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Abstract

In this paper, we investigate the generalized Fibonacci (Horadam)
polynomials and we deal with, in detail, two special cases which we call them
(r, s)-Fibonacci and (r, s)-Lucas polynomials. We present Binet’s formulas,
generating functions, Simson’s formulas, and the summation formulas for
these polynomial sequences. Moreover, we give some identities and matrices
associated with these sequences. Finally, we present several expressions and

combinatorial results of the generalized Fibonacci polynomials.

1 Introduction: Generalized Fibonacci (Horadam)

Polynomials

The sequence of Fibonacci numbers {F,,} and the sequence of Lucas numbers
{L,} are defined by

Fn: n71+Fn72a n227 F0:O7 Flz]-a

and
L,=L, 1+ Ly o, n>2, Lo=2, L1 =1

respectively. The generalizations of Fibonacci and Lucas sequences lead to several

nice and interesting sequences.
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24 Yiiksel Soykan

The generalized Fibonacci polynomials (or Horadam polynomials or
xz-Horadam numbers or generalized (r(x),s(x))-polynomials or (r(z),s(z))

Horadam polynomials or 2-step Fibonacci polynomials)
{Win(Wo, Wisr(2), 5(2)) tnz0
(or {Wp(z)}n>0 or shortly {W,,},>0) is defined as follows:

Wy(z) = r(x)Wh_1(z) + s(z)Wy—o(x),  Wo(z) = a(z), Wi(z) = b(z), n >2
(1.1)

where Wy(z), Wi(z) are arbitrary complex (or real) polynomials with real

coefficients and r(x) and s(x) are polynomials with real coefficients with r(x) # 0,
s(x) # 0.

The sequence {W,,},>0 can be extended to negative subscripts by defining
Won(@) = ~ W (o) + <

for n =1,2,3,... when s(z) # 0. Therefore, recurrence (1.1 holds for all integers
n. Note that W_,,(z) need not to be a polynomial in the ordinary sense. For some
references on special cases of Horadam polynomials see [34L5lI11)12] for papers

and [Lf246[7U8I10] for books.
Binet’s formula of generalized Fibonacci (Horadam) polynomials can be
calculated using its characteristic equation (the quadratic equation, polynomial)

which is given as

y? —r(z)y — s(x) = 0. (1.2)
The roots of characteristic equation are

alz) = o = r(z) + Tz(x) + 43(:5), B(z) = f = ’
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and the followings hold

Note also that

(W1 — aWo)(Wy — BWy) = WP+ afWE — aWoWy — BW W)y
= WZ2+apWé - (a+B)WiW,
= WP —sWg —rW W
=

(W1 — aWo)(Wy — fWo) = WP — sWE — rWiWo.

If the roots a and f of characteristic equation (|1.2)) are distinct, i.e., a # (3, then
r?(x) + 4s(z) # 0 and if the roots o and 3 of characteristic equation (1.2) are
equal, i.e., « = (3, then ([1.2]) can be written as

v —r(@)y = s(@) = (y —a)® =y* — 20y + a® = 0

and, in this case,

)
5
r(x) = 2a,
s(x) = —a2——r2(x)
1
r(x) 4+ 4s(z) = 0.

Now, we define two special cases of the polynomials W,(z).
(r(z), s(x))-Fibonacci polynomials {Gy(0,1;7(z),s(x))}n>0 (or shortly Gp(z))
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and (r(x),s(z))-Lucas polynomials {H,(2,r(x);r(z),s(x))}n>0 (or shortly

H, (z)) are defined, respectively, by the second-order recurrence relations
Gni2(z) = r(@)Gnpa+5(0)Gulz),  Go(z) =0,Gi(x) =1, (1.4)
Hpio(x) = r(x)Hpy1 +s(z)Hy(z), Ho(r) =2,Hi(x) =r(x). (1.5)

The (sequences of polinomials) {G,(x)}n>0 and {Hp(z)}n>0 can be extended
to negative subscripts by defining

Gn() = —;"Egc_(n_l)uw@G_<n_2)<x>,
H_p(r) = —;ng—(n—l)(w)+S(Z)H—(n—z)(fv),

for n = 1,2,3, ... respectively. Therefore, recurrences (1.4) and ([1.5)) hold for all
integers n.

NOTE: For the sake of simplicity throughout the rest of the paper we use
Wy, r, s, Wo, W1, a0, B, Gy, Hy, Go, G1, Hy, Hy
instead of
Wi(x),r(z),5(x), Wo(x), Wi(z), a(z), B(z), Gn(x), Hn(x), Go(x), G1(x), Ho(z), Hi(z),
respectively. For example, we write
Who=1rWyh_1+ Wy_o, Wo=a,Wy=b, n>2

for the equation ([L.1).
Next, we present the first few values of the (r, s)-Fibonacci and (r, s)-Lucas

polynomials with positive and negative subscripts:
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Table 1: The first few values of the special second-order numbers with positive

and negative subscripts.

n 0 1 2 3 4
G, 0 1 r s+ r? r (23 + 7"2)
G b E her) x(er)
H, 2 r 2s+12 1 (35 + 7”2) 4r2s 4 r* + 2452
H _r 25412 _7,33+r2 42 s4ri42s>
-n s 52 53 s4

Some special cases of (r,s)-Fibonacci sequence {G,(0,1;7,s)}n>0 and

(r, s)-Lucas sequence {H,(2,7;7, $)}n>0 are as follows:
1. Gn(0,1;1,1) = F,,, Fibonacci sequence,
2. H,(2,1;1,1) = L,, Lucas sequence,
3. Gp(0,1;2,1) = P,, Pell sequence,
4. H,(2,2;2,1) = Qp, Pell-Lucas sequence,
5. Gn(0,1;1,2) = J,, Jacobsthal sequence,
6. H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.
7. Gn(0,1;3,—2) = M,,, Mersenne sequence,
8. Hp(2,3;3,—2) = H,, Mersenne-Lucas sequence,
9. Gn(0,1;6,—1) = B, balancing sequence,
10. H,(2,6;6,—1) = H,, modified Lucas-balancing sequence,
11. G,(0,1;1, —i) = G, modified Oresme sequence,
12. H, (2,151, —i) = H,, Oresme-Lucas sequence,

13. G,(0,1;2,1) = F,(z), Fibonacci polynomials,
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14. H,(2,z;x,1) = L,(z), Lucas polynomials,

15. G,(0,1;2z,1) = P,(x), Pell polynomials,

16. Hp(2,2z;2x,1) = Qp(x), Pell-Lucas polynomials,
17. G,(0,1;1,22) = J,(x), Jacobsthal polynomials,

18. H,(2,1;1,2z) = j,(x), Jacobsthal-Lucas polynomials.

Using the roots «, 8 and recurrence relation (|1.1]), Binet’s formula can be given

as follows:

Theorem 1.

(a) (Distinct Roots Case: « # [) Binet’s formula of generalized Fibonacci

(Horadam) polynomials is

pra” i p28" pra” — pa BT

=87 8-a" a-p

(1.6)

where

p1 = W1 — Wy, p2 = W1 —alW.

(b) (Single Root Case: « = [3) Binet’s formula of generalized Fibonacci

(Horadam) polynomials is

W, = (D1 + Dgn)a” (1.7)
where
Dl = W07
1
Dy = — (W) —aWy).
a
Proof.
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(a) If the roots a, § of (1.2)) are distinct, then (the sequences (a™),>0 and (5")n>0
are both solutions of (1.1))) the general formula of W, is in the following form:

W, = Aja™ + Agﬂn

where the coefficients A7 and As are determined by the system of linear

equations

Wy = A1+ Ay
W, = Ala—l—Agﬂ.

Solving these two simultaneous equations for Wy and Wy, we obtain

A1: W1—5W07 A2: Wl—OéW()‘
a—f 08—«

(b) If the roots a, 8 of (1.2) are equal, i.e., &« = 3, then W, is in the following
form:
Wy, = (D1 + Dy x n)a™

where Dy and Dy are the polynomials whose values are determined by the
values Wy and any other known value of the sequence. By using the values
Wy and Wy, we obtain

Wy = (D1 + Dy X 0)050
W, = (D1 + Dy X 1)041.

Solving these two simultaneous equations for Wy and W7, we get

Dy =Wy, Dy = — (W1 — aWp)

1
e}
ie.,

1
Wyn, = Wy + — (W1 — alWy) n)a™.

[0

Note that (a) and (b) of the above theorem can be given as follows:

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 28-114



30 Yiiksel Soykan

Theorem 2. The general term of the generalized Fibonacci (Horadam)
polynomials Wy, can be presented by the following Binet’s formula:

a" — ——p" |, if a# B (Distinct Roots Case)

W1 — BWO n Wl — OéW()
W, = { a- a5 (18)
(Wi —a(n—1)Wy)an—t . if a = (Single Root Case)
B W/Zl%ﬁVVoan - VVla%aﬁm)ﬁ" , if a # B (Distinct Roots Case)
(nWy — % (n—1) W) (%)n_l . if a=f (Single Root Case)

(1.6) can be written in the following form:

W, = A1a™ + A" (1.9)
where Wi — AW W -
A, = 2P0, W1 alo
1 o — B y 2 ,8 N
Note that

(W12 — SW02 — TW1W0)
A1Ay =
1 2 —(T2+4S) )

A+ Ay = Wy

Note also that

2 —
Dng _ Wo( W1 ’I“Wo)’

"
W
9L
T

D1+ Dy =
The Binet’s form of a sequence satisfying (1.6 for non-negative integers is
valid for all integers n and we have the following formula

B"p1 — a"pa
a™fBn(amtpy — Bnpa)

W_, =

n-

Note that for all n, we have

-1 —1
G = —Gn=—0Cy,

anIBn (_S)n

1 1
H, = — H,= H,.

an/@n (_S)n
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If the roots «, 8 of (1.2) are distinct, then we can also give Binet’s formula of
the generalized (r, s) polynomials (the generalized Fibonacci polynomials) for the

negative subscripts as follows: for n = 1,2, 3, ... we have

—r+aa"p  —r4 BB p,
+ .
S a—pf S 08—«

If the roots «, of (1.2) are distinct, i.e., a # 3, then for all integers n,

(r,s)-Fibonacci and (r,s)-Lucas polynomials (using initial conditions in (|1.6))

W_, =

can be expressed using Binet’s formulas as

am Bn B am — /Bn

BB a8

e (1.10)

and
H,=ao"+ 5", (1.11)

respectively. If the roots «, 8 of ([1.2]) are equal, i.e., & = 3, then for all integers
n, (r,s)-Fibonacci and (r, s)-Lucas polynomials (using initial conditions in (1.6)))

can be expressed using Binet’s formulas as

n—1
Gp =na" ",

and
H, =2a",

respectively, i.e.,

G, — aaig , if a # B (Distinct Roots Case) ’
na"~ ! | if a = B (Single Root Case)

o - a4+ ", if o # B (Distinct Roots Case)
" 2a™ , if a = (Single Root Case)

o0
Next, we give the ordinary generating function »  W,y" of the sequence

n=0
{Wn}.
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o0
Lemma 3. Suppose that fw, (y) = >, Wyy™ is the ordinary generating function

n=0
o0
of the generalized Fibonacci (Horadam) polynomials {Wy,}n>0. Then, Y Wyy™ is
n=0
given by

S Wy = W01+ (W — W;/o)y. (1.12)
n=0 Ty sy

Proof. Using the definition of generalized Fibonacci polynomials, and substracting
Ty > oot o Way™ and sy? Y00 Wyoy™ from Y o0 W,y", we obtain

o0 o0 oo oo
A=ry—sy®) > Way" = > Wuy" —ry > Way" —sy® > Way"
n=0 n=0 n=0

n=0
o 0 0
= Z Wy —r Z Wnyn+1 - S Z Wnyn+2
n=0 n=0

n=0

0o 00 0o
= Z Wnyn -r Z Wn—lyn - S Z Wn—Qyn
n=0 n=1 n=2

= (Wo+Wiy) —rWoy + Z(Wn — W1 — sWy_2)y"

n=2
= Wo+ (W —rWp)y.
Rearranging above equation, we obtain (1.12)). O

Lemma [3| gives the following results as particular examples (generating

functions of (7, s)-Fibonacci and (r, s)-Lucas polynomials).

Corollary 4. Generating functions of (r,s)-Fibonacci and (r,s)-Lucas

polynomials are

e}
S Gt = s
n=0 y y
o0

92 _
ZHnyn - 1 iys 2’
n=0 y y

respectively.

Proof. In Lemma [3, take W,, = G,, with Gg = 0,G; = 1 and W,, = H,, with
Hy = 2, H; = r, respectively. O
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2 Simson Formulas

There is a well-known Simson Identity (Cassini Identity) for Fibonacci sequence
{F,}, namely
Bt Fooy — F2 = (1)

which can be written in the form

Fn+1 Fn

= (=)™
Fn Fn—l ( )

The following theorem gives generalization of this result to the generalized

Fibonacci polynomials W,.

Theorem 5 (Simson Formula of Generalized Fibonacci (Horadam) Polynomials).

For all integers n, we have

Wi Wy

Wysr W
i = (=1)"s" . (2.1)
Wo W_y

Wn an 1

Proof. Eq. (2.1) can be proved by mathematical induction. For the proof of
the case of generalized Fibonacci (Horadam) numbers, see Soykan [@, Theorem
2.1]. O

The previous theorem gives the following results as particular examples.

Corollary 6. For all integers n, Simson formula of (r,s)-Fibonacci and

(r, s)-Lucas polynomials are given as

Gn+1 Gn _ ( 1)nsn—1

Gn Gn—l

Hn+1 Hn _ (—1)n+18n_1(7“2+45)
Hn anl

respectively.
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3 Some Identities

In this section, we obtain some identities of generalized Fibonacci (Horadam)
polynomials, (7, s)-Fibonacci polynomials and (7, s)-Lucas polynomials. Firstly,

we can give a few basic relations between {Gy,} and {W,,}.
Lemma 7. Let n € Z. Then the following equalities are true:
SWo = ((s+ )Wy —7(25 + 1) Wo)Grys + (—7(25 + 72)W
+(3r%s + 1t + sH W) Gy s, (3.1)
W, = (=Wir+ (r* 4 )W) Gris + (s + rH)Wy — r(25 + )W) Grya,
sWn = (W1 —1Wo)Gnya + (—rWi + (s + r*)Wo) Gy,
Wn = WoGpi1 + (W1 —rWy)G,
Wy = WiGn + sWoGnoi,

and
$S(=WE + WG +rWiW)Gn = —((s +1°)Wi + srWo)Wipa + (r(2s + 1))
+5(s + 1) Wo) Wi,
S2(—W3E + sWE 4+ rWiWo)Gr, = (Wi 4 sWo)Ways — ((s + 172)W1 + stWo) Wi so,
s(—WE+ sWE+rWiWo)Gn = —WiWpio + (rWi + sWo) W1,
(W32 + sWE +rWiWo)Gp, = WoWypyy — WilW,,
(W32 + sWE +rWiWo)G, = —(W1 — rWo)W,, + sWoW,_1.

Proof. We prove (3.1]). Writing
Wn:aXGn+4+bXGn+3

and solving the system of equations

Wo = axG4s+bxGs
Wi = axGs5+bx Gy

we find that a = (s+r2)W1;§(2s+r2)W°,b = _T(QS”Q)Wl+§§’T25+T4+82)W0. The other
equalities can be proved similarly. ]
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Note that all the identities in the above Lemma can be proved by induction
as well.

Secondly, we can give a few basic relations between {H,} and {W,,}.

Lemma 8. Let n € Z. Then the following equalities are true:

3(4s+rHW, = (—r(3s+r>)Wy + 4r2s +r* + 25 Wo)H, s
+((r* 4 282 + 4r?s)Wy — r(5r%s +r* + 552 W) H, 13,
SAs+ )W, = ((2s+ 1)W1 —r(3s + r*)Wo)Hpys + (—r(3s + r? )Wy

+(7“4—|—252+4r23) Wo)H 4o,
JH.

s(4s + r2)Wn = (—rWi1+2s+r HWo)Hpgo + ((2s + r2)W1 —r(3s+r )WO) 1
(4s + rz)Wn = W1 —rWo)Hps1 + (—rW1 4+ (2s+ 7 )WO)H
(4s + ’I"Q)Wn = (rWy 4 2sWy)H,, + s(2W; — ’I’WO) ne1,
and
(W4 sWE +rWoWh)H, = (r(3s+712)W; + 8(25 + 1r2)Wo)Wia

(

—((r* 428 + 4r?s)Wy + rs(3s + 1) Wo) Wi,

—((28 + YWy + rsWo)Wys + (r(3s + r2)Wy

+5(25 + r)Wo) Wi 2,

s(=W32 4+ sWZ +rWoW)H, = (Wi +2sWo)Wiyo — (25 +r2)Wy +rsWo)Wii1,
(—W32+sWg +rWoW))H, = (=2Wy +rWo)Wyy1 + (rWy + 2sWo) W,
(—WE+sWE +rWoWh)H,, = (—rWyi+ (25 + 1) Wo)W,, + s(—2W1 + rWo) W,y

2 (~WE+ sWE +rWoWh)H, =

Thirdly, we give a few basic relations between {G,,} and {H,}.

Lemma 9. Let n € Z. Then the following equalities are true:

$H, = —(Brs+r*)Gpia+ (4r2s + 11 + 252Gy,
s’H, = (25+7°)Gpry3— (3rs+13)Gpyo,
sHy = —1Gnia+ (25 +717)Gpy1,

Hn = 2Gn+1 — TGn,
H, = rG,+2sG,_1,
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and
(r’s3 + 4sMG,, = —(3rs+13)Huiq + (4r%s + 14 + 25%)H, 3,
(r’s* +45%)G, = (25 + 713 Hyp3 — (3rs +1°)Hpyo,
(r?s 4+ 4s*)G, = —rHpio+ (2s+ 1) Hyi1,
(r2 +4s)G, = 2H,1 —7TH,,
(7“2 +48)G, = rHp,+2sH, ;.

Note that from the last Lemma we have
(r2 +4s)G,, = 2H, 41 —TH),
so if (r? +4s) =0, i.e., « = 8 (in this case r = 2a, s = —a?), then
2H .1 —rH, =0
and so 2H,, ;1 — 2aH,, = 0 and thus, if (r? +4s) = 0, i.e., @ = 3, then
H,11 = aH,.
We now give some identities.

Corollary 10. Let n,m € Z. Then

(a)
(i) H,=Gpt1 + sGp_1.
(i) (r2+45)Gp = Hy1 +sH, 1.
(b)
(i) (r2+45)Gy + Hy = (Hyi1 + Gng1) + 8(Hn—1 + G1).
(11) (T’ + 48 G - H - (Hn—f—l - Gn+1) + S(Hn_l — Gn—1)~
Proof.

(3.2)
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On Generalized Fibonacci Polynomials: Horadam Polynomials 37

(a) We use the identities

Hn = 2Gn+1 - TGn,
(r? +45)G,, = 2H, 1 —rH,.

Note also that

Gn+1 = rG,+sGh_1 = Gn+1 —rGy = sGp_1,
Hy,y1 = rHy+sHp1 = Hyy1 —rH, =sH,_1.

(i)
H, = 2Gyn—i—l —rG, = Gn+1 + Gn+1 —-rG, = Gn+1 +5Grp_1.

(ii)
(r2 +48)Gy = 2H, 41 —rHy = Hyyy + Hyy — 7Hy = Hyyy 4 sHy, .

Note: the proof of (i) and (ii) can also be given by using Binet’s
formulas of G,, and H,,.

(b)

(i) Use (a).
(ii) Use (a).

Note that

(r* + 48)GnHy, = (2Hy, 11 — 1H,)(2G 11 — rGh).

4 Special Identities

We now present a few special identities for the generalized Fibonacci
(Horadam) polynomials {W),,}, (r, s)-Fibonacci polynomials {G), } and (r, s)-Lucas
polynomials {H,}.

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 28-114
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Theorem 11. Let n,m and k be any integers. Then the following identities are

true:
(a) Catalan’s identity.

(1) WotmWanom — W2 = —(—s)""™(W3E — sW§ — rWoW1)G2,.
(ii) GrimGnom — G2 = —(—8)""™G2,.
(iii) HppmHym — H? = (—5)" " (r% 4 45)G?,.

(b) Cassini’s identity.

(i) Wn+1Wn_1 — Wg = —(—s)"*l(Wf — SWO2 — TW()Wl).
(11) Gn+1Gn,1 — G% = —(—S)n_l.
(iii) Hyy1Hyo1 — H2 = (—s)" 1(r? + 4s).

(c) d’Ocagne’s identity.

(i) Wm+1Wn — WmWn+1 = —(W12 — 8W02 — TWQWl)(—HmGn =+ Gm+n)
(i1) Gy 1Gr — GGt = —(—HmG + G-
(iii) Hpo1Hy — HopHpi1 = (% + 48) (—Hp Gy + Gon).-

(d) Gelin-Cesaro’s identity.

() WoraWoiWoaWoo — Wit = (=s)" > (WE — sW§ -
rWoWh)(s (r2—s) W2 + r2(=s)"WE — ris(=s)"Wg — r3(=s)"
WoWh).

(i) Gpy2Gni1Gn1Gno2 — Gh = (=5)" 2 (r?(—s)" — s (s — r?) G2).

(iii) HpioHpy1Hy1Hpo —  H = (=s)" (2 +

4s) (—s (7"2 — 3) H2 4+ 72 (=s)" (r* + 43)) )

(e) Melham’s identity.
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(i) Wn+1Wn+2Wn+6 — W7§+3 = —(—S)nJrl(le — SWO2 - TW0W1)(7“3Wn+2 -
(=5)*Wht1).

(i) Gn1Gnt2Grie — G§1+3 = —(=8)"T)(r*Gry2 — (=5)*Gps1).

(iii) Hpp1 HopoHgs — H2 g = (=) 12 + 45) (r Hy o — (—5)? Hug).

n
(f) Vajda’s identity (Taguiri’s identity (a generalization of Catalan’s identity)).

(i) Wn+mWn+k — Wan+m+k = (—S)n(VVl2 — 8W02 — TW()Wl)Gka.
(ii) Gn+mGn+k - GnGn+m+k = (—S)nGka
(iii) HormHpik — HoHyomer = —(—8)" (1% + 45) GG,
Proof. To prove (i)’s, use the identities (1.6]) and (1.7)) in Theoremor the identity

(1.8) in Theorem [2 Then, for (ii)’s and (iii)’s, set W,, = Gy, and W,, = H,, in
(i)’s, respectively. For (b), set m =1 in (a). O

In the last Theorem, all the identities are true without any restriction on «
and S i.e., if a # B (distinct roots case: r2+4s # 0) or if & = 3 (single root case:
r? + 4s = 0). However, if @ = 3 (single root case: 72 + 4s = 0) the results of the

above Theorem can be given in the following form.

Remark 12. Let n,m and k be any integers. If o = 3 (single root case: r*+4s =
0), then the following identities are true:
(a) Catalan’s identity.
() WatmWam — W2 = —Lm2 2w —rWp)? (5)* 2.
(i) GrymGnom — G2 = —m? (5)*"2.
(iii) HpymHym — H2 = 0.
(b) Cassini’s identity.

(i) Wn+1Wn—1 — Wg —_1 (2W1 _ TW0)2 (g)2n—2 .
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(iii) Hypp1Hnoy — H2 = 0.

(c) d’Ocagne’s identity.

(d) Gelin-Cesaro’s identity.

(i) WisoWonitWooaWoa — Wit = — L (—2W) +rWo)? (4(5n2 — )W +
r2(5n% — 10n + 1)WZ — dr(5n% — 5n — HWoW7) (5) "

(11) Gn+2Gn+1Gn—1Gn—2 - G% = (4 - 5TL2) (%)47174 :

(iii) HpioHp1H, 1H, o — Hi=0.
(e) Melham’s identity.

(1) Wi WaiaWaio — Wiy = 1 (070 QW — v W0)2(—2(Tn + 15)W +
r(Tn + 8)Wp).

(i) Gry1Gri2Gnis — Gy yg = — (Tn+15) (%)3n+6'

n

(iii) Hpp1Hny2Hpi — H2 3 =0.
(f) Vajda’s identity.

() WatmWatk — W Woimir = skm (2W; — rWo)? Hontmk—2-
(11) Gn+mGn+k - GnGn+m+k = %ka2n+m+k—2-

(iii) Hn+mHn+k - Han+m+k = O
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5 On the Recurrence Properties of Generalized

Fibonacci Polynomials

Now, we can propose a problem as follows: Whether and how can the generalized
Fibonacci (Horadam) polynomials W,, at negative indices be expressed by the

sequence itself at positive indices?

We present the following result which completely solves the above problem for

the generalized Fibonacci (Horadam) polynomials W,,.

Theorem 13. For n € Z, for the generalized Fibonacci (Horadam) polynomials,

we have

W, = (=1)"""ts™™(W, — H,Wp)
= —(=8)7"(Wn — H,Wp)
= (=)W, — H,Wy).

Proof. If the roots of characteristic equation (1.2) are distinct, then by using the

Binet’s formulas of W,, and H,, we get

(~D)" "W, = —(=s)"W_,

= —a"B"(A1a™" + A7)

= —(f"A1+a"Ay)
(Ara” + Agf") — (A1 + Ag)(" + )
Wy, — WoH,

=
W, = (=1)"""ts (W, — H,W).

and if the roots of characteristic equation (1.2]) are equal, then by using the Binet’s
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formulas of W,, and H,,, we obtain

(—D)"s" W, = —(—s)"W_,
= _a2n(D1 + D9 x (—n))a_”
— (W + L (W — aWy) X (—n))a"

a

= (Wi —a(n—1)Wy)a" ! — Wy x 2a™

= (Dl + D9y % n)a” — Wy x 2a"

= W,—-WyH,

W_, = (=1)"""tsT(W, — H,Wp).
This proves the theorem. O
Note that from the definition of H,, we obtain
H_, =(-s) "H,
ie, H_,, =(—s)""H, and so H,, = (—s)"H_,. Note also that
n 1 2
()" = 5 (H2 — Hop).

If we take W,, = H,, in Theorem [L3| and by using Gy = 0, we obtain

G_p=(-1)"""1 (G, — H,Go) = (1) " 1s"G,, = —(—5) "Gh.

W, = WoGn+1 + (Wl — ’I“W())Gn,
Hn = 2Gn+1 — ’I"Gn,

and

Wop = —(—8) " (Wy — H,Wo)
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we get
Won = —(=8)"(Wn — H,Wo)
= —(=8) "(WoGpny1 + (W1 —1Wy)Gy, — (2Gr41 — 7GR) W)
= (=s) "(WoGnt1 — W1G,).
By using Lemma [8| and Theorem [13| we obtain the following theorem.

Theorem 14. For n € Z, for the generalized Fibonacci polynomials, we have

(_1)n+1s—n ) )
Wy = 2Wy — 1 Wo)WoWai1 — (WE + sWE)Wy).
W s iy T TV oW = (W sIG)Wa)

6 Sum Formulas

In this section, we present sum formulas of generalized Fibonacci (Horadam)

polynomials.

6.1 The Sum Formula >} 2"W,k4;

The following theorem presents sum formulas of generalized Fibonacci (Horadam)

polynomials.

Theorem 15. Let z be a real (or complex) number. For all integers m and
J, for generalized Fibonacci (Horadam) polynomials, we have the following sum

formulas:

(a) If (—s)™22 — zH,, + 1 # 0, then

n ((=8)" 2z — Hm)zn+1Wmn+j + (=)™ Zn+1Wmn+jfm
+ Wj — (*S)m ZWj,m

k
Wikt j =
kZ_OZ ket (—s)m22 — zHp, + 1

(6.1)

(b) If (=8)™2% — 2H,, + 1 = u(z — a)(z — b) = 0 for some u,a,b € C with u # 0
and a # b, i.e., z=a or z =0, then
n (2(n+2) (=)™ — (n+ 1) Hpn) 2" Wigmn

Z SR i = +(=8)" (n+ 1)2"Winntj—m — (=)™ Wi-m .
e 2(—s)"z— Hp,

k=0
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(c) If (—8)™2? — zHy + 1 = u(z — ¢)? = 0 for some u,c € C with u # 0, i.e.,

z =c¢, then

(n+1) ((=5)™ (n+2)2" — nz""'Hy,) Winns
- +nn+1) (=) 2" " Wnticm
S Wy = (n+1)(=s) +i-m_
k=0

2(—s)
Proof.

(a) Note that if the roots of characteristic equation (1.2) are distinct, then

n n—1
z ka+j = ZnWmn_H‘ + z ka+j
k=0

k=0
n—1
_ ZnWanrj+Z(A1amk+j+z425mk+j)zk
k=0
((am)r -1 (B -1
= n . W RS A— Y R
2"Wonsj + A1 < Ty + A8 G 1 .

Simplifying the last equalities in the last two expression imply (6.1)) as
required. If the roots of characteristic equation ((1.2)) are equal, then the

proof is similar.

(b) We use (6.1). For z = a and z = b, the right hand side of the above sum
formula (6.1))) is an indeterminate form. Now, we can use L’Hospital rule.
Then we get (b) by using

n
2 : k

a ka+j
k=0

% (((7S)m z— Hm)zn+1Wmn+j + (7S)m zn+1Wmn+j—m + Wj - (*S)m ZWj_m)

L ((=s)m22 — zHpm + 1)

z=a

(2(n+2) (=8)" = (n+ ) Hm) 2" Wjtmn + (=8)" (n+ 1) 2" Wingj—m — (=)™ Wj—m

2(—=8)"z—Hpm
(a(n+2) (=)™ = (n+ DHm)a"Wipmn + (=8)" (n+ 1)a" Winntj—m — (=5)" Wj-m
2(—=s)"a—Hnm
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and

zn: b Wikt 5
k=0

L (=)™ 2 = Hu) 2" Winnyj + (=) 2" Wnnajom + Wy — (=5)™ 2Wj_m)
4 ((—s)m22 — 2H,, + 1)

(2(n+2) (=5)" = (n+ D Hm)z"Witmn + (=8)" (n+ 1)2" Winntjom — (=8)" Wi-m
2(—=8)"z—Hn

(b(n+2) (=5)" = (n+ D Hp)b"Witmn + (=5)" (n + 10" Winnijm = (=5)" Wj—m
2(—s)™"b— Hp, '

(c) We use (6.1)). For z = ¢, the right hand side of the above sum formula (6.1))
is an indeterminate form. Now, we can use L’Hospital rule (twice). Then
we get (¢) by using

n
2 : k

C ka+j
k=0

L (=8)™ 2 = Hyn) 2" Wonngs + (=8)™ 2" Wonntj—m + Wy — (=8)™ 2Wj_m)
o ((—1)™m22 — zH,, + 1)

dz2 z=c
(n+1) ((=s)™ (n+2)z" = nz"""Hp) Winng; + n(n+1) (=)™ 2" Wintj-m
2(=s)" _
(n+1)((=s)™ (n+2)c" —nc" "Hpm) Winntj +n(n+1) (=)™ " " Winntjm
2 (_S)WL .
0

Note that (6.1)) can be written in the following form

n

k=1

(=)™ 2 = Hp) 2" Winpyj + (=8)" 2" Wonntj—m
(o ()" )W) — (=)™ W,

k
Winess =
Z © Wmktg (—s)m22 — zHp, + 1

6.2 The Sum Formula )} 2*W2, ..

In this subsection, we present sum formulas of generalized Fibonacci (Horadam)

polynomials. The following theorem presents sum formulas of generalized

Fibonacci (Horadam) polynomials in the case the roots o and § of characteristic
equation ((1.2) are distinct, i.e., 7% + 4s # 0.
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Theorem 16 (Distinct Roots Case). Suppose that the roots o and (B of
characteristic equation are distinct, i.e. 1>+ 4s # 0. Let z be a real (or
complex) number. For all integers m and j, for generalized Fibonacci (Horadam,)

polynomials, we have the following sum formulas:

(a) If (1 + (=s)?™22 — 2zHop)((—s)™2z — 1) # 0, then

91
Z Wakss = (25151 4 (ot — sdhm) (=) 02

where

Q= (7 4+ 4s)(—9)"z = D((—s)"" 2 — Hom)2"FIW2, o+ (7 +
45s) (—s)2m (=8)™z — 1)2""W2 mj T (r? 4+ 48)((—s)™z — 1)WJ2 —(r*+
4s) (=5)"" ((=s)m2—=1)2W2 42 (—s)! (W —sW§ —rWi W) ((—s)™" 2" —
1)(Hapm —2(—5)")z.

(b) If (1+ (=5)*™2% — 2Hop)((—5)"2 — 1) = u(z — a)(z — b)(2 — ¢) = 0 for some
u,a,b,c € C withu#0 anda#b+#c, i.e., z=a or z=0b or z =c, then

e Q,
Z Wonkts (r2 +45) (3 (—5)"™ 22 — 2 (=)™ (Ham + (—5)™)2 + Ham + (—5)™)

where

Q= (7 4+ A)(=9)" (=)™ 2z = Ham)2"T + ((—5)"z -
D((=5)"" (n+2) 2 = (n+ 1) Hap) "YWy i 4 (12 4 4s) (=8)°™ ((=9)™ (n +
2)z— (n+1)) "W+ (77 45) (—8) WP — (17 +4s) (—5)"" (2( =)™z~
1)W]2 2(—s)! (W — sWg — rWiWg) (2" (=)™ (n + 1) — 1)(Hap, —
2(- 8)m)

(¢) If (1+(—8)?m22 — zHopm)((—8)™2 — 1) = u(z — a)?(z — ¢) = 0 for some u,a,c
€ C with u # 0 and a # c, then if z = ¢, then

n Sz Q3
D Wik (r2 +45) (3(—5)"™ 22 = 2 (—8)™ (Ham + (—5)™)2 + Hapm + (—5)™)

where
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Q= (4 A)(—9)" (=92 = Ham)"™ 4+ ((—5)"z -
D((=5)"" (n+2) 2 = (n+ 1) Hap) "YW, 4 (r2 4 4s) (=5)°™ (=)™ (n +
2)z— (n+1)) ”ng Mt +(r?+4s)(—s )mI/V]2 (r?+4s) (— ) (2(—s)mz—
1)I/Vj2 2(—s) (W2 — sWZ — rWiWy)(z" (=)™ (n + 1) — 1)(Hapm —
2(—8)m)
and if z = a, then

szw2k+3 h

2(r2 4 4s) (=)™ (3(—=5)*™ 2 — (—s)™ — Hap)
where

Qy = (r2445)((—=5)>™ (n+3) (n+2) 22—z (=)™ (n4+2) (n+1) (Hapm+(—3)™)+
(n + 1) Hop)2" W2, 4 (12 + 45) (=5)*™ (n + 1)((2 + n) (=)™ 2" —
TOWE = 20r2 +4s) (=) WE L+ 2n (n+ 1) (=)™ (WP —

J
sWO — rWiWo) (Hopm — 2 (—s)™) 2" L.

(d) If (1 + (=s)*m2%2 — zHap,)((—5)™z — 1) = u(z — a)® = 0 for some u,a € C
with w # 0, i.e., z = a, then

"~ Q
k 5
Zz ngk+j = 3m /.92
6(—s)"" (12 + 4s)

where
Qs = (2 + 4)(n+1D)((=9)* " (n + 3)(n + 2)22 — n(=s)"(n +
2)(Hom + (—$)™)z + n(n — 1) Hyp ) 2" 2W2, i+ 1 (=5)"™ (r + 4s) (n + 1)

(n+2)(=s)" 2+ 1-n)2"" 2W73"m “mty +2(n—1)n(n+1) (—s)""* (Ham—
2 (—s)™)(WE — sWg — rWi Wp)z"

Proof.
(a) Note that

n—1 n
S @ = g (@™)" -1
am™—1

k=0

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 28-114



48 Yiiksel Soykan

and

n n—1
k1172 _ nyyr2 kyr72
EE:Z LV%MHj = < Van+j+_§£:z M@nk+j
k=0 k=0
n—1
_ 2 k43 k432 Kk
= 2"Whnt + Z(Alam T+ AgfMT )22

k=0
n—1 n—1
= Wiy, + AV Y (aMa)h + AFBY Y (5772)"
k=0 k=0
n—1

+2A1 Aya? 7 Z(amﬁmz)k.
k=0

Simplifying the last equalities in the last two expression imply (6.2)) as

required.

(b) Note that we can write (1 + (—5)2"2% — 2Hp,)((—5)™2z — 1) =0 as

(=" (2 = =y o + 1=

Solving this equation we find that

— — 1 2 2m
e = ]

2 = b= 2(_1s)2m (HQm —\/H3, - 4(—3)2m) ,

zZ3 = C=

If H2 —4(—s)?™ # 0, then a # b. We assume that b # c. We use (6.2)). For
z = a, the right hand side of the above sum formula is an indeterminate

form. Now, we can use L’Hospital rule. Then we get (b) by using

zn: ad"Ww2, = i ()
£ T T (52 48) (1 + (—5)2m22 — 2Hap)((—5)™z — 1))

zZ=a

The proof for the case z = b and z = ¢ are the same.
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_Hom 1
2(—s)2m =
If z = ¢, then the required result is obtained by (b). Now suppose that z = a.
We use . For z = a, the right hand side of the above sum formula
is an indeterminate form. Now, we can use L’Hospital rule (twice). Then

we get the required result by using

(c) IfHZ —4(—5)*™ =0,thena = b= . We suppose that a # ¢ =

- kw2 dzz (Ql)
Za mk+j T 42 o 2m 2 m
2oz (P 4+ 4s)(1 + (=5)?m2% — zHom ) ((—8)™2 — 1)) | __,
Hap,
(d) If H3 —4(—s)*" =0, then a = b = 2(_%) We suppose that a = ¢ =

_1 _ :
Dk We use |D For z = a, the right hand side of the above sum
formula (6.2) is an indeterminate form. Now, we can use L’Hospital rule

(three times). Then we get (b) by using

- kyrr2 _ dz3 ()
Za ka+j a3 2 om -2
25 (r2 +4s)(1 + (=8)*m2% — 2Hom ) ((—8)™2 — 1)) | __.
O
Note that (6.2]) can be written in the following form:
)
kyrs2 6
W
Zz mhk+j = (r244s)(1 4+ (—8)?m22 — zHop,)((—s)™mz — 1)
where
Qs = (2 4+ 4s)((=9)" 2 — 1)((=5)*"2 — Hop)""W2, o + (r* +

45) (=)™ ((=s)"z = D TWR, Ly — (7 + 48)((=9)" 2 — D(=9)™" = —
Hym)zW2 — (1 + 4s) (=5)*" ((=s)™z — VW2, 2 + 2(—s)) (W} — sW§ —
rWiWo)((=s)™ 2" = 1)(Ham — 2(=5)")z.

The following theorem presents sum formulas of generalized Fibonacci

polynomials in the case the roots a and [ of characteristic equation ([1.2|) are
equal, i.e., @ = (3 so that 2 +4s = 0.

Theorem 17 (Single Root Case). Assume that the roots o and B of characteristic
equation are equal, i.e., o = 3 so that r*> +4s = 0. Let z be a real (or
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complex) number. For all integers m and j, for generalized Fibonacci (Horadam,)

polynomials, we have the following sum formulas:

(@) if (=)™ z—1)>#£0, ie., 2 % (—s)™™, then

A7 P L S 6.3
kzzo mk+j ((_S)mz B 1)3 ( )
where
Q7 = (=)™ 2 = (=) 2 = 2(=)"™)2" W2, + (—=9)*" ((—9)™z —
W2,y + (5872 = DW= (=)™ (=8> = D22, +

2m? (—s)™ (W2 — sWE — rWiWo)((—s)™ 2™ — 1)z

(b) if (=)™ 2—1)>=0, i.e., 2= (—s)"™, then

n

kyxs2 _
S W2 = O
k=0

where

Qs = £ (=8) 7™ (n+1)(3ns (—s)" W2

~ Bs mn—m+j

1) (=s)? ™™ (W = sWE — rIWV, Wh)).

3s5(n—2)W?

2
ing —2men(n—

Proof. Note that

2m 2m
r4+vVr2+4s r—Vr2+4s
— ) (6.4

H2m :a2m+52m _ (

2

and if 72 + 45 = 0, then s = - = —a? and

Hop = 202™ = 2(—5)".

By using (6.4)), we see that

L (Han —2(=9)") m—1
Silir% (ot d5) =m?(—s) . (6.5)

(a) Use (6.5) and (6.2) (which is given in Theorem 16| (a)).
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(b) We use (6.3)). For z = (—s)~™, the right hand side of the above sum formula
(6.3) is an indeterminate form. Now, we can use L’Hospital rule (three
times). Then we get (b) by using

n d3

kyr72 dz3 (97)
N WE = - = Q.
k=0 / (f:?) ((_S) Z = 1)3 Z:(—S)im

Note that (6.3) can be written in the following form:

- 2 Q9
27 ks = (e
where
Qo = (=)™ 2 = D((=)"" 2 = 2(=)") W2, + (=)™ ()" -
DR,y = 2 ()™ ()™ 2 = (=)™ 2 = DWF = (=)™ ()™= -

1)2W2,, +2m? (=)™ 1 (WE = sWg — rWiWo)((—5)™ 2" — 1)z

6.3 The Sum Formula ),  2*W?, .

In this section, we present sum formulas of generalized Fibonacci polynomials.

The following theorem presents sum formulas of generalized Fibonacci
polynomials in the case the roots a and [ of characteristic equation are
distinct, i.e., 72 4 4s # 0.

Theorem 18 (Distinct Roots Case). Suppose that the roots o and (B of
characteristic equation are distinct, i.e., 7> +4s # 0. Let z be a real (or
complex) number. For all integers m and j, for generalized Fibonacci (Horadam,)

polynomials, we have the following sum formulas:

(@) If ((—8)3™2% — 2Hzp + 1)((—5)*™22 — 2(=8)™H,, + 1) # 0, then

izkw?) o \Ijl
S T 02 4 As)(=8)PR — eHy + 1)((=8)7722 = 2(=s) " Hyn + 1)
(6.6)
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where
Uy = (1® + 48)2" T (=s)"((=5)*"2% — (=8)"zHm + WS, 05 +
(r? 4+ 45)2" T ((=8)3"2 — Hz,,)((—5)3m22 — (—8)"2H,, + 1)I/V;3m_H (r? +

48)(—8)3mz((—s)>m22 — (—s)™zH,, + 1)1/1/;-3_m + (1% + 4s)((—s)>m2% —
(—s)"zH,, + 1)VV;’ + 32" (—8) MMt 2 ((—8)3™22 — 2Hapm + 1) (WE — sWE —
TWoW)Winntmai + 32" (—8)™T2mH 2 ((—s)3m22 — (—s)™2Hp, + 1) (WE —
sWE — rWoW 1) Winn—m4j — 32™(=8)™ T 2((—s)"™22H,y, — ((—8)™2Hyp, —

1) Hap ) (WE — sWE — rWoW1)Winntj — 32(—s)™ T ((—s)3m2% — zHsp, +
(W32 — sW§ — rWoW1) Wy — 32(—8)2™ 1 ((—s)3m2% — (—s)™2H,, +
1) (WE — sWE —rWoW1)W,_p +32(—8)7 ((—8)4" 22 Hy, — Hap ((—8)™ 2 Hp, —
1) (WE — sWg — rWoWy)W;.

(b) If ((—8)*™2% = 2Hm + 1)((=5)*"2" — 2(=8)"Hp + 1) = u(z — a)(z — b)(z —

¢)(z —d) =0 for some u,a,b,c,d € C and u # 0 and a # b # ¢ # d, i.e.,

z=aorz=>borz=corz=d, then

g
E kyx73 *2
2 W mk ] )

where

Uy = (r? + 4s8)(—5)3m2"((—5)>"2%(n + 3) — 2(—s)™(n + 2)H,, + n + 1)
W3 ey + (2 4 45) (=)0 (0 + 4)2° — (=8)™ ()" Hyn + Han)(n +
3)2% + (=8)™(Hm Hym + (=5)*™)(n + 2)z — (n + 1) Hypn)2" W3, o+ (r* +
45)(—8)°™(=3(—5)""2% + 2(=8)"zHm — YW, + (r* + 45)(2(—5)*"2 —
(—=8)"™ Hyy)W3 +3(—5)™" 74 ((—5)*™ (n+3)2° — 2(n+2) Ham +n+1) (W —
SWE —rWoW1) 2" Wnntmj +3(—s) ™ 245 ((—5)3™ (n+3) 2% — 2(—s)™(n+
2)Hypy +n+1)2"(WE — sWE —rWoW1) Winn—m+j +3(—8) ™" (—(—s)4™(n+
3)22Hyp, + 2(—8)™(n + 2)H3mHy, — (0 + 1) Hgp ) 2" (WE — sWE — rWoWy)
Winnj+3(—=8)™H (=3(=5)3m22 + 22 H3ppy — 1) (W2 — sWE —rWoW1) Wi +
3(—5)2" I (=3(—s)3m2% + 2(—8)"2Hyy — 1)(WE — sWE — rWoW1)Wj_p +
3(—8)7(3(=s)1"22Hyyy — 2(—8)™ 2 Hpy Hapy + Hap ) (WE — sWE — rWoWh)W;

and
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Ay = (r? + 4s)(4(=s)"m23 — 3(=s)*™((—=s)™H,, + Hzn)z® +
2(—8)™(2(=5)°" + HyHam)2 — ((—5)" Hyn + Hapn).

(c) If (—8)>™22 —2H3p+1)((—5)3m22 —2(=8)" Hypy+1) = u(z—a)?(2—b)(2—c) =
0 for some u,a,b,c € C and u # 0 and a #b # ¢, i.e., z=a or z =10 or
z=c¢, then if z =05 or z = c, then

g
k V3
ZZ WSkﬂ As

where

Uy = (r? +4s)(=s)""2"((=8)""2%(n + 3) — z(—=s)™(n + 2)Hpn + n + 1)
W sy + (77 4 48)((=8)%"(n + 4)2% — (=5)*™((=5)" Hm + Hzpm)(n +
3)2% + (=8)™(HmHam + (=5)*™)(n + 2)z — (n + 1) Hypn)2" W3, o+ (r* +
48)(—5)3"(=3(—s)3m2% + 2(—s)™2H,, — 1)W]3_m + (r? + 45)(2(=s)>™2 —
(=8)™ Hy ) W3 +3(=8)"" 7 H (=)™ (n+3)2% — 2(n+2) Hapn +n+ 1) (W —
sWE —rWoW1) 2" Winnsmj +3(—8)™ 2+ (= )3 (n+3) 2% — 2(—s)™(n+
2)Hypy +n+1)2"(WE — sWE —rWoW1)Winn—m+j +3(—=8) ™" (= (=s)4™(n+
3)22H,, + 2(—8)™(n + 2)HapHyy — (0 + 1) Hsp ) 2" (W2 — sW2 — rWoWy)
Winntj +3(—8)™ T (=3(—5)"22 + 22 H3p, — 1) (WE — sWE —rWoW1 ) Wit +
3(—8)2mHI(=3(—s)m22 + 2(—8)"2Hy, — 1)(WE — sWE — rWoW1)Wj_p, +
3(—8)7(3(=s)4"22Hyy — 2(—38)™ 2 Hpy Hapy + Hap ) (WE — sWE — rWoWh)W;

and

Ay = (2 4+ 4s5)(4(=s)m22 — 3(—s)*((—=s)"H,, + Hzp)z® +
2(—8)™(2(—5)?™ + HypyH3pm)z — ((—8)™ Hyy + Hap))

and if z = a, then

ki3 — ‘II4
kEOZ ka+j = 2(7,2 T 48)(—8)m(6(—8)5m22 — 32(—3)2m((_3)m m + Hzm)
+2(—s)*™ + Hy, Hsp)

where

Uy = (1?2 + 48) (=8> ((=5)*™(n + 3)(n + 2)2%2 — (=s)™z(n + 2)(n +
DHy + n(n 4+ 1))2" W3+ (12 + 4s) (=) (n + 4)(n + 3)2°
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— (=8)*(n + 3)(n + 2)((=8)"Hym + Hzm)z? + 2(—s)™(n + 2)(n +
1)(Hm H3m+( ) M) =n(n+ 1) Hap ) 2" W+ 2(r% + 4s) (=) (Hy —
3(—s)* M) Wi, +2(r? +4s)(—s)* "W + 3(—s)™" 74 ((—5)*™ (n+ 3) (n +
2)22—z(n+2)(n+1)H mn(n+1) (W2 —sWg —rWoWi) 2" Wnimj +
32" (=) H2mAT ((—5)3™(n + 3)(n + 2)2% — 2(—5)™(n + 2)(n + 1)H,, +
n(n+1))(WE—sWg —rWoW1)Winn—m+j + 32" (=)™ (=22 (—s) ™ (n+
3)(n + 2)Hy, + 2(—s)™(n + 2)(n + 1)HspmHy — n(n + 1)Hap) (WP —
sWE — rWoW1) Winntj + 6(—8)" (Hsy — 3(—s)3m2)(WE — sW§ —
rWoW1) Wi + 6(—8)>" 1 (Hyp, — 3(—8)2™2) (WE — sWE —rWoW1)W,_y, +
6(—s)™ 1 (3(—8)3™2 — Hap) Hy (WE — sWE — rWoW1)W;.

(d) IF ((=8)*™22 = 2Hipy 4+ 1) (—8)*™2% = 2(—8)™ Hy + 1) = u(z — a)*(z = b) = 0

for some u,a,b € C and u # 0 and a # b, i.e., z=a or z = b, then if z =,
then

v
} : kyy3 5
& mkdi = g

where

Us = (r? + 45)(—s)3m2"((—=5)*m22(n + 3) — 2(—s)™(n + 2)H,, +n + 1)
w3 mj T (r? 4+ 45)((—=8)%(n + 4)23 — (=) ((—8)™H,, + Hzp)(n +
3)2% + (=)™ (Hm Ham + (=5)*")(n + 2)2 = (n + 1) Ham)2"W5, + (1 +
45)(—5)>™(=3(=5)*m22 + 2(—s)m2zH,, — 1)Wf,m + (r? + 4s5)(2(—s)*mz —
(—=8)™ Hp )W +43(—s)"" 4™ ((—5)™ (n43) 2% — 2(n+2) Hap +n+1) (W7 —
SWE —rWoW1) 2" Winnsmj +3(—8)"" 27 (=)™ (n+3)22 — 2(—s)™ (n+
2)Hypy +n+1)2"(WE = sWE —rWoW1)Winn—mj +3(—8)™"H (—(—s)4™(n+
3)22Hy, + 2(—3)™(n + 2)Ham Hy, — (0 + 1) Hzp, ) 2" (WE — sWE — rWoWh)
Winntj +3(—8)™ 9 (=3(=5)3"22 + 22 H3p, — 1) (WE — sWE —rWo W1 ) Wi j +
3(—8)2mHI(=3(—5)%"22 + 2(=8)"2Hy, — 1) (WE — sWE — rWoW1) W +
3(=8)(3(=s)*™22Hy, — 2(—8)™2 Hpy Hspm, + Hap) (W2 — sW§E — rWoW1)W;

and

As = (1 + 4s)(4(=s)"m22 — 3(—s)*™((—=s)"H,, + Hzp)z? +
2(=5)"(2(—=8)*" + HpnHsm)z — ((=8)" Hpm + Hsm))
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and if z = a, then

k7 43
Z it = 6(r2 + 4s) (=s)>™ (4 (=5)*" 2 — (=)™ Hp — Ham)

where

Vg = (r2 + 45)(=s)>"(n + 1)((—=s)>"(n + 3)(n + 2)2% — 2(—s)"n(n +
2) H il — 1))272W3, o (2 + 48)((—)™ (1 + 3)(n + 2) (n + 4)2°
— (=8)*™(n + 3)(n + 2)(n + 1)((=8)"Hpm + Hzm)z> + (—s)"n(n + 2)(n +

1)(HHsy + ( $)2M)z — n(n — 1)(n + 1)Hzp)2"2W3 - — 6(r? + 4s)
(=)W + (=)™t (n + 1)((=5)*™(n + 3)(n + 2)2* — zn(n +
2)Hsp, +n(n— 1))(W —sWO —rWoW1) 2" 2Wontm+j +3(—s)™T2mH (n 4
D((=5)*™(n + 3)(n + 2)2* — 2(=s)™n(n + 2)Hy + n(n — 1))(W} —

sWE — riWoWp)z" 2Wmn_m+j + 3(—=8)™H (n + 1)(—22(=s)*™(n + 3)(n +
2)Hp, + 2(—8)™n(n + 2)HspmHy — n(n — 1) Hsp) (W2 — sWE — rWoWy)
2 Wt g — 18(—8) T (W2 — sWE — rWoW1) Wiy j — 18(—s)5™H (W —
SW02 — rWoW)Wj_p, + 18(—s)*m i H,, (W2 — sVVO2 — rWoWr)W;.

(e) If ((—s)*m22 — 2Hgp + 1)((—8)3"22 — 2(=8)"Hy + 1) = u(z — a)* = 0 for

some u,a € C,u #0 i.e., z=a, then

Z Wk o 6
iT 24(r2 + 4s) (—s)™™

where

W7 = (r* +4s)(=5)*"n(n+1)((=5)*"(n+3)(n +2)2* — 2(—s)"™(n — 1)(
2)Hy+(n—1)(n—2))2"3W3 +(r?24+48)(n+1)(23(—s) (n+4)(
)

3 3
+ +

mn— m+J
3)(n+2)—22(=s)*"n(n+3)(n+2)((—8)™" Hy + Hzpm) +2(—8)™n(n—1)(n+
2)(Hp HamA-(—5)*™) =n(n—1)(n—2)Hp ) 2" W3, 43(—s)"" " Hn(n+
1)(2*(=5)*™(n + 3)(n + 2) — 2(n + 2)(n — 1) Hzm + (n — 1)(n — 2))(W} —
sWE — rWoW1) 2" 3Wnimys + 3(—=s)™ T2 in(n 4+ 1)(22(=s)*"(n +
3)(n + 2) — z(=s)™(n + 2)(n — 1)H,, + (n — 1)(n — 2))(WE — sWg —
TWoW1) 2" 3 Wnn—m+j +3(—=8)™Hin(n+1)(—=22(=s)™(n+3)(n+2)Hy, +

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 28-114



56 Yiiksel Soykan

2(—=8)™(n +2)(n — 1)HspmHpy — (n — 1)(n — 2)Hap)(WE — sWE — rWoWy)

-3
Z" Wmn+_7

Proof.

(a) Note that

i
L

kyx73
z ka+j

_ (Alamk—‘rj + A2Bmkz+j)32k

3 =
= O

e
Il
o

n—1 n—1
— A?a?;j E :a3mkzk +Agl83j§ :B3mkzk
k=0

k=0
n—1 n—1
+3A41 4307 87 Y " PR 4 3AT Aga® BTy T o g
k=0 k=0
Cfadmnan 1 ) 3mn,n _ 1
= Al <a3mz — ) + A3p% (Bﬁgmz 7 )
(_S)mnﬂmnzn _ 1 (_S)mnamnzn o 1

+3A,1A%(—s) 37 + 343 As(—s) o?

(=s)mpmz —1

(—=s)mamz — 1
Simplifying the last equalities in the last two expression imply as

required.

(b) We use . For z = a, the right hand side of the above sum formula (6.6]
is an indeterminate form. Now, we can use L’Hospital rule. Then we get

(b) by using

n
Zakwgmﬂ
k=0
_ = (1)
A (12 4 45)((—8)3m22 — zHzp, + 1)((=8)*" 22 — 2 (—=5)" Hy, + 1) o
= 3

The proof for the case z = b, z = ¢ and z = d are the same.
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(c) If z = b or z = ¢, then the required result is obtained by (b). Now suppose
that z = a. We use . For z = a, the right hand side of the above sum
formula is an indeterminate form. Now, we can use L’Hospital rule

(twice). Then we get the required result by using

n
Zakwr?mk—i-j
k=0
d2
_ 72 (1)
B (r2 4 48) ()P — 2Han + (=)™ 22 = 2 (=5)" H + 1) _,
U3

2(r% + 45)(=5)"™(6(—5)""2" — 32(—5)" ((—8)" Him + Hsm)
+2(—8)*" + Hp Hsp)
(d) If z = b, then the required result is obtained by (b). Now suppose that z = a.
We use . For z = a, the right hand side of the above sum formula
is an indeterminate form. Now, we can use L’Hospital rule (three times).

Then we get the required result by using

n
ZangLk+j
k=0
_ £ ()
Lr(r? + 48)((—9)3m22 — 2Hap + 1)((—8)"" 2% = 2 (=) Hp + 1) |__,

Uy
6(r2 + 4s) (—s)>™ (4 (=5)>™ 2 — (=)™ Hy, — Hap)

(e) We use (6.6). For z = a, the right hand side of the above sum formula is
an indeterminate form. Now, we can use L’Hospital rule (four times). Then

we get the required result by using

n
> d" Wi
k=0
- %4(\1/1)
N %(ﬁ +45)((—$)3m22 — zHsy, + 1)((—3)3m 22— z(—=s)" Hp +1) z=a
Uy

24(r2 + 4s) (—s)""
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Note that can be written in the following form:

- kyy73 Vs
Z y4 ka+j = 3
— (r? 4+ 45)((—s)>m2% — zHzm + 1)((—s)"™ 22 — 2 (—s)" Hp, + 1)

where

Vg = (12 4 48) 2" (=5)3"((—8)3m22 — (=8)™2H,, + 1)W3 mtj + (r? + 4s)
(=) — Hsm)((— et = (=s)"zHm + DWh = (1P +
48)(—s)3mz((—s)3m22  — (—s)"zH,, + 1)ng_m + (4s + ) (Hzpm -
(—8)3"2)((—s)%m22 — (—8)™zH,, + 1)2'I/V]3 + 327 (—s)mntmtiz((—s)3my? —
zHsym + V(W2 — sWE — rWoWi)Winimy; + 327 (—s)mnt2mti
2((=s)"m2? = (=8)"zHp + DWF — sW§ — rWoWi)Winnma;
32 (=)™t 2((=8) 22 Hyy — ((—8)"2Hy — 1)Hgp)(WE — sWE — rWoWh)
Winn+i — 32(=8)™((=s)>m2% — zHs, + V(WP — sWE — rWoW1)Witj —
32(—8)?MHI((—s)3m22 — (=8)™zH,, + 1)(W — sWg — rWoW)W,_p +
32(—8)/ ((—8)4™22Hy, — Hap((—8)"2Hy, — 1)) (WE — sWE — rWoW1)W;.

The following theorem presents sum formulas of generalized Fibonacci
polynomials in the case the roots a and [ of characteristic equation are
equal, i.e., @ = 3 so that r? + 4s = 0.

Theorem 19 (Single Root Case). Assume that the roots o and 3 of characteristic
equation are equal, i.e., o = 3 so that > +4s = 0. Let z be a real (or
complex) number. For all integers m and j, for generalized Fibonacci (Horadam,)

polynomials, we have the following sum formulas:if (z (%)3m —1D*#£0, ie, 2 #
r\—3m

(5) , then

v
Z k: k’—i—j (Z (;)3’!’2 B 1)4 (6.7)

Wy = ((z(5)™™ — DDy + Da(mn + 5)) (5)™ )3 + (Di(= (g)?”” -
DEE)TY - (5)Y) + DIPE)Y - )T EE™ME -
m)3 — z(%)g’m( 6j2m + 353 + 4m3) — 3jm? — 35°m + 35° — m3) +
"(%)3mn+3y (z (%)Sm( 3jm? — 35°m — 3m3n — 3m3n? + 3m3n® + 353
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—652m — 6m3n? + 3m3n3 + 353 +
5)™" (j —m - mn)? — (j +mn)) +
3D1Da(= (5)"" = D(Di(= (5)™" =1 (5)7 = (5)""" (G-m)e+(5)"" (—j=
mn -+ z (%)3m (j —m~+mn))z") + Da(—j2 (%)3j + (%)3m+3j (—2jm +25%2 —m?)z —
(%)6m+3j (j—m)?2* + (%)3mn+3j (m2n?+ 524+ 2jmn—z (%)3m (—2m?2n+2m2n? —

2im + 252 — m? + 4jmn) + 22 (%)Gm (j —m +mn)?)z"))).

Proof. Note that

n—1 n—1
S AW = (D1 4 Dy(mk + 7))a™*+9)3 2%
k=0 k=0
n—1
_ (D:Isa3mk+3jzk +D§(mk+j)3a3mk+3jzk)
k=0

—

+ ) 3D1Do(mk + j) (D1 + Da(mk + j)) o* " 5725,
k=0

Simplifying the last equalities in the last two expression imply (6.7) as required.
O

6.4 The Sum Formulas Y ;_, 2*W} and >_;_, kz*W, via Generating
Functions

o0
Next, we give the ordinary generating function > z"W,u"™ of the sequence

n=0
{z"W,}.

n

o0
Lemma 20. Suppose that f.nw, (u) = > z"Wyu™ is the ordinary generating
n=0

o0
function of the sequence {z"Wy}n>0. Then, Y 2"Wyu" is given by
n=0

> Wi Wi —rW,
S Wt = 0+ 2(W1 —rWo)u (6.8)

1—rzu — sz2u?

n=0

Proof. Note that
2"Wy = 2" (rWh—1 4+ sWy_2).
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Using the definition of generalized Fibonacci numbers, and substracting

rzud o0 o 2" Whu™ and sz?u? Y00 2" Wu from Y 00 o 2"W,u™, we obtain

oo
(1 —rzu — s2’u?) Z 2" Wyu'

n=0
o0 o o0
= g Z"Wou —rzu E 2Wou — s22u? E 2"Wu”
n=0 n=0 n=0
[o.¢] o0 o
= E 2"Wou —r E Wt — s E 22U

[o.¢] oo o
= g 2"Wout —r g Z"Wh_1u" — s g 2" W_au™
n=0 n=1 n=2

= (Wo+ z2Wiu) — rz2Wou + Z 2"(Wy — W1 — sWy_9)u"
n=2

= Wyo+ Z(W1 — TW())U.
Rearranging above equation, we obtain . O
Lemma, [20] gives the following results as particular examples.

o0 o0
Corollary 21. Generating functions > z"Gpu™ and > z"Hyu™ are

> 2U
E Z"Gphu" = 2 27
1—rzu— sz?u
n=0
o0
n n 2 —rzu
E z nu = 2.9
1—rzu— sz?u
n=0

respectively.

The following theorem presents some sum formulas of generalized Fibonacci

(Horadam) polynomials with positive subscripts.

Theorem 22. Let z be a nonzero complex (or real) number. Let

Sn = i Zka.
k=0

Then we have the following properties.
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(a) If1 —rz—s22#0, then

Wo + z2(Wy — rWWy) B 2QW1822 + 2Wosz + Wirz — Wyrsz2

Sp = "G

" 1—rz—s22 2(1 —rz — s22) =
Wiz + Wosz? S,
2(1 —rz — s22)
O(2)
= 6.9
2(1 —rz — s22?) (6.9)
where

O(2) = 2(Wo + (W1 —rWo)z) — (s@Wy —rWo)z + (rWy + 25Wp)) 2" T G, —
(W1 + s2Wo)2" 1 H,.

(b) If 1 —rz — 382> = u(z — a)(z — b) = 0 for some u,a,b € C with u # 0 and

a#b, ie,z=aorz=Db, then

__ 61(¥)
Sn = —2(r + 2sz2)

where
O1(z) =2(W1 —rWo) + (—(r +nr + 4sz + 2nsz)Wh + s(—2n+ 2rz + nrz —
2)Wy)2"Gy — 2" ((n 4+ 1)Wh + sz(n + 2)Wy) Hy,.

(c) If 1 —rz—s22 = u(z — c)? = 0 for some u,c € C withu # 0, i.e., z = c, then

O2(2)

Sn = 4s

where

O2(2) = (n+1)((nr+4sz + 2nsz)Wi + s(2n — 2rz —nrz)Wo)2" LGy, + (n+
1) (nz" "Wy + s2"(n + 2)Wo) H,,.

Proof.
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(a) Note that using generating functions, we get

oo
> S
n=0

1 Wy+ Z(Wl — TW(])U
1—u 1-—rzu— sz2u?
Wo + Z(W1 — TWO) 1
1—rz—s522 1—u
QW1 522 + 2Woysz + Wirz — Worsz? U
a 2(1 —rz — s22) 1 —rzu— sz2u?
Wiz 4+ Wysz? 2 —rzu
C2(1—rz—522) 1 — rau — s22u?

- W0+z W1—7’W0
1—rz—s2? Zu

_2W13z + 2Wosz + Wirz — Worsz? i Gu”

2(1 —rz — s22) =
_ Wiz + Wosz> izn nu”
2(1 —rz — s22)
n=0
= (W + 2(Wy —rWo)  2Wis2? + 2Woysz + Wirz — Worsz?
> o8 S,
1—rz—sz 2(1 —rz — s2?)

n=0
Wiz + Wosz? S
2(1 —rz —s2?)

Comparing on both sides leads to (6.9)).

(b) We use (6.9). For z = a and z = b, the right hand side of the above sum
formula is an indeterminate form. Now, we can use L’Hospital rule.

Then we get (b) by using

n d
£0(z)
Zaka: P 5 dz ( 2
P z2A—-rz=s2?)| _
and similarly
#£9(2)

k
Zb Wi = d(2(1—rz—822))

dz

z=b
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(c) We use (6.9). For z = ¢, the right hand side of the above sum formula
is an indeterminate form. Now, we can use L’Hospital rule (twice). Then

we get (c) by using

n d?
2-0(z

chWk =z iz90) 2

=0 25201 — rz — s22))

dz?

O]

The following theorem presents some sum formulas of generalized Fibonacci

(Horadam) polynomials with positive subscripts.

Theorem 23. Let z be a non-zero complex (or real) number. Let

Y, = Z k2Fw.
k=0
Then

(a) If1 —rz—s22#0, then
2(1—rz —522)0'(2) + 2(r + 252)0(2)
pu— -1
Yo 2(1 —rz — s22)?2 (6.10)
Ay
2(1 —rz — s22)2
where O(z) is as in Theorem (a) and ©'(2) denotes the derivative of ©(z)

with respect to z, and

Ay = 22((s2%41) Wi —s2(rz—2)Wo)+((2ns?z3+rsz?+3nrsz+nr?z—2nsz—
4sz—r—nr)Wy—s(nrsz3 +2s22 41222 —2ns2? +nr?22 —2rz —3nrz+2n+2)
Wo)2" MG, + ((ns2? — 522 +nrz —n — )Wy + sz(nsz2 +nrz —n +rz —
2)Wo)z"TL1H,.

(b) If 1 —rz — 382> = u(z — a)(z — b) = 0 for some u,a,b € C with u # 0 and
a#b, ie,z=aorz=Db, then

489(2) + 252@/ (Z) — (4822 +3rz — 2) @”(Z) + Z(]_ s 522)9///(2)

Y =
" 4 (=254 65222 + 12 + 6rsz)

Ay
4 (=254 65222 + 12 + 6rsz)
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where ©"(z) and ©" (z) denote the second and third derivatives of O(z),

respectively, with respect to z, and

Ao = 1252W71 —4s(3rz—2)Wo+ ((—nr(n+1)2+2((n+2)(n+1)(nr® —2ns —
48)+52(n+3)(2n%s2+3n%r+8nsz+Tnr+2r)) ) W1 +s(—2n(n+1)2+2(r(3n+
2)(n+2)(n+1)—2(n+3)(n%rsz+3nr? — 2n%s +n%r? +dnrsz — 2ns +2r2 +
45)) ) Wo)2" LGy + ((—n(n +1)? + z(n + 2)(n®r + n?sz + 2nsz + nr — 3s2))
Wi + sz(—(n + 1)(n + 2)2 + 2(n + 3)(n?sz + n?r + 4nsz + 2r + 3nr))Wy)
2" IH,,.

(c) If 1 —rz—s22 = u(z — ¢)? = 0 for some u,c € C withu # 0, i.e., z = c, then

" 1111

—4(2r +5s2)0 (2) — (10s2% + Trz — 4)0
4852

Y, — (2) + 2((1 —rz — 522)0"" (2)

A3
1252

mr

where ©" () and ©"" (z) denote the fourth and fifth derivatives of ©(z),
respectively, with respect to z, and
Az = 272(((nz"(2r +552)(n+ 1) (=71 + nr + 4sz + 2nsz) + 546212(630s223 +
187122 +760rs2% — 45052 — 1547) ) W1 +s(nz"(n+1)(2n — 2rz —nrz —2)(2r+
5sz) —546212(315rs23 — 4405822 4+ 2700222 — 59972 + 308) ) Wo) G, + ((n2"(n —
1)(n + 1)(2r + 5sz) + 60062'2(20s2% + 17rz — 14))W; + sz(nz"(n + 2)(n +
1)(2r + 5sz) + 245702'2(7s2% + 612 — 5))Wy) Hy,).

Proof.

(a) We know from Theorem [22] that

Sn = szWk = 2( @(Z)

1—rz—s2?)

O(z) = 2Wyo+ (W1 —rWy)z) — (s(2Wy — rWy)z + (rWy + QSWO))Z”+1Gn
— (W1 + s2Wp)2z""1H,,.
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By taking the derivative of the both sides of the above formulas with respect

to z, we get

1.e.

2(1 =1z — 522)0'(2) + 2(r 4 252)0(2)
2(1 —rz — s22)?

2(1 —rz —s22)2°

(b) We use (a). For z = a and z = b, the right hand side of the above sum
formula |6.10)) is an indeterminate form. Now, we can use L’Hospital rule
(twice). Then we get (b) by using

n Li(z(l —TZ—822)@/(Z> —|—z(r+282)@(2))
Y, = Y kd'w, = & 2
kZ_O k 4 (2(1 — rz — 522)2)

dz22
450(a) + 25a0'(a) — (4sa® + 3ra — 2) 0" (a) + a(l — ra — 5a%)©
4(—2s 4+ 6s%2a2 4+ r?2 + 6rsa)

zZ=qa
"

(a)

Ay
4(—2s+ 6s%2a2 + r?2 4 6rsa)

and similarly

Y, = Zn:kaka
k=0

450 (b) + 2560’ (b) — (4sb? + 3rb — 2) O (b) + b(1 — b — 5b*)©" (b)
4 (—2s + 65262 + 12 + 6rsb) ‘

(c) We use (a). For z = ¢, the right hand side of the above sum formula [6.10)) is
an indeterminate form. Now, we can use L’Hospital rule (four times). Then
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we get (c) by using

v, — z": ka1, — %(z(l — rz('#— 522)0 (2) + z(r + 252)0(2))
Py Z(2(1 —rz — 522)?) e
_ —4(2r +5s2) 0" (2) — (10522 + Trz — )0 (2) + 2(1 — rz — s22)0"" (2)
B 4852
= oo

O]

7 Matrices associated with Generalized Fibonacci

Polynomials

Matrix formulation of W,, can be given as

B e
W, 1 0 Wo

We define the square matrix A of order 2 as:

(1)

such that det A = —s. From (1.1)) we have

C)-Goten) e
Wn 10 anl

and from (7.1)) (or using ([7.2)) and induction) we have

)-GO

Note that (7.2) can be written in the following form

(e w )= (5 ) (o i)'
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where T stands for the transpose of the vector.

If we take W,, = G,, in (7.2)) we have
Gn Gn
L I . (7.3)
Gy, 1 0 Gn_1
Bn _ Gn+1 SGTL ,
Gn SGn_l

C’n, - ( Wn+1 SWTL ) .

We also define

and

Wn Sanl

In the next theorem, we find the Binet’s formulas of W,,, G,, and H,, by matrix

method with other results.

Theorem 24. For all integers m,n, we have

(a)

(i) B, = A", i.e.,

r s n_ Gpr1  sGp
1 0 B Gn Sanl ‘

(ii) if r® +4s #0, i.e., a # 3, then

r 2s r s n_ Hyy1  sHy,
2 —r 10) \ H, sH,, )’

and if r?> +4s =0, i.e., a = f3, then

n
ros _ = (n+1) Hypq —sanH,
10 2H, —ta(n —1)Hy
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(iii)

0

_ (=W +rWo)Wyi1 + sWoW, s(WoWny1 — WilWy)
WoWpp1 — WiW, W1 Wyt + (rWy + sWo)W,

(—W2 + sWE + r Wi Wo) ( I s )

where

Wo Wh
W1 T’Wl + SWO

Wo Wi

—W2 4+ sWE 4+ rWoW, =
1 0 0vv1 W, W

(b) C1A™ = A™CY.

(C) Cn+m = Can = Ban

(d)
(i) The Binet’s formula of W, is
W1 — ﬁWO W1 — OéWQ . R
o PV on_ L 7"V oon D
W, — P o P 8™ . if a# B (Distinct Roots Case) .
(Wi —a(n—1) Wy)an—? . if a =P (Single Root Case)
(ii) The Binet’s formula of Gy, is
of = " f a # [ (Distinct Roots Case)
, ifa istinc ase
G, = a—f .
na®~ ' | ifa=p (Single Root Case)
(iii) The Binet’s formula of H,, is
Ho— a4+ p" , if a # B (Distinct Roots Case)
" 2a™ , if a = p (Single Root Case)
Proof.
(a)
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(i) We use induction on n. First we assume that n > 0. For n = 0, we get

1 0 i G1 SGO
0 1 B Go SGfl

which is true because Gy = 0,G; = 1,G_1 = % Suppose that the
relation holds for all £ with 0 < k£ <n. Then

n+1 n
r s B r s ros\ Gpy1  sGp r s
10 \10 10) \ G sG. 10
B rGni1 + $Gpn  $Gry1
B rGn + sGn-1  sG,,

B Gny2 sGnyt
Gn+1 sGp,
For n < 0, we use induction on v = |n| = —n. For v = 0, the relation

already been verified. Assume now that it holds for all v with 0 < v <

|n|. Then
—(n+1) —n—1 -n -1
r s N r s N r s r s
(1 o) B 10) (1 o) (1 o)
G7n+1 San 0 1
G G, )\ L1 -

(G G —rG,
a G—n—l G—n - TG—n—l
< Gon G _p )

G—n—l SG—n—Q

G—(n+1)+1 5G—(n+1)
Gf(n+1) 3G—(n+1)71

which completes the proof by using induction.

Note that proof of the case n > 0 can also be given as follows.
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By expanding the vectors on the both sides of ([7.3) to 2-columns and
multiplying the obtained on the right-hand side by A, we get

B, = AB,_1.
By induction argument, from the last equation, we obtain
B, =A""1'B.

But By = A. It follows that B, = A™.

(ii) First we consider the case 72 + 4s # 0, i.e., a # 3. Note that since
(4s +1%)Gy, = 2H 41 — rH,,, we have

(45 +1°)G, = 2H,41 — rH,y,
(4s + r2)Gn+1 = 2Hpy9—rHy1 =rHpy +2sHy,
(4s + 7“2)an1 = 2H,—rH,1=2H, — i(I_IT“LJrl —rHy),
S
Hn+1 = rH,+sH,_1=>sH,_ 1= Hn+1 —rH,
=
1
Hy, 1 = ;(Hn—i-l - an)7

so from (a) we get

()

1 rHp+1 + 2sHy, s(2Hp4+1 — rHy)
R ( 2H, 1 —rH, s(2H, — "(Hpy1 — rH,)) )
1 rHp+1 + 2sHy, s(2Hp4+1 — rHy)

T 214s ( 2H, 1 —rH, s(2H, — "(Hpp1 — rH,)) )

-1
r 2s r 2s
X
2 —r 2 —r
-1
B H, sH, r 2s
H, Hpy1 —rH, 2 —r
-1
B H,.1 sH, r 2s
B H, sH,_1 2 —r
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and so
r  2s T S n_ H,.1 sH,
2 —r 10/ \ H, sH,: )

Note that the proof of the case 72 +4s # 0 can also given by induction.

Now we assume that 2 4+ 4s = 0, i.e., « = . In this case we have

r
57
s = —a2

and from 1' we get Hy11 = aHy, ie., H, = éHnH = % n+2 and

so H,_1 = éHn = éHnH. We also have

2
H 41w = o"H_ 1,
H., = aH_,,
H 1 = aH_p 9,

H., = o*H_, .

s\ B 21a (n+1) Hyp1 —%omHn
10 $2H, —la(n—1)H,1 |

Firstly, we suppose that n > 0. For n = 0, we get

10\ (5H 0
o1) \ 0o laH,

which is true because Hy = r = 2a, H 1 = — = —_2—52 = % Suppose
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that the relation holds for all £ with 0 < & < n. Then

>n+1

B 5 (n+1) Hypa —sanH, 200 —a?
t2H, —sa(n—1)H, 4 1 0
1)

_ (n+1)Hyy1 — snaH, —ia(n+1)H,4
H, — %a

nHy, (n—1)Hp—1 —%naHn
- n+1 .
%( . )H(n+1) —sa((n+1) = D Hpi1y—1

which completes the proof by using induction in the case n > 0. Now,
for n < 0, we use induction on v = |n| = —n. For v = 0, the relation
already been verified. Assume now that it holds for all v with 0 < v <
|n|. Then

[+ D H oy —ga(=(n+ 1) H ()
%7(T1)H—(n+1) _%O‘(_(" +1) = DH_(n11)-1

which completes the proof by using induction.

(iii) Note that since (—W? + sW@ + rW1Wy)Gp, = WoWyi1 — W1 W, and
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Whpt1 =W, + sW,,—1 we have

(=WE+ sWE +rWiWo)Gry1 = (W1 +1Wo)Whpq + sWoW,,
(W2 + sWZ +rWiWo)Gpy = lpme@H;%wwq+swquy
Whe1 = ;Wn—&—sWn_l
=
sWpo1 = Wpp —rWy
=
1

Wn—l

E(Wn—l-l - TWn),

so from (a) we obtain, if (=WZ3 + sW§ + rW1Wp) # 0,
ros )
10

N Gn+1 sGy,
Gn SGn_l

1
(—Wf + SW02 + T‘W1W0)
" (=W1 4+ rWo)Wyp1 + sWoW, s(WoWpp1 — WiWy)
WoWni1 — Wi, ~WiWyi1 + (rWh + sWo) W,

Note that if —W2 + sW§ + rWoW; = 0, then the claim in (iii) is true
for all n because in this case we have

W1 —rW,, sW,

W, 4% Wo W
—W2 4 sWE+rWoW, = 0 ! A ey
Wi rWi+sWy Wy Wy
Wo 147%]
Wi+ rWo)Wyiq + sWoW,, = =0,
( ' O) i 0 W7L+1 SWn + TWn—f—l
Wy W
4mmwmm)s|0 'l=o,
Wn Wn+1
Wo W
%mwmm|° b=,
Wn Wn+1
W, 4%
—WiWoi1 4+ (P Wy + sWo)W,, = | 0 'l=o.
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So there is no need to restriction on —WE + sW§ + rWoW; whether

it is equal zero or not. This completes the proof.

Note that proof can also given by induction.

(b) Using (a) and definition of C, (b) follows.

(c) We have

AC, | — T S W,  sWh_1
10 Whno1 sWh_o
B ( r Wy, + sWy_1 Wy_982+1rW,_1s )

=C,
Wn SWn—l

i.e. Cp, = AC,_1. From the last equation, using induction we obtain C,, =
A"1C1. Now

Cner = An+m_101 = An_lAm01 - An—lclem = Can

and similarly
Chntm = BnCh.

b
(d) First, we give some remarks. If a,b,¢,d € R and M = ( “ J ), then we
c

have the following results:

e Eigenvalues of the matrix M are \; = 3a+ 3d+ 3+/(a — d)? + 4bc and
Ao =1ta+3d—3\/(a—d)?+4dbe.

o If (a —d)? +4bc # 0, i.e., A\; # A2, then

AT AT AT AT
n 1 2 1 2
no _ AT+ (a = A1) X=x3 bX=x5
M= A -ap AL-ap
n
X1 —%o AT+ (d=21) x=x3
_ 1 a(A = AB) = A Ao (AT A2 bOAT — D) ) )
A1l — Ao c(A} = AB) AT = AB) — At Ao (AT — A2 Th

o If (a —d)? +4bc = 0, i.e., A\; = A, then

o [ AT At (@ — ) bn A}t '
en A\t AT 4N (d = \y)
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If we modify this results to our case, we get

o If r2 445 #0, i.e., a # f3, then

A — r s " _ 1 antl — gntl —af(a™ — g")
10 a—pf a™ — g" —af(a™t — g '

(7.4)

o If 12+ 45 =0, i.e., « = f3, then
n
a7} o e —nath (7.5)
1 0 na"” —(n—=1)a"
(i) Suppose first that 72 + 4s # 0, i.e., @ # B. Then, by comparing (7.4))

and (a) (iii), we obtain

an+1 _ BR—H
(=W + rWo) Wyt + sWoW,, = W(—Wf + sWE 4+ rWi W),

an_ﬂn
a—p

Solving the above simultaneous equations with respect to W, and

WoWni1 — WiW, (=W2 4+ sWE + rW Wo).

W1, we get
1
W, = o—7 (a”Wl — B"W1 + aa™ Wy — 88" Wy — ra" Wy + T‘ﬂnWO),
1
Wit — 3 (aa”W1 — BB" W1 + sa" Wy — SﬁnW()).

Using the fact
a+pB=r=a=r—0, [f=-r+a,

we get

Suppose now that 72 + 4s = 0, i.e., @ = 3. Then, by comparing (7.5))

and (a) (iii), we obtain

(=W + W)Wt + sWoW,, = (n+1)a™(—=Wi + sWg + rWiW),
WoWni1 — WiW, = na" Y(=WE+ sWE +rWWp).
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Solving the above simultaneus equations with respect to W, and W, 11,

we get
W, = é (aa" Wy + na" W1 + naa" Wy — nraWy) ,
Wpi1 = é (W1 + naa" Wi + nsaWy) .
Then, using r = 2a, we get
Wy = (W1 —a(n— 1) Wy)a™ L.

(ii) Just compare the matrices in (7.4) and (7.5) with matrix in (a) (i) or
take Wy, = G, in (i).

(iii) Just compare the matrices in (7.4)) and (7.5) with matrices in (a) (ii)
or take W,, = H,, in (i).

Some properties of matrix A™ can be given as
A" =AML 4o g A2

and

and
det(A") = (—s)"

for all integers m and n.

Theorem 25. For all integers m,n we have
Wn+m = WnGm+1 + SWn_le. (76)

Proof. From the equation Cpyn, = Cp By, = BnCy, we see that an element of
Cr4m is the product of row C, and a column B,,. From the last equation we

say that an element of Cj,, is the product of a row C,, and column B,,. We
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just compare the linear combination of the 2nd row and 1st column entries of the
matrices Cyp4pm and Cp, By,. This completes the proof.

Proof can also be given by using induction as follows. For m > 1 and m < 0,
we proceed by induction on m. First we assume that m > 1. For m = 1, is

true because we have, by definition of W, and the values G; = 1,Gs =,
Wipi1 =Wy, + sWy_1 = W,Gae + sW,,_1G1.

For m = 2, ([7.6) is true because, we get again by definition of W,, and the values
Gy =1r,G3 =5+1r2,

Whio = m™Whp1 +sWy =r(rW, + sWy—1) + sW,, = (s + 7“2)Wn 4+ rsWp_1
= W,Gs3+ sW,_1Gs.

Suppose now that (7.6 holds for all m with 1 < m < k+ 1. Then, by assumption,

for m = k and m = k + 1, we have, respectively,
3Wn+k = S(WnGkJrl + SWn—le)7

and

™Whtk+1 = r(WyGrpo + sWy_1Gjp1).

By adding up these two equations, we get
"Whtkt1 + SWahpr = r(WnGryo + sWin_1Grpr) + s(WyGrg1 + sWi_1Gi),
i.e.,

Whtkt2 = Wy (rGigo + sGiq1) + sWy—1 (rGrp + sGy)
= WnGk+3 + SWn—le+2

which yields the (7.6]) for m =k + 2.
Now, if m < 0, then we proceed by induction on |m| = —m = v. For v = 0,
that is m = 0, ([7.6]) is true because

Wy = W,G1 4+ sW,_1Go
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where Gy = 0 and G; = 1. For v = 1, that is, m = —1, (|7.6]) is true because
Whno1 = W,Go + sW,_1G_1

where Gg =0 and G_1 = % Suppose now that lb holds for all v = |m| = —m
with 1 < v < k + 1. Then, by assumption, for v = k£ and v = k 4+ 1, we have,
respectively,

1 1

an—k = E(WnG—kJrl + sWn_1G_y)

and
—r

-
5 Wn—k-1= ?(WnG—k + sWy1G_k—_1).
By adding up these two equations, we get

—r 1 —r 1
? n—k—1+an—k = ?(WnG—k_’_SWn—lG—k—l)+;(WnG—k+1+8Wn—lG—k)7

that is,

T 1 r 1
Wh_k—2 = Wn(_gG—k + gG—k-H) + SWn—l(_;G—k—l + gG—k)
= WoG_ -1+ sWy_1G_j_9;

thus we get (7.6) for v = |m| =k + 2.

O
By Lemma [7], we know that
(—WT + sW§ + rWiWo) G = WoWnig1 — WiWi,
SO can be written in the following form
(—WE + sWG + rWiWo)Wasm = (WoWimsa — WilWing1) Wy (7.7)

+S(W0Wm+1 - Wlwm)Wn—l
= ((—Wl + ’I“Wo) W+t + SWOWm)Wn
+8(WOWm+1 — W1Wm)Wn71.
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Corollary 26. For all integers m,n, we have

Gn+m = GnGm+1+SGn—1Gmu
Hypmp = HnGm+1+5anlea

and
(r® +48)Hprm = (2Hpmao — rHpo1)Hy + s(2H 41 — 7Hyp) Hy o
= (2(rHm41 + sHyp) —rHp1)Hy + $(2H 11 — rHy ) Hy -1
= (rHpy1+2sHp)Hy, + s(2H 1 — rHyy ) Hy—q
= 2H, i 1Hp1 + (X +28)HyHyy — r(Hpy1Hy + HypnHp 1),
where
Hpyo = rHpg1 + sHpy,
1
H, 1 = E(HnJrl - an)

If we replace m = n, m = n+ 1 and m = 2n, respectively, in the last corollory

and use the identities (given in Lemma [9)

Gpi1 = rGp+sGp_1,
(r? +45)G, = rH,+2sH, 1,
H, = rG,+2sG,_1,

H, = 2G,+1 —rGy,

we get the following result.

Corollary 27. For all integers m,n, we have

Gon = Gp(Gny1+5Gn_1) = G H,,
Hy, = H,Gpy1+ sHp—1Gy,
2Hy, = (r’+4s)G? + HZ,
(r® +4s)Ha, = (2Hnyo —rHpy1)Hy, + s(2H, 11 — rHy)H, 1,
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and
G2n+1 = GnGnJrQ + SanlGn+1a
H2n+1 = HnGn+2 + SHn—lGn+17
(r® +48)Hont1 = (2Hpi3 — rHpyo)Hy + $(2Hpto — 7Hyg1)Hyo1,
and

Gz, = GnG2n+1 + 5Gp-1Gan,
Hs, = HnG2n+1 + SHn—lGZna
(T’2 + 4S)H3n = (2H2n+2 — T'HQ»,H_l)Hn =+ 8(2H2n+1 — THQn)Hn_l.

Next, we present some identities on W,,, G,, and H,,.

Corollary 28. For all integers m,n, j, we have the following identities:

(a)
(1) Wn+m = Wn+1Gm + SWnGm—l~
(ii) Wner = WmGn+1 + SWmflGn.
(iii) Gn+m = Gn+1Gm + SGnGm_l.
(iv)

Grnim+1 = Gni1Gmy1 + 3G Gy
G = Grms1Gon + 5GnmGm_1
Gt = GG + 5Gn1Gmi
Gans1 = G2, + 5G2

o Gy, =GnGroms1 +5Gm-1Gn-m
(V) Hpym = Hy1 Gy + sHpGr—1.

(vi)

o Hyimi1 = Hp1Gpyr + sH,Gpy
o Hy=Hy ni1Gm+sHy Gt
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o Hyiy1=H,Gp +sH, 1Gp—1

o Hopiq = Hn+1Gn+1 +sH,Gy,

o Hy = HpGnomy1+sHp 1Gnom
(b) Wn+m = Wm—jGn+j+1 + SWm—j—lGn+j-
(C) Woim = Wn+ij—j+1 + SWn—i-j—le—j-

Proof.

(a)

(i) Take n — n+ 1 and m — m — 1 in Theorem [25]

(ii) Take n — m and m — n in Theorem

(iii) Set W,, = Gy, in (i).

(iv) Taken - n,m - m—1landn - n—m,m — mandn - n—1,m —m
andn > n,m —>n+landn —->m—-1 m — n—m+1in (ii),
respectively.

(v) Set W,, = Hy, in (i).

(vi) Taken —n,m - m—1landn - n—m,m — mandn — n—1,m —m

andn — n,m — n+landn — m—1 m — n—m+1in (v), respectively.

(b) Taken - m —j and m - n+j in Theorem

(c) Take n - n+jand m — m —j in Theorem

Now, we give some identities by using Theorem
Corollary 29. For all integers n, we have the following identities:
1 2
(a) Wap = ;(WnJrlGnJrl - S anlanl)-

(b) Wapi1 = Wii1Gryr + sW,Gh.
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(C) Wap—1 = W,Gy, + sWy_1Gr—1.
1 .
(d) W3y, = ;(Wn+1G%+1 + ’I“SWnG% — SSanlGi_l).

(e) W3n+1 = (Wn+1Gn+1Gn+2 + TSWnGnGnJrl - SBanlGnanl)-

e

(f) WSn—l - (Wn+1GnGn+1 + TSWnGnGn—l - 33Wn—1Gn—1Gn—2).

(8) Win = Wi(G3,, + s*G2Gn-1 + 25G2Gpi1) + sWn1Gn((s+72) G2 +
35Gn—1Gny1).

Proof. (a) Take m = n in Theorem [25| and use definition of W,, and G,,.
(b) Take n — n+ 1 and m = n in Theorem

(c) Take n —n —11in (b).

(d) Take n — 2n and m = n in Theorem 25| and use (a) and (c).

(e) Take n — 2n+ 1 and m = n in Theorem [25| and use (a) and (b).

(f) Take n — 2n and m = n — 1 in Theorem [25| and use (a) and (c).

(g) Take n — 3n and m = n in Theorem [25| and use (d) and (f).

Taking W,, = G, in the previous corollary, we get
Corollary 30. For all integers n, we have the following identities:
(a) Gan = *(Gn+1 s*Gh_y).
(b) Gopt1 = G%L+1 + SG%.
(c) Gop—1 = G% + SG%fl

1
(d) Gs, = ;(GflJrl +rsG3 — 53G%71).
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(e) Gani1 = (G%+1Gn+2 +1rsG2Gni1 — SanG%fl)'

Rl A

(f) Gsp—1 = (GnGZJrl +7sG2Gy—1 — $°G%_Gp_2).

(8) Gan = Gn(GE 4 + 5G2(2G 41 + r?Grq + 25Gn_1) + 35°G2_Gny1).
Replacing W,, = H,, in Corollary 29} we obtain

Corollary 31. For all integers m,n, we have the following identities:

(a) Hop — %(Hnﬂc;n+1  S2Hy 4G 1),

(b) Hopy1 = Hyt1Gpg1 + sH, G,

(C) Hy, 1 = H,Gy, + sHp,_1Gp-1.

1
(d) Hs, = ;(Hn-i-ngH-l + TSHnG% — S3Hn_1G%_1).

(e) H3n+1 = (Hn+1Gn+1Gn+2 + 7"SI{nGnCTYn—l—l - SSHn—lGnGn—l)'

= < |+~

(f) HSn—l = (Hn—l-lGnGn—l—l + TSHnGnGn—l - SBHn—lGn—lGn—Q)-

r

(g) Hyy = Hn(Gf’LH + s2G2Gp1 + 25G2Ghy1) + an_lGn((s+r2) G2 +
3SGn_1Gn+1).

Now, we give some identities by using identity (|7.7)).
Corollary 32. For all integers n, we have the following identities:

(a) (—Wf + SW02 + TW1W0)W2n = ((—Wl—i-TWo) Wpe1 + SW(]Wn)Wn +
S(WoWn+1 — W1Wn)Wn,1.

(b) (—W12 + SW02 + T’W1W0)W2n+1 = ((—Wl + TW()) Wha1 + SWown)Wn+1 +
8(WOWn+1 — W1Wn)Wn.

(C) (—W12 + SWg + TW1W()>W2n_1 = ((—Wl —i—T‘Wo) Wy + SW()Wn_l)Wn +
S(W()Wn — W1Wn,1)Wn,1.

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 28-114



84 Yiiksel Soykan

(d) (—W12 + SW02 + TW1W0)W3n = ((—Wl +7“W0) Wn+1 + SWOWn)WQn +
s(WoWpq1 — WilWy,)Woyp_1.

(e) (W2 + sWZ + rWiWo)Wani1 = (=W +17Wo) W1 + sWoW,)Wapiq +
8(WOWn+1 — W1Wn)W2n.

() (=W + sWZ + rWiWo)Ws1 = ((=Wh +1rWo) Wy, + sWoW,_1)Wa,, +
s(WoWp, — WiWy,_1)Wap_1.

(g) (—W12 + SW02 + rWiWo)Wy, = (W1 4+ 1Wo) Wyt + sWoW,)Ws, +
s(WoWni1 — WilWn)Wsso1.

Proof. (a) Take m =n in (7.7).

(b) Take n — n+ 1 and m = n in (7.7).
(c) Take n —n — 1 in (7.7).

(d) Take n — 2n and m = n in (7.7).
(e) Take n — 2n+ 1 and m = n in (7.7).
(f) Take n — 2n and m =n — 1 in (7.7).

(g) Take n — 3n and m = n in (7.7).

8 Identities

We now present some identities for the generalized Fibonacci (Horadam)

polynomials related with the roots of its characteristic equation.

Lemma 33. Let n,m € Z. Then

(a) (W1 —(r —a)Wp)a™ = aW,, + sW,_1 and (W1 — (r — a)Wp) o™t = W, —
(r—a)Wp_1.
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(b) Wy — (r — B)Wo) " = BW,, + sWy—1 and (W1 — (r — B)Wy) Bt = W, —
(T - ﬂ)anl-

(c) If y*> —ry — s =0, then
(1) W= (r—y)Wo)y" = yWy + sWy_1.
(11) (Wl - (T - y)WO) yn—l =W, — (T - y)Wn—1~
(iii) (Wi — (r —y)Wo)* y™ ™™ = W Wny? + s(Wy Wit + Wi Wi_1)y +

S2Wm_1Wn_1.
(d)
(i) —sW2+ W2 | + srW, W, = (WE — sWZ — rW1Wy)(—s)".
(if) W2, — sW2 —rWyp W, = (Wi — sW§ — rWiWp)(—s)".
(e)
(i)
1. a" = L(H, + V1?2 +4sGy).
2. a" = 1(2Gu11 + (V2 +4s —1)G).
3. Vr? +4sa™ = $(2H, 11 + (V12 +4s —r)H,).
(ii)

1. B = Y(H, — Vi? +45G,).
2. " = 5(2Gn1 — (VI? + 45 +1)Gy).
3. Vi +4sf" = §(—2Hpa1 + (Vi +ds + 1) Hy).
(iti) H2 = (r? +45)G2 + 4(—s)",
1.€.,
Hy — (1? + 4s)G3, = 4(—s)".
(iv) Hop = (r? +45)G2 + 2(—s)™.
(v) Hy; — Hap =2(=s)",
1.€.,

H? = Hyp + 2(—5)"
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(Vi) (2, — Hap) (H2 — Hay) = 4(—s)™+.

m

(f)

(1) (GLHR+G HY)— (1" +45) (G, GR+GLGY) = A((—5) G +4(—5)"Gr).
(i) GLHp, — G Hyy = 4((—35)"G} — (—5)"Gh).

(iii) 2H2 H2 — (r* + 45)(G2,H2 + G2H2) = 4((—s)™H?2 + (—s)"H?2).
(iv) (r* +4s)(GRH, — G HR) = A((=s)"Hy — (—s)"H},).

Proof. We use Binet’s formula of W,.

(a) and (b) If the roots a and g of characteristic equation are distinct, i.e.,
a # B, then W, = wan — Mﬁ” and so we get
a—pf a—pf

aWy, +sW,_1 = oW, —afW,_1
— o (W0 e W= aWo gy
N a—pf a—f

—af wana—l _ Mﬁnﬂ—l
a—pf a—pf

= (W1 —pBWy)a”
= M =(r—a)W)a"

and

BWn +sWy 1 = Wy, —afWy,
_ 3 <W1 —AWo n_ Wi-— OéWOBn>

o — /8 o — ﬂ
aB (W1—5Woana1 ~ V"l—aWc)BnBl)
a—p a—pf
= (W1 — OzWo) ,3”

= (W= (r—p)Wo) 5"

since a + B = r. If the roots o and S of characteristic equation (|1.2])
are equal, i.e., a = B3, then W,, = (nW; — a(n —1)Wy)a™t = (nW; —
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B (n—1)Wy)B" ! and so we have, since r = 2a,

aW, +sW,_1 = oW, —afW,_1
= aW, —a*W,_,
= amW; —a(n—1)Wo)a" 1 —a?((n— 1)
—a((n—2) Wo)a"~
= (W1 —aWy)a”
= (Wi —(r—a)Wy)a"

ie.,

aWy, + sWy_1 = (Wi — (r — a)Wy) o™
and since o = 8 we obtain
,BWn + SWn_l = (W1 — (T — ﬁ)Wo) ,Bn

Therefore, by dividing (Wi — (r —a)Wo)a™ = oW, + sW,_1 and
(W1 — (r = B)Wy) B = BW,, + sW,,_1, respectively, with a and 5 we obtain
(W1 — (r —a)Wo)a" =W, —(r—a)W,_1 and (Wy — (r — B)Wy) "1 =
Wy — (r—B)Wy_1.

(c) (i) and (ii) are obtained from (a) and (b). For (iii), use the property y"™™ =
y"y™ and (i).

(d)

(i) By using (a), (b) and the identity (Wi — aWy)(W; — BWy) = Wi —
.SVVO2 — rW Wy, we get

(W1 — BWg) @™ (W1 — aWy) " = (aW, + sWyo1)(BWy + sWi—1)
=
(W1 — BWo) (W1 — aWp) (aB)" = afW; + Wi |+ s(a+ B) Waoi Wy
=
(WE = sWZ —rWiWy)(—s)" = —sW2+2W2 | 4+ srW, 1 W,.
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(ii) Setting Wy,—1 = (W41 — rW,,) in (i) yields (ii).

(e)

(i)-(ii) Note that (a — 8)? = r? + 4s. If the roots o and f3 of characteristic
equatlon (1.2) are distinct, i.e., a # B, i.e., r2 +4s # 0, then G,, =

a” _ﬁ and H,, = a” 4+ " and so we get

a-f

S VTG = M@ et <
VETIG) = S+ e ) DS =g

If the roots o and 3 of characteristic equation (|1.2)) are equal, i.e.,
a=pf, ie, r?+4s =0, then G, = na™ ! and H, = 2a" and so we

have

1 1
§(Hn + V12 +4sG,) = 5(20[” +0.na" 1) = ",
1
—Vr2+4sG,) = 5(2a” + 0.na" 1) = g".

Then, if we use the following identities

Hn = 2Gn+]_ — T'Gn,
(7“2 +4s)G, = 2H,y1 —rH,,

in (i) (1) and (ii) (1) respectively, we obtain the remaining identities.
(iii) For (iii), multiply (i) and (ii) side by side and use af = —s.
(iv) Use the identity 2Ho, = (72 + 45)G2 + H?2 given in Corollary [27] and
(i)
(v) Subtract (iv) from (iii).
(vi) Use (v)

(f)
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(1) Use (e) (iii).
(i) Use (e) (iii).
(iii) Use (e) (iii).
(iv) Use (e) (iii).
O

Taking W,, = G,, with Gy = 0, G; = 1 in the last Lemma, we get the following
Corollary.

Corollary 34. Let n € Z. Then
(a) a" =aGy +5G,_1 and o™ = G, — BG_1.
(b) 8" =BG, + 5Gy_1 and B =G, — aGp_1.
(c) If y*> —ry — s =0, then
(1) y" =yG, + sGp_1.
(ii) v" ' =G — (r —y)Gp_1.
(lil) yn+m = GmGny2 + S(GnGmfl + Gmanl)y + Sszflanl-
(d)
(i) —sG? + s2°G2_| + srGp_1Gy, = (—5)™
(if) G%.4 — sG% —rGpi1Gn = (—s)™

If we take W,, = H, with Hy = 2, H; = r in the last Lemma, we get the

following Corollary.
Corollary 35. Let n € Z. Then
(a) (a—pB)a™ = aH, +sH,—1 and (o — B)a™ ' = H, — BH,_;.

(b) (B—a)p™=pBH,+ sHy,—1 and (8 —a)p" ' = H, — aH,_1.
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(c) If y*> —ry — s =0, then

(1) 2y - ryn = yHn +sHp—1.

(ii) Qy—r)y" ' =H, — (r—y)Hy1.

(iii) (2y — 7“)2 y"tm = H,, H,y? +s(HpHp,—1 —i—HmHn_l)y—l—sQHm_lHn_l.
(d)

(i) —sH2+s?H? |+ srH, 1H, = —(r* + 4s)(—s)".

(if) HZ, |, — sH2 — rHpy1Hy = —(r? 4 4s)(—s)™.

We know from Lemma & that
(=W7 + sW§ + rWoWi)H,, = (=2Wy + rWo)Wyi1 + (rWi + 2sWo)W,,.  (8.1)

From (R8.1)) we get
(—WE+sWE+rWoWy) (Wi H,+sWoH,, 1) = (—=WE+sWE+rWoWy) (rW,+2sW, 1)

ie.,

WhH, + sWoH,—1 = rW, + 2sW,,_1. (8.2)
We also know from Lemma [7 that
(—W3E + sW§ + rW1iWo) G = WoW, 1 — Wi, (8.3)
We can give Catalan’s identity in the following forms.

Theorem 36. For all integers m,n, we have the following identities.

(a)
(i) (Catalan’s identity) WytmWn-m = W2 — (=s)""™(WE — sW¢ —
rWoW1)G2,.

(ii) (=W + sWE +rWiWo) Wy Wi = (=W + sWG + rWiWo) W2 +
(=) (WoWmt1 — WilWp, )2
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(b)

(c)

(d)

(e)

(iil) (=8)™"WprmWpnom = (—=8)"W2 — (=) (W2 — sWZ — rWoW1)G2,.
(iv) (=W} + sW@ + rWiWo)(—8)" WysemWanem = (—WE + sW2 +
TW1W0)(—S)mWT% + (=) (WoWg1 — W1Wm)2.

(1) GrnimGnom =G} — (=s)"""Gr,.
(i) (=8)"GnimGn-m = (_S)mGr% - (—8)”G3n-
(iii) HpymHy = H? + (r? + 45)(—s)""™G2,.

(iv) (=8)"HpimHp—m = (=)™ Hp, + (r* + 45)(=s)" G},

(i) Gni1Gn-1 =G} — (=" L.
(ii) sGn11Gn_1 = sG% + (—s)™
(iii) Hpi1Hp1 = H2 + (r? + 4s)(—s)" L.
(iv) sHpy1Hp 1 = sH? — (r? +4s)(—s)".

(i) GuamGnom + HpyymHp—m = G2 + H2 + ((r? + 45) — 1)(—s)""™G?,.
(i) GramGnom — HyymHp—m = G2 — H2 — (12 + 45) + 1)(—s)" " "G2,.

(iii)) GrnemGrn-mHnimHn—m = (G% - (_S)n_mG?n)(Hg + (TQ +
43)(—3)”_mG,2n).
(iv) Gn-m-1Gn-mGnimGnim+1 = (G% - (—8)"””G%)(Gi -

(=) 1GE 1)

(V) Hn—m—1Hp—mHpimHnpmir = (H2 4 (r? +4s)(—s)""™G2,)(H2 + (r* +
4s)(—s)"m G2 ).

(1) Gpi1Gno1 + Hps1 Hyy = G2 + H2 + ((r% + 4s) — 1)(—s)*1.
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(f)

(g)

(ii) Gpi1Gno1 — Hpp1Hy1 = G — HE — ((r* +4s) + 1)(—s)" 1.

(iii) Gp1Gn1Hpr1Hy1 = (G5 — (= ) TOHE A+ (7% +4s)(=s)" ).

(iv) Gn2Gn1Gn1Grsa = (G}, — (=5)" ) (G}, — r*(=s)"72).

(V) HyoHy 1Hy1Hyyo = (H2 + (r2 + 4s)(—s)" " V)(H2 + r2(r? +
45)(—s)"72).

(1) GrnymGnom + (=8)"HyymHp—m = G% + (_S)mHz + ((7"2 +45)(—s)" —

(=8)""™) G,

(i) GrimGn-m = (=8)"HppmHpm = Gp = (=8)"Hy — ((1° +4s)(—s)" +
(—s)""™)G?,.

(iii) Hn+mHn m + (=8)"CrymGn-m = Hp + (=s)"Gh + ((r* +
4s)(=s)" " — (=s)")Gr,

(iv) HoymHpm — (=8)"GuimGn-m = Hy — (=8)"Gh + ((r* +
45)(=s)""" 4 (=) G,

(i) Gni1Gno1 — sHp1Hy 1 = G2 — sH2 + ((r? + 4s)(—s)" — (—s)"71).

(i) Gui1Gn1+sHpy1Hp 1 = G2+ sH2 — ((r? +4s8)(—8)" + (—s)" 7 1).
(i) Hypi1Hp 1 — 8Gpi1Gno1 = H2 — sG? + ((r? 4+ 4s)(—s)" 1 — (—=s)").
(iv) Hpp1Hy-1 + 5Gpi1Gno1 = Hy + 5G4+ ((r? + 4s)(—5)" " + (—=5)").

Proof.

(a)

(i) This is the Catalan’s identity (see Theorem [L1)).
(ii) By using (i) and ( we get required identity.
(iii) Factor both sides of (1) with (—s)™
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(iv) Factor both sides of (ii) with (—s)™.

(b)

(i) Set W, = G, in (i) or (iii).
(ii) Take W, = G,, in (iii).
(iii) Set W, = H, in (i).

(iv) Take W, = H, in (iii).

(c) Set m =1in (b).
(d)
(i)-(ii)-(iii) Use (b) (i) and (b) (iii).
(iv) Use (b) (i).
(v) Use (b) (iii).
(e) Set m =1 in (d).
(f)
(i) Use (b) (i) and (b) (iv).
(ii) Use (b) (i) and (b) (iv).
(iii) Use (b) (ii) and (b) (iii).

(iv) Use (b) (ii) and (b) (iii).

(g) Set m =1 in (f).
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9 Several Expressions of the (eneralized Fibonacci

Polynomials

We adopt the conventions 0! = 1 and

— , fn>m>0
n (n —m)m! nr=ms
m) 1 , fn=m=-1
0 , otherwise

Note that
n—1—m n n—1-m\ (n—-m
m—1 m — 2 S \m—-1)
The explicit expression of the generalized Fibonacci polynomials can be given

as follows.

Theorem 37. For any n > 1, the generalized Fibonacci (Horadam) polynomials

satisfy the explicit expression

Ln/2]

— —1—
W= ) <" mm) Wor™~2msm 4 " "
m=0

l(n—1)/2]
< > (W7 — TWQ)Tn_1_2mSm.

m
m=0

(9.1)

Proof. Clearly, using ordinary generating function of the generalized Fibonacci

polynomials W,,, see Lemma [3] we get

oo
> Wy
n=0

1
= (Wo+ (W1 — TWo)y)m
= < m —-n_n,mr+n
SUCRRGERRIOTD 9 Y () I
m=0n=0
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= Woii(>mnnm+n WI_TWOZZ(>mnnm+n+1

=0n=0 m=0n=0

= (A n—2m _m,n = L n—1-—m n—1-2m _m, n
= WOZZ( ) sy +W1—’I”W0)Z Z < . )7’ s™y
n=0 m=0

n=0 m=0

Ln/2J =)
= 0 Wo’l“n 2m gm + Z ( . )(Wl _ TWo)Tn_1_2msm yn7

m=0 m=0

ie.,

o o (2 . lnyp2) g o
ZW :Z Z ( >W TS 4 Z ( m >(W1—7“W0)7“n_ sy
n=0 n=0 m=0

and so, by compairing both sides and equating the coefficients of y™ we get the
required result (9.1)). O

Taking W,, = G,, with Gy = 0,G; =1 and W,, = H,, with Hy = 2,H; = r,
respectively, in the last Theorem, we get the following Corollary.
Corollary 38. (r,s)-Fibonacci polynomials satisfy the explicit expression

lnnyj2) o
— n—1—-2m _m >
Gn g ( m )’I” s, n = 17

m=0

and (r, s)-Lucas polynomials satisfy the explicit expression

[n/2]
n—m n—1—m
H, = 9 _ n—2m m >1

m=0

[n/2] n n—m
= Z < )T"_2msm, n > 1.
n—m\ m

m=0

We deduce with the help of Binet’s formula of W,, the following.
Theorem 39. For any n > 0, if a # (3, then

n

W, = - <Z . L 5 (Wi = 6Wo) = (Wi — o) (~1)") <ZL> P (\/r2 +4s)m>

m=0

<Z - i 5 (W= W) — (W1 = al¥o) (-1)") <:L> P (- 5)’”) ,

[

[\

N[ =

m=0
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Proof. If the roots o and 3 of characteristic equation (|1.2]) are distinct, i.e., a # 3,

W1 — BW, W1 — aW,
ie., r2 +4s #0, then W,, = =5 Oa”—liaoﬁn and so we get

a—f a—p
n—1 _ n—1 Wl - BWO n Wl - O[WO n
2 W, = 2 ( Py o’ — o 5)
_ 1 /W= BWo n_ Wi—alW n
- 2(7a_ﬂ (20) = (2/3))

m=0 m
]
Note that if a £ 3, then
AW, Wi —aW, . Wo , m = 2k even
- (=)™ =< 2W; —rW :
a—pf a—p , m=2k+1odd
a—p
So
—ﬂGo_Gl—aGo(_l)m_ 1 (1) = 0 , m = 2k even
a—pf a—pf a—-f8 a-8 N ﬁ , m=2k+1 odd
and
—,BHO_Hl—aHo(_l)m_r—25_r—2a(_1)m_ 2 ., m=2keven
a—p a—p T a-8 a-8 10, m=2k+1lodd °

Therefore, from the last Theorem we get the next corollary.

Corollary 40. For anyn > 0, if o # 3, then

(a)

n

2n71Gn — Z <2mn+ 1> Tanmfl(TQ + 4$)m
m=0
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(b)
2"V H,, = i: <2:;> P (12 4 4s)™

m=0

10 Some Combinatorial Results on Generalized

Fibonacci Polynomials

Now, we present some combinatorial results on generalized Fibonacci (Horadam)

polynomials.

Theorem 41. Let n >0 and m € Z. Then

(a)

" /n . WoH? , ifa#p
<k> (=)™ Wio—atym = zna?mw fa=p"
k):O 0 9 Zf o = /8

(b)

(i) Ifa # B, i.e., 72+ 45 # 0, then

an gemmy2 (W= BWo)%a™™ 4 (Wy — aWy)?5"™) Hy,
~ km 72 + 4s

_ (W1 — BWo)(Wy — OzWO)(—S)TWlQn—i-l

r2 4 4s ’
and if o« = 3, i.e., r> +4s = 0, then
Z < > (n— k)mWQ — 2n—2a2mn—2(m2n (n + 1) W12
=0

+a?(m?n +m?n* — dmn + 4)W¢
—2mna(m + mn — 2)WoWh).

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 23-114



98 Yiiksel Soykan

(ii) If a # B, i.e., 72 +4s # 0, then

n n o

k=0
(W = BWo)a™™ + (Wi — aWo)B™™) Hy,
N r2 +4s
B (W7 — BWy) + (W1 — aWp))(—s)™m2m
r2 +4s ’

and if o = 3, then

Z <Z> <_5)(nik)kamka

k=0
= mn2" 2" 2(m (n + 1) Wi — o (m + mn — 2) Wp).

(iii) If a # B, i.e., 72 +4s # 0, then

Z (Z) (_3)(nik)kamHkm

k=0
_ (W = Wo)a™™ — (Wi — aWo) ™™ Hy,
(r2 + 45)%
LW = BWo) — (W — aWp))(=5)"™2"
(r2 4 43)% 7

and if o = 3, then

Z (Z) (_S)(n_k)mwkakm — 2na2mn—1(mnW1 —a (mn . 2) WO)
k=0

Proof. We use Binet’s formulas of W,,, G,, and H,.

(a) If the roots o and B of characteristic equation (|1.2)) are distinct, i.e., a # S,
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then we get

( ) )" W - akym

_ < > < BWD (n—2k)m __ Wi —aWly 6(n—2k)m>
N a—pf a—pf

= ﬁ —— (W1 = W) — (W1 — aWp))(a™ + g™)"

= e AWl + 5"

= Wo(a™+ B™)"

— WoH

and if the roots a and [ of characteristic equation (|1.2)) are equal, i.e., « = f3,

then we obtain

5 (s
= n <Z> (n — 2k)ymW; — a ((n — 2k)ym — 1) Wo)a(”’%)m’l)
= n < >a2km 2k)ymWy — a((n — 2k)ym — 1) Wo)a(”_%)m_l)

= Z <k> ((n = 2k)mWy — a((n — 2k)m — 1) Wy)a™" 1
k=0
= 2"a™W,.

(b) (i) If o # 3, then we get

> (7)o,

k=0

- zn: <Z> (aB)n—HIm <W1a - ﬁﬁWo oFm Wla —_OéﬁWo Bkm>2

k=0
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(a—pB)? —=\k
_ 2 n
+(W?a _og/)lgo) Ban(Z) (n—k)m) gkm
k=0

Wi — BWy)? Wi — aW,
_ ( (1a _/86)20) anm( m IBm)n + ( (la _OZIB)ZO) ,Bnm( m Bm)n
— BWO Wi — alWy nm anmaon
Y a- 15} a—p a2
(W - BWo)2am™ + (W1 — aWp)?pm™ gn
N r2 + 4s m
B (Wl - ﬁWO)(Wl — OéWo) (_S)nm2n+1

r2 4+ 4s

and if & = 3, then we obtain
> " ((kmWy — o (km — 1) Wo)a*m—1)2

(
= ( > (n=k)m (26m=1) (W, — o (km — 1) Wy)?

= 2” 2a2m" 2(m?n (n 4+ 1) W + o®(m®n 4+ m?n® — dmn + 4H)W§
—2mna(m + mn — 2)WoWh).

(ii) If o # B, then we get

NE

(Z) (=) W Gliom
k

0

I
NE

<n) (Oéﬂ)(nik) (ﬂ km Wl — OZWO ﬁkm)(akm _ Bkm)

k a—pf B a—pf a—pf

ES
Il

0
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— 1 _ - n (n—k)m p(n—k)m  2km
= aogrm [J’Wo)kz_o<k>a B a

+(Wh = alWp) Y (Z) a(n=k)m) g(n=kjm g2km

k=0
—((W1 = BWo) + (W1 — aWy)) ];) (Z) =R gln=kim g km ghm)

_ ﬁ((m _ BWe)a"™ (0™ + B + (W — aWe) 3™ (0™ + 8™ )"
—((W1 = BWo) + (W1 — aW))a™™ g72")
(Wy — BWo)a™™ + (W) — aWy) ") H,,
r2 +4s
(W = BWy) + (Wi — aWp))(—s)"m2"
r2 4+ 4s

and if @ = 3, then we obtain

(=) Wi Gl
(042)(”*’“)’"(ka1 — a(km — 1) Wy)a*™ Lkmarm1

= Z <Z> 22 (kmWy — a (km — 1) Wo)km
k=0

= mn2" 2™ (m (n + 1) W1 — a (m + mn — 2) Wp).
(iii) If o # B, then we get

n n .

k=0

k=0
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1

= (W1 — BWg)a™™ kZ:O <Z> akm gln=kjm

(a—B)

—(Wy — aWy) 8" kZO (Z) an=Rmygkm (W — BW)

- = a3 (7))

k=0
(W = BWo)a™™ — (Wi — aWy)B™™)Hy,
(r2 + 4s)2
(W1 = W) = (Wh — aWo))(—s)"™2"
(r2 4 4s)2

and if & = 3, then we obtain

" /n
Z (k‘) (_8)(n_k)kamHkm
k=0
Z <Z> ()R (kmWy — a (km — 1) Wo)a*™ ™! x 257
k=0
2 Z (Z) a2m"71(k:mW1 —a(km —1)Wy)
k=0

O]

Taking W, = G, with Gg = 0,G; = 1 in the last Theorem, we get the

following Corollary.

Corollary 42. Let n > 0 and m € Z. Then

()

) (Z) (=9)"" G (n—2ym = 0.

(b) If a # B, then

~ (n _\n—kym~2 1 n (. \nmon+l
k20<k’>( ) Ckm 7‘2+45(Hanm (=8)™"2"70),
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and if o = 3, then

Z (Z) (—5)("*k)mG%m =n(n+1)2" 2m2a*mn—2,
k=0

Taking W,, = H, with Hy = 2,H; = r, in the last Theorem, we get the
following Corollary.

Corollary 43. Let n >0 and m € Z. Then
(a)
<Z> (_S)ka("*Qk)m - { on+1 mmn , Zfa f ’ )
k=0 « ) Zf o = ﬁ

(b)
(1) If o # B, then

Z <Z> (_8)(n_k)mHI%m = HpmHyy, + <_3)nm2n+17
k=0
and if o = 3, then
- n n—km)m
3, (1) o
k=0
= 272022 (2 (n + 1) % + 4a®(mPn + m*n® — dmn + 4)

—4dmna(m +mn — 2)r) .

(il) If a # B, then

5 () -t
k=0

and if o = 3, then

n n .
> <k><‘3>(" O™ Hyo G
k=0

= mn2" 2™ 2 (m (n+ 1) 7 — 2o (m 4+ mn — 2)).

Earthline J. Math. Sci. Vol. 11 No. 1 (2023), 28-114



104 Yiiksel Soykan

Next, we give some combinatorial results on generalized Fibonacci (Horadam)

polynomials.

Theorem 44. Let n > 0 and m € Z. Then

(a) If a # B, i.e., v +4s # 0, then

> (1) 09 Wit

k=0
= (r+45)"7 (W1 — BWo) — (Wi — aW)(~1)")GE,
(r2 +45)%WOG" if nis even
(r? +4s)"% (2W1 — rWo)Gp, if 1 is odd

and if o = B3, i.e., r® + 45 =0, then
2ma™ YWy — aWy)  if n=1

Z < ) W(n 2k)m — Wo Zf n=>0
k=0

0 if n#£0An#1

(b)

(i) If a # B, i.e., 72+ 45 # 0, then

n

> (Z) (~)F (=) wE,

k=0

(1 +45) T (W1 = BWp)*(~1)"a"™
- (1¥h = a2, i nA0
Wo if n=0

and if o« = f3, i.e., r> +4s = 0, then

> (Z) (D" (=)W,

k=0
2m2a* ™2 (W — aWo)? if n=2
- ma®™ ™2 (Wy — aWo) (—mWi +a(m —2) Wo)  if n=1
N we if n=0
0 if n#ZO0An#1An#2
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(ii) If a # B, i.e., 72 +4s # 0, then

> (1) O Wi G

k=0
(r2 + 4s) "2 (W1 — BWp)a™™(—1)"
= +(W1 — aWp)Br™)G, if n#0
0 if n=0

and if o = 3, then

Z =) G
k= 0
2m2atm=2(Wy — aWyp) if n=2
{ a?m=2(mWy —a(m— 1) W) if n=1
0 if n#1An#2

(iii) If a # B, i.e., 72 +4s # 0, then

kzn‘s (3) 0o i,

(r2 + 4s)"% (Wh — BWp)am™(—1)"
= — (W1 — aWp)B"™) G, if n#0 ,
QW() Zf n=0

and if o = 3, then

n

> <Z> (=D (=) Wi H

k=0
—2ma?™ L (W — aWy) if n=1
0 if n#Z0An#1

Proof. We use Binet’s formulas of W,,, G,, and H,.
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(a) If a # B, then we get

n

> () 1 Wi

k=0
_ ~ (n _1\k km (W1 — W (n—2k)m _ Wi — oWy (n—2k)m>
= ;%(k)( 1)*(af) ( a"g © ——5 "

_ ﬁWO k(nkmkm
e

W—OéW m g(n—k)m
ZBOZO (e

Wi — aW
- LR -y - T

= (W1 = BWo) = (W1 — aWp)(=1)")(a™ — 5™)"

= (2 +48) 7 (W1 — BWy) — (Wi — aWp)(~1)")G2,

and if the roots o and [ of characteristic equation (|1.2)) are equal, i.e., o = 3,
then we obtain

n

%0 (1) 0 W
-l

(
(

2ma™ L (Wy — aWy) if n=1

k(aa)lwn ( (n — 2k)le -« ((n - 2k)m — 1) Wo)a(n—2k)m_1)

|
M=

k

S

e (
Z) (—1)ka2km (((n —2k)ymW; —a((n — 2k)m — 1) Wo)a(”*zk)mfl)
Z)( 1)k‘((n —2k)ymW; —a((n —2k)m — 1) Wo)am"*1

0
0
0

=

0 if n#0An#1
(b) Note that
- 1 if n=0
Z(Z)(—l)kz{ Loy
o 0 if n#0
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(1) If o # 3, then, if we get

> (Z) (~Dk (=)W,

k=0
_ ~ (n _1\k (n—k)m Wi — W km_Wl_aWO km)2
i O e =
_ (W= W) <n> 1)k g km g(n—k)m
(a_B)Q i k ( ) B
_ 2 n
(W?a _O‘BV)ZU) Ban(”)( 1)ka(n k) )Bkm
k=0
Wla _5BW0 Wla __aBWo nm ﬁnmz< ) (—1)F
_ ( 175W0) nm/am _ _m\n (Wl*aWo) nm( . m _ am\n
T e T g e =
W1 6WD W1 OéW() Qv gnm k
e ()

= (2 +45) T (W2 = BWA (=10 + (W = W) 8™,
(W — BWo) (W —aWo Jom -
a r? 4+ 4.91 Z ( )

and so if n = 0, then

n

Z <n> (—1)F(—s)m—RImyp2 W1 (r2 + 35) WZ — rWoW,

2
— k 4s +r

(in fact we can find directly Y. (})(=1)%(—s)"=OmW2 = W) and
k=0
if n # 0, then

n

> (Z) (~)F (=) w2,

k=0
= (2 445)"T (Wa = AW0)(~1)"a™™ + (W1 — aWp)* 8" G,
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If « = 3, then we obtain

5 (v

Z( > k 2n k)ym Z(km 1)(ka1—a(km—1)Wo)
k=

and so the required result follows.

(ii) If o # B, then we get

NE

k

Y, Kk (n—k)m Wi — BWy km_Wl_aWO km
0<k)< 1) (L= O g T 0D g
X(akm_ﬂkm

s
= fa—pr (M= AWo)a™ kzzo (Z) (—1)Fakm gn—km

<n> (1) (=) """ Wi G

b
Il

0

I
NE

i

)

+(Wy — aWy) g™ Z (Z) (—1)]“04(”*]“)7")5’””

k=0
(1= W)+ (7 — awopar g™ 3 () (-1
k=0

+(W1 — aWp) " (™ — )"
—((W1 — BWo) + (W1 — aWp)) "Mﬁ"’”z ( )

= (P +4s)"7 (W1 — BWp)a™™(~1)" <W1—awo>5"m> an,

(1= W)+ (7 — awopa g™ 3 () (-1

k=0
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and so if n = 0, then since Y (})(—1)" = 1, we have
k=0

n n —Ym
Z (l{?) (_1)k(_5)(n ¥ WimGrm = 0
k=0
7
(in fact we can find directly kzo (1) (=1)F(=s)=RmW Gl =

WoGo = 0) and if n # 0, then since Y (})(—=1)* =0
k=0

> (1) U WG
k=0
= (12 +45)"7 (W1 — BW)a™™(—1)" + (W1 — aWo)B"™)G

and if & = 3, then we obtain

> (1) O Wi G

k=0

- Y <Z> (~1)F (@) "I (km Wi — o (ki — 1) Wo)a*™ kmalm=!
k=0

=3 (D (=1 a2 (kmWi — o (km — 1) Wo)km
k=0

and so the required result follows.
(iii) If o # B, then we get

n

> () DM,

k=0
=S (Y 1y (g VL= BW i W —aWo
D L

X(akm +ﬁkm)
e - 3 ) "

k
— (W1 — aWp)8™™ Z (’;) ™)k
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H = ) — (9 — a3 () -1
k=0

= (a i B) ((W1 — /BWO)aTLm(ﬂT’L _ O{TVL)TL _ (Wl _ aWO)ﬂTVV”(a"VL _ ﬁ’rn)n
+((Wy — BWy) — (Wy — aWp))a™™ ™™ kZ:O (Z) (—1)%)

n—1

= (rP44s) 7 (W1 = BWo)a™™(=1)" — (W1 — aWy) "Gy,

# _ _ N _g)nm - n _1\k
g () e 3 ()

n
and so if n = 0, then since > (})(—1)" = 1, we have
k=0

n . 5 4
) <n>(_1)k(—s)<"—’“)kamHkm ol AWo VA Wo
im0 \F 2 +4s VP tds

(in fact we can find directly > (2)(—1)k(—s)("_k)kamHkm =
k=0

WoHo = 2Wg) and if n # 0, then, since Y (})(—1)" =0,
k=0

n

5 ()0 I Wi

k=0
= (r2+45)"T (Wi — BWo)a™™(—1)" — (Wi — aW,)B"™)GY,

and if & = 3, then we obtain

% ()

NE
> 3

3

(=" (=) " " Wi Hi
_1)k< (

= Z)( o) =R (e Wy — o (km — 1) W)™ x 20F™
k=0
= 2 <Z> (—1)* 2™ (kmWy — o (km — 1) W)
k=0
and so the required result follows. ]
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Taking W, = G, with Gog = 0,G; = 1 in the last Theorem, we get the
following Corollary.

Corollary 45. Let n > 0 and m € Z. Then
(a) if a # B, then

n

5 (1) V" G = (449" (1= (1))

k=0
B 0 if n is even
- 2(r? +4S)%G% if nisodd
and if a = 3, then
" /n m 2ma™ 1t if n=1
> (1) G = T
k=0
(b) If a # 3, then

(})vresbme,

n—2

B (r2+4s) 2 (o™ (=1)"+ ™Gy, if n#0
0 if n=0
n—2
(r*+4s) 2 HynG2 o if n#0, nis even
n—1
= —(r?4+4s) T GunGE, if n#0, nisodd >
0 if n=0
and if o = 3, then
n 2m2atm=2  if n=2
I [ e e e S
k=0 0 if n#1An#2

Taking W,, = H, with Hy = 2, H; = r, in the last Theorem, we get the

following Corollary.
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Corollary 46. Let n > 0 and m € Z. Then

(a) if a # B, then

n

> () VM g = 02+ 4931+ (-1,

k=0
2(r? +4s)2GP, if n is even
0 if mnis odd

and if o = B, then

(b)
(1) If o # B, then

5 (ot

w\»—t

r? 4 4s5)2" ((=1)"a™™ 4 BPGR if n £ 0

k=

{ 2 if n=0
r + 45 Han if n#£0, nis even
r —|—4s T GGy, if n#0, nisodd >
if n=20

and if a = 3, then

~ n _ k_s(n—k)m 2 4 Zf n=0
> () 0 Hkm_{o fn=0

if n#0
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(ii) If a # B, then

Z( ) )(n k)mHkakm

k=0
B (r? 4 4s) " (@™ (=1)" = g"™)Gr, if n#0
0 if n=0
r + 4s) Ganﬁ1 if n#£0, nis even
= (r? + 4s n21HmnG,’§l if n#0, nisodd |,
if n=>0

and if o = 3, then

> (1) 0 i = { ometth =

o 0 if n#1
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