Wn+1 + sW0Wn)Wn +

s(W0Wn+1 −W1Wn)Wn−1.

(b) (−W 2
1 + sW 2

0 + rW1W0)W2n+1 = ((−W1 + rW0)Wn+1 + sW0Wn)Wn+1 +

s(W0Wn+1 −W1Wn)Wn.

(c) (−W 2
1 + sW 2

0 + rW1W0)W2n−1 = ((−W1 + rW0)Wn + sW0Wn−1)Wn +

s(W0Wn −W1Wn−1)Wn−1.
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(d) (−W 2
1 + sW 2

0 + rW1W0)W3n = ((−W1 + rW0)Wn+1 + sW0Wn)W2n +

s(W0Wn+1 −W1Wn)W2n−1.

(e) (−W 2
1 + sW 2

0 + rW1W0)W3n+1 = ((−W1 + rW0)Wn+1 + sW0Wn)W2n+1 +

s(W0Wn+1 −W1Wn)W2n.

(f) (−W 2
1 + sW 2

0 + rW1W0)W3n−1 = ((−W1 + rW0)Wn + sW0Wn−1)W2n +

s(W0Wn −W1Wn−1)W2n−1.

(g) (−W 2
1 + sW 2

0 + rW1W0)W4n = ((−W1 + rW0)Wn+1 + sW0Wn)W3n +

s(W0Wn+1 −W1Wn)W3n−1.

Proof. (a) Take m = n in (7.7).

(b) Take n→ n+ 1 and m = n in (7.7).

(c) Take n→ n− 1 in (7.7).

(d) Take n→ 2n and m = n in (7.7).

(e) Take n→ 2n+ 1 and m = n in (7.7).

(f) Take n→ 2n and m = n− 1 in (7.7).

(g) Take n→ 3n and m = n in (7.7).

8 Identities

We now present some identities for the generalized Fibonacci (Horadam)

polynomials related with the roots of its characteristic equation.

Lemma 33. Let n,m ∈ Z. Then

(a) (W1 − (r − α)W0)α
n = αWn + sWn−1 and (W1 − (r − α)W0)α

n−1 = Wn −
(r − α)Wn−1.
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(b) (W1 − (r − β)W0)β
n = βWn + sWn−1 and (W1 − (r − β)W0)β

n−1 = Wn −
(r − β)Wn−1.

(c) If y2 − ry − s = 0, then

(i) (W1 − (r − y)W0) y
n = yWn + sWn−1.

(ii) (W1 − (r − y)W0) y
n−1 = Wn − (r − y)Wn−1.

(iii) (W1 − (r − y)W0)
2 yn+m = WmWny

2 + s(WnWm−1 + WmWn−1)y +

s2Wm−1Wn−1.

(d)

(i) −sW 2
n + s2W 2

n−1 + srWnWn−1 = (W 2
1 − sW 2

0 − rW1W0)(−s)n.

(ii) W 2
n+1 − sW 2

n − rWn+1Wn = (W 2
1 − sW 2

0 − rW1W0)(−s)n.

(e)

(i)

1. αn = 1
2(Hn +

√
r2 + 4sGn).

2. αn = 1
2(2Gn+1 + (

√
r2 + 4s− r)Gn).

3.
√
r2 + 4sαn = 1

2(2Hn+1 + (
√
r2 + 4s− r)Hn).

(ii)

1. βn = 1
2(Hn −

√
r2 + 4sGn).

2. βn = 1
2(2Gn+1 − (

√
r2 + 4s+ r)Gn).

3.
√
r2 + 4sβn = 1

2(−2Hn+1 + (
√
r2 + 4s+ r)Hn).

(iii) H2
n = (r2 + 4s)G2

n + 4(−s)n,
i.e.,

H2
n − (r2 + 4s)G2

n = 4(−s)n.

(iv) H2n = (r2 + 4s)G2
n + 2(−s)n.

(v) H2
n −H2n = 2(−s)n,

i.e.,

H2
n = H2n + 2(−s)n.
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(vi) (H2
m −H2m)(H2

n −H2n) = 4(−s)m+n.

(f)

(i) (G2
nH

2
m+G2

mH
2
n)−(r2+4s)(G2

mG
2
n+G2

nG
2
m) = 4((−s)mG2

n+4(−s)nG2
m).

(ii) G2
nH

2
m −G2

mH
2
n = 4((−s)mG2

n − (−s)nG2
m).

(iii) 2H2
mH

2
n − (r2 + 4s)(G2

mH
2
n +G2

nH
2
m) = 4((−s)mH2

n + (−s)nH2
m).

(iv) (r2 + 4s)(G2
nH

2
m −G2

mH
2
n) = 4((−s)mH2

n − (−s)nH2
m).

Proof. We use Binet’s formula of Wn.

(a) and (b) If the roots α and β of characteristic equation (1.2) are distinct, i.e.,

α 6= β, then Wn =
W1 − βW0

α− β
αn − W1 − αW0

α− β
βn and so we get

αWn + sWn−1 = αWn − αβWn−1

= α

(
W1 − βW0

α− β
αn − W1 − αW0

α− β
βn
)

−αβ
(
W1 − βW0

α− β
αnα−1 − W1 − αW0

α− β
βnβ−1

)
= (W1 − βW0)α

n

= (W1 − (r − α)W0)α
n

and

βWn + sWn−1 = βWn − αβWn−1

= β

(
W1 − βW0

α− β
αn − W1 − αW0

α− β
βn
)

−αβ
(
W1 − βW0

α− β
αnα−1 − W1 − αW0

α− β
βnβ−1

)
= (W1 − αW0)β

n

= (W1 − (r − β)W0)β
n

since α + β = r. If the roots α and β of characteristic equation (1.2)

are equal, i.e., α = β, then Wn = (nW1 − α (n− 1)W0)α
n−1 = (nW1 −
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β (n− 1)W0)β
n−1 and so we have, since r = 2α,

αWn + sWn−1 = αWn − αβWn−1

= αWn − α2Wn−1

= α(nW1 − α (n− 1)W0)α
n−1 − α2((n− 1)W1

−α ((n− 2)W0)α
n−2

= (W1 − αW0)α
n

= (W1 − (r − α)W0)α
n

i.e.,

αWn + sWn−1 = (W1 − (r − α)W0)α
n

and since α = β we obtain

βWn + sWn−1 = (W1 − (r − β)W0)β
n.

Therefore, by dividing (W1 − (r − α)W0)α
n = αWn + sWn−1 and

(W1 − (r − β)W0)β
n = βWn+sWn−1, respectively, with α and β we obtain

(W1 − (r − α)W0)α
n−1 = Wn− (r−α)Wn−1 and (W1 − (r − β)W0)β

n−1 =

Wn − (r − β)Wn−1.

(c) (i) and (ii) are obtained from (a) and (b). For (iii), use the property yn+m =

ynym and (i).

(d)

(i) By using (a), (b) and the identity (W1 − αW0)(W1 − βW0) = W 2
1 −

sW 2
0 − rW1W0, we get

(W1 − βW0)α
n (W1 − αW0)β

n = (αWn + sWn−1)(βWn + sWn−1)

⇒

(W1 − βW0) (W1 − αW0) (αβ)n = αβW 2
n + s2W 2

n−1 + s (α+ β)Wn−1Wn

⇒

(W 2
1 − sW 2

0 − rW1W0)(−s)n = −sW 2
n + s2W 2

n−1 + srWn−1Wn.
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(ii) Setting Wn−1 = 1
s (Wn+1 − rWn) in (i) yields (ii).

(e)

(i)-(ii) Note that (α− β)2 = r2 + 4s. If the roots α and β of characteristic

equation (1.2) are distinct, i.e., α 6= β, i.e., r2 + 4s 6= 0, then Gn =
αn − βn

α− β
and Hn = αn + βn and so we get

1

2
(Hn +

√
r2 + 4sGn) =

1

2
((αn + βn) + (α− β)

αn − βn

α− β
) = αn,

1

2
(Hn −

√
r2 + 4sGn) =

1

2
((αn + βn)− (α− β)

αn − βn

α− β
) = βn.

If the roots α and β of characteristic equation (1.2) are equal, i.e.,

α = β, i.e., r2 + 4s = 0, then Gn = nαn−1 and Hn = 2αn and so we

have

1

2
(Hn +

√
r2 + 4sGn) =

1

2
(2αn + 0.nαn−1) = αn,

1

2
(Hn −

√
r2 + 4sGn) =

1

2
(2αn + 0.nαn−1) = βn.

Then, if we use the following identities

Hn = 2Gn+1 − rGn,

(r2 + 4s)Gn = 2Hn+1 − rHn,

in (i) (1) and (ii) (1) respectively, we obtain the remaining identities.

(iii) For (iii), multiply (i) and (ii) side by side and use αβ = −s.

(iv) Use the identity 2H2n = (r2 + 4s)G2
n + H2

n given in Corollary 27 and

(iii).

(v) Subtract (iv) from (iii).

(vi) Use (v)

(f)
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(i) Use (e) (iii).

(ii) Use (e) (iii).

(iii) Use (e) (iii).

(iv) Use (e) (iii).

Taking Wn = Gn with G0 = 0, G1 = 1 in the last Lemma, we get the following

Corollary.

Corollary 34. Let n ∈ Z. Then

(a) αn = αGn + sGn−1 and αn−1 = Gn − βGn−1.

(b) βn = βGn + sGn−1 and βn−1 = Gn − αGn−1.

(c) If y2 − ry − s = 0, then

(i) yn = yGn + sGn−1.

(ii) yn−1 = Gn − (r − y)Gn−1.

(iii) yn+m = GmGny
2 + s(GnGm−1 +GmGn−1)y + s2Gm−1Gn−1.

(d)

(i) −sG2
n + s2G2

n−1 + srGn−1Gn = (−s)n.

(ii) G2
n+1 − sG2

n − rGn+1Gn = (−s)n.

If we take Wn = Hn with H0 = 2, H1 = r in the last Lemma, we get the

following Corollary.

Corollary 35. Let n ∈ Z. Then

(a) (α− β)αn = αHn + sHn−1 and (α− β)αn−1 = Hn − βHn−1.

(b) (β − α)βn = βHn + sHn−1 and (β − α)βn−1 = Hn − αHn−1.
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(c) If y2 − ry − s = 0, then

(i) 2y − ryn = yHn + sHn−1.

(ii) (2y − r) yn−1 = Hn − (r − y)Hn−1.

(iii) (2y − r)2 yn+m = HmHny
2 + s(HnHm−1 +HmHn−1)y+ s2Hm−1Hn−1.

(d)

(i) −sH2
n + s2H2

n−1 + srHn−1Hn = −(r2 + 4s)(−s)n.

(ii) H2
n+1 − sH2

n − rHn+1Hn = −(r2 + 4s)(−s)n.

We know from Lemma 8 that

(−W 2
1 + sW 2

0 + rW0W1)Hn = (−2W1 + rW0)Wn+1 + (rW1 + 2sW0)Wn. (8.1)

From (8.1) we get

(−W 2
1 +sW 2

0 +rW0W1)(W1Hn+sW0Hn−1) = (−W 2
1 +sW 2

0 +rW0W1)(rWn+2sWn−1)

i.e.,

W1Hn + sW0Hn−1 = rWn + 2sWn−1. (8.2)

We also know from Lemma 7 that

(−W 2
1 + sW 2

0 + rW1W0)Gn = W0Wn+1 −W1Wn. (8.3)

We can give Catalan’s identity in the following forms.

Theorem 36. For all integers m,n, we have the following identities.

(a)

(i) (Catalan’s identity) Wn+mWn−m = W 2
n − (−s)n−m(W 2

1 − sW 2
0 −

rW0W1)G
2
m.

(ii) (−W 2
1 + sW 2

0 + rW1W0)Wn+mWn−m = (−W 2
1 + sW 2

0 + rW1W0)W
2
n +

(−s)n−m(W0Wm+1 −W1Wm)2.
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(iii) (−s)mWn+mWn−m = (−s)mW 2
n − (−s)n(W 2

1 − sW 2
0 − rW0W1)G

2
m.

(iv) (−W 2
1 + sW 2

0 + rW1W0)(−s)mWn+mWn−m = (−W 2
1 + sW 2

0 +

rW1W0)(−s)mW 2
n + (−s)n(W0Wm+1 −W1Wm)2.

(b)

(i) Gn+mGn−m = G2
n − (−s)n−mG2

m.

(ii) (−s)mGn+mGn−m = (−s)mG2
n − (−s)nG2

m.

(iii) Hn+mHn−m = H2
n + (r2 + 4s)(−s)n−mG2

m.

(iv) (−s)mHn+mHn−m = (−s)mH2
n + (r2 + 4s)(−s)nG2

m.

(c)

(i) Gn+1Gn−1 = G2
n − (−s)n−1.

(ii) sGn+1Gn−1 = sG2
n + (−s)n.

(iii) Hn+1Hn−1 = H2
n + (r2 + 4s)(−s)n−1.

(iv) sHn+1Hn−1 = sH2
n − (r2 + 4s)(−s)n.

(d)

(i) Gn+mGn−m +Hn+mHn−m = G2
n +H2

n + ((r2 + 4s)− 1)(−s)n−mG2
m.

(ii) Gn+mGn−m −Hn+mHn−m = G2
n −H2

n − ((r2 + 4s) + 1)(−s)n−mG2
m.

(iii) Gn+mGn−mHn+mHn−m = (G2
n − (−s)n−mG2

m)(H2
n + (r2 +

4s)(−s)n−mG2
m).

(iv) Gn−m−1Gn−mGn+mGn+m+1 = (G2
n − (−s)n−mG2

m)(G2
n −

(−s)n−m−1G2
m+1).

(v) Hn−m−1Hn−mHn+mHn+m+1 = (H2
n+(r2+4s)(−s)n−mG2

m)(H2
n+(r2+

4s)(−s)n−m−1G2
m+1).

(e)

(i) Gn+1Gn−1 +Hn+1Hn−1 = G2
n +H2

n + ((r2 + 4s)− 1)(−s)n−1.
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(ii) Gn+1Gn−1 −Hn+1Hn−1 = G2
n −H2

n − ((r2 + 4s) + 1)(−s)n−1.

(iii) Gn+1Gn−1Hn+1Hn−1 = (G2
n − (−s)n−1)(H2

n + (r2 + 4s)(−s)n−1).

(iv) Gn−2Gn−1Gn+1Gn+2 = (G2
n − (−s)n−1)(G2

n − r2(−s)n−2).

(v) Hn−2Hn−1Hn+1Hn+2 = (H2
n + (r2 + 4s)(−s)n−1)(H2

n + r2(r2 +

4s)(−s)n−2).

(f)

(i) Gn+mGn−m + (−s)mHn+mHn−m = G2
n + (−s)mH2

n + ((r2 + 4s)(−s)n−
(−s)n−m)G2

m.

(ii) Gn+mGn−m− (−s)mHn+mHn−m = G2
n− (−s)mH2

n− ((r2 + 4s)(−s)n +

(−s)n−m)G2
m.

(iii) Hn+mHn−m + (−s)mGn+mGn−m = H2
n + (−s)mG2

n + ((r2 +

4s)(−s)n−m − (−s)n)G2
m.

(iv) Hn+mHn−m − (−s)mGn+mGn−m = H2
n − (−s)mG2

n + ((r2 +

4s)(−s)n−m + (−s)n)G2
m.

(g)

(i) Gn+1Gn−1 − sHn+1Hn−1 = G2
n − sH2

n + ((r2 + 4s)(−s)n − (−s)n−1).

(ii) Gn+1Gn−1 + sHn+1Hn−1 = G2
n + sH2

n − ((r2 + 4s)(−s)n + (−s)n−1).

(iii) Hn+1Hn−1 − sGn+1Gn−1 = H2
n − sG2

n + ((r2 + 4s)(−s)n−1 − (−s)n).

(iv) Hn+1Hn−1 + sGn+1Gn−1 = H2
n + sG2

n + ((r2 + 4s)(−s)n−1 + (−s)n).

Proof.

(a)

(i) This is the Catalan’s identity (see Theorem 11).

(ii) By using (i) and (8.3) we get required identity.

(iii) Factor both sides of (i) with (−s)m.
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(iv) Factor both sides of (ii) with (−s)m.

(b)

(i) Set Wn = Gn in (i) or (iii).

(ii) Take Wn = Gn in (iii).

(iii) Set Wn = Hn in (i).

(iv) Take Wn = Hn in (iii).

(c) Set m = 1 in (b).

(d)

(i)-(ii)-(iii) Use (b) (i) and (b) (iii).

(iv) Use (b) (i).

(v) Use (b) (iii).

(e) Set m = 1 in (d).

(f)

(i) Use (b) (i) and (b) (iv).

(ii) Use (b) (i) and (b) (iv).

(iii) Use (b) (ii) and (b) (iii).

(iv) Use (b) (ii) and (b) (iii).

(g) Set m = 1 in (f).
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9 Several Expressions of the Generalized Fibonacci

Polynomials

We adopt the conventions 0! = 1 and

(
n

m

)
=


n!

(n−m)!m!
, if n ≥ m ≥ 0

1 , if n = m = −1

0 , otherwise

.

Note that (
n− 1−m
m− 1

)
+

(
n− 1−m
m− 2

)
=

(
n−m
m− 1

)
.

The explicit expression of the generalized Fibonacci polynomials can be given

as follows.

Theorem 37. For any n ≥ 1, the generalized Fibonacci (Horadam) polynomials

satisfy the explicit expression

Wn =

bn/2c∑
m=0

(
n−m
m

)
W0r

n−2msm +

b(n−1)/2c∑
m=0

(
n− 1−m

m

)
(W1− rW0)r

n−1−2msm.

(9.1)

Proof. Clearly, using ordinary generating function of the generalized Fibonacci

polynomials Wn, see Lemma 3, we get

∞∑
n=0

Wny
n

= (W0 + (W1 − rW0)y)
1

1− ry − sy2

= (W0 + (W1 − rW0)y)
∞∑
m=0

m∑
n=0

(
m

n

)
rm−nsnym+n
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= W0

∞∑
m=0

m∑
n=0

(
m

n

)
rm−nsnym+n + (W1 − rW0)

∞∑
m=0

m∑
n=0

(
m

n

)
rm−nsnym+n+1

= W0

∞∑
n=0

bn/2c∑
m=0

(
n−m
m

)
rn−2msmyn + (W1 − rW0)

∞∑
n=0

b(n−1)/2c∑
m=0

(
n− 1−m

m

)
rn−1−2msmyn

=

∞∑
n=0

bn/2c∑
m=0

(
n−m
m

)
W0r

n−2msm +

b(n−1)/2c∑
m=0

(
n− 1−m

m

)
(W1 − rW0)rn−1−2msm

 yn,

i.e.,

∞∑
n=0

Wny
n =

∞∑
n=0

bn/2c∑
m=0

(
n−m
m

)
W0r

n−2msm +

b(n−1)/2c∑
m=0

(
n− 1−m

m

)
(W1 − rW0)rn−1−2msm

 yn

and so, by compairing both sides and equating the coefficients of yn we get the

required result (9.1).

Taking Wn = Gn with G0 = 0, G1 = 1 and Wn = Hn with H0 = 2, H1 = r,

respectively, in the last Theorem, we get the following Corollary.

Corollary 38. (r, s)-Fibonacci polynomials satisfy the explicit expression

Gn =

b(n−1)/2c∑
m=0

(
n− 1−m

m

)
rn−1−2msm, n ≥ 1,

and (r, s)-Lucas polynomials satisfy the explicit expression

Hn =

bn/2c∑
m=0

((
n−m
m

)
× 2−

(
n− 1−m

m

))
× rn−2msm, n ≥ 1,

=

bn/2c∑
m=0

n

n−m

(
n−m
m

)
rn−2msm, n ≥ 1.

We deduce with the help of Binet’s formula of Wn the following.

Theorem 39. For any n ≥ 0, if α 6= β, then

2n−1Wn =
1

2

(
n∑

m=0

1

α− β ((W1 − βW0)− (W1 − αW0) (−1)m)

(
n

m

)
rn−m

(√
r2 + 4s

)m)

=
1

2

(
n∑

m=0

1

α− β ((W1 − βW0)− (W1 − αW0) (−1)m)

(
n

m

)
rn−m (α− β)m

)
.
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Proof. If the roots α and β of characteristic equation (1.2) are distinct, i.e., α 6= β,

i.e., r2 + 4s 6= 0, then Wn =
W1 − βW0

α− β
αn − W1 − αW0

α− β
βn and so we get

2n−1Wn = 2n−1

(
W1 − βW0

α− β αn − W1 − αW0

α− β βn
)

=
1

2

(
W1 − βW0

α− β (2α)n − W1 − αW0

α− β (2β)n
)

=
1

2

(
W1 − βW0

α− β

n∑
m=0

(
n

m

)
rn−m

(√
r2 + 4s

)m
−W1 − αW0

α− β

n∑
m=0

(−1)m
(
n

m

)
rn−m

(√
r2 + 4s

)m)

=
1

2

(
n∑

m=0

1

α− β ((W1 − βW0)− (W1 − αW0) (−1)m)

(
n

m

)
rn−m

(√
r2 + 4s

)m)

=
1

2

(
n∑

m=0

((W1 − βW0)− (W1 − αW0) (−1)m)

(
n

m

)
rn−m

(√
r2 + 4s

)m−1
)
.

Note that if α 6= β, then

W1 − βW0

α− β
− W1 − αW0

α− β
(−1)m =

 W0 , m = 2k even
2W1 − rW0

α− β
, m = 2k + 1 odd

.

So

G1 − βG0

α− β
− G1 − αG0

α− β
(−1)m =

1

α− β
− 1

α− β
(−1)m =

{
0 , m = 2k even
2

α−β , m = 2k + 1 odd

and

H1 − βH0

α− β
− H1 − αH0

α− β
(−1)m =

r − 2β

α− β
− r − 2α

α− β
(−1)m =

{
2 , m = 2k even

0 , m = 2k + 1 odd
.

Therefore, from the last Theorem we get the next corollary.

Corollary 40. For any n ≥ 0, if α 6= β, then

(a)

2n−1Gn =

n∑
m=0

(
n

2m+ 1

)
rn−2m−1(r2 + 4s)m.
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(b)

2n−1Hn =

n∑
m=0

(
n

2m

)
rn−2m

(
r2 + 4s

)m
.

10 Some Combinatorial Results on Generalized

Fibonacci Polynomials

Now, we present some combinatorial results on generalized Fibonacci (Horadam)

polynomials.

Theorem 41. Let n ≥ 0 and m ∈ Z. Then

(a)

n∑
k=0

(
n

k

)
(−s)kmW(n−2k)m =

{
W0H

n
m , if α 6= β

2nαmnW0 , if α = β
.

(b)

(i) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−s)(n−k)mW 2

km =
((W1 − βW0)2αnm + (W1 − αW0)2βnm)Hn

m

r2 + 4s

− (W1 − βW0)(W1 − αW0)(−s)nm2n+1

r2 + 4s
,

and if α = β, i.e., r2 + 4s = 0, then

n∑
k=0

(
n

k

)
(−s)(n−k)mW 2

km = 2n−2α2mn−2(m2n (n+ 1)W 2
1

+α2(m2n+m2n2 − 4mn+ 4)W 2
0

−2mnα(m+mn− 2)W0W1).
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(ii) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmGkm

=
((W1 − βW0)α

nm + (W1 − αW0)β
nm)Hn

m

r2 + 4s

−((W1 − βW0) + (W1 − αW0))(−s)nm2n

r2 + 4s
,

and if α = β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmGkm

= mn2n−2α2mn−2(m (n+ 1)W1 − α (m+mn− 2)W0).

(iii) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmHkm

=
((W1 − βW0)α

nm − (W1 − αW0)β
nm)Hn

m

(r2 + 4s)
1
2

+
((W1 − βW0)− (W1 − αW0))(−s)nm2n

(r2 + 4s)
1
2

,

and if α = β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmHkm = 2nα2mn−1(mnW1 − α (mn− 2)W0).

Proof. We use Binet’s formulas of Wn, Gn and Hn.

(a) If the roots α and β of characteristic equation (1.2) are distinct, i.e., α 6= β,
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then we get

n∑
k=0

(
n

k

)
(−s)kmW(n−2k)m

=
n∑
k=0

(
n

k

)
(αβ)km

(
W1 − βW0

α− β
α(n−2k)m − W1 − αW0

α− β
β(n−2k)m

)
=

1

α− β
((W1 − βW0)− (W1 − αW0))(α

m + βm)n

=
1

α− β
(α− β)W0(α

m + βm)n

= W0(α
m + βm)n

= W0H
n
m

and if the roots α and β of characteristic equation (1.2) are equal, i.e., α = β,

then we obtain

n∑
k=0

(
n

k

)
(−s)kmW(n−2k)m

=
n∑
k=0

(
n

k

)
(αα)km

(
((n− 2k)mW1 − α ((n− 2k)m− 1)W0)α

(n−2k)m−1
)

=
n∑
k=0

(
n

k

)
α2km

(
((n− 2k)mW1 − α ((n− 2k)m− 1)W0)α

(n−2k)m−1
)

=
n∑
k=0

(
n

k

)
((n− 2k)mW1 − α ((n− 2k)m− 1)W0)α

mn−1

= 2nαmnW0.

(b) (i) If α 6= β, then we get

n∑
k=0

(
n

k

)
(−s)(n−k)mW 2

km

=
n∑
k=0

(
n

k

)
(αβ)(n−k)m

(
W1 − βW0

α− β
αkm − W1 − αW0

α− β
βkm

)2
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=
(W1 − βW0)

2

(α− β)2
αnm

n∑
k=0

(
n

k

)
αkmβ(n−k)m

+
(W1 − αW0)

2

(α− β)2
βnm

n∑
k=0

(
n

k

)
α(n−k)m)βkm

−2
W1 − βW0

α− β
W1 − αW0

α− β
αnmβnm

n∑
k=0

(
n

k

)
=

(W1 − βW0)
2

(α− β)2
αnm(αm + βm)n +

(W1 − αW0)
2

(α− β)2
βnm(αm + βm)n

−2
W1 − βW0

α− β
W1 − αW0

α− β
αnmβnm2n

=
(W1 − βW0)

2αnm + (W1 − αW0)
2βnm

r2 + 4s
Hn
m

−(W1 − βW0)(W1 − αW0)

r2 + 4s
(−s)nm2n+1

and if α = β, then we obtain

n∑
k=0

(
n

k

)
(−s)(n−k)mW 2

km

=
n∑
k=0

(
n

k

)
(α2)(n−k)m((kmW1 − α (km− 1)W0)α

km−1)2

=
n∑
k=0

(
n

k

)
α2(n−k)mα2(km−1)(kmW1 − α (km− 1)W0)

2

= 2n−2α2mn−2(m2n (n+ 1)W 2
1 + α2(m2n+m2n2 − 4mn+ 4)W 2

0

−2mnα(m+mn− 2)W0W1).

(ii) If α 6= β, then we get

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmGkm

=

n∑
k=0

(
n

k

)
(αβ)(n−k)m(

W1 − βW0

α− β
αkm − W1 − αW0

α− β
βkm)(

αkm − βkm

α− β
)
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=
1

(α− β)2
((W1 − βW0)

n∑
k=0

(
n

k

)
α(n−k)mβ(n−k)mα2km

+(W1 − αW0)

n∑
k=0

(
n

k

)
α(n−k)m)β(n−k)mβ2km

−((W1 − βW0) + (W1 − αW0))

n∑
k=0

(
n

k

)
α(n−k)m)β(n−k)mαkmβkm)

=
1

(α− β)2
((W1 − βW0)αnm(αm + βm)n + (W1 − αW0)βnm(αm + βm)n

−((W1 − βW0) + (W1 − αW0))αnmβnm2n)

=
((W1 − βW0)αnm + (W1 − αW0)βnm)Hn

m

r2 + 4s

− ((W1 − βW0) + (W1 − αW0))(−s)nm2n

r2 + 4s

and if α = β, then we obtain

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmGkm

=

n∑
k=0

(
n

k

)
(α2)(n−k)m(kmW1 − α (km− 1)W0)α

km−1kmαkm−1

=

n∑
k=0

(
n

k

)
α2mn−2(kmW1 − α (km− 1)W0)km

= mn2n−2α2mn−2(m (n+ 1)W1 − α (m+mn− 2)W0).

(iii) If α 6= β, then we get

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmHkm

=

n∑
k=0

(
n

k

)
(αβ)(n−k)m(

W1 − βW0

α− β
αkm − W1 − αW0

α− β
βkm)(αkm + βkm)
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=
1

(α− β)
((W1 − βW0)α

nm
n∑
k=0

(
n

k

)
αkmβ(n−k)m

−(W1 − αW0)β
nm

n∑
k=0

(
n

k

)
α(n−k)m)βkm + ((W1 − βW0)

−(W1 − αW0))α
nmβnm

n∑
k=0

(
n

k

)
)

=
((W1 − βW0)α

nm − (W1 − αW0)β
nm)Hn

m

(r2 + 4s)
1
2

+
((W1 − βW0)− (W1 − αW0))(−s)nm2n

(r2 + 4s)
1
2

and if α = β, then we obtain

n∑
k=0

(
n

k

)
(−s)(n−k)mWkmHkm

=

n∑
k=0

(
n

k

)
(α2)(n−k)m(kmW1 − α (km− 1)W0)α

km−1 × 2αkm

= 2

n∑
k=0

(
n

k

)
α2mn−1(kmW1 − α (km− 1)W0)

= 2nα2mn−1(mnW1 − α (mn− 2)W0).

Taking Wn = Gn with G0 = 0, G1 = 1 in the last Theorem, we get the

following Corollary.

Corollary 42. Let n ≥ 0 and m ∈ Z. Then

(a)
n∑
k=0

(
n

k

)
(−s)kmG(n−2k)m = 0.

(b) If α 6= β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mG2

km =
1

r2 + 4s
(HnmH

n
m − (−s)nm2n+1),
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and if α = β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mG2

km = n (n+ 1) 2n−2m2α2mn−2.

Taking Wn = Hn with H0 = 2, H1 = r, in the last Theorem, we get the

following Corollary.

Corollary 43. Let n ≥ 0 and m ∈ Z. Then

(a)
n∑
k=0

(
n

k

)
(−s)kmH(n−2k)m =

{
2Hn

m , if α 6= β

2n+1αmn , if α = β
.

(b)

(i) If α 6= β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mH2

km = HnmH
n
m + (−s)nm2n+1,

and if α = β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mH2

km

= 2n−2α2mn−2 (m2n (n+ 1) r2 + 4α2(m2n+m2n2 − 4mn+ 4)

−4mnα(m+mn− 2)r) .

(ii) If α 6= β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mHkmGkm = GnmH

n
m,

and if α = β, then

n∑
k=0

(
n

k

)
(−s)(n−k)mHkmGkm

= mn2n−2α2mn−2(m (n+ 1) r − 2α (m+mn− 2)).
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104 Yüksel Soykan

Next, we give some combinatorial results on generalized Fibonacci (Horadam)

polynomials.

Theorem 44. Let n ≥ 0 and m ∈ Z. Then

(a) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)kmW(n−2k)m

= (r2 + 4s)
n−1
2 ((W1 − βW0)− (W1 − αW0)(−1)n)Gnm

=

{
(r2 + 4s)

n
2W0G

n
m if n is even

(r2 + 4s)
n−1
2 (2W1 − rW0)G

n
m if n is odd

,

and if α = β, i.e., r2 + 4s = 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)kmW(n−2k)m =


2mαm−1(W1 − αW0) if n = 1

W0 if n = 0

0 if n 6= 0 ∧ n 6= 1

.

(b)

(i) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mW 2

km

=


(
r2 + 4s

)n−2
2 ((W1 − βW0)

2(−1)nαnm

+(W1 − αW0)
2βnm)Gnm if n 6= 0

W0 if n = 0

,

and if α = β, i.e., r2 + 4s = 0, then
n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mW 2

km

=


2m2α4m−2 (W1 − αW0)2 if n = 2

mα2m−2 (W1 − αW0) (−mW1 + α (m− 2)W0) if n = 1

W 2
0 if n = 0

0 if n 6= 0 ∧ n 6= 1 ∧ n 6= 2

.
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(ii) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmGkm

=


(r2 + 4s)

n−2
2 (((W1 − βW0)α

nm(−1)n

+(W1 − αW0)β
nm)Gnm if n 6= 0

0 if n = 0

,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmGkm

=


2m2α4m−2(W1 − αW0) if n = 2

−mα2m−2 (mW1 − α (m− 1)W0) if n = 1

0 if n 6= 1 ∧ n 6= 2

.

(iii) If α 6= β, i.e., r2 + 4s 6= 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmHkm

=


(r2 + 4s)

n−1
2 ((W1 − βW0)α

nm(−1)n

−(W1 − αW0)β
nm)Gnm if n 6= 0

2W0 if n = 0

,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmHkm

=


−2mα2m−1 (W1 − αW0) if n = 1

2W0 if n = 0

0 if n 6= 0 ∧ n 6= 1

.

Proof. We use Binet’s formulas of Wn, Gn and Hn.
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(a) If α 6= β, then we get

n∑
k=0

(
n

k

)
(−1)k(−s)kmW(n−2k)m

=
n∑
k=0

(
n

k

)
(−1)k(αβ)km

(
W1 − βW0

α− β
α(n−2k)m − W1 − αW0

α− β
β(n−2k)m

)

=
W1 − βW0

α− β

n∑
k=0

(
n

k

)
(−1)kα(n−k)mβkm

−W1 − αW0

α− β

n∑
k=0

(
n

k

)
(−1)kαkmβ(n−k)m

=
W1 − βW0

α− β
(αm − βm)n − W1 − αW0

α− β
(βm − αm)n

=
1

α− β
((W1 − βW0)− (W1 − αW0)(−1)n)(αm − βm)n

= (r2 + 4s)
n−1
2 ((W1 − βW0)− (W1 − αW0)(−1)n)Gnm

and if the roots α and β of characteristic equation (1.2) are equal, i.e., α = β,

then we obtain
n∑
k=0

(
n

k

)
(−1)k(−s)kmW(n−2k)m

=

n∑
k=0

(
n

k

)
(−1)k(αα)km

(
((n− 2k)mW1 − α ((n− 2k)m− 1)W0)α(n−2k)m−1

)
=

n∑
k=0

(
n

k

)
(−1)kα2km

(
((n− 2k)mW1 − α ((n− 2k)m− 1)W0)α(n−2k)m−1

)
=

n∑
k=0

(
n

k

)
(−1)k((n− 2k)mW1 − α ((n− 2k)m− 1)W0)αmn−1

=


2mαm−1(W1 − αW0) if n = 1

W0 if n = 0

0 if n 6= 0 ∧ n 6= 1

.

(b) Note that
n∑
k=0

(
n

k

)
(−1)k =

{
1 if n = 0

0 if n 6= 0
.
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(i) If α 6= β, then, if we get

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mW 2

km

=

n∑
k=0

(
n

k

)
(−1)k(αβ)(n−k)m

(
W1 − βW0

α− β
αkm − W1 − αW0

α− β
βkm

)2

=
(W1 − βW0)

2

(α− β)2
αnm

n∑
k=0

(
n

k

)
(−1)kαkmβ(n−k)m

+
(W1 − αW0)

2

(α− β)2
βnm

n∑
k=0

(
n

k

)
(−1)kα(n−k)m)βkm

−2
W1 − βW0

α− β
W1 − αW0

α− β
αnmβnm

n∑
k=0

(
n

k

)
(−1)k

=
(W1 − βW0)

2

(α− β)2
αnm(βm − αm)n +

(W1 − αW0)
2

(α− β)2
βnm(αm − βm)n

−2
W1 − βW0

α− β
W1 − αW0

α− β
αnmβnm

n∑
k=0

(
n

k

)
(−1)k

=
(
r2 + 4s

)n−2
2 ((W1 − βW0)

2(−1)nαnm + (W1 − αW0)
2βnm)Gnm

−(W1 − βW0)(W1 − αW0)

r2 + 4s
(−s)nm

n∑
k=0

(
n

k

)
(−1)k

and so if n = 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mW 2

km =
W 2

1 +
(
r2 + 3s

)
W 2

0 − rW0W1

4s+ r2

(in fact we can find directly
n∑
k=0

(
n
k

)
(−1)k(−s)(n−k)mW 2

km = W 2
0 ) and

if n 6= 0, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mW 2

km

=
(
r2 + 4s

)n−2
2 ((W1 − βW0)

2(−1)nαnm + (W1 − αW0)
2βnm)Gnm.
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If α = β, then we obtain

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mW 2

km

=
n∑
k=0

(
n

k

)
(−1)kα2(n−k)mα2(km−1)(kmW1 − α (km− 1)W0)

2

and so the required result follows.

(ii) If α 6= β, then we get

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmGkm

=

n∑
k=0

(
n

k

)
(−1)k(αβ)(n−k)m(

W1 − βW0

α− β
αkm − W1 − αW0

α− β
βkm)

×(
αkm − βkm

α− β
)

=
1

(α− β)2
((W1 − βW0)α

nm
n∑
k=0

(
n

k

)
(−1)kαkmβ(n−k)m

+(W1 − αW0)β
nm

n∑
k=0

(
n

k

)
(−1)kα(n−k)m)βkm

−((W1 − βW0) + (W1 − αW0))α
nmβnm

n∑
k=0

(
n

k

)
(−1)k)

=
1

(α− β)2
((W1 − βW0)α

nm(βm − αm)n

+(W1 − αW0)β
nm(αm − βm)n

−((W1 − βW0) + (W1 − αW0))α
nmβnm

n∑
k=0

(
n

k

)
(−1)k)

= (r2 + 4s)
n−2
2 (((W1 − βW0)α

nm(−1)n + (W1 − αW0)β
nm)Gnm

−((W1 − βW0) + (W1 − αW0))α
nmβnm

n∑
k=0

(
n

k

)
(−1)k)
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and so if n = 0, then since
n∑
k=0

(
n
k

)
(−1)k = 1, we have

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmGkm = 0

(in fact we can find directly
n∑
k=0

(
n
k

)
(−1)k(−s)(n−k)mWkmGkm =

W0G0 = 0) and if n 6= 0, then since
n∑
k=0

(
n
k

)
(−1)k = 0

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmGkm

= (r2 + 4s)
n−2
2 (((W1 − βW0)α

nm(−1)n + (W1 − αW0)β
nm)Gnm

and if α = β, then we obtain

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmGkm

=

n∑
k=0

(
n

k

)
(−1)k(α2)(n−k)m(kmW1 − α (km− 1)W0)α

km−1kmαkm−1

=

n∑
k=0

(
n

k

)
(−1)kα2mn−2(kmW1 − α (km− 1)W0)km

and so the required result follows.

(iii) If α 6= β, then we get

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmHkm

=

n∑
k=0

(
n

k

)
(−1)k(αβ)(n−k)m(

W1 − βW0

α− β
αkm − W1 − αW0

α− β
βkm)

×(αkm + βkm)

=
1

(α− β)
((W1 − βW0)αnm

n∑
k=0

(
n

k

)
(−1)kαkmβ(n−k)m

−(W1 − αW0)βnm
n∑
k=0

(
n

k

)
(−1)kα(n−k)m)βkm
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+((W1 − βW0)− (W1 − αW0))αnmβnm
n∑
k=0

(
n

k

)
(−1)k)

=
1

(α− β)
((W1 − βW0)αnm(βm − αm)n − (W1 − αW0)βnm(αm − βm)n

+((W1 − βW0)− (W1 − αW0))αnmβnm
n∑
k=0

(
n

k

)
(−1)k)

= (r2 + 4s)
n−1
2 ((W1 − βW0)αnm(−1)n − (W1 − αW0)βnm)Gnm

+
1

(r2 + 4s)
1
2

((W1 − βW0)− (W1 − αW0))(−s)nm
n∑
k=0

(
n

k

)
(−1)k

and so if n = 0, then since
n∑
k=0

(
n
k

)
(−1)k = 1, we have

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmHkm = 2

(α− β)W0√
r2 + 4s

= 2

√
r2 + 4sW0√
r2 + 4s

= 2W0

(in fact we can find directly
n∑
k=0

(
n
k

)
(−1)k(−s)(n−k)mWkmHkm =

W0H0 = 2W0) and if n 6= 0, then, since
n∑
k=0

(
n
k

)
(−1)k = 0,

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmHkm

= (r2 + 4s)
n−1
2 ((W1 − βW0)α

nm(−1)n − (W1 − αW0)β
nm)Gnm

and if α = β, then we obtain

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mWkmHkm

=
n∑
k=0

(
n

k

)
(−1)k(α2)(n−k)m(kmW1 − α (km− 1)W0)α

km−1 × 2αkm

= 2
n∑
k=0

(
n

k

)
(−1)kα2mn−1(kmW1 − α (km− 1)W0)

and so the required result follows.
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Taking Wn = Gn with G0 = 0, G1 = 1 in the last Theorem, we get the

following Corollary.

Corollary 45. Let n ≥ 0 and m ∈ Z. Then

(a) if α 6= β, then

n∑
k=0

(
n

k

)
(−1)k(−s)kmG(n−2k)m = (r2 + 4s)

n−1
2 (1− (−1)n)Gnm

=

{
0 if n is even

2(r2 + 4s)
n−1
2 Gnm if n is odd

,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)kmG(n−2k)m =

2mαm−1 if n = 1

0 if n 6= 1
.

(b) If α 6= β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mG2

km

=

{ (
r2 + 4s

)n−2
2 (αnm(−1)n + βnm)Gnm if n 6= 0

0 if n = 0

=


(
r2 + 4s

)n−2
2 HnmG

n
m if n 6= 0, n is even

−
(
r2 + 4s

)n−1
2 GnmG

n
m if n 6= 0, n is odd

0 if n = 0

,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mG2

km =


2m2α4m−2 if n = 2

−m2α2m−2 if n = 1

0 if n 6= 1 ∧ n 6= 2

.

Taking Wn = Hn with H0 = 2, H1 = r, in the last Theorem, we get the

following Corollary.
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Corollary 46. Let n ≥ 0 and m ∈ Z. Then

(a) if α 6= β, then

n∑
k=0

(
n

k

)
(−1)k(−s)kmH(n−2k)m = (r2 + 4s)

n
2 (1 + (−1)n)Gnm

=

{
2(r2 + 4s)

n
2Gnm if n is even

0 if n is odd
,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)kmH(n−2k)m =

{
2 if n = 0

0 if n 6= 0
.

(b)

(i) If α 6= β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mH2

km

=

{ (
r2 + 4s

) 1
2
n

((−1)nαnm + βnm)Gnm if n 6= 0

2 if n = 0

=


(
r2 + 4s

) 1
2
n
HnmG

n
m if n 6= 0, n is even

−
(
r2 + 4s

)n+1
2 GnmG

n
m if n 6= 0, n is odd

2 if n = 0

,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mH2

km =

{
4 if n = 0

0 if n 6= 0
.
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(ii) If α 6= β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mHkmGkm

=

{
(r2 + 4s)

n−1
2 (αnm(−1)n − βnm)Gnm if n 6= 0

0 if n = 0

=


(r2 + 4s)

n
2GnmG

n
m if n 6= 0, n is even

−(r2 + 4s)
n−1
2 HmnG

n
m if n 6= 0, n is odd

0 if n = 0

,

and if α = β, then

n∑
k=0

(
n

k

)
(−1)k(−s)(n−k)mHkmGkm =

{
−2mα2m−1 if n = 1

0 if n 6= 1
.
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