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Abstract

This study employed Lyapunov function method to investigate the stability
of nonlinear ordinary differential equations. Using Lyapunov direct method,
we constructed Lyapunov function to investigate the stability of sixth order
nonlinear ordinary differential equations. We find V(x), a quadratic form,
positive definite and U (z) which is also positive definite was chosen such that
the derivative of V(x) with respect to time was equal to the negative value
of U(x).

1 Introduction

In real life, most problems that occur are non-linear in nature and may not have
analytic solutions except by approximations or stimulations and so trying to find
an explicit solution may in general be complicated and sometimes impossible.
Lyapunov functions are useful tools in determining stability, asymptotic stability,
uniform stability, global stability or out-right instability of differential system
and boundedness of solution of a real scalar fourth-order differential equation
[1-4]. Asymptotic stability is intimately linked to the existence of a Lyapunov’s
function, that is, a proper, non-negative function varnishing only on an invariant

set and decreasing along those curved paths of the system not evolving in the
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invariant set. Lyapunov theorem allows stability of linear and nonlinear system
to be verified without differential equations solution being required. The presence
of Lyapunov function implies asymptotic stability for linear time-invariant systems
[9].

The concept of stability in problems arising from theory and application of
differential equations is very important and an effective approach is the second
approach of Lyapunov [7]. The method of Lyapunov functions was introduced
by Aleksandra M. Lyapunov, a Russian Mathematician. The fundamental of
his proof was centred on the established fact that the sum of energy in a
system is decreasing or constant as it approaches state of equilibrium. Lyapunov
functions have been constructed for linear equations on the platform that given
any that is definite positive, we have another definite positive function U such
that —U = V* and for the nonlinear case, a correlation is taken between the
constant coefficient equations of linear and nonlinear equations which leads to
the appropriate Lyapunov functions for the nonlinear case [1], [5], [6], [8]. Many
authors have obtained useful and valid results using Lyapunov second method
(direct method) for stability analysis and construction of appropriate Lyapunov
function for some differential equations [3], [5]. This paper is motivated by
reviewing [11] where the authors constructed Lyapunov function for fifth order

differential equation, this work extended [11] to sixth order differential equation.

2 Statement of Problems, Preliminaries and

Definitions

Consider the sixth-order differential equation
29 4+ 420 4+ bz + % + dii + ed + fo =0, (1)

where a,b,c,d,e and f are constants with ¢ > 0,6 > 0,¢ > 0,d > 0,e > 0 and

f > 0. The equation (1) is equivalent to the following six system of equations:
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&=y
y=2z
Z=w
z=r
r=3s
§$=—as—br—cw—dz—ey— fux. (2)

The system (2) has negative real parts if and only ifa > 0,6 > 0,¢ > 0,d > 0,e > 0
and f > 0. There is therefore need to have a positive definite continuous quadratic

function V' and another positive quadratic form V such that
V=-U (3)

along the solution paths of (1) or (2). Before now, the result in equation (3) has
been extended and is established to hold for positive semi definite quadratic U(x)

as well. It is our interest therefore to construct a Lyapunov function that would

ultimately satisfy equation (3).

Lyapunov’s Direct (Second) Method

Given a set of nonlinear first order differential equations
z; = fi(x1, 29, ..0yxy) for i =1,2, ... n. (4)

where z; = x;(t) for some ¢t and &; stands for the time derivative of z; for i =

1,2,...,n. Whereas f; are analytic functions such that f;(0,...,0) = 0 for ¢ =

1,2,...,n so that the origin x = 0 is an equilibrium point.

Lyapunov Test Function

For a function, V(x), where © = (z1,x2,...,xy), if the following conditions are

satisfied:
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(i) V(z) and %/i are continuous, for all x € R" and i = 1,2, ..., n, not necessarily
at the origin.

(ii) V(0) = 0.

Then we say that V(z) is a possible Lyapunov test function for system (4).

Definition

i. A continuous function V(z,t) = V(z1,z2,...,2pn,t) is positive definite if

lim, o V(7,t) = 0 and there exist ¢(]|x||) such that

Vi, t) > o([l])-

ii. A continuous function V(z,t) = V(x1,x2,...,xs,t) is positive semi-definite if

lim, o V(z,t) = 0 and there exist ¢(]|x||) such that

Vi, t) < o(ll]).

iii. A continuous function V(z,t) = V(x1,x9,...,xn,t) is negative definite if

limp, o V(2,t) = 0 and there exist o(||x]|) such that

Vi, t) < —e(llz])-

iv. A continuous function V(z,t) = V(x1,xa, ..., x,, t) is negative semi-definite if

limp, o V(2,t) = 0 and there exist o([|z||) such that

Vi, t) < —e(llz])-

v. A continuous function V(z,t) = V(x1, e, ..., 2n,t) is indefinite if it assumes
both positive and negative values in an arbitrary neighbourhood of the origin in
a domain D.

vi. A continuous function v : R® — R is said to be radially unbounded if is
positive definite and v(x) — oo as ||z| — oo.

vii. A continuous function V(z,t) = V(x1,x2, ..., x,, t) is said to be decresent if
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a positive definite function v such that

‘V<t’x)‘ > U($)7Vt >0 and V x € B(r)7 r>0

In another Lyapunov theorem, we reaffirm the definitions in this context. Given

a differential equation
.f:f(t,.ﬁ), f(t,O) =0, (5)

where f is continuous in (¢, x).

Theorem (Sufficient Conditions for Stability)

The equilibrium point x = 0 of equation (5) is stable if 3 a C* function V which
is positive definite and such that its derivative along the solution of (9) is negative
semi-definite, or identically zero (i.e. V(t,2) <0 or V(t,z) =0).

Theorem (Sufficient Conditions for Asymptotically
Stability)

The trivial solution © = 0 of the equation (5) is asymptotically stable, if 3 a C!
function V' which s positive definite and whose derivative along the solution of
(5) is negative definite.

Theorem (Lassale’s Invariant Principle)

Assume that V() is a Lyapunov function of (5) on a subset G C R", n > 1.
Define S = x € G : V(z) =0, where G is the closure of G. Let M be mazimal
subset S. Then for t < 0, every bounded trajectory of (5) that remains in G
approaches the set M ast — +o0.
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3 Methodology and Discussion

The system under investigation is

20 + a2® 4+ bz® 4 & + di + ed + fz = 0.

The above sixth order differential equation can be expressed in a compact form

as:

o O o o O
o O o O =
e e =)
S O = O O
o = O O O
_ o O O O
S € v e 8

—f —e —d —c —-b -—a S

where a > 0,b > 0,¢ > 0,d > 0,e > 0, f > 0 for the system to have a negative

real path. The required quadratic form in this case is given as

2V = kiz? + k2y2 + k3z2 + kqw® + k:5r2 + k:632 + 2krxy 4+ 2kgxz + 2kgxw
+ 2k10zr + 2k1178 + 2k10y2 4 2k13yw + 2k14yr + 2k15ys

+ 2kigzw + 2ki72r + 2k1gzs 4+ 2kigwr + 2ksgws + 2koqrs.

Differentiating (7) with respect to the system (2), we obtain:

OV = 2k xd + 2koyy) + k322 + 2hkqwid + 2ksrr 4 2kess + 2kr (xy + yi)
+ 2kg(xz + zi) + 2kg(zw0 + wi) + 2k10(xr + rd) + 2k11 (x$ + s&)
+ 2k12(y2 + 29) + 2k13(yi + wy) + 2k14(yr + 1Y) + 2k15(ys + sy)

+ 2k16(2w + w2) 4 2k17(27 + 1r2) + 2k18(28 + s2)

+ 2]{219(107" + rw) + 2]{320(71)5 + SU}) + 2]{21(7“5" + ST‘)
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Dividing equation (8) by 2, we get:

V = kyx@ + koyy + kszz + kqww + ksri + kess + ky(xy + y)
+ ks(22 + 23) + ko(2w + wd) + kio(27 + 78) + k11 (25 + s3)
+ k12(y2 + 29) + kis(yw + wy) + kra(yr + ry) + kis(ys + sy)
+ k1g(zw + w2) + ki7(27 + 1r2) + kig(25 + s2)
+ kig(wr 4+ rw) + kao(ws + sw) + ka1 (r$ + s). (9)

Substituting &, ¥, 2, w, 7, and $ from equation (6) into equation (9), we obtain:

V = kizy + kayz + kswz + kgrw + ksrs + kgs(—as — br — cw — dz — ey — fx)
T Er(y? + 22) + ks(aw + y2) + ko(r + yw) + kao(sz + 1)
+ k11 (z(—as — br — cw — dz — ey — fx) + sy) + kia(wy + 22)
+ ki3(ry + wz) + k1a(sy + rz) + kis(y(—as — br — cw — dz — ey — fx) + sz)
+ k16(rz + w?) + ki7(sz + rw) + kig(2(—as — br — cw — dz — ey — fz) + sw)
+ k1g(sw + 72) + koo(w(—as — br — cw — dz — ey — fx) +rs)
+ ko1 (r(—as —br — cw — dz — ey — fx) + s%). (10)

Simplifying equation (10), we get:

V= kizy + koyz + kswz + karw + ksrs — akgs® — bkgrs — ckgsw — dkgsz
— ekgsy — fkgsx + k7y2 + krxz + kgxw + ksyz + korx + koyw + kigsx
+ k1ory — akiixs — bkyyre — ckyywzr — dky1xz — ekpyxy — fk11x2 + k11sy
+ krowy + k192? + kigry + wzkys + kiasy + kyarz — akyssy — bkisry
— ckiswy — dkisyz — ekisy® — fhiszy + K158z + kierz + kigw® + ki7sz + kigrw
— akigsz — bkygrz — ckiswz — dkigz® — ekigyz — fkigrz + kigsw + kigsw + kigr?
— akogsw — bkogrw — ck20w2 — dkogwz — ekoqwy — fkogzw + kogrs — akoyrs

— bko11? — ckorrw — dkairz — ekorry — fhaira + koys®. (11)

Collecting the like terms and respective coefficients of equation (11), we get:
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Terms Coeflicients
z? —fkn
y? k7 — ekis
22 k1o — dkig
’w2 k16 — Ckg()
r? k19 — bkoy
52 k‘zl — akg
xy k1 —eki1 — fkis

Yz ko + kg — eki1g — dkis
wz ks + k13 — ckig — dkog
W k4 + k17 — bkog — ckoq
rz k14 + k16 — bk1g — dko1
ry | kio + ki3 — bk1s — ek

rT kg — bk11 — fko1
Tz k7 — dk1n — fkis
TWw ks — ck11 — fkao

wy kg + k12 — ckis — ekag
ST k1o — fke — aki1

sy k11 + k14 — eke — akys
sz k15 + k17 — akig — dkg
sw kig + k19 — ckg — akag
rs ks + koo — bkg — akoy
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Next is to determine V such that one of the following axioms holds:
(i) V < —Ba?
(i) V< =By
(ii3) 'V < —p2?
(iv) V < —puw?
(v) V< —pr?
(vi) V < —fs?
(vit) V< —Ba?+32+22+22+w? +r2 +5%). (12)

For the realization of any of these cases; from Table 1.1, we impose the following

conditions:
ki1=0
k7 —ekis >0
k12 —dkig =0
k16 — ckog =0
k19 — bko1 =0
kop —akg =0

since k11 = 0, from the table we get:

ki = fkis
ko = fka
k7 = fkis
ks = fkao
k1o = fke

kio = ckis + ekog — kg

]{714 = 616‘6 + ak15

13
14
15
16

(
(
(
(
(17
(

)
)
)
)
)
)

18
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k15 = dke + akig — k17
kig = cke + akao — k19
ks = bke + aka1 — k2o
k1o = bkis + eka1 — k13
kis = bkig + dko1 — k16
ky = bkao + cka1 — k7
ks = ckig + dkoo — k13
ko = ekig + dkis — ks.
Recall that one of the interest is on equation (14)
kr — ekis > 0.
In equation (21), k7 = fkig, thus
= fkig — eki5 > 0.
In equation (27),

kig = ckg + akog — k19 but k19 = abkg

= kig = ckg + akog — abkg.

From equation (24),

k‘g = C]{?15 + 616'20 — k‘12 but k‘g = afk‘6 and k‘12 = dlﬁg
= afke = ckis + ekog — dk1s.

Substituting (35) into (36), we have

bd d
ks = ﬂk(j + dks — kg + kg — ko
c c c c
hys — (af + cd — abd) ko + (ad — e)k20'

Cc

26
27
28
29
30
31
32

)
)
)
)
)
)
)
33)

(
(
(
(
(
(
(
(
(34)
(35)
(36)

(37)
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In equation (30),

k:14 = ble + dk‘gl - ]Clﬁ, but ]Clﬁ = Ckgg and k21 = akﬁ

= k14 = bkig + adkg — ckop.
But k14 = ekg + akqs from (25),
= ekg + ak15 = bkig + adke — ckayp.

Substituting (35) and (37) into the above equation, we get:

ce + a’f + acd — abd — bc? + ab*c — acd
k
abc + a?d — ¢ — ae

= koo = 6

Let

ce + a’f + acd — a’bd — bc? + ab*c — acd

U —
abc + a?d — 2 — ae

Then,

= koo = Vkg.

Therefore, we have the following:

bd U adfU 2
k:1:<fd—af—€f _adf +“f>k6
C C C C
bd>  de¥V  ad®V  ad
kgz(dQ—a _er —i—a“f—i—ec—abe—i-aelll—f\I/)kG
C C C C

k‘3:<c2—abc+ac\11—d\11—ae—f—bd—|— - -

ab®*d  be¥  abd¥  abf
+ + - —

Cc

Ji
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ky = bV —ac—cf +abf —af¥) kg
ks = (b+a® — U)kg
k7 = (cf —abf + af¥)ke
ks = fWke
ko = afke
k1o = fke
ki1 =0
k12 = (c¢d — abd + ad¥)kg

b2d  bel bdl b
k‘13:<ae—f—bd—|—a + c +ac —acf>k‘6

2bd U 24w 2
k:14:(e+ad—a —ae _CL +ﬂ
C C C C

)ke
k15 :%(cd—abd—eﬁ/—ad‘ll+af)k6
kig = Wk
k17 = (d + ac — a®b + a®T — %(cd — abd — eV — adV + af))ke

k18 = (C —ab+ a\I’)k6

k‘lg = abk‘G
k‘QO = \I/k‘(;
k‘gl = akﬁ.

From (34),
fkig —ekis >0

(&
6 — —

= f(c—ab+ a¥)k (cd — abd — eV — ad¥ + af) ke
c

— (? — abef + acfV — ced + abde + >V + adeV — aef)ks > 0.

(38)
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Ploughing (48) back into equation (7) gives

C & &

N <d2 B abd? _deV ad*¥ 4 9df adf

_ <fd— abdf efV¥ adf\If_'_an) ke

+ ec — abe 4 ae¥ — f\If> v’k
c c c

Bd  bel  abd¥ b
+<c2—abc+ac\11—d\11—ae—f—bd+a T —“f>z%6

c c c
+(bY — ac — cf + abf — af V) w?ke+(b+a>—V)r’ k45 kg+2(cf—abf+af¥)zyke
+ 2fVazke + 2afrwke + 2fxrks + 2(cd — abd 4+ ad¥)yzke

ab®’d  be¥  abd¥  abf
+ + — — ) ywks
c c c
a’bd _aeV an\I/ 2f
c c c

+2(ae—f—bd+

+2(e +ad — —)ryks

2
+ — (cd — abd — eV — ad¥V + af) syke + 2cVwzke
c

1
+2(d + ac — a*b + a*¥ — —(cd — abd — eV — ad¥ + af))rzkg
c
+ 2(cab + aV)szke + 2abrwke + 2V swke + 2arsks. (39)
By setting kg = 1 in (39) and dividing through by 2, we obtain:
:;<fd_abdf_ef\ll_adf\11+af2)x2
c

C & (&

+1 <d2 _abd®  de¥  ad*¥ adf
2

+ ec — abe 4+ aeV¥ — f\Il>
c c c

+

b’d  be¥ bd¥ b
<02—abc+ac\11—d\11—ae—f—bd+a + =42 —af>z6
c

C C C

N =

(b — ac — cf +abf —af¥)w? + = (b+a — )2

l\.’)\r—t

+%32 + (cf —abf + afV)zy

+fUzz+afzw+ for+ (cd — abd + ad¥)yz
ab®*d  be¥  abd¥ abf)
+ + - — Jyw

C C C

+<ae—f—bd+
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a?bd _ aeV _ a2dV n ﬁ

+(e+ad — )y
C C (& &
1
+— (cd — abd — eV — ad¥ + af) sy + cPwz
&

1
+(d + ac — a*b + a*V — %(cd— abd — eV — ad¥ + af))rz

+(cab + a¥)sz + abrw + Vsw + ars.

If ad < e, ab < ¢ and if we choose a =b=c=d =e = f > 1, then these values
of the constants guarantee the positive definiteness of V. The corresponding time

derivative:
V = —(c — abef + acf¥ — ced + abde + €2V + ade¥ — aef)y? (40)

since equation (41) satisfies V' defined by equation (40) satisfied equation (1)
if U is replaced by V = —(c? — abef + acf¥ — ced + abde + €*¥ + ade¥ —
aef)y?, then V defined by (40) is a Lyapunov function for the sixth order system
(2). The existence of Lyapunov function guarantee the stability of nonlinear
ordinary differential equations and by Lasalleds theorem on stability of a system

in (Theorem ), the system is locally and globally asymptotically stable.

4 Conclusion

We have seen that the Lyapunov function candidate constructed in this work
is a good techniques in the stability analysis of dynamical systems. Without
solving the systems of differential equations involved, we were able to obtain
the qualitative behaviour of the systems near their equilibrium points. A valid
quadratic form and positive definite V(x) and also positive definite U(x) was
chosen such that the derivative of V' (z) with respect to time along the solution
paths of the six scales system is equal to the negative U(z), that is, V = —U.
The existence of Lyapunov function for the sixth order nonlinear system guarantee
local and global asymptotic stability of the system as corroborated by Lassale’s

Invariant theorem.
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